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1. Introduction (1)

The interior of the earth is one of the attractive problems of popular interests
and many studies have been done on it from old times, as well as on the origin of
the magnetic main field of the earth, but we have only a few established facts.
There is no lack of informations—astronomical, geochemical, petrological, geological,
geophysical—hut the relationships of most of these materials to the earth’s interior
are vague. The values of seismic velocities at definite depths of the earth’s interior
derived from seismology are important in the sense that they are concerned with the
interior directly. The information, however, has an abstract character and the chief
efforts of the theory to the internal constitution of the earth have been directed to
decipher this information. It is needless to say that the conclusions we have reached
reflect uncertainties which are still present in the seismological data, as well as in
our knowledges of the materials. Since the discussion is largely based on an analysis
of details of the variations with depth of the velocities of two seismic waves, we

commence with some preliminary remarks upon the reliabilities of these velocities.

1.1. Distributions of velocities of seismic waves within the earth

The curves of velocity versus depth (or radius), which we are handling in special,
can be found by processes of integrations of the travel-time curves, which embody
the observations most directly. But, it is not always easy to obtain the objective
validity of the travel-time curve, i.e., it depends upon the discriminations of the
various phases of a seismogram, the choice of materials (seismograms of the same
earthquake recorded at the same station do not always coincide on account of the
differences of constants in seismometers), the construction of travel-time curves (the
least square approximation can lessen the error) and etc. (2). There is a method of
Wiechert-Helglotz to obtain the values of seismic velocities from the travel-time curves
in the deeper part of the earth, but this method cannot be applied to the part shallower
than the depth of some ten kilometers. In addition to the above difficulties, the local
characteristics of the crust make it more difficult to obtain the values of seismic

velocities. The distributions of seismic velocities employed by us at present are
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obtained after the efforts tiding over these difficulties and lessening the errors as far
as possible.

On the one hand, disagreements among seismologists exist with respect to a
number of features of the velocity-depth curves, but on the other hand, the agreement
with regard to. the major characteristics of these curves is being confirmed, and
revision which would invalidate a serious portion of the following analysis seems
unlikely. The velocity-depth curves of both Jeffreys (3) and Gutenberg (4) are plotted
in Fig. 1.
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Fig. 1. Velocity-depth curve.
—— after Jeffreys, - after Gutenberg.

1.2. OQutline of the density distribution within the earth

Until some 50 years ago, the principal sources of information about the earth’s
interior were geodesy and astronomy. The mean density and moment of inertia were
known, and there were estimates of the effective rigidity based on the study of earth
tides. Since the mean density was about 5.5 gr/cm?®, as compared with values usuaHy
less than 3 gr/cm?® for surface rocks, and the moment of inertia was about ~~MR2,
as compared with ~—MR2 for a sphere of uniform density, it has long been clear
that there must be an increase of density towards the centre; these two pieces of
informations just determined such two-parameter relations between density and radius
as those of Laplace and of Roche. It was calculated by Kelvin that the effective
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rigidity was somewhat greater than that of steel and the result was in conflict with
the prevailing geological concept of his day, because the earth was thought to be a

<

generally liquid globe covered by a thin crystalline “crust”.

The first calculation based on a definite physical picture of the interior seems to
be that of Wiechert. He divided the interior into uniform two parts, central sphere
of iron and a shell composed of heavy silicates. This subdivision was suggested by
the most striking fact about meteorities, that they are chiefly composed of the distinctly
different materials, silicates and metallic iron. Iron is the most abundant of the heavy
elements, not only in surface rocks and meteorites, but also in the outer layers of the
sun and other stars; its existence in the meteorites as free metal gives a definite
suggestion for a metallic core in the earth.

With the development of instrumental seismology, facts began to accumulate
regarding definite levels inside the earth. The central core postulated by Wiechert
was now discovered to have physical reality, though its size, as determined later by
Gutenberg, was very different from that of Wiechert’s core. It was remarked by
L. H. Adams and E. D. Williamson (5) that the seismic velocities could be used to
obtain the change of density with depth and to improve the rough suggestion after
Wiechert.

The Adams-Williamson equation is as follows: The ratio of incompressiblility

Ks to density ¢ for an isotropic elastic body is

opP 4

B = (n )s=ur =50, €1

where P is the pressure, S entropy, v, vs seismic velocities of longitudinal and
transversal waves, respectively, and ¢ convenient notation for K,/o introduced by
Bullen. ¢ can be expressed as a function of radius from the earth’s centre by means
of (1.1), because the values of seismic velocities, vy, vy, are known. We assume
that the change of pressure is given by the hydrostatic relation, dP = —godr. Then,
if the change of density is based on the adiabatic compression alone, we have the
Williamson-Adams relation :

do_

0

»m@ﬁ%, 1.2

where g(#) is the acceleration of gravity and is expressed as follows:

gH=6YP

G=6.670x10"% dynes. cm?/gr.

. M®» s4ngo or?dr )
(1.3

Numerical integration of this equation leads us to the change of demsity within any

layer satisfying the assumption of homogeneity and adiabaticity; the absolute density
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must be adjusted to satisfy conditions for the mass and moment of inertia. In the
case of the earth, these values are

M(a)=58.97 x 10% gr,
I{@) =79.14x10* gr. cm®.

This procedure, originally carried through by Williamson and Adams, has been re-
peated by Bullen with more recent data, in a series of important papers (6).

Bullen assumed that the density change in the C layer (413~984 km) was quadratic
on account of the gradual changes of chemical composition and lattice structure
proposed for this layer by Bernal (7) and Jeffreys (8). After some unimportant
simplifications, he calculated the density distribution, using these assumptions and the
method essentially equivalent to that of Williamson and Adams. The pressure distri-
bution can be obtained by means of the density distribution and hydrostatic relation
assuming the small initial pressure at the depth of 33 km.

Table 1.1 Bullen’s distribution of density and pressure, and the
corresponding temperature (9).

