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e

   1. Pifferemtial polynomia}s. Let .x betheindependenteomplexvari--
able ai}d tji, ••', {y. the indeterminate analytic l'm]ctions ot' x. NiVe denote

by yij the 2' th <lerivative off yi ('i =:1, '••, n; i := O, !, 2, •••). The algebraie

properties of the lblloxvin,.(.r txvo kin<]s of (l?ll7rere7?•ticel 2)oly•jzo7ni(t•ls of yi, '•'

••• , y. are i!nport,at)t ki the theory olf systenis o/.' or<]iiiary (lifferential eqn.re-•

t,ioi)s iii the uinl{inosvn Srin(et}i()R$ 21i, ''', Ztn:

   10) Ijet 85 be an arbitravy field xv}]iel) is constit,t]ted of' f'nnet,ions, rnero-

nio}' p})ie ki a fixe(l open {lon]ain .D o{' the .T-plane, and xvhieh is c}osed
}vit,h re,gpoct t,o t,he <lifTercntiation. Any polynomial ofi eJij (•tl -rm l,•••,ob;

,1' -um O, l, 2, •••) "rith eoeMcicnts from E} is ealled an (t•l,qeb7•ceie d•tkfirctrctntial

?,ol:?f-nowvial. 'XYe g, l}a,11 denote by E\lo i]he t,ota,lity oi' all .g.uch polyt}on]ials.

   2`O) Iiet ?.{ be ti}e totality of' all f'tmetions oÅí .x, 3/i,''',yn xvhich are

analyt;ic al; (.QJ, tLff, ''', 3fn) -- ((), O, •••, ()). An>r polynomial of' yij (•i -ww l, •••

•••
,n; ,i == 1,Eti,•••) xvit}} coeffi('Lient,s in E}•I "txrill be cE"led a cl,ljflre7iewtiftl

?)$e?icjo7]olyiiomia.Z. r/l]}]e t;otalit,>r ot' all st}ch polynonnials "tvill be denoted

by E\}.

   .Both E\"jse, EP are int',e.{.>"ral don)ak},g ivl)ieh a,re closed xvith respeet, to t}he

{lifYerc!}i/,iation.i

                                                                '   2. Basis-tkeerem. One ol' t}}e firg, t resultq., coneerning tl)eg.e rinf.rs El3o

fi,n{l SP, is. t,he bftsi,s•-thco?'eon, ef .?r'i'•itt,.

   IIJet, kY" be any ful)set ol' SIS (fl3{}). A fu}ite s-bset (IJ of .X is callecl

{} bus•is ol" X "' ai}d oi}}y i{' t;here exi${}.g, i`or evei'y elcniei)t, (/i' of' 2E], tt po,git]ive

ii}t,efrer f} su<:}) t,hat; C;O' is {i, linear (tombinattion o{' the element,s Qf (f? and

' l. {Vhe introductery ' r'
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their derivatives of various orders, where the eoeMeients of the Iinear
combination are elements ot` gP (EPe) ancl 1) may vary in aceordanee with

the element G.
   The bct,si.s•-theo?'e77b ast erts that centJ sit,b.s'et of S\3 (EPe) kcts ct bct,s•is.

   In the algebraie px'oofs2 oÅí tl]e theorem, a,gstmiption is made eff the

existence ot' the " ineomplete s>rstem '', which ttirns oi]t not to exist, and

certain lemmas are establisl}ed uncler this assurnptien ancl lecl to a co})-

tradiction. In this paper, we g.hall try a clireet proof of the t})eorem.
   In what l'ollows, tl]e descriptions wiil be limitecl to SP ; but, similar

discussions could be done eoneerning EPso ancl ii} this case t.he diseus-

sions xvou]d be much sitnpler, beeau$e we $l}ot.klcl not, I)ave to deal xvith

eiements whieh are not po!ynomials (in the ordinary g.en$e) of tJ],'••, e/n.3

   3. Reduction of the proof. In order to prove the basi$-theorem,
looking upon .x a.g anothei' dependent variable, it tis s?.tLOZe,ie?zt to pa?'o??e •tlt

i??, tlte o'inJc zvlt,ielb 'is the totcLl'ittJ of cell d'ilTe7'ew,t,ictl 1)oly??•o7n'icels that clo

7?,ot contct/i,n x eZ7'eet'iv6eltJ.

   IJet ?re' be tl}e totality oÅí ,rell funetions of tLfi, ••-, tLt. whic}) are analytic

at (yi,''',yn) " (O, ''',O). Leti SP' be tl}e totality o[' all polynomials ot'

QJtj ('i -ww 1, ''', o?, ; ,i -- i, 2, ''•) with coeflieients fron) V,I', t}]en Sl)' is an in-

tegr.rel domftin which is closed with }'espect to the (]ifferentiatlon. Jlre

h•ctve only to 2)rove the eari.stenee of tlie bct,sib' for c,veo'y ,sn{.bset Åí of EP'. Let

(Åí) be the ideal" w}]ieh is gener,reted by .X in SrS'. NVe can see t;hat the

existence of tlte bct.st'is (•i•n tlt,e sense of g 2) of tfte •iclecel (2E"i) lecccls ats to tli(et of

the set X.

