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SUMMARY

Starting with Green’s general exact formula for the lift acting on a circular-
arc aerofoil placed in any position in a stream bounded by an infinite plane wall,
an expansion formula for the lift is obtained-correct to the order of (//H)?, where
! is the chord-length of the arc¢-aerofoil and H is the distance of the mid-point
of the chord from the bounding wall. The result is found to be in complete
agreement, up to the order of (//H)? with an expansion formula for the lift on
a circular-arc aerofoil near a plane wall, which has been obtained recently by the
junior writer by extending Green’s new method useful for calculating approximate
expansion formulae for the lift and moment of an arbitrary two-dimensional
aerofoil placed near an infinite plane wall.

1. Intreduction

The lift acting on a circular-arc aerofoil placed in any position in a stream bounded -
by an infinite plane wall has been evaluated by Green (1) in an exact manner, by
using suitable conformal transformations, Later on, the senior writer has reinvestigated
(2), in conjunction with Tamada and Umemoto, the problem ab initio by employing
suitable conformal transformations, which are somewhat different from those used by
Green. It has been found that except for the difference in notation, our general exact
formula for the lift acting on the aerofoil is in perfect agreement with the corre-
sponding formula of Green.

By carrying out detailed numerical calculations for three circular-arc aerofoils,
the cambers of which are respectively 0.022, 0.053 and 0,097 approximately, the value
of the angle of incidence being taken to be 5° in all cases, we have investigated the
manner in which the ground effect upon the lift of an aerofoil is modified by its camber.

Since, however, not only the general exact formula for the lift but also the
equations for determining various parameters are all very complicated, it is extremely
difficult and almost hopeless to repeat detailed numerical calculations for arc-aerofoils
of different cambers and for various values of the angle of incidence. Therefore, it
is desirable to derive an approximate expansion formula for the lift useful for numerical

computations.
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In a recent paper (3) Green has devised an ingenious general method for calculating
series expansion formulae for the lift and moment acting on a two-dimensional aerofoil
with arbitrary shape in the presence of an infinite plane wall, and applying the method
Green himself has obtained the first three terms in the series expansion for the lift
acting on a circular-arc aerofoil of arbitrary camber,

Quite recently, the junior writer (4) has extended Green's analysis and obtained
an expansion formula correct to the order of (//H)* for the lift Y acting on a circular-
arc aerofoil in the presence of a plane wall, where / is the chord-length of the aero-
foil and H is the distance of the mid-point of the chord from the bounding wall.
Thus, omitting, for the sake of simplicity, the third and higher powers of //H, the

result is

Y _ ~M1“(. Is
178_1 5 smﬁ+tanacosﬁ>H

+€“314_1{(8—6 cos 20) +12 tan « sin 20

2 sin }(l 2
4 2 (13 - g SV L
- tan?x(13+8 cos 20) {si T tan & cosll) H) y (1.1

where 0 is the angle of incidence and 4« is the angle which the arc subtends at its
centre. Y, denotes the lift acting on the same aerofoil when placed in an unlimited

uniform stream of velocity U and is given by the well-known formula:

Y, =mwplU?*(sin @ +tan « cos &) , (1.2)

where p is the density of the fluid concerned.

It should naturally be expected that such an expansion formula for the lift would
have been derived from the general exact formula, by assuming H to be very large
and developing various functions in series, The object of the present paper is to

derive the expansion formula by starting with Green’s general formula for the lift.

2. The conformal transformations

For the sake of reference we shall first reproduce the principal results of Green’s
analysis which are necessary for our present purpose. For details of the analysis
reference should be made to Green's original ‘work (1).

Taking the plane of two-dimensional fluid motion as the z-plane, we consider
a steady irrotational continuous flow of an incompressible inviscid fluid past a circular-
arc aerofoil AA’ which is placed in any position near an infinite plane wall HH.
We take the x—axis along the wall HH’ and assume that the fluid at infinity flows

with a constant velocity U in the positive direction of the x-axis.
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Two different cases now arise; in the first case, the circle on which the arc lies
intersects the bouanding wall at two real points X and Y (Fig. 1), while in the second
case the circle on which the arc lies does not intersect the wall at real points (Fig. 2).
However, as shown by Green, the results for the second case can be derived from
those for the first case so that it suffices to consider only the first case.
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Fig. 2. z-plane.

