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1. Introduction and Summary
   At is well knowi}, when a body lil<e a bullet moves tl}rough the air
at speecls g.rreater than that oÅ}' sound, a s, hoel< wave is formecl i'n t'ront

ot' the body, aml ii' the velocity oÅí the body is constant, the po,gition

o'f the Nvft. ve relative to the bocly i'emains unalterecl. [I)he t'ormation ot'

,guc;}) a shoek wave- irnplie$ that there is an abrupt ehange of de-nslty

and veio(;ity. Ahettd o'f' thi$ turÅíace ot' discontinuity the flow ot' air

is stak'onary tu}d bel}h}d k tl]e}'e is a coi}tinuotis field of, fiuid flo, xNr

xvl]ie}} niay contain 't'urther ,gbock xvtxveg..

   rli}]e equations g'overnka.cr the propagation of the shock wave were
estabiif hed. by Rtmkine (1) and his eqruitions determinL. the reiationship

between the eonditions bot}} in h'ont of. an(l bel]in(l a plane sbock wave.

Meyer has <leveloped llankine's relations (2) and ,studied tl}e flow in

tl}e neighbourhoo(l o'f an inelined. plane or a wedg"e n]oving at hig}i
tupersor}ic speecs. Later, hi$ analys.is was reprocluced by AÅëkex'et (3),

who gave a photog}'ap}} ot' the fio"r in the neigl}bourhoocl of a wedge
showing tllat] the r6gime postulated by Meye}' in which a shocl< wave
tittac}}es the tip oÅ}' the body does in fact ocem'. [i)he I2mitations o'E the

solikion$ given by these wrker,g "Tere g.tudied by BQurquarcl and G. II.
[Iraylor (4). [l]aylor has ,gliown that for a .cri'ven two-clin)ensional buliet

xvlt•}i semi-vert}ieal an,c.rie less than a cert]ain critieal value, the neces,sary

(•ondition foi' the exi,gtenee oÅ}' Meyer's rC'gime is that tl}e Å}7M{ach ntimber

o'f the unclist-rbe<l f.tream ,ghouid. exceed a eertain critiÅëal vaiue. iHIe

has obtainecl a series oÅí these critie.ftl Mach numbers t'or two-(ilirr]ensional

butlets with various sen]i-vertical ftngles, and $rave a curve ,3howing tbe

relatienship between the $emi-vert•icai ansgle ot' the- builet and the stti(l

critieai Mach nurnbe".
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                    t. t.   Recent developnients of the high-speecl. aeroplanes have ,gtimulatecl.

the studies on super,sonic aerodynaniics and. various important investi-

gatioiiq. have been earried out. Almott all of them, however, are eon-
eerned. with Meyer'.aj r6gi'me, ancl owing to great mt}then)atleal c]iMc"Itie,g,

no complete theoretical investigations have yet been made so far on
the r6gime in which a detac:he(l shock wave is forme(l in 'Åí'ront oÅí an

obstacle.

   [Irhe relationq.hip between the stagnation pre,3sure at tke nose of a

body and the unclistiirbed fioKv ahe.ftd. o/ff the normal ,ghocl{ wave waf

discussec] by Lor<il Rayleigh (5) and his result is. widely a$ecl. in experi-

mental resea•rche,3.

   Some time ago, interesting xvind tunnet ex})erin]ents and shooting
tests were niade by M. Sugimoto (6) {m(l several excellent photographs

showing cletaehed. shQcl< wave in t'ront o:{f a eircular cylinder and a

sphere were obtaine(l. Son)e ot' them are reprodug.ed on Piate 1 oÅí the

pret ent paper for the sal<e o'ff reEerence. }{e also (leduced a 'f.'orniula oif

g.Qn]ewhat empirical natiire to loeate the detachefl sliock waves, by
assuming tbat the flow bel]'ind tl?e shock i$ eqniv,alenb to the sub.g.enic

fiow of an incompresskble finicl .q.nb,ject to appropx'i'ate bom}clary condi-

tions. [rrh{iq., assuming a usual potential fiow :ffor the ,gubsonie region,

he calculated the p}'essure cli'stribution on the ,sin-k'aee o/E t}}e bocly, an{'l

then comparing the vt haes thus ca!enlatecl with })is own experimentai
data, he cle-terminecl. the ;?S([aeh number o'f.' the subsonie fiow in ,giieh a

way' that the point at which the loeal speed o'E sotind. is first attained.

is the same in the two cases. [I]l)u,g, the veioeity or presf ure dit tribut'lon

in the ,giibsonie }'egioi} was un'iclueiy determined, and. the loc•ation o'Åí'

the shock wave was then determined. by Ranldne's shoek xvave eqnations.
}{owever, Sugi'moto's formula }'equiret empirical data.anc]. therel"oi'e the

feope of its applieatioxx is Iim'ited.

   I[n a recent note, E. V. Ijait,one (7) has also attacked t}he p}'ebleri].

IIe has asg.umed that tbe flow behind, a shocl< }vave is a part of' an
ineompressibie potential fiow with the appropriate houncltLry con<litionsf.

The undisturbed velocity of such a potential fiow has been tal<en to
be equal to that o'E t,he actual stream, while the fiow pattern has been

assumed. to be the sE me as the potentiai flow patte}'n. This a,gsurnption

determines the compiete veloc`ity distributions in the field of fioxv, while

IRankine's relations determine the velocity c].rop inmiecliately behind. the

normal portion ot' the shoek wave fora given Mach nunibez' oÅí S}]e
actual stream, and. thes.e conditions Ioeate tthe normal portion of' the (.letach-

ecl shock xvave. In La`itone's theory no empirical clata are neeclecl,but
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the { ssumed flow is not self-eonsistent, beeause the flow pattern is assumed

to be t}}e same as in the case of subsonie potential flow, notwithstand-

in.cr that in conformity wit}} the state of affairs in the actual fiow the

fluid fiows with a supersonic speecl at infinit>r upstream. [I]hese-clraw`

bacl<s restriet the seope o'Åí application oÅí Laitone'$ theory, and espeeially

it cannot be applied to the case when the Mach numbei' of the actual
flow is consiclerably great.