Depth Density Pressure Temperature
(km) (gr./cm®) (dyne/em?) (°K)
33 3.32 0.009% 102 T,

100 3.38 0.031 1.0307T,
200 3.47 0.065 1.0757T,
300 3.55 0.100 1125 7T,
413 3.64 0.141 1.181T,
500 3.88
600 411 0.213
800 446 0.300

1000 4.65 0.392 T,

1200 4.88 0.58 1.030T,

1800 5.10 0.78 1.055T,

2200 5.31 0.99 { 1.077T,

2600 5.51 1.20 1.098T,

2898 5.66 1.37

2898 9.7

3000 9.9 147

3500 105

4000 111 240

4500 1.6 j

4982 1.9 3.7

5121 120

6371 12.3 :
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1.3. Remarks on the method of Williamson-Adams-Bullen

Bullen’s distributions seem to be plausible at first sight, but they are bhased on
the various assumptions not yet proved to be valid. Namely, the quadratic distribution
of density in the C layer is not an established fact and there is no reason that the
following conditions

homogeneity
adiabatic temperature gradient

hydrostatic equilibrium

are satisfied in the other layers of the mantle. But, this distribution of density is
convenient to know the rough features of the distributions of density and pressure
inside the earth. Then, let us examine Williamson-Adams-Bullen’s method to avoid
the deficiency of this method.

The change of density with radius may be written in terms of coefficients of
isothermal incompressibility K¢ and thermal expansion «,

4&.(@3) dp (@3,) aT_ _go* 4T (1.4
dr = \oP)rdr "\oT)pdr ~ K7 “%dr - ‘
In general,

dT_TaVdp = Togd (1.5)

d;'—"”-:’;p dr Cp

where Cj is specific heat at constant pressure per mole and A is mean atomic weight,
the gradient of temperature t merely denoting the difference between the actual
gradient of temperature and the adiabatic gradient, —7TagA/C, (the negative sign
arising from differentiation with respect to radius instead of depth). By virtue of
the thermodynamic relations between isothermal incompressibility K7 and adiabatic
incompressibility Ks,

Kr_

Ta*VK ¢
Ks 1——-~C~P—~— s (1. 6)
the equation for density change may be written
2
‘Z‘Q:—g&%—am:—‘—g—‘g‘rapf. an

dr Ks 1)

The term in ¢ is neglected in Williamson-Adams’ method, but it may be appreciable.
If we assume a=m~2~3x107%deg™?, o=~4~bgr/em?®, t~1~2 deg/km, we find wpr=
1~3x107* gr/cm® km. Therefore, the method of Williamson-Adams yields error of
about 0.1~0.3 gr/cm® per 1,000 km, and this error increases and is accumulated in the
process of numerical integration. The error with this order of magnitude is appreci-
able in the calculation performed by use of the density distribution,
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Let us calculate the adiabatic temperature gradient (10) assumed by Williamson,

Adams and Bullen. From (1.5) the adiabatic temperature gradient is given by

diog T = agA »
a0 (1. 8)
and we find
dlog T 7c
"—-dr m= ¢ g, (1. 9)
by means of the following relation in chemical physics (11), namely:
Tczé%é, (ye: Grineisen’s ratio). (1.10)
Since
TG:@ log Y, (1.11)

Ologp >

where v,, is Debye’s maximum frequency given by

the distribution of y¢ within the earth can be estimated by means of the distribution
of seismic velocities and Bullen’s density. The temperature distribution corresponding
to Bullen’s density distribution can be estimated by means of (1.9) and the distribu-
tion of 7¢ estimated as above (see Table 1.1). We have excluded the C layer from
the calculation, because it is not clear whether his distribution satisfies the condition
of homogeneity in this layer. We see in Table 1.1 that the increase of temperature
is very small, ie., if we take T,=1,000°K and T,=2,000°K, the increase of tempera-
ture in the B layer (33~413 km) and the D layer (984~2898 km) amount to only
about 180° and 200° respectively.

1.4. Division of the eaxrth

The object ¢f the study of the earth’s inferior has been the earth’s model stripping
the “crust”. There is no important reason to consider the earth’s model stripping
the “crust”, it seems only to be one of the customs in this branch of science. This
custom probably depends upon the following conveniences:

(a) The “crust” has very complicated structure (involving horizontal inhomo-
geneity).

(b) ‘The mass and the moment of inertia of the earth are not seriously affected
by the crust stripped, since the density and the volume of the crust is small

in comparison with the whole earth.
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(¢) The assumption of hydrostatic equilibrium is convenient for the theoretical

<

treatment, but probably this assumption is not satisfied in the “crust”.

3

The characteristic of this “crust” is in the low seismic velocities, compared with
the high values of deeper part of the earth. The bottom of the crust should not be
equal all over the earth, but it has been customarily drawn at the depth of 33 km.
This depth corresponds to that of the Mohorovicic discontinuity under European
continent. The structure of the crust does not affect directly the various properties of
the earth’s interior, but affect seriously the determinations of the seismic velocities, on
which most of the discussions on the earth’s interior depend, for the seismic velocities
are small in that part. Recently, the determination of fine structure of the crust is being
tried at some places in the world by means of the artificial earthquake. Since the
exact knowledge about the crust is one of the keys for the determinations of seismic
velocities, the result derived by the artificial earthquake cannot be neglected in the
theory of the internal constitution of the earth. There must be local (horizontal)
differences in the distributions of seismic velocities, but these localities would de-
crease with increasing depth or be involved in the error which increases with depth.
Therefore, we consider the ideal earth by use of the seismic data with no local
difference.

‘ Seismologists now recognize some half-dozen subdivision of the interior of the
earth. Although complete identification with the interior itself as for the boundaries
of these divisions, or even the existence of some of them, had not been reached, it is
convenient to have designations for them, and at least rough indications of their
positions and relative volumes and masses. The figure of Table 1.2 follows Bullen
(9), where layers are based on Jeffreys’ solution for the velocity-depth relations.

