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                          1. XRtroductioR

   [Irhe wave-mechttnieal treatment of an electron oseillation was mtt(iie
by Scl)usteri {'or tlie firsit time. IIis case where plane parallel eleetrodes

were asstime(l xvtxs that the ct}tliode and the anode were situate{l $ym-
metrical}y relative to tlie grid and no anode d. c. voltage wt}s applie(.l.. I'Ie

adopted cylind}'tcal fanctions l"or tl}c e.>cact wave f'unctio}is, and obttLined

graphieally the (liff'erences oS' kl}e energies (proper valuef), iti ordex' ko

derive tl}e i'requency fortnulas ill t}ceorclance witb clas$ical ones tio}' his

ca,se, but} he {'Iid not consider tvny tran$ition p.robttbility.

   rlilie author2 tried to solve tl}e ,same problcn) i'o'r the case wl}ere the

disttuices oÅí tl}e ct}tho<.le and the anode i'rom the t.rrid were not neces-

sarily e<'iual to each otlier, the ano(.le d.c. voltasre beir\.r applied.

   [i]lie author $olvecl the wave equation with the ai<l o{" JellCrey'$ ap-

pro.xinmtion n]etho{l (NV. ]<.. B. methed) and d.erived the equation to deter-

mine' the prope}' values. "Llrl]e dif erences ol; the energies (proper' values)

were shown to t,,T,ive the l'rcqrteney !'ormulas f'cr B. I<. ivave tmd dwanf'

"ivaves. In his calculat}ion, tl}e atithor liit)ite{I the wave lknction within

the space between the cathode and the plane where potential eiiergy
vanishes between the grid an(l the anode. But, an altcrnative is tl]at
the space is exten{']ecl beyon{.I the catl)ode am] tlae ane(le xvitl] the po-

tential graclient preserved, as i$ $liown with the clotte(.l lines in [Fig.2

tm{il we make u$e oÅí" the quant]un) con(.lition expres$ed by tl}e integrat)ioii

between two classical reflectintsr points in NV. K. B.'met}}od. The results

   1. Ann. d. Phy. 76, 1930.
   2. The first part of " On the Eleetron Oscil}at!en ot' Barl<l}ausen and Kurz " leetured

by NV. Nakayama and "s abstract in >'ippon Sugaku-Butsurigakkaishi, 5 G931), 214.
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ot' the pi'oper values in both assumptions, hoxvever, agree ttpproximately,

as is shown below, when the eners,'y of" electron is suffieiently sn]ail at.raii}st

el,ra, where Va is the grid d.c. voltage. In tl]is papor', the transitioll

probabilities are calculated subject to t}}e former assumption.

                   '2. Unperturbed functions '
                             t.
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       Fig. 1 }",ig. 2I<: e:xthode d: distances U: potential energy o'f tm eleetron
            between elee-• }lr: proper value
            t,rodes. --- cli,dg : points of zerQ potenti:kl
Ct: grid P": d. e. volt- -dit,d2M: classieal reflecting points

            ages 'A: ;mode

   Since we assume thttt the potei}tial is linettr between electro(les as

skown in Ii"isr. 2, the wave litinetion$ satisl' y the l'o}lowkig equations:

                                               '            Ll           cwwIMIII.lt + rcL'uy- u,)v, == o betweeil I< an(l G;

            lx.

           Cl"}4,u' + rc=(m- U,.) afr•,, = o behveen G and A,

            clx"

where rcL' =: {}l7Lr:"11tl!7Z -v i.67 Å~ I028 and '
            h2

               Jlf- Ui =: Ili+ eV, + aix = JY' + ctix,

               Ili- UL, -um }l7+ eY, ww a:x ww- IY' - aL)x

witlJ•r' =rc }ff+ eV, , ai = eVgleli , (t2 `:-:L e(Vg + Yla)/dL, t

  ,rXihe ttpproxin)ate solutions betweei) '- d-i :md d:t are

     i;nl, : (ipt Å} a;,x)-iii (Al,eiKSe"' (W'Å}"l,'M) 'i!a'" + Bl,e'-ireSi)"(}r'Å}al,v)il:'ax) , ( 1 )

where stifflxes 1 and 2 convespond r'espeetively to + and - of the
double signs.
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   At x =- O, for tl)e cle}'ivatives oti ,;n,

            aP'/l =-" irc OY' Å} al, x)-ll''(A- ;, drcS:' - xj ,l e• -`KStY' ) e, )

l]olcls good, beeause oi:' the extraordinarily iarge value of' rc.