    Qulte recent!y, I<. Tamada (8) has also discussed a detaehecl $hocl<

wave in front of a eirei]lar cylinder and a sphere. He has assumed
that a eurved shoel< wave is composecl of an infinite number ot' infinite-

sima! i:ine-,se/gments and that Ranl<ine's relations shoulcl be satisfied at

any portion of. ' tke curved shock wave. Generaiiy speal<ing, the curvecl
sl}ock wave xvili gi've rise to different amounts of fleflection to different

g.trearnlines as they pa.3s through it and. consequentiy a certain amount

ot` vo}•ticity Nviil iieeessarily be generated behind the shoek wave. In

the ciose vicinity o'f the normal portion of the shoek wave, however,
deflec,ta'ons o'Åí' the $'treamlines are smali in magnitude and tbe generatecl

vortica'ty may be ,gmall, too. Thms, i't' we confine dur attentions to the

close neighboiwliood of the normal portion, the g.ubsonic regi'on behind

the .ghocl< "rave may be approximated by a potential flow. [In Tamacla's
anttiy$is, no t'mreas,onabie assun)ptions have been !nade on t}}e flow behind

the shoek wave, becau,ge the Maeh number oÅ}' the undisturbed subsonic
flow could be determinecl by meal}s of Ranldne's relation,g.

   In the present paper ai} atten]pt is nncle to the discussiolt of a
(letachecl g,.l}ock xvave in 'Eront of a bocly, sueh ft.s a circu{ar cylinder,

a sphere, im(l a txv-o-dimensional bt}IIet from $omewhat different point

o'ff view. [l]he zffoxv behin<l. the detache-d shock Nvave is approxiinated

by a, petential fiow as in tl]e papers o'Åí previous writers and the effect

of the eurvature o'Åí the shocl< is con,gi(lerecl. In aceordance with the

resultg. o't' observations, the s}}ape o'f the detached $hock wave i.g approxi-

mated by ft, l<incl of quaclratiÅë eurve.

   Strictly spe-al<ing, the applicatioB of the pretent theory is also
re,gtrictecl to tbe clo,ge vicinity oÅ}• the normal portion, beeaiise the egua-

tion of continuity is not satisfied exactly. Nevertheless the numerieal
values given by the pret ellt theory are in fairly good agreernent xvith
the experlmeRtal evidcmc'e.g, and ,gome interesthig' results are also obtainecl.

Comparing the cak'ulttted g, hape oÅ}' the c]etached shoek waves in Å}'ront of

a circnlar cylinder and a sphere with the corresponding observed shoek
wavef it if t'ound t}]tLt tl}e })}'esent theory s.i'ves a sat'lsfactory approxi-

mation to the• actual ,gtate o'E ftffTairs. .
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     [l]he theory is. then extend.ed to loeate a detached ,ghock wt}ve in h'ont

  oÅ}" a t]xvo-din]en.qional bullet]. The botind,ary c()nditions ot' the buliet are

  approxima,tecl by Bobyleff's </liseontinuous flow in)pinging symmetrically

  upon a bent lamina. Thu.g, the head o'E the bullet i$ approximatecl by
  the bent iamina, while its paraliel portion is ftpproximtttecl by the
  regio}) bound.ed by t"ro l'ree g, treami't'neg, ftarting 'from the encls o/ff the

  lamina. .     It is t'ound that when ehe f orni-xrert'ical angle Q'f t!}e bullet is g'reftter

  than 6704S.9t, the ,ghoek Nvave (tan nevex' attach the nose o'Åí the btillet

  but remains alxxrays detached. i'or any value o'f the Mt}eh nun]ber oÅí the

  undistrn'bed ftream. II]"or a buliet xvith ,smalter sen)i-verticai ang,le than

  6704S.9', a cletached. .3hoek svave is 'fforme(l in Åíront o'ff the bullet, i'Åí

  t}]e Ma. ch number ot' the oncoming strettm is snmller thtLn a ()ertain
  erit'ieal v-, lue, xvhich itf eif' dependf tipon the value o/l' t}}e sen)i-verticai

  an.,c.rte ol' the bullet. [I]hese refults are in s,oocl qual'ltatixre agreement

  with rLI]aylor's result,g.

     "Ll]he present l?roblem hat been ,guggesteCl by IProÅíessor S. [I]on]otika,

  to wliom the writer wi,ghes to exp. ress hig. eorclial thanl<s for his s.uggesr,-

  tio}} anCl eontinue(l interest throughout the work. The wx'iter's thanks
  are also due to Dr. I<. 'Xarnad.a t'or his invalu.ftble diseuss.iong..

  2. Assumptions
     aeÅíerring to ]i"ig.. 1, let U be the veto(;ity o'E the on(toming undig. turbed

  s.tretm) {m(l. Iet g and (?e, v) be the magnitude oli the velocity at any point

  an(.l its reetangukn' eomponents respectively: NVe clenote the pre,gs.i)re,

  the den$ity oÅ}" the fitild. ai}d the velocity o'/r g,ound in the itndisturbed.

  ftream by pi,pi aBd ci retpeetively. At is. well I<nown, thege three

           •t "  (.paant,ities ftre eonnected by the relation cl = rpi/,oi whex'e r is the ratiQ

  ot' the hNro .gpecifie l}eaÅís oÅí the fiuLld and takes the value 1.405 Åíor air.