Table 1.2 Dimensions and masses of the internal layers.
(after Bullen (9))

L ) Depth to Fraction of Fraction of
ayer boundaries volume total mass
0Okm
Crust A 0.0155 0.008
33
B 0.1665 0.104
413
Mantle C 0.2131 0.164
984
'D 0.4428 0.410
2898
E 0.1516
4982
Core F 0.0028 0.315
5121
G 0.0076
6371
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2. C-layer

The seismic velocities increase with increasing depth as shown in 1.1, but the
variations of seismic velocities in the upper mantle and the C layer are noteworthy.
Especially, the C layer plays an important role for the determinations of distributions
of density and pressure, i.e., the interpretation about the physical properties of the
C layer has the influence on the determinations of physical properties in other layers,
because these determinations are usually performed by the numerical integrations.
Besides the above theoretical importance, the interest for the C layer has recently
been raised more and more on account of the seismic facts that the deep focus earth-
quakes occur down to the C layer and probably do not occur in the deeper part (12).
Perhaps it is not wrong that almost all the important problems about the mantle
cannot be solved without the elucidation of C layer and that the C layer is the key
to solve the question about the mantle.

Unless otherwise noted, the values of seismic velocities due to Bullen (9) are
adopted in numerical culculations.

2.1. Characteristics of C-layer

The distribution of ¢=Ks/p, Poisson’s ratio ¢ and Ks/p in the earth’s mantle
can be obtained by means of the values of seismic velocities (Fig. 2.1). The abnormal
changes of these quantities in the C layer, compared with other layers, are found in
Fig. 2. 1. In order to make clear these abnormal changes of elasticities in the C layer,

various attempts have been done as follows :

(@) Case when the earth’s mantle is homogeneous, isothermal and is in the state of
hydrostatic equilibyium (13)

By means of the following equations :

dP= —godr (from the assumption of hydrostatic equilibrium) @D
P=3K,f(1+2f)%?, (2.2)
o=p,(L+2/)%?, (from the theory of finite strain) (2.3)
we find
S )l )
h—fry= 200 f1f~2f folizfo , 2.4

where K, is the bulk modulus at zero pressure, f the negative strain and A, u Lamé
constants.

The density distribution can be obtained by means of (2.3) and (2.4), since the
acceleration of gravity g is nearly constant throughout the mantle.

The relations between the negative strain and the velocities of elastic waves

are
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Fig. 2.1 Distribution of ¢=Kg/p, Poisson’s ratio ¢ and Ks/pu.

. 1im+
oo (L2 {1+ L (2.5)
V=03 (1+2) {14+ (Bm+4))} , (2.6)
U
" ) ’

Upo, Uso being the velocities of elastic longitudinal and transversal waves at zero

pressure, respectively.

The distributions of seismic velocities can be estimated by means of (2.4),
(2.5) and (2.6). In 1939 Birch calculated the distributions of density and seismic

velocities, assuming the following initial values :

0,=3.28 gr/cm?®,

Vpo=17.6 km/sec, . v5=4.3 km/sec.
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But he was obliged to assume the following initial values in order to suit them to
the observed data in the D layer, though these are too high for ordinary rocks,

0,=3.92 gr/cm?,
Vpo=8.75 km/sec,  05=4.77 km/sec.

The results of calculations are shown in Fig. 2.2 and Fig. 2.3. The agreements with

the observed values are fairly good except the C layer.
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Fig. 2.2 Density distribution after Birch.

(b) Case when the earth’s mantle is homogeneous, in the state of hydrostatic equilibrium

and has the adiabatic tempevature gradient
(1) The density distribution can be obtained by integrating Williamson-Adams’

equation :
do_ 497 _Hs_ . 4
?)_—‘ g(7’>¢(7,) ’ ¢<7’> = 0 =Up~— 3 vsz ’ (2 7)
g =¢MD | pry =izl orar, 2.8

G=6.670x10"% dynes. cm?/gr.

But the initial density should not be taken arbitrarily. The relation between initial
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Fig. 2.3 Distribution of velocities of seismic waves after
Birch. Solid lines show the observed values.

density and I/MR* which must be attributed to the earth’s core is shown in Fig. 2. 4.
It is reasonable to assume that the density increases with increasing depth in the
earth’s core. Therefore, I/MR*<0.4 and we see from Fig. 2.4 that the initial density

must be greater than 3.7 (12). But ordinary minerals do not have such a high density
at the pressure of about 10,000 atm. and temperature of about some hundred degrees.

(2) The ratio of adiabatic incompressibility Ks to isothermal one Kr is

Ks

E:1+TOCTG, (2. 9)
and the ratio of isothermal incompressibility to density is
%I: (I—%I)o<1+2f> A+7F) (2.10)

where (K1/0), is the zero-pressure value of K7/p. Then, we find

gd/z=Ks‘f§= (3151)0(1 LT+ Tare) (2.11)
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Fig. 2.4 Relation between Iy/MyR¢? and the
density at depth of 33 km.

by means of (2.3), (2.7), (2.9) and (2.10). 1+Taye is close to unity and taking
a mean value of this quantity and integrating (2.11), we obtain

~3¢, f (1+351), approximately. (2.12)
Again, making use of (2.10), we find

glh—hy)  fQA4+35f) .
55 S ATZH AT approximately. (2.13)

Since ¢ can be known as a function of depth by means of the seismic velocities, the
relation between f and % can be obtained from (2.13), assuming g to be constant
throughout the earth’s mantle. Then the relation between ¢, and % is found by
means of (2.12) (Fig. 2.5). If the earth’s mantle is homogeneous, in the state of
hydrostatic equilibrium and has the adiabatic temperature gradient, ¢, should be
constant throughout the mantle. Fig. 2.5 conflicts with this expectation.

