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   1. Accorcling to the re,grilt oÅí' t} previous papei'i, a two-dimensional
spaee R2 with a syn]n]etric projective eonne.xion cl(o2 ==' l".e•dxi (ct, B -mm

O, l,2) ctm be so plimged in{;o a 'fot}r-{limensioi}ttl Projective spaee S.t that

the ,spttee Ru beeomes a rtiled surface in S,t. I[n tl}is paper we investi-

srate ttnothex' way of pl{mgiiig o.E Re into S,j..

   By ussumption we have
                                          '
                I'8• :r- l)Bi '(B nc O, l,2, ,;•, o' ww- 1, 2),

and we n]ay suppose always tl}at

                cl(tie, -nv O, (l(vi, rm- clxi, d(v2, -- cl:u2.

   Consider a clominant project}ive com}exion cl2T,, -ww -I'i.T• cl{z;i(cr, r ==O, 1,

2,3,4) subjected to the eomlitionC

              Z,frl.'Li6all,,(aww:g]/:.9;wwnei•79,L,l`==i•2)•l ,,,

                     "1? = 1, ll,li .,,, o,N

                     ff,l}=O, 11Ll,;.l -- O, (2)
                     lf,,;-, =O, ' ff,]1-; -- 1.

   1. J. I<anitani: Sutr 1'espace b eonnexion projeetive majorante, II, Jap. Jour. of
"{ath. I9, 395 (1948).
   2. NVe denote by a, B, r the sufilxe$ xvhicl) take the values O, 1, 2; by h, i, j,,k, l,

m tho$e xs'hieh take the values 1,2; by a, r,p those which take the values O, 1, 2, 3, 4;

by p, r/, f' those which take the values 3, 4.
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   "SL]V'e shall noxv prove tliat fllt,G, (7" == O, 1, Q., ;';, -1 ; ,) -'-'- 1, 2 ; f] -=-: ;S7 "1) eitn

be so deterrnine{.l tl)at tl}e teiisor oti curvaLure .'Z3':,j <)Åí the eoiitie.xion (IS23

beeon}es ze'ro.

   2. I)nt •
              .l-?.I., - Sl/t.f,.Ii//.f,• - Sr-//<lf,3' l- 11• .I• ff,I• - ll .l• "", ,

                     (a,7 =:-a O, 2•, 3, i-l; i, 2' -im l, 2)

so thzLt:" fbr a,, B -nd O, 1, 2 .Ia'aBt.i beeomes the teii$or of' curvatui'e oi' the

given coJmexioi'i cl(el'3• xvhile we l}ave, when a .<...,ma. 2), 7" > .9,,

     Ji]Zl, == .i;e5,.,, na- e, .lth,,, ==: - l",,.l,, .l,-),,1i, =:-L f",,12 (h =.:ww- .1, Lt).

   [l]he eg{iation IZVtuTe =..:O can be "rrittei) as"'

                    KZ,,, + 1".lt l",Z• - f".l) L,f -- 0.

X'Ve s,et thereliore

            1"f,:, =-= .Il)11,1, l",,I =- flt,T, (ti ::[= O, 1, kl, ;s t-l).

   Iilf ive substitute tLese vttlties of 1':sZ,, i'Iil', tl}c' eq{iatiun l"2:l•: -mm O

becomes

           -Oo!],S' - -6-'if-,ti',`'T:'! - f't,? fx, - i"s fe,:, - f",v,g', X

                        -i-• f';',:,ll I'.fi -{- .f}'1i,k 1",,?' -l- i,)y,X f,),,z, ,

                                                                ( ;t-) )
           t--ot-i-//'g'- :•:=-- ./-o'{/11,ii.tii,!L' -l-• k',,ft, l+'.{, -l- k),:, -g.if,, -i- -l'e,,1',, l",,ff,

                        - l'Z,!l,' !-.ff - l",,ii I't,,?' - lmmt,,li, 1,i, 7, .

    rLL"kgs, the funct;ions f'it;?', .g",i1' arct {letern]it)e(l as $oititi<'m$ o{' tlils $yst{,}iit]

of g.inxdttu}eou$ parl.ial diffkrential equatio!i.s. Noxv s.uppose th:tt i]l}e

i'tinct'tons !" 8• (ca w O, l,2; •tl, ,7' -mh 1, Lt) are analytic iii the vicii)ity oi` ;e'ft.

Ilet <2r?:sf (:ui) tuicl (P,i!l,' (iv:) i)e tLi'biti"tu'>r Åítmctions w}}lch are anttl>,'tiÅë kk the

vicinlty ol' ;u3, tLn<l :tfl respeetiveiy. "1"l)en t,hc systen) (3) a{'ln]iLs one ai)(]

only oJ}e systeni of:' solutions jt"':;ir, i",!I,l', (rr =[ {1.}, l, i)L, 3, 4) st}ch that i":;r are

re(luced to <3':sf (xi) when x2 me= .z", xvhile f"dg• are recluce(il to ()),il, (:vL') when

 !1   i=: Xe. 'x

    3. By t}}e said convention, the sinnmation is nmde i'rom O to 2 xvitl} respect to 7-.

   4. [l]he sun}mation is n}ade from 3 to 4 with respeet to v.