  Also, xve denote by p2 fmd pil the }}re,s,gure aticl the d.ensity o'Åí the fiuid

. immecliately beh'ind the ,ghock wave, and. by pe, ,oo tl}e pressure ancl the

  clen,gity'at zero velocky for the ,gtream (Iefinecl by (U, pi, pD. Furthe}',

  let a d.enote the ans.le between th(L normal to the shoek wave a}}cl tl]e
  fbreamlines .fthead oÅ}' it and leb ct denote tl}e ai}gle o.E d.efiectioi} .froni

  the uncli,gtnrbed stream o'ff the ,gtreamlines iinmecliately behind the thoek

  lvave.
     In the present paper, a ,gimple assumption is n]acle to the folution
  of the eqtiation of fluid motion near a solid. body. NVe shall confine
  our attention$ ko the case xvhen the bocly ha$ tm a.xis o'Åí' syrnmetry ancl

'
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the direetion o'f the un(litturbed Etream if parallel to it. I[R this eftse,

a shock wave fl'orme{l in front ot' the bo(ly, either attached or cletached,

is fymmetrical ivith re,speet to the axis ot' Eymmet}'y. A particular
streftmline coinciding with the a,xig, oÅí symmetry experiences no deflection,

xv•hile the deflection of' f.trean]iines throm tlie unclit turbed stream beconies

greater as the 't'nclination ot' the shock "'ave becon]es ..crreater. As a
consequence o'Åí the (.letleetion o'Åí' strean]iine.g, certain apnoant ot' vorti'cities

xvill be g. enGrttted in reality behind t}]e curxxe(l f hocl< wave and the fiow

behin<]. the ,ghock "rave i$ no niore h•i'otELtional. But, if" xve eonfine our

attentions to t}}e clos, e xdci'nity o'ff the axis oi' symmetry, the cleflection

oÅí streamlines from the undi'sturbed ,gtream is g, ma}I an(l ghe ..cr. enerated

vorticity })ehir}(l tl}e she(;k wave may be negiected, an(l the}'efore, the

fioxxT be}}in(l the ettrcve(1 g, hoek w?tve mn,y be ft.pproximftted by a potential

flow ,gubject to suitable boundary eondition.q..
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   It', khen, the vcloeity potep.tia,l 'Åí"or such an irrotationai floxv be

d.etermine(l, tlie veloc't'ty distribntioi}g, behind the shock wave is uniquely

deterrnine<l, .ftricl the angle efi defleÅëtien 'f`roni the unclisturbed $trean] o'f

the g.treainlix}e,g irnniecl'itLtely bel}ind the ,shoel< Nvave is dete}'niined by

tlie relation :

tftn8 -ww ir/2e . (1)

"

3. The shock wave equatioRs
   Meyer's ()quatlons governin.,c.r the conditions on the two sikles oÅ}i an

oblique shoek wave are given by '
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                                                            '             cos2 ct =- {(r - i4),?(ir/rl),i,)-,e/",/!i }i }(r - i), (2)

            ta-n(at+s)==[:liliB,"../X',".i(k/eltam• ('?)

IIIt' xxTe d.enote tl]e Mac}} number oÅí' the und,isturbe<.l streain 1;4 so that

M = U/cx, BernouM's theorem gt'yes immecliately

                     IJd2 == vr& II(-:ltl)7ww;i'- ll. (4)

IMIaking use oÅí this and ei'iminating ct and pL}/pi 'fron] the ttbove two

equations (2) tu}(l <3), xxre obtain an equation"'fer detern]ining t}}e ai}gle

of d.eflection, 8, ot` the streamlines as they pass th}'ough the shoek wave,

}12}rl]eiy :

               2 (Af2- l) tanL'ei -l                                                             (5)      ttLxx 8 um
             ttm e, (r -1)2iZL'tan2e, + (r + 1>•AZ2+ 2 -f- 2tftn2e,'

xvl)ere ei is the angle xvl)ieh a tfu)tgeiit to the ,ghocl< xvave on its arbi-

tra}'y point make,g w'ith the direction o't' the iuiclistiirbed stream ai}d
is evidently coi}neetecl with cr by the rel.fttion ei + ct = 7r/2.

   O{ir present p"rpose is to find ont whether a cixrved shoek wave
'jn f`i•ont o'lf `an obt tacie is ctipable oÅí ckar}gin,(,pt,, tlie unil'orn) streani into

a potent'ial ilo"r whose clireetion immecliately behind the wave if f.riven
by equatioz} (k).

   Ii} eon'ftormity NxTit}} the re,guit$ o/f ob,ser'vation,g, the detached fhoek'

xvave al)eacl o'f a bocl.y can be appi'oxin]ate,d by a s-rfaee of sin]pie t'orni.

Since tl)e sl]ape oÅí She sectioi) o'j' the clet•achecl shoclt" wave by a plane

containingr the ax. i,s o'ii symmetr>r is s.imilar to a ptftrabola, xve fha}l

a,gF"ume that it• can be expre,gf ed as:

                          y2 -- a, (,o.;+t), (6)
w•here the coordinate:. fv, gtf }}ave been (thot en as ,ghoxvn in Fig. 1. "Ll]he

two p[trtmete}'s, a. an(] t ir} this eqilation are detern)ined hy Mleyer's ,
e(.luations (2) .ftncl (3) aboxre re'Eerre<1 to. As ivill readily be seeii, the

latter paurameter t representt the dittance ol' the normat portion ot' the

,ghocl< xvave :ffrom t•he orig,in olf .the c'oordinate-axeg..

   [l]he coord.in{ites o'ff the normal portion oÅí the ,ghoel< wave at+ the
interseetion ot' t}]e xyave ai}d the ftxis o'fl synm]etry are stiven by (- t, O).