The above considerations on the distributions of density, seismic velocities, ¢,

and the initial density show that the following conditions

homogeneity
adiabaticity (approximately equals to isothermal condition)
hydrostatic equilibrium
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Fig. 2.5 Distribution of ¢,.

are not satisfied simultaneously in the mantle, especially in the C layer.
If we assume that the earth’s mantle is homogeneous and in the state of hydro-
static equilibrium, having no touch on the temperature distribution, 1-—g~d¢/dr, the

quantity pointed out by Bullen (14), can be expressed as follows (1):
/) (8]( T) TP
— 1 P el P . - pa— PR AV
1-g1%P ~5Tare—2" 0, (2.14)

On the other hand, the change of Griineisen’s ratio y¢, thermal expansion « and

(0K 1/0P) v with negative strain are shown in Table 2. 1.

Table 2.1 Estimation of Griineisen’s ratio, thermal expansion and
(0Kyp/0P)y with compression. (after Birch (1))

f ViV Ye/7 6o @/a, (8Kyp/0P)p

0 |1 1 1 4

0.05 0.867 0.885 0595 3.57
0.10 0.760 0.820 0.402 3.31
0.15 0.674 0.770 0.289 3.15
0.20 0.604 0.738 0.220 3.03
0.25 0.544 0.710 0172 2.94
030 | 0494 0.694 0.140 2.87

Griineisen’s ratio and thermal expansion for several minerals are shown in Table

2.2.
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Table 2.2 Griineisen’s ratio and thermal expansion for a few
minerals (ordinary temperature and pressure).

Mineral ax 108 (deg—1) Y
Quartz 40 0.8
Rutile 24 1.7
Corundum 18 17
Periclase 30 1.6
Diamond 2.9 1.0
Pyrite 27 1.6
Zircon 9 0.4
Beryl 5 04
Albite 17 0.5
Anorthite 15 0.7
Diopside 20 0.8
Olivine (Forsterite) 25 1.2

Since V/V,=0.6~0.7 at the base of the earth’s mantle, yg=15~1.1 and a=2~
0.4x10-%deg™' in the mantle, as will be seen from Table 2.1 and Table 2.2. Then,
if we assume the temperature to be several thousand degrees and its gradient fo be
1°/km, the second term in (2.14) is less than unity and the third term is about
0.2~0.1. Therefore, the main feature of the variation of 1—g~*d¢/dr with depth
should be explained by the variation of (0K /0P)r with depth.

1—g~'d¢/dr can be estimated only from the variations of seismic velocities with
depth, for g is nearly constant throughout the earth’s mantle. The results of calcula-
tions are shown in Fig. 2.6, We see from this figure that 1—g~'d¢/dr has its
maximum amounting to about 10 in the C layer and does not decrease with compres-
sion according to the fashion of (0K,/@P)¢ shown in Table 2.1. Therefore, Eq.
(2.14) does not hold in the C layer. And Birch has derived the conclusion that the
C layer is not homogeneous. But his conclusion must be revised by the one that the
C layer does not satisfy the condition of homogeneity or adiabaticity, or both.

2. 2. Negative evidences against the hypothesis of inhomogeneous C layer

We have pointed out that Birch (1) attributed the irregularity of the C layer
to the inhomogeneity from his study of the distribution of 1—g~'d¢/dr. But the
existence of the inhomogeneous C layer has been demanded from the fact that there
must be the core having mass of outward concentration if we calculate the density
distribution by means of Williamson-Adams’ method (Chapter 2, Section 1). Bernal
(7) and Jeffreys (8) have suggested that the orthorhombic olivine transforms into
cubic olivine having spinel structure. But in this case, the increase of ¢, shown in

Fig. 2.5 must be accompanied with the increase of density. Furthermore, it is desirable
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Fig. 2.6 Distribution of 1-g—dp/dr.

to explain that the change occurs over the region about some hundred kilometers.
With a conservative allowance for the effect of temperature, we must require for ¢,
about 60 (km/sec)® at room temperature, but there are only few minerals which satisfy
the requirement for ¢,.

Table 2.3 shows that few oxides such as corundum and rutile have values of ¢,
of the right order. Birch (1) has proposed a few possibilities concerning the high-
pressure phases: pyroxene, for example, enstatite, MgSiO;, might adapt a structure
of the corundum (ALQO;) type; or SiO, might exist at high pressure in the rutile
structure. The orthosilicates such as Mg,5i0, might transform into the spinel structure,
or break down into high-pressure phases having the compositions MgO and MgSiO,,
and so on. Then he has suggested a system of several major components, for example,
MgO-FeO-Si0,. The gradual change is interpreted by him as a shift with pressure

in the relative proportions of high-pressure and low-pressure phases.
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Table 2.3 (Kr/p), (at room temperature, one atmosphere).
(after Birch (1))

Oxides: Silicates:
Periclase 47 Albite 20
Corundnm 69 Orthoclase 18
Magnetite 37 Jadeite 39
Hematite 32 Spodumene 45
Rutile 50 Anorthite 33
Quartz (a) 14 Diopside 28
Enstatite 29
Sulfides: Hyperstene 28
Marcasite 2% Forsterite 36
Fayalite 26
Pyrite 2 Andradite 43
Oldhamite 16 Grossularite 45
Sphalerite .19 Pyrope 4
Almandite 40
Galena 7 Beryl 67

But the result of the calculation of K/o based on the atomic theory of elasticity
(Shima (15)) contradicts the expectation of past days. He assumed that the com-
posing material of the B layer, having body-centred lattice structure, transforms
gradually into the face-centred lattice structure in the C layer and this transition
ceases at the top of the D layer. The result of calculation shows that the increase
of the calculated value of K/p in the B layer is smaller than that of the observed
one as shown in Fig, 2.7 schematically. The feature of the actual change of structure
in the C layer cannot be known and the whole material composing the lower part of
the B layer should not transform even though the phase tranmsition in the C layer
occurs actually, and then the above calculation for the special case cannot be applied
to the actual earth. But this calculation shows that the phase transition usually
considered is difficult to give rise to the necessary increase of K/p.