   "LIIhe boundary conclitlons of Vni and "L, are

                "]. -umO at x---ali,
                           tl                "i -ww Vru, Vri = aY'L} at x -ww O,

                VL,ntO at x•=a;,
wbich give

                  A,. =: A, == A, .B, =: 1.),, -- B,

                                        'a}}d

                21,IIf,- (iv' :`'t' - y;;i:') (zll• + l,;,) == n7r, (3)

   n being any poSitive lnte{.}'ci'. Corre,spon(ling to the larste value oÅí

the lei't-han(l $i(le of (3), n n]ust be vcr>r largbe. rLI]he (liia]}tun] con{lition

in NV. l<. B. rnethod: -
                  S/i"-,Il,icviy-uHdx = (n + -S")n

give$, ii}stead of (3),

                 ti9ft.rc, l•;••r'3iL'(?IE-,- -t- ti,.,..,) =: (?L -l- -l.i) 7i-. g`1)

                                 '
   [li'or large values ot' n an(l eY, > ijl tl}e above two e.xpre$ffions (3)

aii(.l (4t) agree with each other'. The di{lfex'ence of ellerf,,r,y ean be given

a$ <.li{lferential A#'" k} the equation :

               "(.i + tL,) (J}"'iffmm "i'tL') AIY== li'n7r, ' (s)

                                                         'for rtn<n which is very large. -
   XVI}en we apply the frequency co)i<3ition :

                              "li}•y
                           v= }                  •h
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t(l.]Len (illigLS(SlieCri.)iiveX(V:Xl;,reonl)ell('//Sl.i l'.;liiiisllltLS ibr B' I<i wave ttnc] dwarf xvaves

              x -- -; =- cVtil/"i (eli + :`-;) /q•.y: di Y{y.Sh •

Equatio}i (l) is trtinsi"orn]e(l se as to adapt the bo{nx.lary eonditions an<1

the subse(luent calculation, tts S:'olloxvs:

      ' aPnnL-, = Un;, (IVrt +- ai x)-'i (eixinl, -e'"'iNinl,l, (6)

with ani == CrnL, cosn7i" , w})ere

 ' -2rlnl, ww- Å}t?arc,' ((1'l/If, Å} al, x):`fL'- lltt'iL'). (7)

                          L, .

   In order to $hoxv the oi'thos,'onaiity oÅí a#.'s and to norn]alize alf,e ,

we put

                        (U7.'Å}a}, th')3tL' -ww y?. (8)

rl"hen, we get

            tx = !: zillsi(y? t'i:`-e:i:i), • dx -ww --}-I,iii,,i(.tl gx-ii'`dy? ,

                   c} i)
xvith yei-ww JKiifU, ytu= Jl';; and g

   -ZLt!, ==: ! at], <gt nv g,ri) , .?".l. =.Z.l, - `t.Z!, , zl!ll, == Å} Bs(g,,ii3-J? 1"'),

                    'xvl)ere al. -- -"`-)--6I--, /9s -ww -rc ztJy.

        - 3(tt - at              -'A il .              m-
   }/Ience, puttint.r (Jl:,[,`ilt Å} a}, x)-it" -ww (zxt'i'S -Ali/)-if" t-- ye -il" , we have

                         -

 {i"t '! "APX xlth.,dn,

 -dl

                      t)  = C't•tt eml(+:3-2al) !li,iyMtr(e-i"""fi rm e-lldhiz ei"Sli - e`-'Uni ermLbk + eiLyi) uvy

                                                 '                               '    -l- CYr*2 0mL'(ww 32a.L,) !ll,'g/-;'(eMiiXf: - e-`-'tht'2 eiSi2 - e?tJ'eza e-i'S'i2 + eiAf2.)dy .
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    Since, in this integral, eÅ}!irn oseillate very rapi.d}y, we ma>r tal<e- thalr

mean value whieh is equal to O. Therefore

                                               '         !1"li,7Y V"zdx' -- 07Yi ami (+ m.,2i) !Y,1gy-2iseos(df,) dy

                                 '                             '                      + aab?i Oon2 (- :t/t. ,-.) !lll?IT'?i"cos(ale) d?1 . (9)

   IÅí xve make the tr.knsÅíormation:

     '                              1•                            y7, -ww x, (10)
then we have

         SZ:i,(,'l, Ynfn (ix == an*, Omi ('fm :l' i) Siicos (-i- Bi (z - z,)) {ix

                      + U7it.t,e'. L,(- //,;) Sileoff (- B.n(z -zi)) clz ,

Xvith zi = ylt3 me I•I].'if:", z, -ww ?13,i.3 = ]rt,1il".

   Aeeor(linf,r. ,ft,q dn == n- ;L'b is even or odd,

             iill,lliii`,i.:[Ii.;il.'.';M[::'klB,,'Lif.::wwwwz,:,)l;I (ii)

                                                      tt
becftufe ef (5) expres,ged in the {'orm Bi(:•orw xi) -F B2(zom zi) -ww dnT ,

ai}d. moi'eovcr

                       OnX' 0,ni "" Å} a,ttL• U,"2} (l2)

eorrespondingr to dn being even or odd.
   Tlm,g, xve have finally

                   cl2                  ["'7", Yp?.da; m- O, f'or n4m (i.g)
                  • ndtil