In the (:Iose vicinity o'f this norrr]al portion, the coorclinates o't' a point
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on the sheek xvave are (-t+A.x,jdy). A simple calenlation gives
immecliaeely

                                     (t                                                                (7)                           tan el =                                   2Ay' .
Substitutlng this in eguation (5), tftnS can be expressecl in the form

ot' a ,geries in powers ot' AJ? as:

  ta" S == .{4(;tt' i) ii):' 4-Y'sri (i um .2 (flfu rm4i)(i(;l)iA)f' if2 + 2} (A?/)2

                                                +O [(A J, )'i]] . ( ,9 )

   Equation (1) ean als.o be expre.gsed in the f'iorrn ot" f series similar

to (8), but tl]e eoeracients in the series are different aecordin.cr. to the

form o't' the obstacle. Comparing the txvo series expansions for ÅíanS
aiad eqtiating the eoeMeientt ot' xtst and (Azl)3, we obtain two equationf

'for d.etermining tl)e two parameters (t and t In equation (6).

   A con,gtant factor Ui in tl]e expression :ffor the veloeity potential

is (leterminecl sueh that [mother llanlrtne's relation conneeting the
ma,.o'nitade ot' the velocities in h'ont of ancl immediately be}}'ind the

,ghoel< wave is satisfied. I't' we denote by g2 the magnitude ot' the velo-

city immedlately behincl the shock wave, the g.aid llankine's x'eiation

may be written as:

              -ttt=-,,,.?lge-',,[ftl:gX.'[,"ll),-• (g)

wi•th

                   .t) = 2r - ].fkin2e, - r - 1.

                   p, r+1 r+1
   At, the normal portion of the shock wave we have
                                                            s""
                      .gi i) ei == s, in (ei- 1) : 1

and ecjRation (9) is redueed to

                     S' 2 -ww -rani i((r - o + h-2ttl, ao)

which is i(lentical "rith oiie of the conditions utecl by IJa'ltoi}e (7).

   The pra(:tical examples xviii be illustrtttecl iii the 't'olio";ing se(;tiong.
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4. The detached shoek wave iR front ef a circular cyliAder

   XVe choose the coordinate-axes at ,shown in the kif et olt. IIiiig. 2.
B"or convenienee, xve take the }'adius of' tiie (;ircmlar cylinder as unity.

"Vhe xreioeity p()tential Åë I;or tl}e continuoiis i'rrotational floxv past the

c2reular cylinder is given by

                                           tt
                       Åë-ma -Ui (r+mm,i:) t'11, (11)

       CJ " i'}where o"" =: a:-+.?1-. • ..
   The rectangRlar con]ponentt oif veiocity ttt aiiy p()ii}t are given by

            2'e -ww Ui li - -</i,11ii,i i--/11in`.•/r)--,;l, v= - Ui (1;,-,it9iL7i//,:,>---../,. (i2)

Sub,s,titutins,' the,ge in (1) we have
                                                        /
                     ica'nS == (,.f•+ yil•I(•)u`22?I'W-.a;.Lt iii IL•• (i3)

At tt I)o'int ((AJt )"/ct - t, Ay2 ) on the shock "Tavenectr its ]}orivai portion,

tanS (;an be expinide(l in poxvert of:' Ay in the irorm:

                                                    tt   t.. s =-::- ll,.,.(. I-l,Zf-g'Ll.Ff> il - g-E?,-(-r -i'i,zl....,)(/.,..l wwww- ;f•`'- + 1- (Ael):• + (1) [(ric,1)•t]l , (1{.4)

   ()omparing tl}is Kvitl} (8) tmd eqviatinfg the eoeMcient$ oÅí Aev t•m(l

(A3/)"'S, xve obtain, txf'ter soine ealculations, '
               '
       a-L`f,{"ii,'S,S.ki) ,,al`.,[2&t,wwili;.-i'` `•                              =;- ----:;•------- --------------- --- + 3t- - Il.l, (15)

                                                     '
an(]. theg, e t"ro equationt deterniine the values o'l;' the t"ro paran]eters a

an<l t.

   Eiin]inat'ing a, f'}-oni the,se e<luationg., xve get

  . (.o,r-1)M"+4
  t- :=nd; '-ndIg"rm(Xi':L"li)""--

     + ',g (filtL-isl•.i I(4i- rti wn 22r -i- i7)MO r ;/g(;s r2 - 4f r + f3,r))flft

              ' -4o(r- ,r)) A12- ,g o) S-, (16)
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ancl by this equation we ca' n ealculate the value of the diseance of the

normal portion ot' the sheek wave Å}'rom the eentre oÅí the eircular eylinder.

   If the value of t thus <letermineCl is substituted in either of the
two equations (15), thevalue of a can be found, ancl further, if use is

made of the value of a thus obtained, the whole shape of the detaehed

shoek wave can be found.
   Before proceeding to the numerical diseussions, we shall eonsider
two limiting case,3. In ehe first piaee, when the Maeh number, ]4, ot'
t•he undisturbecl stream inereases to infinity, equations (15) are reduced

to

                      2t(t2-D nv t(3 t2+2r+ 1) .
                  (t -rw r-1 - 2t2+1 , (17)
                      '
and equat.ion (16) takes a g,iniple Å}'orm as:

                t2 -- 3r s- 1+ -il}- (- r2- 22r+ 17)g, (ls)

                                                                  '
               tt
xvhieh gives the minimum vaiue of t. .
   In the c}ase ot' fiow ot' the air t'or which r=:1.405, it can readily

be ,ghowi} that this niinimum value of t is greater than unity, and this
irnPlies that even when the Maeh number increases to infinity, the shoek

xsrave cloes never attach tl}e- cireula•r cylincler and remslns always detached.

