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1. Introductien and surnmary
   rLl]heoret'i(:ai studies on the t]wo-d'imensiona! sulpersonic Åíree jet of

a perÅíeet gas were !nade by ?ran(lti (1) in 1904, and the ratio of the

breadth o'f jet to the wave-lengtl} of the wavy n]ot't'on has been obttt,ined

as a t'unct'ion oÅ}' the Macl] number t}ssociatecl xvith the mean-sh'eam velo-

(:it>,. Ii} his papei', however, tt}]e deformations ot' the f"ree-streamiine

boundaries froni the strai.crbt iines were negleetec]. Later, Riabouchinsl<y

(2) treated the same problem by a different nietho<1 under a similar
ftssun]ption that the flow is almost ani'S'orn), ancl obtained the stream-

iines an(l the isobars. [l]he approxin]at'L'on oÅí his txnalys'is is considere{'l

to be better tht}n t}}at ot' ?randtl. I'Iowever, a hypothetical .ffas employed.

b>r bim 'ls e,ssent'jaiiy olf t)he same approximate nature as I<lirLrmtSn-'Ll]sien's

hypotheticr,ttl gas (3)' whose pre,ssure-d.eiisity curve has a common tangent

but• different curvatux'e with the a<i.liabatic }?ressure-deii$ity curve.

   Ii} the present paper, a• certain appropriate equation oÅ}' state-change

o't' gas is ftssunied ,go that tl)e Å}'undan]entai equations t'or the stream

function and the velociry potential might easily be sotved exaetly.
A hypot•hetieai gi,s siieh introd.uced can approx'imate in faet the rei,1
gas obeying the ac]iabatie law bett]er than I<{ÅírmiÅín-[Irsien's h>rpothe{]ieal

ga,g, sinee its pressure-density curve can be m.ftde to coincide mp to its

curvature with the (:Qrrespond'ing ckirve 'Åíor the real gas. OÅí course,
the valicl'ky o'f' the present theory is limited. to some range oÅ}i speecls

over wl]ich both our }}ypothetical ga,s an(il the real gas havc simitar
propet'ties. Biit, in this range, once the fundamental equ,ation$ o/E rnotion

i'or our hypothetieal gas be solved. exactly, it will be possibie to ini'er,

lfrom the result•s obtained, rnore reli.ftbly t}]e general be}}aviour$ of the

corresponding real gas floxs', r,ftther than fi'on) the approxirnate solut'ions

* Communicated by Professor S. Ton}otika.
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of the e.xact equations ot" rnotion ol' the rea,l gas xvhich obeys the ac]ia-

batic lt•Lxv.

   It z's shown that the i'unclamental equation Å}ior the stream function

governing the fiow ot' our hypothet't'eal gas has a ifamily oÅí e.xact s.olR-

t'ions ot' sin]ple fom), and combing some of appropriate solution$ we (:an

construet the solution Å}'or the siipersonic :ffree jet. In this case, we meet

with a problem how.to join two I]odograph sotutions on .i certain cnyve.

This is clone, in our problem, on a cl}aracteristies oÅ}! the fund,ltmental

hoclograph equations. [l]he special eharacteristics on "NThich the l)odo-

s.raph sokiÅíion br". nches are calSet'l the braneh-Iine. XVhen two so!utiolls

are ,joined on the brtmch-line, there occur in general cliscontinuities oÅ}'

the curvature oif the streaml'ine and ot' the veiocity .crradient in the
phys'ical plane. In the present ptiper, two solutions are ,jost'ned. on the

branck-iine 'in such a way tbat at ieast the curvature o'Åí] t}}e streamiine

ancl the veloe'ity ..ewrac]ient are contim'ious thex'e. It "'ill be one o'l' the

irnportant finture problems to d"isctiss how we must join two hoclof.rrapk

soiutions so that they represent a per/f.eetly regular fiow 'in the phytical

plane.

