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    In algebraie geotnetry the "behavior ", at a pokit O, of a cuyve or
                                                     sa surfaee is a ftmclarnental notion. By this wor(I is mostly mettnt the
infinitely iiear bttse coi}diSion, ancl this is always a set oÅí linear coBdi-•

tions for the eoefficients ot' the eqliation of a eurve or a surfuee. In

this reports we shall deal with the linear conditions in general ; there--

ibre the infinitely near base condibions are included in our " line`ftr coi)-

ditions."

   IJet O be a point of an n--dimensional arane space, O.z'ixt-,• • 'xn a coordinate

system in the spaee, ancl Je -- 1/<' [a•i, xL,, •••,x.] the ring oÅí polynomials olt

the current eoordillates xi,x-", •••,x. w• ith coeeeciei}ts i'rom the fiel(l .I/SiT.

   A homogeneous condition t'or tl]e coeracients ai,i,...i. of a polynomial
f(•z') " IIEI]ai,,,. ..i.xli xS,2'•'xni" can be rebffarCled as a cond. ition for tliecoure-

sponcling hypersurface f; f (:v) : O. Whiie, conclitions for the coeMcients

oti a polynomit}i, it" it$ d. egree is not assigned, are rather attached to the

coeMcients of' a formal power series thai} to those oÅí a po}ynomial. Kenee,

xve s}}all maii)ly consider the ring R == Jf[[xi, xt,, '•', .T,e]] of formal power

series of cei, .x'-o,•••,.rn witl} coeMeients from lf.

   A Åíormal power series f(x) = =ai,sst..t. :t:1' ft•e,2•••a';'ge can be }'epre-

sentecl by an infinite sequenee (cr) =: (ai,,,...i.) (i's rtuining throughout
all nen-•ne.crative intege}'s), where at,i, . . . i. precedes aj,,i, . . . j. w'hen the corm

i'espond. ing o?-tmples (•ii, i."., ••', i.) and (ii, ,i.`,, •••, 7'.) are st}eh that, either 10)

ii+ i.'.,+ ''' + in<,7'i +,7'n+ ''' +,7•n, Or 20) ii+ dn.. + ''' -l- in ',7'i + ,7'L'

+ ''' +7'n ancl the first noll-zero difference among iic -7'ic (ls -- 1, 2,"••, fi,)

is positive; in either case we call ('ii,i.o,''',in)<(2'i,2L,,''',7'n)•

   A linear homogeneoas equation

                =' Ceiiia'''in &-2.."i. -ny O (atis.:.••t.E.llSl")
        (tl, t2,'' 'i in) S (l)1, P2,' ") 1)n)

                                                                (l)

ip tl}e unknown 4i,i,...i. (where the n-tuple (pi, Jp2, •}•, pan) ls aB arbitrary
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n-tuple, desi..crnating the uppe}' limit ol'i the ran,{.),'c oli the stimmatioll) is Åëalleci

a l'iobea7' cond-i•t•io' 7't, for t}]e poiver series of E'.

   1[jet f(:u) == =cti,i,...t.a;li:tt,"'••xkn be a serie$ ot' .LJi If. &,i,•••i. =: cri,t,

 ...in st}tisfies the equtttion (1), i. e. if

                    = ' aitt2•••tnCYiisft•.•i. nyww O, (2)
            Ci1,iL,,''', in) ut- (P1] 2)a)"', 2)-n)

tlaen ive say tliat tlie ser'i•es f(x) s'cet'ibllies l•inecva' concl•ibio7b (1).

   Let (.E): ,
                    lilil] Ceiii,2'''i•n 8ii`s'''in "" O
            (ii t2,••"in) {4 (VS,X)i)f,}.).. 2),ff))

(X rtinning t'hro(if.rhout a set o{r iJi(li(;eg.) be ,re set of linear conc 'ttions.