We take the origin O of the z-plane at the mid-point of the segment XY whose
length will be denoted by 24. Then, after several transformations, the z-plane is
transformed conformally into an annular region in a Z-plane bounded by two concentric
circles of radii 1 and ¢(<(1) (Fig. 3), the circular-arc AA’ corresponding to the inner
circle and the bounding wall HH’ to the outer circle. The various pnints are trans-
formed as:

A= eiel, A = ge'l , X == ¢t , Y = et
q q 2.1

H=H = —1,

where the arguments 0,, 8,,0,, 0, satisfy the following four relations:
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Fig. 3. Z-plane.
9il (B =0,) /2r} | 9310, =05)/2n) _ (2.2)
?94{(\(}1‘“63)/2ﬁ'} 174{(02“‘03>/275} ’ '
0,48, =0,4+0,~2r, (2.3)
0,—0,=2(0—nr) = —26 (say), (2.4)
r=l >0, 2 —n. (2.5)

Here, 20" denotes the angle which the segment XY subtends at the centre O’ of the
arc AA’ (Fig. 4).

b
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Fig. 4
If we put
d,—0,=2u, } )
=0 =0,16=¢, (2.6)
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we have, from (2.3) and (2.4),

I

1

‘
7w,

ﬁ o+a—m, 1 =7
t,=¢—u— J '

I

>

and the relation (2.2) can be rewritten in the form:

9310+ /2m)  9a((D—e)/2m} _ 2.8)
I3t (0+aw)/2r} " 9al(0—a)/2r} — -

The same relations as (2.7) and (2.8) hold as well for the second case when
the circle on which the arc lies does not intersect the wall at real points, provided
that we generalise the definitions of 2 and 4. In the first case, 4 and 0 are both real

numbers and satisfy the conditions:
=0, m=o> ~n, (2.9)
while, in the second case, i1 and (7w —0) are real numbers subject to the conditions:
i220, i(x—8)2=0. (2.10)

With this extension of our definitions, the expressions for the forces acting on the

aerofoil as evaluated in the first case can be used, as they stand, in the second case.

3. Geometrical parameters defining the circular-are aerofoil

We shall now consider the geometrical parameters defining the circular-arc aerofoil
AA’. Let ! be the length of the chord AA’, a the radius of the arc AA’, 2y the
angle which the arc AA’ subtends at its centre O’ and H the distance of the mid-point
of the chord AA’ from the bounding wall HH'. Further, let 8 be the acute angle
which the chord AA’ makes with the wall. This 8 is nothing but the angle of incidence
of the arc-aerofoil.

Then, we have from Fig. 4, the follm{ring relations :

o

L 2 siny, A sin 6, H cos 3 cos 7 —cos 4, 3.1
a a a
from which we get

H __ €08 [3 €08 j' —cos 0 (3.2)
2 siny ’ o

On the other hand, we have, from the transformation equations which are omitted
here, the following expressions for tan 8 and H/!/, namely :

d(1—~56%) sin @
d(1-+b%) cos 6 ~b(1+d*)’

tan f = (3.3)
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H sin 8

[ == 2<i'_~b2>(1;d2)<1"‘b2 4 d?+b*d* —4bd cos 6) , (3° 4)
where
po 9L (B2 9ul (Gt 2n) 3.5)
P29 —0)[2r}’ Pt (0—w)/2m} *
Solving equations (3.2), (3.3) and (3.4) for d and b, we get

4= (08 O=D=en @3

" lcos (+7)—cosf3) t
(3.6)

b___jcos(ﬁ—ﬁ)—cos}'}%‘ [
— lcos (6+B)—cosT ')

and combining these with (3.5) we have ultimately

{cos (8~7)~cos B}%__ P2{(8+a) [ 2m} 3.7
cos (0-+7)—cos ) — P {(0—w)/2n}’ '

lcos (6+B)—cos 7

oo (0=F)—cosT)E ﬂzig(ﬁ*ﬁggﬂ? (3.8)
D210 —0)/2m} "

Thus, if the values of B8, 7 and //H are prescribed, these two equations, together with

equations (2.8) and (3.2), determine the values of «, &, ¢ and ¢.