   A c]etaile(] numerieal cliseeuss'ion has been macle in a speeiai <rase,

g'ivTing the Mftch iines iietworks, tl}e isobars and the cmrves oÅí the con-

staxxt direc;tion ot` velocity vectors in the physic.ftl plane. In the ap})endix,

a general relationship between the brea(]th, the wave-lellgth, the flow
quantity of jet tu}d the Mftch nmmber oll the rnean-flow is .criven for a
.crroiip o'S' soiations representing the supersonic /f'req ,jet. "Vl]'is relat'ion

is c'onsiderced to be an extension of IPrancl.ti's /forniultts 'and, 'xxrheri the

cleformation o'tZ the ÅíreG-streamiine botmdaries is neglecte(], it degenerates

into h'is forniula.

   The writer ivishe$ to express h'is eorcli,ft1 thanl<s to Prot'essor IDr. S.

'LUomotil<a for his eontim]ed interest throu.crhoiit this worl<, an<l. al$o to

Dr. I<. Tamadft for his kind suggest'ions.

2. Eundamental equations

   It is well known that when tlie magnitude, a, and the angie oÅ}" in-
clination, e, o't' the velocity vector are taken as independent variables,

the e(ltiation$ oÅí steady irrotational motion oif a pert'eet gas in txvo-

c]imensionsfre given by '
                  ca'q == gdptda(Io@ge)?Ve, Åëe=: 'O;`lyf,, (2. i)
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where Åë ancl W are the velocity pQtential and tl}e stream ftmction t'or

the fiow respectively, and p ancl ,oo are the denfity at any po'int and
at the stagntttion poii}t ,in t}I}e flow field respcctively. SuMxes a, e
in 4,, ?Ire, Qr?e, ?Ir, di.enote partial (liffe}'entiation with respect to (Ll o,r e.

   Instead. oÅí g, xve introduce a xiew variable T defined by

                      r-- -fq(- K)spg,,l da, (2. .g)

xvith .z/< -m-s) ;;Q'2 2ic-lg(?;ol;;e). (2. :3)

Now, let u$ ftssume t}n,t the pressure, f), o'Åí the gas is a Å}'ltnction o'Åí'

t}}e clensity ,o only. rThen, by ma, l{'ing use oif Bernoulli's eciuation in

difrerential t'orm : a(lg + (lf)/s7 = O, we get eljolcZcl == - ioszlcL', where

c -- Vdl)/clp is the iocal ,spee(] ol' sonnd. [l)}}us, K is writtelt as

                       K rm- (i - te,)(-;o.-o)2. (2. 4)

I'f a eertain equation of state ot' the sra{ is assunied, J< beeomes a defu}it6

ftinction of (g (ancl thereiiore, o'fi' T) only.

   Eqnt}tions (2. i) are now transt'orrned. Into

                  (fi. = pt )C2 ?ffe ,, Åëe = ww X"' ?F., >

                         . 1? (9.u. t5)
                          Z== (- K)h. J
                                                         /.1../
   Further, in place ot' Åë> {tnd ?I, we use, with IProfessor l[. I[mai (4),

4) and Vp as depen(lent variables whieh ttre connected. with ip ancl ?ff fts :

                     (P =XÅë, ?I=X-iV. (2. 6)
Then eguakions (2. 5) become

                                   d2 x-i .                                      ,Åë, (2. 7)                       gSfT rm tlSoe=: X
                                    aT

                                      s)                      a;r'..- ainee :Z-i :IIiZ., ipf'. (2. 8)

   As t'tu' as wc confine oursetves to tl}e adiabatic gas flow, no stmple
exact sok'itions (;an be obtained in general. 'LI]hereÅío]'e, xve now 'intro(hiee

.gueh a hypotheticai gas t!]at enables the above equations to 1)e soive(l
s'in]ply. rl"hus, "re assun]e tl)at

                          Z:c, 7-+c, (2. 9)
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where ci,cL, aire, fo}' the present, arbi'trary (r.ong, tants. [l]hell, the e(pia-

t'ion 'for ftfr, takes tlie 'fiorm: ..
                                             .                                                                 '
                          aPt".. - iPPee -ny O ,
                                                 '
ftnd the general solution o't' this equation 'if t.riven by

                     v== f(T + e) +g(T - e) .
                     '
}vhere f, g tu'e both arbitrai'y [t`unctions. rrhus the expi'ession for the

'fiiinetion ?lr beeon]es
                       '
                  ?J," == X-i {f(T + e) +g(7 - e)}, (2. le)

                                                            'Nvh'iie t]he (;orr(is.pondin,<,,),' expression 'for <Z> tal<es the t'orfi] :

                  .              d? =x{- f(T + e) +g(r - e)} •
                                                            '                          e                     +c,f{f(r + e) + g(T - e)}de .                                                           (2. .ll)

                       '
3. Equations ef state ef eur kypothetical gas

   "r}}e equation o'i' st,ate-(rhange o'i" onr hypot}ietical gas c'tu} be obtt}ined

by a n}etho{] used by Iniai (5).
   No"r xye p"t ?IJ' = (9(a)(tof e, xv}}ere (2(g) 'is tz flunetioi} ot' g oriiy•.