we

tl}e

  i}Ietltod of -l"gunyiny of R2 with Synwnctric Projeclive eonnexion. 89

'i]his can be prove(l by the method oi" <lominant function. IPut

                 x=wh' tci- .x5, fJ -in yi -- y3v

         Z if (:t-, y) == I+'rf (x + xi , y + xi,) - tu:sf (•x + :t i) ,

         l•Ya(x, ;y) =: r,if• (.v + x'e,y -l- .xt') - Åëag• (,J + x'g')•

ri"hen the system of equat,ions (3) ct}n be xvritten in tlie form:

      azff                                a}ya       oy = -l;Ti (x, y, Zff, IV'r) , o. = .l7T, (:e, y, zif, w"). (4)

                     (a, T -- O) l, 2, 3, 4)

Making vise oÅí these eclu.retions and '

                  zif(.z•, o) =: Iirif(o, y) =: e,

 ean evaluate the successive ptu'tial (lerivatives of Zcr, l•P'cr l'or ctL == y

O in only one wtty. rL{]o veri{' y the converg'enc)r of' rrra>rlor's series with

 coef'fieients tl}us <letern}inecl, we eoiisi(le}' the system ot' eg{i`abtions

       aZff Mey
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i- -i- (x -i- y+ zo + iyo

    e

      M
-}- ze -t" lyo

+."+ z5 + Iv5)
'

rehew
1

fI

this

9, !)f are

;t { < .(}ll',

we pat

system are

- .t tt .  1 - -1 (:u + y

       e

 the cons5ants

l -EL) l < All .{'o}'

 Zff -- J•Yff

reduced to

cif

N/,,

such

l:vl+

tl}at

lyl -i-

-ww f(x + y),

thc ordillary

         3I

+•-+Z

1ze1

        '
tt -.v + l,V"V)

+.....}+

  'zt +y =ur

diff'ereiitial

                 '  1 - Il- (te + lof>

      p

solution satisS' yins.

)JY5i<P'

ze)

equatlon
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3. Conversely, suppose
 tliere existis t} surf'aee

 ,foyo k'anitani.

i]l}at, in a four-din'iensional

Ve whose generic point x'lo

cZ.,l. = ll3t cl.vi A.,

projective
are c.lefined.

space
by

where ElatG, ll

condition (1)

,rt (a,B --

ancl

O, l, 9.u; ?] =: 1, 2; p "= 3, 4)

IAe .•'li A2 A3 il,d itf o.

are subjected to the

We
Let

 can

b'.or be

tal<e

algebrale eompiemeiit ot'

Bvcr, Br, .BI,, Bfi, B.f as

 .ta'., divided by this cletern)inant.

coorc'linates o/f the hyper-plane

Bcr == flo'''x'1if-i A..,•••A.1 ,

aiicl we have

cls,a -ww - ll7{' d:v 'i b)T.

   A h:yper--plane passing thro-g}k the tangent plane i{o xli ttL. Qf' VL, at

.tl is exp}'e$se(il by v. 6"'. 'VVI]en we tLssociate suel} hyper-plane to every

point} Ao of V`u,, the charii,cteristic oll' the envelope oÅí" the b>Tper-plttnes

along a crnrve C' ot} Vv is the intersection oi' thc hyper--p}anes vpB",
cl (vi, -Z;/ i'). "LIrhis intersectioi} will coineicle with tl]e tangent plane Ao rii -ii L,

if ancl only ifl

v2, H i'i d:vi .,.
'

o vi, Il,3: cl.ri : O.

Eliminating vt}, v,! t'rom these

flil clxi + l-I,E, d.x"'

IIi`l d:ci + If,:.1 cZ:v2

     .equatlons we get

 27Iy? (lxi + ILISi d.v2

llL,'i cltvi -t- II.-:-l cl.x"

== o.

   It' the osculating planes at a poinis Ao of the ct}z'ves lying on Y2 ancl

passing through Ae are not all contai}ied ill a hyper-})Iane, there e.xist

two i'amilies ot' curves satisFying this eqvitvtion. NV'e shall ctxll them

characteristic curves of V2. [l]aking these ctiyves a-s parameter curves

and performing a transformation ot' the foz'm

Ag ": pa: AE + paki Aa , A., -- pa: AE + pa3 !i,l,

'we can deduce the

   Hence we have

equatioi}s (2).

the following proposition.
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   A. space RN" "tc,itl}, a sy7nmeto'ie paf'o7'eetive conne.z•ion ecwb be so palzenyea

into S.i tlbcet R2 beeo7nes a stt?fccce V2 aozd a net of c2trves fizrbitrarilJi g'iven

u2)on RL, beco7?}es the net of eh•ctraeteTist'ic czerves of V2.

   Since (f?s{ (xi) it nd ip4if.i} (iv2) to which lrv':,cri, IIS•, are redueecl foy .x2 = xe2

an<'l xi == a•io z'espeetivel>r may be arbitrary t"tmetions, we can say as follows :

   Let C', e' be antJ tzeto .(leodesic$ o?z R2 1)assi•}zg tittr'ouJch es paoiozt ctozd

hct,vin,cl clisti•nct ta7zyents at this 2)oint. Tlten tJLe s2)ccee R.o. can be so pltenyecl

into S,L tlt•at the crterves C', C' beeo?ne con71es on lr2. '