4. The general expression for the lift acting on the arc-aerofoil

The resultant force acting on the circular-arc aerofoil can be calculated by the
use of Blasius’s first formula. Referring the detailed calculations to Green’s paper,
only the final results will be given here. Thus, denoting the x~ and p-components
of the resultant force by X and Y respectively, we have

X=0, YD/lpU* =Y +Y,+¥V,+Y,+7Y,, 4.1
where

V. = W{zﬂiz(o)z%(ﬂl/&f) J%(O)}
! ?9%(0)(9%(01/275> ", (0)

x[4E{z9’12(0>29E(01/27;) O % <O>}

/ 9400, /m) _ (/) \

- RO ) @2

_ - 2E0(0),(0,/x) (918, /x) _205(0,/2m) .

= 3179%(91/%) * {01(01/71) 950,/ 2m) | (4.3)

v, = HORGIDIO, 40|20} B Py )27 _DiCa/), w0
i 95(0,/2m) 030, /2m) 9, (B, +0,) )2} Oy(afm) S :

Y, = D100 () )O3 (0, +0,) 27} 2m sin(B—7) (4.5)

D50, /2r)D4(Y,/27) cos 6—cos (B—7)"
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7 cot 007°(0)2,(8)m)E, (u/m)

Ys = TG [2n 0 {(6—u)/2m}
x[ O 195,C/?2/27r)“30§(51/27r>}
93500y T 950, /20) ~ 930, /2
2 ol Piafn) 9400,/20) 940,20 ,
M e oy i R e v zang/zn)ﬂ (4.6)
Dsind_ _ [931(6+6)/2m) _93((p—8)/2n)
2siny E[ﬂi{(¢+5)/27r; z<(¢—0)/2ﬂ]’ S
E= 193 (6+w)/2m) ?9;{((3—14)/27t}+19§(f?3/27r)_z95,(01/27r) (4.8)
(0+“>/2”/ Vo {(0—u)/2r}  D(0,/27) D,(0,/27)° '
and
{(o+1/)/27r P (0—w)/2r)
F= grora) om) o300 —a) j2n) (4.9)

5. Calculation of «, ¢, ¢ and ¢

Starting from the above general expression for Y, we shall derive an expansion
formula for the lift on the arc-aerofoil. To this end, we have to obtain the expansions
of «, § and ¢ in series of ascending ¢ and then to obtain the expansion of ¢ in powers
of //H.

Now, equation (2.8) can be put in the form:
P30+ )27} 0, { (0 ~u) [2r) + 04 (6 — ) [ 2}, { (O + ) [2r} = O, (5. 1)

which, when the well-known g-expansion formula for the function ¢,(v) is used,

becomes (5):

sin 8 cos «.+¢q sin 26 +2¢° sin 26 cos 2u

+¢*(3 sin 36 cos «-+sin d cos 3u) +2¢" sin 46+ = Q. (5.2)

From this equation we can obtain the expansion of cos « in powers of ¢. The result is
cos . = —2g cos 0-+4¢g° cos 6 —4¢° cos 6(3+2 cos?d)

+32¢" cos §(1+3 cos?@) +--- . (5.3)

The relation between « and ¢ having thus been known, we shall next proceed to
express & in powers of ¢ by means of equation (3.7). As mentioned already, the
object of the present paper lies in the derivation of an expansion formula for Y/Y,
in powers of //H, which can be adeguately used only when //H is fairly small, i.e.
when H is fairly large. Therefore, it suffices to deal with the second case where the
circle on which the arc-aerofoil lies does not intersect the bounding wall at real points.
In this case, the value of ¢ is sufficiently small, but, owing to the extension of ¢ as

in (2.10), the value of cos & becomes very large.
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Thus, for convenience, we shall put ¢ cos § = ¢. Then, equation (5. 3) can bhe

written as:
cosu = —2¢-+4q*(c—26%) +0(g") , (5.4)

from which we have
sino = (1_4(;2)'{14 8027 "2 “2" +0(g" )} (5.5)
Next, we have, from the first equation in (3.6),

g sind siny, (5.6)

2.
o cos¥—g cos B= zzii

while, after several calculations, we get, from the second equation in (3.5),

3 (1-126°+320) +4¢° (1~ 26*— 640°) + 0(g") 5.
17 4g sin 0(1—46)  (1—462) + 4¢2(0? +86) +0(g*) } | '

2
72

a+

&.&
ook | Jomd

Eliminating (d*+1)/(d*—1) from (5.6) and (5.7), we have an equation for determin-
ing ¢ in terms of ¢. Thus,