Then how should it be considered if the change of composition, i.e., the increase
of the ratio of content of heavy element for the C layer is assumed? Since the
breadth of the C layer amounts to about some hundred Kkilometers, it should be
understood that the change of composition must occur gradually throughout the C layer.
If we can neglect the effect of temperature, the density variation in the C layer can
be obtained by means of the same procedure after Shimazu (16). But even if the
consistent result for the density distribution of the earth’s mantle can be obtained
by assuming the adequate mixing ratio of heavy element with the light one, the
question of the high elasticity for the D layer is remained as having no explanation.
Furthermore, contrary to our expectation, there are some experimental evidences which
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show that the increase of the content of heavy element reduces the velocity of
elastic wave.

For instance, Adams (17) obtained the following result from the measurements
of compressibilities of olivine series.

Table 2.4 Wave velocity for olivine series (km sec)

Pressure Forsterite 5092 Fo; Fayalite

(bars) (Mg,Sio,) 50% Fa (Fe,Si0,)
1 8.1 74 6.6
15000 8.6 7.9 7.1

From this table we see that the increase of heavy element (Fe) gives rise to the
decrease of velocity contrary to our expectations.

On the other hand, we see the relationship between the mean atomic weight for
the atoms added to #SiO, in silicates and the observed values of (Kr/0), in Fig. 2.8.
The values of mean atomic weight are estimated as follows:

M (K 7/ P)o
20

Albite Na,0 ALO, 6Si0,: 23.0%x2 27.0x2 16.0x4: 205
Spodumene Li,0 ALO, 4Si0,: 6.9x2 27.0x2 16.0x4: 165 45
Anorthite CaO AlLO, 2Si0,: 40.1 270x2 16.0x4: 22.6 33

Enstatite MgO S5i0,: 243 16.0 : 202 29



380 H. MIKI

The increase of the mean atomic weight reduces the value of (K7/0), as we see in
Fig. 2.8. However, since this rule is obtained by fixing #Si0,, the relation between

the mean atomic weight as a whole and (K~7/0), is not obvious.

(1)

\a',‘%\e 35:0,

T s,

Mean atomic weighty of
v additional afomy |

[Xe} 20 30 40

Fig. 2.8 Ky/p versus mean atomic weight of atoms added
to #5i0, in silicates.

2.3. Incompressibility and its pressure coefficient

We have seen that the variation of 1—g~'dg/dr with depth could be traced
mainly by the change of (0K /0P) r with depth if the earth’s mantle was homogeneous
and in the state of hydrostatic equilibrium. Birch’s conclusion that the C layer
is not homogeneous depends on the validity of the variation of (8K/0P), with
compression as shown in Table 2.1. The numerical values in Table 2. 1 were derived
from the following formula

) -85,
which has been deduced by the theory of finite strain. This shows that (0Kr/0P) r
is independent of any specific properties of the material under consideration, and all
materials obeying (2.15) have an initial value (0K1/0P)r=4 which decreases
monotonically.

Ramsey (18) considered (8K r/0P)r from the point of view of the theory of
solids. If we assume the repulsive and attractive interactions of the following types:
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wx =2, 1= —;,b,; 0L m< ) 2. 16)

7
X

where a, b are constants and x is the interatomic distance, (0K 7/0F)r has the

maximum value

-31~ (m+n+6) .17
and decreases monotonically with pressure to
1

Hence, ionic crystals with m equal to unity will not show a pronounced anomaly
even at low pressures, but the anomaly will be serious for metals as well as for few
valence and molecular crystals with m greater than unity. On the other hand, the
value of # increases fairly uniformly with the weight of the consituent atoms. For
salts composed of only the lightest atoms, such as lithium fluoride, # has the value
of 6 and for crystals with only heavy ions, such as cesium iodide, # is equal to 12
These considerations show that (@K 1/0P) r is not independent of the materials and
the effect of compression decreases the effect of the attractive interaction. We see
from (2.17) and (2.18) that the value of (8Kz/0FP)r cannot be smaller than one-
half of its maximum value. But the maximum value of 1—g~'d¢/dr is about three
times the ordinary one (Fig. 2.6). Nevertheless, the qualitative result due to Birch is
supported by these studies.

According to the result of calculation by use of the experimental data due to
Bridgman (19), however, (2.15) does not hold for many silicates, i.e., (0K7/0P) r at
zero prossure is 1.7~7.5 and (0K /0P)r increases with increasing pressure.

Table 2.3 (0Kzr/0P)p for silicates (after Verhoogen (20))

Silicates K, (kg /cm?) @Kr/0P) 1,6
Orthoclase 0.57 x 108 1.7
Labradorite 0.73 2.3
Hypersthene 0.94 7.5
Olivine 1.25 2.1
Garnet 1.37 7.1

As shown in Verhoogen's calculation, it is difficult to obtain the value of
(0K 1/0P) r experimentally. Then, it seems that the conclusion on the physical
constitution of the C layer obtained by the consideration of 1—g~'d¢/dr (Birth (1))

has not the experimental support.
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3. Hypothesis of homogeneous earth

We have seen the opinions that the C layer is not homogeneous. The distribution
of 1—g~*dg/dr (Birch (1)), the calculations of velocities of seismic waves (Birch
(13)) and the density distribution based on Williamson-Adams-Bullen’s method (Birch
(12)) have been thought as the evidences to show that these opinions are valid (1, 12,
13). These calculations are based on the assumptions that the earth’s mantle satisfies
the hydrostatic relation

dP=—godr. G.1D

The method developed in this chapter shows that the distributions of density and
seismic velocities can be obtained without this assumption. Then the results obtained
in this chapter show that the abnormal character of the C layer can be explained by

the non-hydrostatic equilibrium state of the layer instead of its inhomogeneity.