"i"hen, t,he e(]uat'ion 'f'er (.etern]'i'n'ins/' e beeonies iiiiear an(l has tNvo in--

Clependet}t solRt'i'ons: 1/cf a)}d pa/a, where p is the pstessiire. Il{ence, i't'

xve. 'vvrite ?2f == tZ'(7-) (tosS, eaeh Ql' tl]e txxro l'un(:tions 11a and 1}/g n)uft

be e.xpi'esse(lt tts a iinear con]l.viiiti,t'ioi/t of tl]e sokitiz'ons o'I'; the equation

for deterni'inin.{.r CZ'(t;"), nan]ely :

                   aUT 2ci alT                   12';•;•+ g,'l'1"tt'rm}'J].l '2i;.r + 1' -O• (t3.o

Jli"or convenienee's. $a}<e, ive u$e, instead o/ff tr, anot,her nexv variable t

de'fined a.s: '
                           t== T+ g!'. (3. 2)
                         . Cl
rl"1}en, the .{.}'ei}ou'al sokition o]' equat'i'on (3. 1) i$ given by At-isin(t + s),

where A and e are arb'itrary cong.tant$ olf 'i'nt]eL.vration. IIIenee, xve get

               -il)- =A$'ii} -(-(-t--F e-)-, mSl. = JsS--"-i•}-L(tt+ S), , (3. 3)

                    '                                               '
i; ltnd 8 being also constant,:.

                           tt
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(3. 4)

with

,

                          ti=Ti+-eLit'. (3. 5)
                                    Cl

rTl)e density ,o can be obtainea from (2.2) as foliows:

            p - tisin(t -l- e) sin(ti -}-- E) --:- ti co$(ti + e)
                                                     , (3 6)           15T, - t--sili"'nv('ir"llL"6>sin(t + s) - t (;os(t + e)

where we have assumed el}at ,o == pi at g=ai. .
   Finally, ehe locai Mach mm]ber M, clefinecl as a/c , is given by
        '
                   M2 ="i+(1 wwt..tt(t -f- ,)l2' ' (3' 7)

                                                      -' s

4. Determination ef constants Ti,ci,eL), E, 5

   For our hy]?otheticai gas, X and T are related by (2. 9), while for

the real gas obeying the adiabat'ie k"v, the eorresponding quantities,
denoted. by X. icnd. T. respectively, are relate(l indireekty by tl)e two

     .equatxons :

           Z. == (a2 - orv'th1'(di2-1)gt"re-(aL' + ;2)--Xn(di"-1) )

           T. == tan-ig- ct tan-i ulli-, (4. i)

where g == (-at-i'Xmm-xi)"ii, xnd- -"t;-..., ct2 "" l -+ l,

gt,,ax being. the tl]eoretieaily attainabte n:axin]um value o'Åí' a, and r

the ratio of the specific heats o't the reial .cras subject to the a<liabaSie

law. ' '   Now, we choose the curve oil tl]e state-chan.,c,Te 'for oar hypothe.ticai

gas t{s foiiow,g. Fii'st, we as,gun]e that T is e('iiial to Ta at g :(1i,

nam'ely : ' '

     T,=tan-ig,-atana-lli', g,=(gi'ZhM..;)e"', z, =teg,,... (4•2)
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Il3'urther, we as$ume that at the point 'r` : 'ri the X-7" eurve coincides xvit}]

the corresponding X.-Tes eurve 'for the real gas iip tQ their tangents;

'i.e., xve assume that . ' . .
              (Xa.)Ta==h=: ci 'rri + CL' 7 (V[lli--)Ta.,.z = Ci "

"r}len we•. get

     c, : - -ll-ql-`j'(ct2- i)--ai-(caa."3')g,.-'"-5'(aL' + ekD)vthZ'(cb2-i)(i + g:)ro, (4. ,f,>

     c.-. .., (ctL, - 1)-LaX'(ate-'Jg,t•Xi(ctg + g;)lhei-(ge-i)ww c," ,

            '
and ti (t`an be deternri'nec! by (3. ,5).