   In the other lin)iting cag.e when the Mach number Jl of the ulldis-
tt}rbec] stream tends to unity, equations (15) give immediately the results

that a-- O and t-oo. [lrhus, in this case the cletache(l shock wave
recedes to infipity upstreatn and its shape beeomes a straight line per-
pent"jtieulal' to the cllireetion ot' the unt'li$t'u'rbecl s'trecun.

   Nmmerieai value$ of tlie distanee, t, oÅí the normal portion o'Åí the
          .c]etached shock wave Å}'}'om the eentre oÅí the cyiincler have been calculated

by the Åíor!nula (16) for vario"s values ot' llf and are shown in Table I,

where Sugin]oto's experimei}tai values and Laitone's theoretical va!ues
are a]so given foi' comp.ftrison. ILaitone's values have been calcuiated.

by the pre,sent xvriter xvit•h the aid oÅí his fo}'mula. [lrlie results are also

,g}}own in IB"ig. 2, where a dotte(l-line eurve gives IiaitoBe-'s theoretieal

values and t}}e erosses show Sugimoto's experin)ental val(ies. It will

be seen that the prese}}t theory gives a bette}' approxiniation to the
results of observation than Laitone's theory.

   IB'ig. 3 ,shows the shape of tlie detaehed shock w•ave in two eases in

whieh fif is equal to 2.04 and 2.83 respectively. Observed .ghoel< waves
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are shown by d.ottecl-line curve f'or comparison (ct'. Plate D. It

be notecl that although the approxiniation ot" the present theory is

good. only in the close vieinity of tl]e normal portion oJf t}]e sl]oek
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                                  'but not so gooG at a finite distance from the normal
ft•gr'eement be•tween the results oÅ}'  the Pres.ent theorY ancl

tioB is fairy satist'actory.

                   TABLE I. Vakzes of (t-O12
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portion, yet the
those of observa-

I Maehnumber

Present theory

Laitone's theory

Sugirnoto's eXperiments

1.00

oo

oo

1.10

2.099

'

 1.34

:
O.760

O.8161 O.324

    '
O.622

2.04

O.283

O.129

O.261

2.41

O.221

O.103

O.219

2.83

O.182

O.086

O.191

3.00

O.172

O.082

oo

O.097

o.e48i

5. The detaehed shock wave in front bf a sphere
   In this fectien'a similar diseuss,ion wiil be made on the loeation

ot' a detached shoek wave ln front of a sphere. Taking the centre of
tbe $phere o'f unit radius as the origin ot' the coordinate-axes, let the

cylindrieal eoordinates be denotecl by x,g and 0, instead of usual z,
?• an{l e, the axis o't' at• being taken parallel to the positive directioi}

of tke tmdisturbed strearn as shown in the inset of Fig. 4.

   In this case the flow is evidently symmetrical about the axis of x,

so tbat t}ie fiow pattern is inclependent of 0 ana it is sufficient to
discuEs tl}e matter in the m'J? -plane only. Sinee the shape of a cletaclied

shocl< wave is approximated by a paraboloid of revolution about the
axis ot' p; and henee the section of the wave 2n the xy-plane is approxiL
mtxted by equation (6).

   [I]he veloeity potential for tl]e eontinuous irrotational floxv ot' an

incornpressible fluid pafta sphere is given by '

                     Åë"-Ui (v'i+'21;.s.o.)-21i-' , <ig)

          .       onnwl}ere r" -- ,T."+ y-.

   [I]he eQmponents o'E' veioeity at any point are

             2e == 21111, (2o'5-2x'2+ e12), v-- pt 32U7 :i'k'y, (2o)

ai}d t!}ereÅíore the angle oi' defiectioll,' 6, of a g.treamline at any point

fron} the imdistm'bed stream is given by

                    tail5": -2,.s-3:igy,:'+ypt . (21)
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Wrhen the Point 'im(er coiisicleratioi} lie's on'the sl}oel< wave, .x ancl. st

nm$t Satist' y the relation (6). In the elose vicinity of' the nortnal portion

ot' the shoel< wave, tanS can be e.xpEndecl in a power series of 'Ay in

the form: '

 tan 6 x 2t 1'O'i,,,`iiill o (i - (5 t3 +2 .it).,("t,wwum 8itl + 2t(Ay)L" +`o[(dy)"]) . (22)

[l]hus, eQmparing the two expansions (8) and (22) for tanS ancl equat-
ing the coeMcients of Ay and (Ay)3, we get, after some calculation,g,

      a - `Z`ed,/T ll Btig.3.-,}) -- •s,, `. , [; ,`i.,"-il'Y, l" + st`s- 21 . (2:3)

rcliminating a from these ecjuations, we kave

                '        (3 7' + 1)M2 + 2
   t3: o          10 (M- - 1)

     + iot-s- ii-r' - i)g {(7?'ft - 2r 'i- E )M`' - 2(7 r- i) (r - s)i7lf•i

            '                            -6(r-s) B.,l2- 12}k, (24)

anc.l the di,stanee, t, oÅ}' the normal portion of the shocl< wave from the

'centre of tl}e s.pherei can be ealculatecl by this ecluation.

   In a litniting case when the Maeh number of' the {mdisturbetl stream
teiids to infinity, equations (23) and (24) ftre'reclaeed respectively to

          '                         .tt .t .                      st (t:' - 1) t(s t3 + 3r + 1)
                 "": 3(r-1) -ww' st•3-+1 , <25)

ancl

                    3r+1 3                t3 -in lo + itoi/+E}ve (7 72 nd2 7' + 3)S, (26)

the Iattei' giving the rnininmm value ol' t.

   In the case oÅí flow of the air for which the value of r is i.405,
the minimuni value oÅí t as given by (26) is easily founcl to be iarger
than iinity. Thas, it is f;ouncl tl)at si$ in the easp o't' a circular 'cylincler,

the detaehecl ,gl}ocl< xvttve is aiways t'ormed in front ot' the sphere 'ffor

any value of the Mac}3 number AI oti the iln(listnrbed. stream.