4(1— 462)%(0' cos 7 ¢ cos B){(1—46%) +44¢*(6?*+86") +0(¢g*)}
= —siny{(1—126%+320*) + 4¢*(1—~206%—646°) -+O(g") } . (5.8)
In order to solve this equation, we assume that ¢ can be developed into a series
of ascending ¢ as:
0 == 0ot 01q+ 0,07 Fagt (5.9)

where ¢,, ¢i, 05, 03,... are certain functions of 8 and 7. Substituting this series in

(5.8) and equating the coefficients of the same powers of ¢ on both sides, we get

4(1— 4:70) (6,—463) cosy = —siny{1—12¢%--3208) , (5.10)
(1~ 46%){;{ (1—-16063)0, cos 7~ (1—4ed)cos B} = 20,0,(3—1603)sin7, (5.11)
(1 469 1200, cos B—cos {600 14?39 4o} (1480 —a,(1- 166D } |
= —sin7{(1—203~6408) —303(1—166%) — 20,0,(3—1603)} , (5.12)
(1= 4o} 2 cos @{3@% i‘g 2031+ 808) + By
+cos ‘/‘{63(1 —166%) — 1250010231 146;0
116540, 1~ ‘ZO”}’ ~6031" i"g + ségofgf%’(% +dado,(3r8p)} |

= 2 siny{ — 160,0%+ 20,0, (1 +9608) + 30,0,(1—1643) + 0,6,(3—1663) } . (5.13)
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From these equations we can determine the coefficients ¢i’s successively as functions
of B and 7. The values of the first four coefficients will be given below.

S — cos?) ]
g = —5 sin 5 gy = cos? 5 cosB ;
6, = — % sin /{(1+3 cos2f> —6 cos®L- cos? B} (5.14)
2 3 2 2 2 ' ’

)

= 2 sin®L. 2 cos ~~(4 cos® B—3 cos fB). ‘

Using (5.9) together with these values of the ¢;s, we have, from (5.4) and (5.5),

cos ot = sm~ —2g cos®L- cosP+2q sz s‘”%(l»—ﬁ% cos? [3)

2 2

+2q°% cos® 5 {(24—3 sin?L- > cos f—8 sin?L cosdﬁ} +0(gY), (5.15)

sin = cos | 14+2g sinl — 20 {sin? L +(1-3 sin2T\cos? 8
sxnu——c032[14 2q sing cos 8 —2¢g {sm 5 +<1 3 sin 2)005 '3f

—-2q° sin]é:{?) sin’“’—g— cos B+4<1—2 sinz—g«) cos?® B}]+O(q") . (5.16)

In a similar manner, we get from (3.8) the expansion for cos¢ in powers of
¢ in the form: . :

COS'Q == g+t G+ g + t3g° o 5.17)
where
Iy = —cos B, My =2 sin«zz’« sin® B, ]
2, = 4 sin?® f sin® 8 cos 3, . ’ (5.18)
i
sy =2 sin—é—» sin? ,8{(1 —2 sin*£ o )+2(1~} /2 )Cos ;3} !

Also, we have the expansion for sin ¢ in the form:

sin ¢ = sin ﬁ[l +2q sin’- cos B+ 2g° sin* (2 cos ,3w1)

2 2

903 sip L 21 o1 pain2 sl ’ 1 C
-2¢° sin 2{(1 4 sin?® 2)008[‘7—{ 2(1 l-sin 5 > cos [3}] FO(gY) . (5.19)

Lastly, we get from (3.2) the expansion for //H in ascending powers of ¢ in
the form:

l

- x nl 2
7 =8¢ cos {1—%—24 sint- cos B+ 0(q )}, (5.20)

2 2
and solving this equation for ¢, we have

q cos»% = é[fr ?;2 tan cos H( H) + OU Il{>3] (5.21)
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6. An expansion formula for the lift
Making use of the preceding various expansions we have obtained, after lengthy
calculations, expansions in powers of ¢ for various guantities such as Y,,Y,, ¥Y,, Y,,

Ys and D as defined in (4.2)-(4.9). The results are

Y,+Y, = —256r°° cos* g

X {sin B cos B+ tan:’é)- (3—cos? B)+4 tanzé‘« sin 8 cos 3+ tan“%(l +2 cos® B)}
+512r5¢% cos® ’2 {sin2 B cos B+t’an:’2~: sin B(1+4 cos®* B)