   Now, let us fi.x an o)•cleo}tl•n,.g of the element,s oÅí Sl)' by nieans o/f the

method in RII, and call an icleai resl?.eZct,r it" it is rey'u,lctn' as a snbset
of EP' k} the sense of' IIII[I. rll)hen we see tl}at, 'io?, o?'cle7- to 2;rove the ex'iste.nce

of the bce$is fo7' tlte icZe(tl, it 'is b'o.tX7icient to 2)o"ove ?lt for tl,e s'e,c/teelcto' 'iclectl

of ast.

   4. Ranking of regular ideals. We can prove t}]at every res.ttlar
non--zero ideal of SP' has t} b,tt.s-'ic set., i. e., any one of' the cr,see7t,cl'i'n,y sets

of' minimal rank in t}}e ideal. Ilet .2X, Åí' be two regular iion-zero ideals

of SS'. If' a ba$ie set of X is of Zo7ver o•anlc (,ks an aseendinLg $et) than

a basic set of" X', we call .X of lozveT o-cmzls thaR X'. rl'T}}is (lefinition Qf'

   2. R•audenbush,I"f.NV., ldeti} theoryan(l algebraic diilrerential equations. [I]rang.
Arner. ),inth. Soc., 36 (l934), 361-368 ; R,itt, the ]:st paper of the footnote 1.

   3. Uncler the restrietion of the space, we ,ghall use t.he coneepts in RII without
repeating their definitions; also, -,e degcrihe enly the outlines of our proofs.
   4. In this paper, isre me{tn by " ideal " one that is elosea with respeet to the differenti-

ation.
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 the rank is indepeiident of the choice oÅí a basic set from a regular ideal.

 I{" t}}e •in(Zex' of E i$ smaller than that oÅí' Åí', then .IX is necessarily ot'

 lower ranl< than .X'. In this ordering of the regular ideals, the minimal
 eond. ition is satisfiecl. rJL"heref'ore, dn oe'cle?' to 2)sro2'e tlie cthiiste7ice of tlie

 bcts•is .fei• 7•e.q•ttl(t,o' ticlertl.s, 7vi.). eftv't• e?,ly oo?• tlte i7?cZit,etioLj}, fv?lth o'es7)eet to tln's

 o'ao?1"i•n.q. The iniit-ideal, Nvhich is the regular idoril of t]he loxvest rai)l{,

 has plainty tlie basig. 1. .

  ' Now, ]et X be a regular ideal oÅí as' of the index i, ancl ct.gs2t7]te tlia,t

eve"' y rey?t•lct,r idect,l of lo7crer ?la?•(lex' oo' of lo2cre7' o'(tm,lc tlu/n .IX 1ict.s tlte ba$ds.

 In g 6'we f hall prove, lln(ler this ag. g.umption, that X mi}g.t have tl}e baffiE.

 If' t}}is woul<l be established, then by induetion, the proof oft the ba,sis-

 t}}eorem would be eompleted. Meanwhile, let (A) -m (AS •••,As) be a basic
 set of .IX, and <lenote by 6't, 1'i the ,sepctnrctobt and tlie initial ot` Ai-('i= 1,

2,•••,$). "rhen, both 6'i, Jt are neeessarily rea7tced 2cr'i,th respect to the

(tsce•ncl'i'n.cl se't (A).

   Under our as,stm]ption, we ean p}'ove that the ideals (2E], Si), (.IX, li),

whieh are generate(l by .21] an(l Si, by 2 and 11 re,gpectively, ancl which

are not necessa}'ily regidar, must have the bases (•tl -ww 1, •••, s).

   5. A lemma. App}>rinl.r a lemma oÅí Raudenbush,5 we can prove:
    jr,e?n?na. Ijet .2X be aii ideftl of SP', and let a, JI' two elements ot' grs'

,skich that t}ie ideals (Z, (g), (X, li,') have the bases. An(l, let their bases be

          (1) Bt, ''', B,n,, G',
                                  (Bt e X (,1 -- l, '••, 7n))
          (2) Bi, ''', Bm, I'l,'

                        '
respectively (wi)ere we c.%n assuine t,hixi; Bi, ••-, B,., iii (1), (2) are eon)mon

to both sets). "l"•l}ei) t;lie set

                          Bi, ''', Bvn, (IJI

isabasis of tlae ideal (2,Gll). .
   6. The proof of the basis-theorem. Let, X be a vegu}txr Jion-zero
idettl of' EIS' oti the incle.x ,i, ancl let (fO ==L" (Ai, ''', As) be a basie set of

.2X.`; Pmt

                       a; -- &••- s', 11 ••• J,,

   5. See t'ootnote 2. [Il'he ]ernn}a asserts th{tt, if' the produet Gtll' of two diff'erential

po]ynomlals C , fl' ig a line:tr combination of a set Pi, •--, Pr oi' diff'erential polynon)ials

ancl thelr derivativeg, so are tl)e gufTiciently ltirge poxverg. of (clG'/(gx) Z'L

   6. X•Ve ean take (fl) gueli that tlie first' n -j elements A, •-•, .ttn".j are regu]ar series

of the c}asges .i -l- ],,-••,n respectively and that xii is a polynomla} in yj+i,J••,yj+i for
every i (1 S. i .g. n- j').