It' thc series f(x) satig, ftes every condition oll khe set (lf;), we say that

f(.z') sa•i'i,Flfieb' the li'neua' concZ•ition <.Z,i').

   [Irhe linear condition (l) can be represe)ited by an infinite sequence

(a) at (atiit2-..i,.), IXThei'e Xve nictul (t,gi.a...•i. -ww- O f'or every n--tiul)le (•ii,'iL,,'''

''`
,?:n) > (?)i,?'s,''',pn). "i"}}at thc'series (c\) ,gtttisfies tke linear con(lltion

(a),. sve sht".1 <.lenote it b.y the- notabion (a,) umL-(ct). Morcover, that the
series (a) satisf}es the Itnear (ton{litioi'i ( ls'), ive ,gha].i dc,note it by (1;J) .1. (ev).

   rllrhus, the i'ing .K can be rets,arde{.l as a -Zl--nio('lule ol' .all inf'inite di-

nienEional vectors ((\) : ai}(l t}}e toi]ality S}}Z oÅí a,II lineitr conclition$ as

a .ll{r-inoclule oE ta,11 hiftni,ee dinier}sional vecto.rs (a), whez'e all but a finite

n{ln•]ber Otl COII]PC)llel}tS at,i,..•i,. 111'e Zel.'O,g.

   1. Mod"Ie-theereticai prelimiRaries. Give}i tL sRb$et (.Is') ol` Sjt,.we
d.enote by S)Jt' uJ) the totallt}y oli ttll series (cx) such t}hat (lt')th(cx); 's)Jtuti)

is the b'et of a}l serics tatig.f>rh}.gr the line-ar eondition (lt"), an(l it i$ a

subn)odule of' .E'. Ii' ]I is the subinoclule of g)Jt w})ick is genei'ated by
(Jti), then xN'e see that ti//C' ,,t an g2' t(Jil). rl"herel"ore, iiz ivhat follo"r$, xve ,gbalt

deal only with submoclulÅë$ oi;' SJ]}.

   Noxv, iet g/".1 be a ,gubn]ocl'(d.e oli .R. If :Lny eniinierftble set (a',ti)i2•i•in)

<)v=:1,2,'••) oY. series oli .R ffuch i}!}ttt there e.x!sts, l'/or every tit,--tuple

('ii,'ilL., ''','i•n), a po,gitive intesrer •}' (•Xi,iL,,••-,t'.) xvhich has t]he proi)erty tl}at

c\E•i)Li),...t..=' {1) l'or all )L > o' ('ii,'iL,,'.•,i'n), has t}}e sun]-series

                 S (ct S'l3' ,, • • • i.) == (tt(i"i'2"'"i"'cyE' l?, . . . t.) '

                                K-•,1                 Kza-:-1

in S?I, then we call S?1 a per7n,iss•t:ble s•ub`ntod•u,le o.[f ..U. NVe ean prove

that, it' j.l' is any subn]o(.lule et" E})ll, S?•t,}f is a permissible subitiod.ule off ,R.

   Given tt sudbmoc ule '?i olf .R, we denote by AITg.it the totali.ty oAi all linear
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con(litions (a) eg 1}j'e ,sticli that ((t) a- S.)I, i. e., ((e) is stLtis{ie{.{ by ever>r

scries of'j Pl. W'e see t!]at ..ifrv2i is tt :submodule o{' SJ}.

    It can be provecl, by somewl}at long but easy discussiens which we
}}ttve no space to </lescribe here, th{Lt the cox'res.rpoRdences 3f-> S?i.if an{I

PI -> 2}fR,{, betweei} the g.et of all stibmo(lules jXof S)) ai}(l the set of a}1

?)e•i'?n'i,s',yt'ble subinoduies E}t oS' l-{', are n]ritut}ily inver.q,es, and n]oreovc'r tl}ati

the corregponde]ice is <itial isoniorphi,gn] betivee}} the lattice .o{' a•1} siib-

nio(lules of' Åí[)le ttnd. the lattice of' ali .IJer'ni•is•.s•{'ble. subino(luies of' .gk'. "1"he

or(lering$ in both oÅí' t}}e$e lattices are the lisual set-t})eoretical inelusloi}-

order$.

