MEMOIRS OF THE COLLEGE OF SCIENCE, UNIVERSITY OF KYOTO, SERIES A,
Vol. XXV, No. 1, Article 5, 1947.

Iteration of Elliptic Functions

By
Toshizo Matsumoto

(Received February 5, 1947)

1. Let F(z2) be an elliptic function with periods o, ' and its
fundamental paralielogram be D. In the following we shall con-
sider the iteration of F{z). Let W=mw+no' be any period, then
we consider the point ¢ such as :

FO=C¢+W. (D

The existence of such a point may easily be known provided
| W] is great. For let v be the order of F(z), then in D there are
just v poles. Hence we may suppose F(z) bounded on the contour
of D, (or else a little modification of it is sufficient). We consider
the integral along the contour

1 Fl'(2)—1
V=25 P woorw @

| W| being sufficiently great, the denominator shall not be
zero at any point of the contour. If we make | W] great, | I |
becomes however small. Therefore in D there are v points 7 such
as (1). '

The set of points ¢ for all W is countable and isolated, the
poles in D being the points of accumulation.

Now about ¢ we have the expansion

Fo)=¢+W+s(z—0)+..., s=F(.
For n-th iteration we have
F.()=t+W+s'-0)+...,
where 3

F(O=¢+W,
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Fi&)=F'(F. s QVF(FA0)- - F'(FO)F(C).

If |[s|<1, then since in a circle (&) sufficiently small,
12(222;%:@; becomes less than a number o< 1, we have
[Fla)—¢—W|<d'|z2—¢ ]|, n=12, ...

¢ is (the equivalent point in D of) an attractive point and all
points of the circle (€) by the iteration converge to ¢. All points
of a certain domain (<) containing (&) in it shall have the same
property. This is the immediate domain of attraction.

2. Next let us consider the attractive cycle. If

FO)=0+W, Fe)=C+W, ..., Fru)=2+W, (3)

where W mean only certain periods, then ¢, &, &, .., £, are the
cycle corresponding to ¢ of order m. ¢ shall be found from the
equation

F()=C+W. _ (4)

The existence of such point may be proved quite in the same
way as in the case ss=1. For that

F,2)=F, (F2)=...=FF,_(2)

shall be bounded, z must not pass through the poles of F(2).
There are v poles in D. Let « be one of them and / be such that
F(f)=a0. There are such v points in D. Not only this, we must
also avoid such points 5 in D: F(?)=wu+W. There are v points
@ in D. Now varying W, we know that for a pole, there are al-
ways countably infinite number of 2. Thus for v poles in D, there
are countably infinite number of 2 in D. Again for each f, we
must take care of points 7 such that £;)=5+W. Continuing this,
we have a countable set E of avoidable points in ). These points
are isclated but converge to the poles in D. This is clear, since
if | W | be bounded, the points 8, 7, ... are finite in number, there-
fore, for that they are infinite in number, it must be such that
W — o, so that F— . Therefore we may suppose that any
point of E is not on the contour of D, so that F,z) is bounded
on the contour.

Now we. seclude the poles of F(z) by small circles, then there
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remain in D a finite number of points of E. We also seclude all
the essential singularities of F,(2) by circles. Let D' be the remain-
ing domain. There remain only a finite number of poles of F,.(2)
in I’. Now consider the integral as (2),

n 2) 1
S=r; 55 i (5)

we may conclude (4). As it is known, we have

F/QO=F'Cn-FuaO)= .. =F(C-)F'(C0-)F'(0),
F/,:,(C)zF/::,(CI): e :Fm’(cm—l)' ‘

Hence in attractive case, for all z in a circle (&) about ¢,
F,(2) tend to ¢ for p— oo ; F,.u(2) to &+ W; ... Fopu(2) to
tw_1+ W, which we say F,(z) converges uniformly to the cycle.

3. Writing £($)=z+ W, where ¢ is an attractive point such
as F(©)=¢+ W, we consider the inverse function about §=¢. If
¢ be not a branch point, then

§=F (24 W)=C+5—0)+--.,

~where ss =1, hence [§]>1. If a circle [2—¢|<#7 be in the do-
main of attraction, then its transformed domain by é=F_,(z+ W)
contains it. Therefore again we may consider the inverse function

E=F_(Fa(z+ W)+ W), ...

If these functions are holomorphic in the circle then they must
be bounded in it. Hence they form a normal family. This con-
tradicts the fact that ¢ is a repulsive point of these functions. Thus
about the attractive point there must be a branch point of the
inverse function of F(&)=z+ W, that is F'(¢)=0. Since F'(§) is el-
liptic, such points are finite in number in the fundamental paral-
lelogram ; hence the number of the attractive points is finite in
the parallelogram.

Same consideration will be possible for the cycle.