   Numerical vt{ties oi' the di,gttLnee, t, oiff the norn)al portion of the

cletached ,shock wa'9e hfbve been ealeulatecl t},nd a•re shown in Tit ble III.
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The slmilar valixes have alg,o been ealculate'd

the6ry, alld they, together xvith SugimQto's
,shown ln the tabte 'foi' eornparison. ' '
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of Laitone?s

 value.g, are

       +
S"Ns--

o
{

   1

Fig. 4.

                2

Case of a sphere.

                +

 TABIjE II. Value

         M3
I'resent theory
Ijaitone's theory
Experiments (Sughrnto)

oÅí (t - 1)12.

Machnurnber

?resent theory.

Laitone's theory

Sugimoto's eXperiments

1.00

oo

oo

1.10

O.835

O.453

1.32 1.78

O.359i

    l
e.2o7

O.171

O.103

    I•
o.433I

2.08 2.40

e.i3i IO.le7

O.206 •l•

    l

    i
O.080i O.067
    l
o.lsoi o.13e

2.83

o.ess

e.os6

co

O.048

e.o32

    I
o.103I

[I)he }'e,sults are

ot' the presei}t

observation.

 aiso shown in [iYig. 4. It wi'il be

tl]'eory are in good afgreen]eht with

seeil that

 t}}ose of

the te,gutts

Sugimoto's
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    Mal<ing use ot' the value ol': a- as ealeulated by either of' the two
 equations (23), the 'Eorm oSr' t}}e detached shock wave has been calcniatecl

 in two cases in whicl} the value oÅí the Mach nun]ber A.f is 2.08 and
 2.63 respeetively. They are shown in Fig. 5, where the dottecl eurves
 indicate the location off the shoek waves found. experimentally.

                  tt
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    Fig. 5. Case
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     x
     x
       M :2.63
of a sphere.

  6. The sheck wave in front of a two-dimensional bullet

     In tihe present section the writer will discuss a (.letaehed ,ghocl< wave

  in t'roi}t ol' a two-(]in]ensional b{illet. "LI]he sin]ilar problen) I]as been

  d'iseussed by I-aitone fmd [I]aylor. I"aitone has appx'o.xin]ated. a bullet

  by an appropriate dig, trib-tion oi" line sourees along the axis ot' the ballet,

  xvhile [I]a>rlo}' has approxin]ated a bullet by a two-din]ensional weclge.

     [I]he writer now appro.ximates the'tip portion ofi a two-dimensional
  l'nAIet by a bent lamina alld the parallel port;ion o'Åí` it byt pair ot' free

  s, tret'Lmlilles starting l'rom the two edges oS' tke larnir}a and e.xztending

  to infin'ity downstrean]. Suci} a diseontinuous flow pa,gt a bent lamina
  waE di$cvi,gfe(] by Bobyleff as early as 1881 a)}d. ,g}}ort; aecount of }iis

  theory is given several text-books on }}yrflrodynarnies (9). Recently, a

  detailed dif cus,gion on Bobyleff's p}'oblem has been mad.e by S. [i]omotik.a

  and Z. I'Iafimoto (le). BeÅíore proceeding further, we shail recapitulRte

' here t}}e e,gg.eBtial part oi' BobyleÅíe's t•heory for the ,gal<e oÅ}" later use.

     NVe assun]e that a uniforn) fiow impinges syn)metrieall,y upon a bent

  lamina AiCA2 whog.e .gection consi,sts ot" two e<{ual ,$traight Iines form-

  ing 2u} an.crle (rvg. 6 (a)). Let 2B be the angle measiired on the down-

  strean) ,gide, and also let Xi ancl, XL, denote a pair ot' free g.treamlines

  starting iirom the two edges Ai and A2 olf the lamina and. extencl. ing to

  infinity down$tream. Taking the plane o,t' fluid motion 'as the z-plftne,
  we tal<e the x- anc.l J? -axes as shown in IIi"ig. 6 (a).

                      ti
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   This f-plane is trant forme(l into tlie upper-ha. If of an s-plane by the

transformatioR: • •                             f=s2. (27)
The two points Ai and A2 eorrespondin.rr to the two edges of the Iarriina

are then tran,gformecl into the points on the real axis of the s-plane
whose eoordlnates are <b,O) an<l (- b,O) respectively.
   rLI]}}e upper-halt' of the s-plane is traiisformed into Åíhe interior of a

semi-elrcle of unit radius in a g-plane by the equation: .
                                                   '            '                       ,= rm g(g+-lg-).. . (2s)

                                                     g
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The bent lamina is trans'formed into the circtlirnÅíeurence of'i the semi-

eircle, while the i'ree strean]lipes are trang.fornhed into a dianieter whieh

eoineide$ with the real axis ot' the g-plane.

   [IL"he conjus,ate complex velocity at any point in the fiow i$ given

by

                             df                             d-E- :eWi", • (29)
                                                  '

with 9=6+ilogg, (30)
where S denotef the inciination to the axis of a o'Åí a ,gt!'eamline at

any p()int anc] a is the magnitude of the veloeity there.
   If we cai] fincl Åí a$ a ftmction of g, we ean con]plet]ely c]et]erniine
af/d:• o}' the velocity (listributions in the stream. The conditieng. whieh

fkouid, be satis.fied by the l'unction 9(g) are as follows:(i) it nmft
}.)e tm analytic {"unction o't' g regt}lar in the interior of. the semi-eircle

AiC AL}; (ii) on•the circumferenee olf the semi-cirele the real part of
9 (g) muf t f ati: {'y the conditions :

                                  '
               . ER [g (g)] -- -B(O <0<7r12),) . (31)

                            == B (7r/2 <0< 7r) ; i

t}nd iaf tiy, (iii) the iniaif.intu'y part o'6 2 (g) must vani.gl} on the diameter

A,e A,, .