   2. ELinear condition at a poimt. NVe are to be conce}'ned with tl}e
linear eondition "rl)icl} can be nan]ed " linear coii(lition ak the point O."

Ii"or slicl} eon('Iition it is nitt-ra,1 to hope that, if' tL hypersin'ft't(;ef satis""

fies t}}e condition, then the pro(lcict }iypersurfacef . y a}f3o satisfies it {'or

any hypersux'l'ace .rf. JII'f a $ubino<lrile .cll (]}f EPZ i,s suek thttt, il' tt ser2es

.f'(a') ot' I•L' satisfies tlie con(litlon 23L so {'loes the pro('jucS f(:v)•y(:t•) for

tuiy series Jt (`t;) ot' L•', then fiI is ealled a gi•jt,ecci} conclgt•ioit, "t O or a IV-

b"t.t,b?ibocetele of SJI.

   NYe noNv enter into t}}e stage Nvhere px'epL,rtics ()!' .L?, a$ a i'iii..cJ', t"'e

to be investi.,{,.rqte(l. }'iereafter, it i$i convenie)nt to use rSF{[acttulcy's i}o-

tation <;once}')iing' the •intietzs'e sytite•'ni.i Narnely, Nve repre$ent a lkieax'

conciiPion (tti,i.-•••i,}) by apolynon}ial; .
       gD (x-i) ==' sb (:ei{, :cg, X ''-, x,IIi) -ig AN'n" t{iti,,..,i. :vSiJ .vi i"' .•• ;tr,-, t".

   "LIL"l}u.g., E()t can bo regar(led tts a .Is.'--modtile oi' ail s(ich polyi}emial,s•

   B>r the definitioii, jl is a 1.)--submodule ol' g)Ji if `.tn{l only if S;ij•LJi is

u}i i(leal in .Iii'. Sinee '.)I.u is a pertnis,sible subn]oc]{i}e, iJl}i,s is the $ttrne

tl)inf,.r aft thiLt `t:r•f(:v) (r= 1[,2),'••,n) {we all coBt}ttii}e{I in g?I.it, provi(le{i

f(:b') /'s c<nitaine(I in g?l,it. }lron] thls }ve etui deduee thttt ]I is a Z)-sub-

module ()i' SLilrt "t arid only i{' the tt',.-ctet'i,v,tt'ive

      :er ' q) (:v-"1) ==r )2n] aiie,...t. :l;1-ii cc;, i:'''fotr'"-i.'rlrmi ;vr"-(ir -i) :vr-+afl+i"'`:t;;, in

(xvhere evex'y tern] o;' .,Lt least one p[)sitive exr)<}neiit is ornltte{] e{rk) is

eo]}taii)ori b} fill[, providc(l g) (.iv-i> is a polynon)ial in JSI

   l[jet] us call an>r i<leal of' ..it xvl]ic;}] is a pertnissi}/)le subn]o{'litlc ef" .gt

a pen'vni.s;siblce •ictefil. 1[t can bb provecl that the ltvttice oi' it,ll f/)--subit]odu}es

.ll of' g)ee an5 the Iatbice of a}l permissible iclea}s oir fi' ttre subkLttiees

   1. Maeauley, The Algebraie I]heory ot' Modular Systems, 1916.
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of the iai]tice or submo(itules of EIIV} and tbe lat}tice oÅí permissible ,sub-

mocl"Ies o.Åí' Al resp2ctively, and. that tl}cy are dual i$omorpl]ie by the
correspondeiice Jf-> 9Ist, S?I -> Afff, .