3.1. Variation of Gruneisen’s ratio with depth

We calculate the variation of Griineisen’s ratio y¢ within the earth by considering
the pressure effect on it alone, since the temperature effect on Griineisen’s ratio is
known to be small. The experimental estimation of the pressure effect has not yet
been performed and we can rely only on the theoretical one.

We can get the relationship between y¢ and the molar volume V if the relation
between Debye’s maximum frequency v, and V or the relation between vp, ¢, and V
are known, for the definition of Griineisen’s ratio is as follows:

ro=— 8z, 3.2)
where

= (9 N 1 )1/3, @3

dn V vt
N being Loschmidt’s number and vp, v, velocities of longitudinal and transversal,
elastic waves, respectively.
Birch has shown (13) that

Vo (L2, 3.4
sg=ska (120 {1+ FR2EI0 @5
V=05 (1+2/) (1+FBm+4)}, (3.6)

where f is the negative strain and m*v’“” —2, vy and vp,, Vs, being the molar volume,
50

velocities of longitudinal and transversal waves at zero pressure, respectively.
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We can obtain the following expression for yg by inserting the above relations into
(3.2) and (3.3):

1.1 1
Te=5 T35
3 3 e 3
v%V%l+f@m+4}P+&%vql+f£%%%@}
_1_13m+4+ f11m+10
e e 2 +2 -2
X{vioy/{1+f(3772+4) = " 11m+1%h~
+f m-+2
11m-+10 33m+6-:~4f(3m+4)}
IR
'%w¢{1+f.7n+2 } T Gmd S @7

On the other hand, Birch (1) has obtained the approximate expression for yg as

follows. Using the expression of v,, in terms of adiabatic bulk modulus Ks, density
o and Poisson’s ratio o

1/2
V== const. ({%) F(o), 3.8
3

and the following formula for yg:

a 1 Fi4
o= 5 og 5" (3.9
we can obtain the following equation
o __1_ .1_(_6_.._ KT)
re=—%+3\%p /o’ @10

provided that the effect of Fi(¢) on y¢ is negligible and the equality @ log Ks/@ log o
= (0K1/0P) r is assumed. Rewriting the second term on the right-hand side of (3. 10)
by means of the theory of finite strain, we get the expression for ye¢ as a function
of f as follows:

We have obtained the above two relationships between y¢ and f, but the above
two methods have advantages and drawbacks. Thus, in order to obtain ye by means
of (3.7), we must know the velocities of elastic waves at zero pressure, but we have
no method of estimating these values without knowing the material composing the
earth’s interior. On the other hand, y¢ can be obtained immediately as a function of
J by using (3.11), but some errors are expected in the estimation, because in getting
(3.11), we have made several neglects and assumptions. Both methods have also
some errors due to the fact that the theory of finite strain is not so complete at
present. Furthermore, elastic constants concerning the velocities of elastic waves are
adiabatic ones, but in deriving (3.5) and (3.6), we have used the isothermal ones.
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Fig. 3.1 shows the relationships between y¢ and f by means of (3.11) and (3.7)
for various combinations of v, and vs,. The combinations adopted are as follows:

(1) wvp,="7.75 kin/sec, v50=4.35 km/sec.*
(2) vpy="1.60 km/sec, Vo =4.30 km/sec.
(38) vp,=8.75 km/sec, Vo =4.77 km/sec. ™
(4) by means of (3.11)
We see from this figure that Griineisen’s
ratio derived from (3.11) and (3.7) for
20§ various combinations of v, and vz de-
) creases with increasing negative strain
in nearly the same manner.

In order to obtain the relationship
between the depths and Griineisen’s ratio
L75 or negative strain, we divide the earth’s
mantle into many thin spherical shells.
We assume f=0.000 at the depth of
33 km. The material at the depth of
33 km is, of course, not in the strainless
state, but we have no method of deter-
mining f at this level and are obliged

to take a convenient value. We put the

inner boundary of the first spherical shell

at the depth where f=0.005. We assume

125 in this spherical shell that the composi-
f tion and structure of material does not
: : change and Griineisen’s hypothesis (Slater
0 o.l 0.2
an):
Fig. 3.1 Diagrams of Griineisen’s ratio g
versus negative strain f. const

Y= T 3.12
Vpo="1.75 km/sec, v,=4.35 km/sec, Vie ( )