 96 K6taro Oleugawa.
 where iSfi., Xi are the $eparaBt and the initial oÅí !ti (i, =i,•••,$). Now, as

 it wtxs mentionecl in g4, we assume that all regglar ideals of the in-

 dices <,i or ot' lower ranks t}]an .ur have the bases, and ded.ttce t}]at X

 /i•tfsel{' niu$t })ave the basis.

    Ii] xxras alreacly remar]<e(1 in tsg4 t.hftt all idealf (X, sSIi,) and (Åí, .71i,)

 (•?1 =:i,-••,•g) have the ba,ges. I'Ience, accoirCing tQ the Iemma of g t5, t}ie

 ldeal (X, T) has t;he basi,g. IJet

                            Bi, ''', Bm, 1'

 be a basis of (Åí, fl'). 'lrhen, it can be shown t}mt

                        Al,''',As, Bh ''',Bpt

 is ,2 basis of X.
     (ProoÅí') I"et F• be any elemei]t of Åí. XVrite F as a polynomial k}
 3{ij ('tl == 1, ''', 7?•; ,7' -tu 1, 9", ''•) witl} scriBs as its' coe'ffieients:

                                 x
                            i'" -m-- E: (11,,:}ii,',

                                a: tl-- z

 where I"h's are (]istlnct naonoinials of yi.i ('i, :1,•••,o?,;7' -- 1, 9..,•••) xvhieh

 are effeet,ively eont,{tined in 1' and. eoefficientg. (?,i, are series. Applyin,<.r

 to (7s• Spiith': iiheorein a.n<l -, l.{,y.el.n'i}'ic division by Ai, xve tu'rive at; t;lie

 (}(Illaiit]i.es: ,                                    -•
      ('i'i, -- 7121, ,,Ap + ''' + .II71n1A1 + G'1; (k ==: l, 2) ''', )L), (2) =:O?• -,f),

 xK'here .;h,'••, fl2) tkre Åíhose el,ep.}ent,s of {ihe basie ,sct (.4) ofi X that are

 o'eg•eglrtff• $e? •icss of' t;hc eia,sses ,1 + I, •••, •n respeetivc}Iy, fi,"d xvhere .ilgKl•i,, '''

  ''', M,•i,(;'1: are .gerie,g of E\S', i},i}d (]1, (k -ma-- 1, 2t,-••,)L) are pol.l}rnomial$ Ii}

  y;i+i, ''', tyn. [I]l}e.rei'<)re, xve liii,ve

                    .I'" -- .iL, flp + ''' + 'rr1 Al + 1"",

 xxr}iere Ilri, `•-, Ii,1,, .P' are eleinei}t,E of E\S' ancl .ge" is a pol: noniia,l of' :yj+i,•••

  ''', ,v. a,nd ef",- (vJ cr- l, .9,, ''', w, ; 1[; =l, f2, •••) l'roin .21'i.

     Since ];' 'is an elen)ei)t, of' (.IE), T), t;}}ere exists. a po,gitix7e in't;es.Ter Q

 ,gn(.t}} l/l]ftli

                                        r' (F')q= "de"<l'i P,.,, (`l".B,,./(Z.?:i;) -•Y= O,k((l":T/dxA:) (1)
                      •i,lt, A: su- ()

  ' ('Pih, Pe n-ES\}').

'

.
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   NVh"e, let 1;"' be t7ie remctincler oÅí F' with re,Bpect to the aseending

set (.,O, then

                         T,17!' ma II7" (A),

where Ti ig. a power pro('luct oÅí Si,, Ji (i=l, •••, s) and ve-" is an element
oÅí Åí redueecl with respeet to the ascen(ling set (tl); the contecrruenee

means moclulo the icleal generatecl by Ai, •••,As. Ii' F" were not zero,

X wotdd l}ave an ttscendin,e.' set of lower rank than ti}e basic set (fD ;

this wolll<]. be a contra(lietion. Thtis, TiF' must be a linear eombination

oÅí the elements oE (f'l) i, nd their derivatives. I'Ienee, I'or suMciently Iarge

integer t,, (TLZi")t must be a linear cornbination o[" the elements of (A) and

their derivatives. ' '
   rCheret"ore, by the lemma of Rau(lenblish, there is a positive integer

v such that

        (.ziit lp)V, (ziT' (cz rz,/a:t:))V, (.ziT' (cl2u]1 cz .z••"i))V, . . . , (-z Tr (crT/d:er))V

are linorLr cou'ibinations of' the elernents of` (f'l) and their derixratives.

   Noxv, ni(}lt]iplyins. (1) by Jf" and takin//v the {(,• + l)(v - 1) +1}t}}

power of' it, Nve see t;htxt ((lt"')q'i)(""')C'-i)"i is a linorir combii}ation of the

elements of" (f'l) ancl tl}eir derivatives.

e