   NVe see that every C-dimensioR•al gncl every (g,b - 1)-ciimensionttI icleal

of .ft is permissible ideal. IIpuurthermore, it can 1?e proved tl]txt S?•{.ir is

                                             /.O-climeitsional i(Heal if `.tlld only iff thc corrasponcllng D-submocluie t3f" oÅí`

                                             '!D} has a finite module-basis.

   3. e-Dimensional ideals. It' we desire to use p]'operly the word
" lineii.r condit}ion at O," it is naturti,1 to lknit] oiir considertetion only

on those .D-s[}bn]o('lales ulf ot' 9.U} such that S.)I,}t ax'e O-dirnensionai ideals,

i. e. on D-,gt'ibrnodules ]'X which have finite mocl{de-bases.

   Iiek fiI' be a -1)-,gubn]och'ile oii DM -Thich has a finite n]odule-basis and

?t the corresponding ()-clMnenslonal ide:tl. It can be prc)ved, on aeeognt

of the dual isoniorpl}isni, t•hat since PI deconiposes into ;tn intersectlon

ofr a Al'inite nrin]b{r ,s off irred'ucil)le 'ideals PIIi, E?J[e,"tt, S.)jll,, .tli deconipo$es

into a modiile-stim of s ftc}iclitively .irre(!ucible .l).submo(I"Ies ilf7i, x'lflL,, •••iit,f,

xvhicb correspoiicl to E)/ili, E)j[L,, 't•, E][, respectivel>r, ali;hoti.,c,,rh thc cleeon)p'osi-

tion /is not un't{'inely deterniined.

   'N•Ve see tha,t] every n)onon]lal :i;?ti :v'Ll`2 ••• :t;;ge' ettn be rise(l as an ope-

rator ol' suecessive clei'ivati()ii (i}f any polynon]ial t]r) (tv-i) of' C;P'}, ttnd.

inoreover, thttt every elemeiit off .k' can be regtt}'de(.l as siicl] operutor.

'VV'e call the result y(tv)' q, (R;-i) of operatinfg' y(:v) upon (jr) (a,-i) the

a (a;)-clerivtttive of cl) (ptm').

   IIIuet (/r, (cvumi) be a pol:>,'nonikt,l o{! 9}lt. NVe denote by (q, (`v")) ti]e

totttlity of iLll y(tc)-derivatives of' (y:, (x"'), y(`c> runi}int.r, througtho{it all

serics of;' ..R. It is tL D-subn]ociiule oi' E.V}t, and "Te eall it tL 2)7"tle?,ci17)a,l

.l/1)-es?tbw?,odtcle ()f' 9]}'}. I[t cun be proved ti}at a "l/)-subirtio{lulei oii El}} is

(ad{.litively) i}'red.ucible ii:' an{/i only il' it is principal.

   By the$e cleseriptions xx'e see t}iat the principa•l Z)-s, ubmodules oii 9..ijZ

are tl}e pyototypes olr' tlie linear conclitions at; O aj}(.l ti]at tl}ey eorre-

sponcl to the in'educible ()-dimeng.ienal ideals of At be]oiisrin..c,- to t;he

nnique n]iuxin]itl prin]e iclettl EVS == (ari,x.•.},-••,a;.).

   I[fi 'xve t]ake i/iterseetlo.ns isrit,h .l•lt o.C the 'x'(.iLea,I$ of'. .R, xve• can con-

clticle that there is tv reversibte one-to-()ne corre,gpondence betsveei}
D-subr-o<[ tiles, ivl]ich has l'hiitc n)odule-basis, and px'in]ary ideals of' jrl

belonging to tl}e prin]e ideal Sl[l : (xi, aJ"o, •••, i.•,,) ("rhich eorgespond$ to

the point O in questio3}) ; ttnci that, in this correspo}idence, to a pi'in-

cipal J)-stibmocl{ile correspond.s an irredt]cible id.eal belong to Sr-5.

            ,