............ Vpy="7.60 km/sec, v4,=4.30 km/sec,
~~~~~ V40=8.75 km/sec, v,=4.77 km/sec, holds. Then, by inserting (3.3) into

== x= by means of (3.11). (8.12), we obtain the following equation

<V1)37a—1_§v;3—F20§3>1

(AR @19

Here, we have put Debye’s maximum frequency v,, equal to the lattice frequency v

* Seismic velocities at depth of 33 km after Bullen (9).
*% Seismic velocities adopted by Birch (13) at zero pressure for the regions shallower and
deeper than the depth of 474 km respectively.
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(Uffen (21)). Suffices 1 and 2 denote respectively the physical quantities at the
inner and outer surfaces of the spherical shell. The left-hand side of (3.13) can be
estimated, since the values of f at the outer and inner surfaces of the spherical shell
and the mean value of y¢ are known. The denominator of the right-hand side of
(3.13), (w7%+207%),, is the value at the outer surface of the first shell, i.e., at the
depth of 33 km, and can be estimated from the observed seismic velocities. Thus, we
can estimate the value of (9;°+207%), in (3.13). We can estimate the depth of inner
surface of the first spherical shell provided that we have the relationship between the
depth and (v;°+20;3) beforehand (Fig. 3.2).

-3 -
2y

3t x10"sec/an )’
2 -

, -

Dep'l‘rg/(km/)
H
[o] 1000 2000 3000

Fig. 3.2 Diagram of wvp~3420,7° versus depth.

The second spherical shell is formed as follows. We may consider that the strain
at the outer surface of the second spherical shell is equal to the one f=0.005, at the
inner surface of the first spherical shell, since the strain of the material is continuous
within the homogeneous mantle of the earth. We put the inner surface of the second
spherical shell at the depth where f=0.015. The value of (157%-+2v;%), at the outer
surface of the second spherical shell is known from Fig. 3.2. The mean value of y¢
in this shell can be known from Fig. 3.1 and the value of V,/V, from (3.4), for
the strain in this shell is assumed to be between 0.005 and 0.015. Using the values

estimated as above, we can obtain the depth which corresponds to the inner surface
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of the second spherical shell in the same way as in the first spherical shell.

The boundaries of the spherical shells in the other parts of the earth’s mantle
can be determined in the same manner. This division of the earth’s mantle depends
on the assumptions that the composition, structure and Griineisen’s ratio are constant
in each shell, but not necessarily the same among them, and the strains are continuous
at the boundaries of the spherical shell. The accuracy of the result can be raised if
we divide the earth’s mantle into narrower strain ranges. Table 3.1 shows the
relations among negative strain, Griineisen’s ratio and depth. The calculations are
performed by use of y¢ obtained

(1) from the assumption that v,,==7.75 km/sec, vs,=4.35 km/sec
and

{(2) from Eq. (3.11).
Hereafter the calculations will be done for these two cases unless otherwise noted.
But the results for other cases are not so different from those in Table 3. 1.

Table 3.1 Relations among the depth 2, negative strain f
and Griineisen’s ratio ve.

€y @
f
kb (km) 76 I (km) 76
0 33 1.92 33 1.83
102 98
0.01 1.85 1.78
235 226
0.02 1.80 1.73
355 340
0.03 175 : 1.69
443 432 |
0.04 1.70 | 1.65
502 480 |
0.05 1.67 162
552 539
0.06 163 1.59
595 582
0.07 1.60 1.56
678 647
0.08 1.57 1.53
758 726
0.09 1.55 1.51
872 797
0.10 152 1.49
1050 952
0.11 150 1.47
1330 1171
0.12 1.48 1.45
1656 1460
0.13 1.46 144
2013 1789
0.14 145 142
2389 2145
0.15 143 141
2790 2505
0.16 142 1.39
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The values near the earth’s surface are rather large, compared with the ones of
Griineisen’s ratio of some minerals shown in Table 2.2. The reason for this discre-

pancy is not known.

3.2. Variations of seismic velocities and density with depth

The distributions of the seismic wave velocities can be obtained by means of
(3.5), (3.6) and Table 3.1 (Fig. 3.3). The solid lines in Fig. 3.3 show the observed
values. We see that the black points calculated by the present method is fairly good
approximation to the variations of seismic velocities with depth. Therefore, the vari-
ation of seismic velocities in the earth’s mantle can be explained by the hypothesis
of homogeneous earth. As we have seen in Chapter 2, Section 1, Birch (13) has
obtained the relation between depth and negative strain, and calculated the distribu-
tions of seismic velocities, assuming that the earth’s mantle is isothermal, homogeneous
and in the state of hydrostatic equilibrium. But he adopted the different initial
velocities corresponding to the B and D layers, because the steep increase of seismic

Velocity ( ka/sec)

13}

') i

Depthtem)

1000 2000 3000

Fig. 3.3 Distribution of seismic velocities. Solid lines show
the observed values.
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velocities in the C layer could not be explained by the above assumptions. Fig. 3.3
shows that the assumption of homogeneous mantle can explain the distributions of
seismic velocities and the steep increase of seismic velocities in the C layer.

Figs. 2.3 and 3.3 were drawn by use of (3.5) and (3.6) which involve no
temperature effect. Nevertheless, the fact that rather satisfactory results have been
obtained means that the temperature do not seriously affect the distributions of seismic
velocities in the earth’s mantle. This fact suggests also the difficulties to estimate
the exact value of temperature within the earth by means of the distributions of
seismic velocities alone. The same can be said on the inhomogeneity of the material
composing the earth’s mantle. Shimazu (22) suggests that the effect of the third
order term of finite strain may explain the discrepancies between the calculated and
observed values. But the effects of temperature, composition and phase change are
also available and it is difficult to determine the factor which most prominently
affects the velocities. At present, however, there is no study of this sort and it is
the tendency to estimate the orders of these secondary effects, assuming no other
effects but one, from the difference between observed and calculated values (16, 22).

The ratio of density at the outer surface to that at the inner surface of each
spherical shell can be obtained from Table 3.1 and Eq. (3.4) (Table 3.2).

The density distribution, mass and moment of inertia of the earth’s mantle can