   Siich a ft]n(;tion can be determined by Pois$oiYs ÅíormRla. Omitting
the detaiis ot" tmaiy,gis l'or brevity, t}]e final ve,3ultg, only will 1)e tgixren.

N?V'e have

                                       i+4                                2B     • , 9(g) i= i. iogi--g'• (32)
   If' we eiin]inate s ancl f 't"rorn equations (27), (28), (29) and (32),

xve obta'in ' •
                  d, -- ki`' (!. ! i)UPiut(g2- -iliE) -l-alg, (33)

                 t/ ttand integ}'ation of this equat'ion wotild give s as a f'kmction ot' g.

Sinee, however, the analytieal integratiQn is tlmost hopelef q., we htve

carried out nmmerical integration. '
   [I]he hall'-length L of the bent lan)ina is giveii by
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(34)

              dwhere i#(sx') -- {TitlE.logr(a;). When the value ot' .L is given, the value

ot' the parameter b in equation (28) ean be determined by equation (34).

   Ne.xt, we shall proeeed to the discussion of the location of a detached

shock wave in front of a two-din)ensional bullet, by applying the above
resuk,g. In the close vieinity of the a.xis oÅí x, the direetion ot' a stream-

line is approximated .fts:

                                            '                                1                    tan6 -- S+ in{i- S3i + ••-•••, (35)

with Sx SM [2 (;)]. (36)                                      -tfge
   Referring to tl}e eoorclinate-axes in Fig. 6 (a), iet the eoordinates
o'Åí' the norma} porÅíioxx ot' the shock wave be denoted by (- t,O). In

the elose vicinity of this normal portion, the coordinates ot' a point
on the shock wave are given by (-t+ dx,dy), and since .x' ancl J?
n)ugt $atisfy <6), zlx nv- (dy)2/a. [l]hus, if we write dz == A.x + iAy,

xve have

Az == 1 (ztJ? )2+ iaJ? .

     a
(37)

   It is readily founcl that the coordinates ot' a point in the g-plane

which corresponds to the normal portion ot' the shoek wave ftre given
by (O,iopi). [ir'he increment Ae corresponCling to Az given by (37) is

dg == ([I/9),,,AÅí ' -ll-(di"i),,,(AÅí)2 " -ii-(di#),,,(AS)3" '"' '

=:
 ( 9/')tni["Z ' -ll-(d'd; tdt9)i,,`Az'2

+ -ii-I(clel;2.o. tdeg),,,(tdeg),,,+(d-d# tdeg)i,,l(A2)3 + ''''''] . (38)

   'Ll]he ineiination 6 oÅí a streamline pa$sillg through a :point in the

close vieinity of the normal portion is given, by mesns of (36), in
tl}e form :
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s -: se I( {/ )  Ag +
 i"1

S(dL'9

dg2

)t,,(Ag)L' + -l}-(dd3gg),,,
(dg)cj + •--•

l.
(39)

Th{it , if

panslon
use
of 6

is made ot'

 in power$

(37)

oti

 aiLd (38),

Ay, and it'

we easily
the series

obtain
/for 5

the

thus

  .serles ex-
 obtained

be

the

in,gerted

form dt'

tanS -- i(

i`:

{/

the righÅí-l}and

$er2es in powers

)Ln,(tin9 )tm dy [1 +

sicle ot'

 of dgy

(t'[

(36),

at :

d dg
d4 el:-

tan S

   n)
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2i",
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   Finally, comparing tl]e Etbove series t'or tanS with (8) ancl ecjuating
tl}e coeMeients ot' dgt .ftnd (ifgt)3, we obtain, after $ome reduetiont,

        a "" (, 3'IifiuS,'4'-2 un;2 iG -. Z'i;)cr aww=,?)"ii :rr-'f-)}wwi, (42)

aiid



'

                Detaeltedi.Sltoe,h' Jl'"ave in fro?tt ofa Body. 225

    16 (M2- 1)2                                     4(r + 1)M`i
    Tt dww-"rm{(r'tt"'iww)"Bitt'ww+wwl}1}'nd2' + a2(M2- 1){(r - OM2 +'2}

       = - .2b-i(i i opni)O(1 -op"inv2 [3 + 2nr' + 3opS rm 2ani(1 - op\))

          + {,}. -2i,G um. gi,)2cr(, -"i,i)i

             Å~ (l5 + 20vl + 49t n: + 20di + 15op? + 8a2op;(l + opr')2.

                           -8aopi(1 + opl) (3 + 2op;' + 3opl)) . (43)

 rLI]he,se two equations deterrnine the values of' the two parameters ?7i, a.

    Ir} the elose vieinity ot' the tip oÅí the bullet, opi can be written as :

                             opi -nv l- e, (44>
wl)ere e is tu} infinitesin)al qaantky. Equations (42) and (43) are then

reducec] respectively to

                   a == (r8 k2 (ln)fllf-,. t)2 a-k s2-if 2a, (4s)

Emd

    . 2`("ASCti, -2 A,Åé'i - i)a2+ ((,i2i (,]1) ;fi. .i), + 48]a

                                         119 (M2 - O
                                     - (r - l)M2+'-i == e• (46>

These two eqiiations determine a eertain critieai Mi, c}i nun]ber, xMcrit,

for a bullet with a given s emi-vertical angle less tl}an a certain value,

,giich that when the Mach nrunber ot' the unc]isturbed stream is greater

tl}an Afcrit the shoek wave attaches the tip of the bullet.