   Next, we pros:eecl to thedetermination o'f e :md 8. Since 2), c7 and
io muf t obey BernouliYs equation in clifferential fo}'fl] : g(la +•(l2)1,o =: O,

i'f xve ,snbstitute (3. 3), ()3. 4) and (3. 6) iri this equation an(l put pi and

       epi equttl to the corresponcling quantities for the real gt}s re,g.pectively,

we sret t'ollowh)g relation :

                      2r• :-i sin (ti+ 8) .        ,s'ln(e - 8) +
                     r-11- z, t,

          , ' Å~ ($'in(ti+ e)-tieos(ti -l- e)] == O. (4.4)

                                  '
   lffiurther, Iet the tangent to the ,o-g cm've for oui'.hypothetical gas

at the point g = ai, p =: Ri, be coincident with the tangent to the p-e
(:ui've :lbr the reat gft, ,g. Then it 'follows that,

              (i=wwt-Ieuao!'Lth<ll'--'i-'-6)')2 =:r& i.i Igi' ,, mm i' (4• 5)

It xvill be seen that thi$ (;onclition is equivalent to assuming that t'or

both our hypothetical gas anc. the real gas the respective Mfteh num-
bers t}t a = gi coi'n(;icle with each other.

   rarhe five eqruxt'ions (4.'2)-(4. 5) enable vi$ to detern]ine five constants

7-i, ci, cL,, E, 6 invoive(1 in the equations oÅí stttt;e oÅí om• hypothetical

gas. Since we have assttmecl.that at g =:' gi the X-r curve coineides with

the Xa,-ra Åëiirve up to their ta}'igents, it is readily -provecl that• the p-p

curves l'or both gases coi'ncicle w'ith each other up to their ci]rvatures.

rrhere[fore, our pr(,sent hypotl)eticai gtis ig. a better approximation to

t}]e real gas near the point g'=: ai. than I{l6rmt{n-Tsien's hypothetieai
gasl Fig. 1 showE tl}e eurve o'f 2}lpi plottecJl against toi/p 'in a special



               T2vo-dt'7nensional S'te2)ersonic FTee Gtas .ret. 199

case xvi}en Afi -rm 'y/5. It Nvili be seen that our 'hypothetic.al gas approxi-

mates exeellently the real gas.
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5. SolutioR for the supersonic free gas jet

   [l]he streamlines in the two-dimensionai wftvy flow of supersonic free
jet txre expressed, in the hoclograph plane, as a fainiiy of closed curves '

roimd a• point which corre$ponds to the n)ean veioeity. It is well l<nown

that iÅí E sereamline eouches one oÅí the characterlsties o'f the fundamental

eqllatiQn (2. 8), there appears in ttenerai a turn bael< of the sSreaniline .

in the physical plane and a limit line is formed. It has been found,
however, that when the envelope of the famiiy ,oÅí the strearnlines in the

hoclogralph plane coincides xvith one o't' the characteristies, the limit line

does not appear in the pl]ysieal plane. Therefore, we now search for
a fan]ily ot' closed streamline$ in the ho(log' raph plane which satisfy the

a-bove condition.

   For convenienÅëe, we introduce new variables 8, n in place ot' 7', e

a$ follow$: •,
         '     g = si2;. ("i'i+o- (T + 'e)).,' 77 :l2ii (Ti + o' - ('r rm e)l .. (s.o
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As will be seen }l}resently, ff is i constant whieh is connectecl with tke

devjiation ot' the velocity veetor 'th'om that of the mean-flow. The charac-

teri$tics ot' the equation (2. 8) tu'e expressecl by tlie equatiens T Å} e ==

c'onst an{i{ tteeordingly also by } == const, ancl 77 == con${"t. Ioxv•, xve

(:onsider in the hodograph plane a square region with centre at the
point T;:'=- t;'!, {9 :O whose sidles tu'e given by r+e=:TiÅ}a and
'r - e= 'ri ! a, nameiy by g =O,1 and 77 =O,1 (]l]"ig. 2). XVeassilme
that alI the streamEnes in the hoclograph piane are simply closed ctu'ves