                                   {12a.n{l t,ha eondition ofl normalizatio,n ! ifrr,2J Nfr'.da; = l gives

                                   m(ll

                                    1                IU"'"l-" -rm 4ofr.'iii - Jrcf!) (:; + il,:;.)' (14)
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                          3. Transitie"

   We can calevilate the tran: ition probabilities betxveen two energy states

as in t}]e ea$e og an atom. NVe ag.,gume tl)at the oscillating fielcl is aR

osei]lating statical field. , but x/ e ha. ve to ttLl<e into aceorint t}}at the o: cil-

iai;in/s' field between .ZC a,ncl G ig, ;.renerally not eclual to that between G
                                   'and. A, both in an}plitnde an{l in sense. "J)herefore, we canllot tal{e
Abrn]ally i S/'"",laPfih" n; Vn,,.cl t; l2 to f,,r,ive the me,ksure oti transilifon probabiHty.

We thus proceecl to treat a perturbation problem with the perttirbing
potentialt ?t,i ancl ?eL. sueh tl)at

           2ei. := (ww fia; - g) Sin (vt, 2e-" -- (?>2x - g) g, in (tit, (1,5)

with fi = zitl- , fL, ::= g---(-1-?-!tL/----Q-1i//•i}->- , evi == g, where vt :.in(ot ancl' - v2 :.in(vt

              '
are og,c'lllatillgr voltages or} the grld and on the anode respeetive].y as

sl]own in IFig. 3.

K

0

ag
A

                                                       .   NVe have to ,golve t}}e eqnfttion:
                 (- 3, sls,!}. ?e)?ir .

xvhere

                                            t.-/Y-en:c
                 rJf == =a,n(t) !lfm, ?ftm = aPfime- it
                      m
a,.'s beinfg determine{] by the qqufttions :

                                         (let             i7,ia•n== lll,il],, Un").am , U,i.7n• == !-",?llC,"i: U'iffondnt •

   As,gaming U in t,he f'orm :

                  Ui == ( i f), t; -g)(d'`"C -e-"`"t)/2i ,

     s
     i

     g,Ys"V,slnwt ptV."-Z,2tsenttiti

      Fig. 3.

S'ollowing imftationary wtftve

a2'  +u+ --ifihO- ?F,

 L. at
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 we obt.ain

   u.. = : lll. (ea (grn - virm+Etu); - et (Ti'n - iVm - rrto) g) Sa-i(I,--t- fl x) a;pXip,,. dm .

 XVith the aid of the transformations (8) and (10), we have

   uae.) ww- SctL'A'pf•."( i A, ,er) aPn,.,(l•TJ

          Hdl

       -- 4- a.*., e.,,,

                                                             '         Å~ ( i (.df';y), [2xe cos{X9i(zo - zi)}- 2xi nt 3,sin{Bi (zo - xi)}]

         + (.ii'"lv.)2 [2si - 2xe Cos{B2(xo rm 2i)} + 71ir,, sin{t(9L, (zo ww zi)}]) ,

                                                '
where - or + of the {]ouble g.ignf in fronti of fi s}]ould. be ta,ken ac-

cordinf,r, as An is even or ocld. '
   Sinee the ratio zi: 1/B is nearly equal te the ratio M.'i2: IV."l2, we

can nettlect xi in the- above expre-ssion ancl therefore, by iise ol' (11), we ge-t

           Un`'v} = igt'*"r19tlo'.tr! (- (fi + fL•) xe cos{B,• (z, - 2,)}

                          ' (;2'th'l - tl;';) sin{!e2(z, - x,)}) .

   If we put

           ./2 fi            ---- -- == RcQs {p , (fi + fL•) zo -- Rsinq,
           B,,                 B,
                                   '                                       '
then we have
                    solti.3z• o,,,,,
             UiS•92 = -(/nvA'IT/):.'Rsin{B2 (k"o- zi) - g)}, (16)

                   'where
                 #an g) = (fi + fL') zo//(tt'.- rm t;ii'i) '

{ n(l.

                 Ji2 -: (tkl'i-. - tt,)2 + (f, + f,)2zg, ,
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                          ti•nT   Sinee BL,(ee nt xi) == r.-t-' a,,//}I,;', beeaug•egf (5), the- forbid.d..en tran;si-

                       .1.                      An7rtions are glven by i+ttl.J7ill-q= .N7r, namely:

                        1+g•i-.-= A7Z , (17)
                            ai N+g)/7r

where .IV is an integer. [I)hi]$, it is i'ound that the forbiclden k'ansitions

are cl}araeterize(l by the tube diniensions, app}iec]. c]. c. volta.cres, and ex-

ternal eireuit relations whi(th are implied in Bi and t(92•

                           4. Conclusion
                                                                .   In this paper, t}}e author has ctrelculate(l the measure of. the tr,anf ition

probability ancl has s}iown tl}e possibility ol" the occurrence off B. I<.

Nvave an(ii t}}e (/lwarl' "tvaveg, and tkat of tl]e l'orbiddeii transition.
                                                  '