   If, however, the semi-vertie.ft1 angle oi' a bullet becomes greatei' tl}an

a eertftin erki(;al yalme, tl]e ,ghoek wave cloes never attach the tip ot'

the bullet for any large value ot' t}}e Mach number, and th.ere i$ formed

a detaehed ,gl}oek' wave in f'ront oÅí the btUlet. Such a criVical g.emi-

v,ertieal angle i(Sl,,mx(=: {Ii7ro,,,R.) can be founcl by solving tm eqnatio}}

to xvhich equftt,ion (46) is reduee(l z'ri the liniit Jl-oo, n.?mely:

              z` 4ro ... .+ (ria8i + 4s) a,....- rll L9i --. 'o. . . (47).

e
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For the case ot' ,ah' (r == 1.405), we have fotmd that

                 atna: =: O•7535, BtnRx": 67048.9'. ' • (48)

                    '
   Numerical values of the critical Mach mimber Mc,it tior bullets xvith

various values oi' a l}ftve been caleulated. and they are tabulatecl in
[Irable Ii[l[. Simiiar valnes ot' M.,it for Nvedges are given in [I)able ]IV

Åíor comparison. These latter value$ for wedges have been calcuiatecl
by the present writer with the ald ot' the following two equations,
xvhich have been given by D. C. Pael< in his recent paper (11>.

     2tan2m tan3ev + tanBtan2a {(r + 1) + (r + 3) tan2m}

               - 2tana + tanB{(7' - 1) + (r + 1) tan2m} = O, (49)

and
                                                  '
     (r + 1) tan I9 tan'`'ct - 4tan"ct + 2(r - t) tan /9 tan2ev

                           - 4tan2xfl tanct + (r + DtanB == O, (50)

where coseem x= M and B denoÅíes the ,gemi-vertical angle ok' the we(.lge.

   These equations are the analytieal e.xpressions for 1iaylor-Maceoll's
analysis (12) where t}]ey have obtained, their resuks by a grapl]iÅëal
niethod.

             TABTiIIJr III. Values of Alcrit for our bullets.

s 2" 7.st'

ITfÅërit ' 1.ese

5e 8.2i

1.100

11"24.9t

1.200

      124e24.9'

1.4eo

29e29.7t

1.seo

33e44.7S

1.600

45e44.3t

2.000

      '
67e48.9t

co

TABLE IV. Valttes of ]lcrit Åíor wec.lge.

B

?Vfcrit

5o

1.24e

loo

1.417

lse

2.616

2oe

1.843

3oo

2.53e

4e"

4.52e

4se 23t I

oo

   The results for bot}} our bullet and wedge are shown in Fig. 7.
It will be seen that our restilt$ for the two-dirnensional bullet are in
.croocl clzmlitative agreernent xvith those t'o}' the wed.,(,,re.

  ' Numeric:l valueg. o[' ni, whieh g.pecifies She location oÅí the normal

portion oÅí the detached. shoek wave, have been ca. Iculated. by 'tke formulae

(45) and (46) for varioiis valties oÅí n.f, ancT the corresponding valties

o'f the distance, t, of the normal portion oÅí the s}]ocl< wave Åírorn the

tip oi' the bullet have been obtained by a graphical method.

                                                                   n
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    The refnlts are shown in Fif,T.,. 8 in four cases in xvhich the semi-
vertical -tngle B of the biillet is equal to 15e, 300, 60e and 67038.g'

respectively. In this fig{ire ard al,go shown ILaitone's values for eom-

.pft.rison, which have been caleulated by she present wriSer by means

of Laftone's formula. The two series oÅí curves deviate considerably
t'rom each other especially in the close vicinity of the horizontal axiq..

i

l•O

Mcrit

e•s

O•6

O•4

O•2

o

Fig.

Present theory

Pack's theory
    [wedge]

oO 200 400 6600
7. Va]ues of the critieal Mach nurnber plotted against
 the serni-ve'rtical angle of a bullet or a wedge.

"VVhen the semi-vertictxl ttngle off t}}e bullet is smallex' than 67e48.9t,

each ot' our em'ves euts tl}e horizontal axis at a fin'ite angle. On the

other hancl, any of IIIjaitone's curves ean never touch the horizontal axis

ancl khe least vt lue ot' the di.gtancc ot' the normal portion oÅí the ([ etached

shock wave from ehe tip of.the bniIet, is always clifferent Å}irom zero.
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This implies evident}y that ttecording to his theory the shock wave
remains always detached. t`or any values ot' the semi-vertie'al angle and

o'f' tl)e Maeh number o/Åí' t}}e undl,gturbed flow. In faet, xve e.rennot
determine the eritieal vft. Iue.g of IJ.fc,•it ancl B,,,f,x on the basis o/f Laitone's

theory. These results are not only in coi}tradiction to [I]aylor's theo-
retieal re,gults but also to experimental evicleneeq..
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   Fig. 9 is a reproc]i]etioi} ol' a fig.ure in I'irLtSrnVvn's recent paper (13),

wliieh t hows t}}e experimental vahies off the ratio o.Åí' the (l'listance of" the

detaehed ,ghoek wave i'rom t}}e tip oi" a bullet to its diameter a$ a
l`uRctiox} of' the Mac:h nun]bor oi' the tu]distiirbei'l flo"r. "1"hese experi-

niental data I]ave been obtainecl by shooting' tests o'Åí" a eonical heacled

three-diniensionai bvillet with sen]i-vertieal angrle o/t' 200.

   IIIn IB"ig. 10 is gi'ven a .gimilar eurve shosving oin' theoretical resukt

for a two-dimensional btdlet Nvith semi-vertical angle ot' 150, and this

may be coinpare<l with Fig. 9,. It xv'ISI beteen th{t there if a goo(J
qualitative agreement between two f}gitires.
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