touching the sides ot' the square as shown in Fig. ;'). Atso we suppose
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                 Fig. 2. Fig. 3.
  tl]at tbese closed stTeamlines are tra•n,sf'ormecl into the $treamlines ip a

  wavy flow of ,iet in the phy,gical plane. Fif.rf.4(a) {nd 4(b) represent

  thecorresponclenee between two pkmeg. "LIrheorigin ost the phy,gieal plane
' is taken at the n]id-point ot' the narroxvest portion oÅ}i' the jet, an</l. the

  a:- and. y-axes are taken parallel ft,nd perpendicultr to the main-stream

  respectiveiy. The line ABCD denotes the f}'ee-streaniline boun'dary on
  which cr = gi, 2md it corresponds to the segment ABCD in the hoc]o-
  graph plane on whieh T = Ti. If we clenote the points oÅí the n]inimtim
  and maximum veloeities on tihe a)-axis by O and. O' respeetively, these

  corre,gpond. to the points T=:ri. ! a, e =: O in the Iiodogra}?h plane.
  [lrhe Ii}}es OB anc] BO' in the av? -plane are t}}e partieular Maeh tines

  passlng' through O and e',an(]. they correspond. to theficl.es OB, BO'
  of the square resvion in the re-pltme. [I]he region,s denotecl. by 1,2, ;),

   4 in the a]g-pl.kne coin'espond respeetive!y to the triangular regions:
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   [IL"o (letermine ?l"i(i == i, 2, 3, 4) we ,shall",take aceount o/f tl}e ph>rsic;al

conditions that t}}e flow in the physical plane is $yn]metrical xvk}} respect

to both the aJ-, gy-a, xes and tha,t the flow is boiinde(1 by two 'ffree-stream-

iine,g. [l]hese (:ondit•ion,g, to.cret}]er xvith the eontinuit>r o'f' the strea!n-

line.g, are stated as f'olloNvs:



20?

(i) SU'1(}s op) :

( ii ) T L• (O, n)

(iii) Yt,,(8

eri(?7,8)

== ?y,(O, n),

Zirb .ll, CtSi7?ZOtO.

, yr,(g,i- 8) ==

y,(g, g) = o;

, l) = T,'(e, 1), Yf,(e, 1 - 8) ==

(iv) Sl7'.,(1,77) : ?v'.,' (1,77), SY'4(8 , g) -o.

const, ?Ifi(O,O)

?p,(g,1 - g) ;

il
K

;o

1

(5. 2)

rrr}}ese eonditions

Yl == X-1

cletermine er.s's

{I'(e) +

Yf. === Z-i { - F( 8)

F(?7)} ,

- F(op) + 2k}

as foilows:

  gu, = z-z{- F(e) + .z7(op)} , X(

 , yf, = zhei {F(g) - F( n)} , /
(5. 3)

where

brr(+ O) =O, zt"(g) + li'(1 - g) ,., c'on,gt :k (0;E{..8tLS..l) . (5. 4)

Also, Åëi'

Åë1 =:

(P2 =

ca.apm-

 'tip

s are obta'ine{] in the /('ornis:

                        st "x{- ztrr(g) + 17(op)} - 2c:,of zti(g)aG + "oc,af ve"(op)dn l

                       oe                      gnx{F(g) + Jfi(op)} + 2(;isf Ji(8)d6• + 2cifffF(77)dop,

                     tJ o        •.g -oZ{F(8) - I"(77)} + 2ci6f .F(e) cl8 ww 2eiof Z'"(op)an

                     oo
                  ,- 2ciak(g - 77) + 2k(cik + e:,),

                        }OIZ{- F(e) - F(g)} - 2c,of 17'(g)dg -- 2c,of fi(op)a" I•

                       o Oi
                           -F ciok + 4k(ci'ri + e.•.i). ,f

(5. 5)

6. Conditions for F
   As tbr the con(].itioiis on the branch-Iines which are the LMaeh Ih}es

past ing throu.crh O ancl. O', w•e have only assurned that the stream t"unc-

tion and the veloeity potential are contintlious. [l]herefo}'e, atthomg'h tke

velocity veetor ftncl accordingly the tangent'to the stream-line are both

contimious near the branch-l'ine, it is not yet certain whether the velo-

city .crradlent .ftnd the ciirvatnre ot' the streamline are conti.mio"s or not,

ancl xxrhether the turn back o't' the streamline occurt or not.