+tan®l 5 (12 cos B—7 cos® B)+16 tan®’- sin B cos? B

2
+tan? "2< cos B-+6 cos® B)}:—l'O(q“) , (6.1

Y, = —256n°¢® cos® £ 5 (sm #3 cos 3 tan—— sin® B)

+5127%¢* cos® -’2~ {sinz # cos B-+tan 12» sin B(1+4 cos? 3)

+5 tan? —9— sin? B cos B}+O(q ), (6.2)

Y, = 2567°¢ cos Vé»(tmagsm B+tan“§ cos B)

—2567°¢* cos -—-{ 2sinf cos B+2 tanév cos? 8
+6 tan® —2~ sin 8 cos §— tan® 5 (1 4 cos? B)}
+512n°¢° cos®L 5 {tan 5 sin B(6+5 cos® 3) +tan - cos B(4+3 cos?® B)

+4 tan® %Sin (1 + cos?f)

t-tan* cos B(3+2 coszﬁ)} +0(qg"), (6.4)
and
e 4 Tl cos b ; i ( 2 1
D = 256x cot2 {q cos ! 2 tan 2 2¢*? cos -2~tan 5 2-tan®, 5 ) cos 3
—q* cos3é (2-»{—tan2 5 )(2 sin ?f—3 tan* ’») +0(g* )} (6.5)

Thus, by (4.1) we have an expansion in powers of ¢ for the total lift Y acting on

the arc-aerofoil in the form:
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YD[256r%10U* = q cos ;2 (tan —’2~ sin B+tan? ,’) cos B)

—g* cos? ’7(4 sinf8 cos B +4 tan %4—10 tan?® g— sin 8 cos B

+6 tan® —é— cos? B>

+2¢° cos? /2 {6 sin® 3 cos B+tan —’2~ sin B(10+11 cos® ).

+tan2~§- cos (21 —9 cos? B) ~%~‘cana%2w sin B(4+20 cos? 3)

+tan' T cos B(4+8 cos® §)~2 cot L sim B}+O(q“) . (6.6)

or, dividing the both sides by D as given by (6.5),

Y/nloU? = (sin B-ttan If cos [9) —4q cos Az):»(sin {3+tan~%~ cos B)u

+¢* cos? g {sin B(16—12 cos? B) +tan é cos (30— 28 cos® @)

+tan? 7’2 sin B(5-+24 cos®*B)

+tan® "2 cos B(5+8 cos? B)} +0(g%). 6.7)

Now, it is naturally expected that in the limit when the distance H of the mid-
point of the chord from the wall becomes infinitely large, the above expression (6. 7)
would degenerate into the well-known formula for the lift Y, acting on a circular-arc
aerofoil placed in an unbounded stream, the length as well as the angle of incidence
of the aerofoil being considered to be of the same values in both cases. In effect,
we easily find that

Y,=lim Y =mnxlo Uz(sin B»i—tan»—g— cos /3) , (6.8)

q-r0
which is nothing else than the well-known formula for the lift acting on an arc-
aerofoil placed in an unlimited stream.
Combining (6.7) with (6.8) we have

Y 14 /< i i >
v, = 1—4qg cos 5 sin f+tan 5 cos f3
+q° cosz-g '{(14— 12 cos® B) +16 tan »’5 sin f3 cos 3
+tan2_g<5+8 cos? B) + Zsing 1-{-0@3) ., (6.9)

sin f+tan ~é~ cos BI

and if use is made of (5.21), we obtain ultimately an expansion formula for Y /Y,
in powers of //H in the form:
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5 = 1—5{sinf i‘tan - COS B) -------

3
U(s 6 cos 23) +12tan L sin2 8
41 2

2 sinf 1 ] \?
+ tan® (13 +8 cos 28) + : ’ |
sin 8+ tan ——————— cos Bl ( ) (6.10)

where the third and higher powers of //H have been neglected. Except for the

difference in notation this expansion formula is in perfect agreement with the formula

(1.1), which, as mentioned in the introduction, has been obtained by the junior writer

by extending Green’s new method (3).

In conclusion the writers wish to express their cordial thanks to Dr. K. Tamada

for valuable discussions.
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