   Ii' "re clenote the i'ine e!ement ot' a .gtrearnline by ds, the velocity

gradiellt along the ttreamline and the eurvature ot' tl}e stre,ftmline are

expre,gsed. respectivety by

                                              .
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contin{lous, it
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               1 dg 1 'Yn- eqe         dg
         ffsrm = S' ffg M. nvX'Åí' W'gT, '

         ae i 1'lfe+?Un
        -duns = -lli- a(1 't)-' ww'Fe'F, ' '

(,5. :3) in thefe e.cjiiations, we get, on the branch-line } : O,

     '
  dg (Z)eza,[T'(op) i I"'(+o)]

                 g..o [cial"(77) + (X)g..o.Z'"'(,7)] [cia.Il(.77) ! (X)g..oZt"(+O)] '

                       2ei6Z"(n) + (Z)e..e[F'(77) Å} F'(+O)]

                [cioF(77) + (X)g..{} J"'<op)] [ciaF(v) Å} (X)e.,F'(+ O)] '

                                      '
          upper oÅí the (louhle ,gign,g denotes the lifnit th'om theregion 1,

                the I'irn'it 't'rom t,he region 2. A(teordingly, in or{ler

                gradient ar}{] the curvature of the g.treamline n]ay he

             muft be that

               I"(+ o) ==o or Zt"(+O== oo.

The f anie conditions are txlt o obtained. xvhen xve conf i<1ex' the othe}r branek-

]ines: op == 1, g=1 and ny == O.
   Ne•xt, aion.(,r. aftreamiine we .,c.ret

         (il'llli')e"., = ww 2(('06" e)g=,[ciff.z7'(op) Å} (z)6.ezf"'(+ o)] ,

                                                '
the double ,sis,),'ns being o/E the ,same meai}ini.r as bel'ore. rVhu,q, wl}en

Zf"'(+ e) = O, da;lag if 'finit() ttn(] o'C" equa.i anioant xvhen app]'oached

to } -um O (h'on] either rcgion, a•i}(l there'fi'ore the g.trean]tine t"rns bacl{

'in the physical p}ane. On the other }iand, when lf"'(+ O) = + oo, ive
have (d.v/cgg)e..oA)b i oo, an(l theret'ore the strean]line does not turn

ba(;k {u'}d a sn]ooth floiv ig, obtt}ined. Ilence, Nve 'in]pose u})on the finnc-

tl'on If' the 'Åíolloxving conditions :

 .p•(+ o) ..,, o, 1;'t(+ o) ,. + oo, l{•(}) + If-(i - }) =k (O:.Sl:8.<,.,,., 1) . (6. 1)

I'j': '"Te adopt an appropriate or}e-valued, coi}tinuous Et!kd En]ooth l]un(:tion

Zt"(4) satig./fying these cond'it'3on,eq, we f.ret, by s,t,krting with the st}'eam

'lftn}ctions ?Ft's given i}} (5. 3), a supers,onie free jet, fiow w}iich is (ton-

tiiiiieiif up to t}ie velocity .(bri'adieiit ttnd the ciii'vatii}'e o'Åí' tl)e sti'e`ftii]-

line.
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             .-7. An ex'ample
                                                            ,   A$ t}n exftmple, wre ass,ume that

 ' l7(,e) :i/g-i/1 -}+ 1, (7. l)
which sat'isfies the conaitions (6. 1). Siib$titutins, this into (5. 3) .ftnd

(5. t5), xve obtahi the expressi'ons 'f'or ?lri'f aiid(P,i't. [lr}'a,n$Åí'oi'niation into

the p,}}yticft1 plane 'is made b>r integratin/,..,)' the foliowiBg.r equations:

                  el...• -- -i- (.:oseaÅë, - -•!OL-o ,$ine d?if ,

                   • CI P9
                        l                  dy = ---fine al(IJ + -[OM" eosed?I,'.

             • 9 ,O(1
   It 'i,g 'E'ollnd that, t}}e fjioxv tl)iis obtained expresses in f'a(tt a sRpek'-

s, oiii(; fi'ee ,ic)t c}ittns,"iiifg 1'ts $ktte o'Åí" iiiotioii pei•iodi(}:xily ii} tlie di}'eetioi'i

o'Åí the ,7;-axis'. XVe denote the "rave leiigt•h o'{' the .jet, its rneaik breacltli,

the (lexTiiatioii oi" t}}e breadth 'firoru jlts n]eaii valne by )L, Z) and A re-

spe("t,ive!y. [I]hen, the.y are <lefined })y

            )t =2are., b-rw elA+ye, li :glc ww glA, (7• Lt)

where saiffixes (1)', A, C <'lenote the polntf at which tl}e values oÅ}i the

coordinates t,ire to be tp.l<en (Fis,. 4(a)). B"or the fiow' deCluced 'ffroni

(7.I), it; 'folloxv,s that i,vhen 6 is sn]ail,

   . 2,',r6r/,.,S-,i'ii"'mml"[i-F//-S-::'i-(",,.,.S...•):i-:A-tifiiif'i'o•2+o(6•`)l, )'

                                                           ,(7. ,3)
        2-}`,tl -- -i3 (2i/E - 1) a + tS,s(2si•/2" - li) a3 + O(G5) ,i

                         '                                                '       '                                             '
Al/. be/k}s," the Macth nun]be}' a:.fociatoril. xvitl} the l'lree-ftrean]line on Nvhich

9 -pm 9i•
   Nun]erieal ealeulationg, have beeii worl<e{'1 out] 1'or a particular eaf e

"rhen '

                  Atl, :3/lt with r == 1.4,

i. e., xvhen '
                  •1             g'i. == 2, zi == -2- an(l ct = 1/6.
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[n this case, constarit.g T•t etc. are obtained. af folloivs:

              k== -e.,570077, t, :-e.oe ?,;3:),.?,3,

              c! == - 6.3e6724, e2 ---- - e.231732,

              e :- O.09, 5463, 5 =O.973171.

The constant-a, xvhich is a measure o'ti the (leviation of tbe veloeity
Å}'rom the mean veio(;ity, has been cho.gen af

                             a -- O.2,

when the speecl ot' flow varies in the ra}u.cre O.884<glgi<l.097.

                                                      2.c
                                                         'c,
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   [Fig.. 5 thows the two Åítm]ilies ot' the Mach line,g. rLlrhe Maeh lines

markcyl xvith 8 :O and. ny == 1 repre,gent thebranch-lines. B'ig. 6 ,ghows

theem'ves ot' the constant speed (T =const) and t})ose of the constant
c]irection (e -- eonst). Theg.e two f'amilies contact with each otl)er on

the braneh-iiiie,g. • '
                     '

8. Appendix'
                                                        '
 ' Starting svith the folution obtained in g t5, we ..cret the reltationg,

between )v, b an{l A as fo!loxvs:
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               2b'. 1 (r+1) M,4 oS' . >
               J51- == -,/fi,f,.ttt"'i + ww(MiL' - 1)2' k - 4aS'

                                             tt                      '
                                                      '               2A •4oC]' •               VX+": lg -.46gS' . . ?•(8. 1)
                                                     .l

             •l   ,s = fXX F(e) sina(1 - 2e) ele , o f fll z,"(e)' eosc(1 - 2e> elg . )

                                '                                                             '
Also, ive denote by (2 tbe qiiantity ol' n]ass earried by the ,3et in rmit

t]ime, xvhich may be de.fined. I)y e == 2,oo?IA with t]he vaiue ?lfA o/ff the

stretxrn funetion on the 'fi'ee ,stream.Iine ABCb. "LI]heii we obtak}, attter

some reclnetio}),s, -
    e = bgi,oi[i ww 4(//rii l' wwi)i)ni.,,(/'rffil., l) ;111'ili' (:,X-6- -3/)"i:- i)l . (s. 2)

     '
N?V'her) a tends to zero, it 'fXollowt. that

            2-xtt---o, q-bg,p,, :,]b--,hi/nk.L'--'ndi,

Kvhicl} are the Nsreli-knoxvn re,sults o't' ]PrandtL '

 .i
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