be estimated, taking the density o0s; at the depth of 33km as a parameter. The

results of calculations are

(1) M,,=114T7 puyx10¥ gr, I1,=2.024 0, % 10" gr. cm?,
(2) M=1.159 03107 gr, L, =2.047 0, x10* gr. cm?

The mass and the moment of inertia of the earth’s core can be obtained, taking the
central density p. as a parameter provided that the density distribution in the earth’s
core can be obtained by Williamson and Adams’ method. Thus, the mass and the
moment of inertia of the earth can be expressed by using two parameters 04, 0Oc.
These parameters can be settled by the observed values for the mass and the moment
of inertia of the earth. The resulis of the calculation are as follows:

(1) 053=3.46 gr/cm? 0e=12.41 gr/cm®,
(2)  ps3=3.42 gr/cm?, oc=12.44 gr/cm®.

By using the above values and the results in Table 3.2, we get the density distribu-
tion within the earth as shown in Table 3.3. The distribution of acceleration of
gravity can be calculated by means of the density distribution and (1.3).

The above results of calculations show that the observed value of mass and

moment of inertia of the earth can be interpreted satisfactorily by the hypothesis of
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Table 3.2 The ratio of density at the outer suriface to that at
the inner surface of each spherical shell.

Depth (km)
Shell number pa/py I
€y § @

33 33

1 0.9852
102 98

2 0.9710
235 226

3 0.9716
355 340

4 0.9721
443 432

5 0.9726
502 489

6 0.9731
552 539

7 0.9736
595 582

8 0.9740
678 647

9 0.9745
758 726

10 0.9749
872 797

11 0.9753
1050 952

12 0.9757
1330 1171

13 0.9761
1656 1460

14 0.9765
2013 1789

15 0.9769
2389 2145

16 0.9772
2790 2505

17 0.9775

homogeneous earth even if we do not assume the abnormally high value of density
at the depth of 33 km, or the discontinuous or steep increase of density in the C layer.
Therefore, it is not reasonable to conclude that the earth’s mantle should involve the
inhomogeneous region (1, 12, 18) by the consideration of initial density derived from
the assumption of hydrostatic relation and adiabatic temperature gradient.

3.3. Temperature distribution within the earth’s mantle

But the hypothesis of homogeneous mantle of the earth denies the hydrostatic
relation as follows.

If we assume that the temperature increases with increasing depth, we find, from
the equation:

-5, 2-10.8
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Table 3.3 Distributions of density and acceleration of gravity within

the earth.
(€Y @
. Acceleration of . Acceleration of
Depth Density gravity Depth Density gravity
(km) (gr/cm®) (cm/sec?) (km) (gr/cm®) (cm/sec?)

33 3.46 979 33 3.42 979

102 3.52 98 3.47
982 982

235 3.62 226 3.58
984 984

355 3.73 340 3.68
985 986

443 3.83 432 3.79
986 987

502 3.94 489 3.90
986 988

552 4.05 539 4.00
986 988

595 4.16 582 4.11
986 988

678 4.27 674 4.22
985 987

758 4.38 726 4.33
983 986

872 4.50 797 444
981 984

1050 461 952 4.56
977 981

1330 473 1171 4.67
974 970

1656 4.84 1460 4.79
977 976

2013 4.96 1789 4.90
990 982

2389 5.08 2145 5.02
1022 999

2790 5.19 2505 5.13

2898 2898

2898 9.91 1064 9.93 1066
3000 10.07 1041 10.08 1044
3200 10.37 995 10.39 997
3400 10.65 945 10.67 947
3600 10.90 892 10.92 894
3800 11.12 837 11.15 839
4000 11.33 780 11.35 782
4200 11.51 721 11.54 722
4400 11.68 660 1171 661
4600 11.83 597 11.86 598
4800 11.96 533 11.99 534
4982 12.06 473 12.09 474
5121 1213 427 12.16 428
5700 12.32 231 12.34 231
6371 12.41 0 1244 0
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an inequality such that

dP.. _(613) av 3.15)

&~ \oV)rdr
If the condition of hydrostatic equilibrium is satisfied in the earth, the left-hand side
of the inequality (3.15) should be equal to —go. Since
,(@> _Kr
oVieg V7
we can obtain the value of the right-hand side of (3.15) as Krd (log V)/dr. Fig.
3.4 shows the calculated value of Ksd (log V)/dr and go estimated from the observed

(3.16)

value of ¢, density distribution (Table 3.3) and the distribution of the acceleration
of gravity (Table 3.3). Fig. 3.4 shows that the inequality (3.15) is satisfied in the

T
°
15fx0® o
4
)
o
10k
8 o
o
e

Depth. (fn)

1 i

0 1000 2000 3000
Fig. 3.4 Distributions of Ksd (log V)/dr and gp.

B and D layers, but not in the C layer. The difference of the both sides of this
inequality is very large in the C layer. If we attribute this difference to the identi-
fication of Krand Ks used in the calculation, we must conclude the abnormally large
value of Taye in the C layer from the following relation:

Ks

Ko=1+Tars. (3.17)
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The value of Taye is about 0.06 if we assume 7T'=2000°K, a=2x10"°deg™' and
76¢=1.5. Therefore, we cannot attribute this difference in the C layer between both
sides of the inequality to the identification of K¢ with Ks, and we must attribute
this difference to the assumption that the earth’s mantle is in the state of hydrostatic
equilibrium.

We can estimate the distribution of temperature in the region which satisfies the
inequality (3.15) (23). If we assume that the condition of hydrostatic equilibrium
is satisfied in this region, the equation for the density change may be written as

follows :
gg: w%qﬂ'*apr , (3.18)
which can be approximated by
010 8 Ot0, 00
7 —7, ¢ 2 +az 2 H <3. 19)
or
Lo e 5)
7’1~?’g(1 8) = 5 (142 (ar-£). (3. 20)
Therefore, we get
1 (1,.95)
Yy, 0y g
T et n 2 2
«@ _1_(1+£’£> 4 (3. 21)
2 0y

Thus ar can be estimated from this equation (3.21), since ¢ is a known quantity
and g and p,/p, have been estimated in Table 3.3 and Table 3. 2, respectively.

On the other hand, by virtue of the following relations

[24

«
G GAT Tare) (3.22)
and
. wI{sa(z‘l
/'G”‘" pcp » (3. 23)
the temperature can be expressed as follows:
:,1_<IS§ A _L>
T e\ o 76Co @)’ (8.24)

We have known the value of dv at each depth, that is, we have known a’s as
a function of ¢ at various depths. From this functional relation and Eq. (8.24),
the corresponding values of 7 and = can be known. In other words, we can know
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7 as a function of 7. Thus we can find the distribution of temperature in the earth
by numerical integration of Eq. (1.5) after substituting the above functional relation

between T and 7. The results of calculations are given in Table 3. 4.

Table 3.4 Absolute temperature within the earth.

Depth (km) @)) @

1000 2000% 3000%* 2000* 3000*
1200 2312 3340 2292 3321
1400 2696 3749 2651 3705
1600 3110 4186 3048 4125
1800 3558 4655 3484 4582
2000 3989 5107 3899 5019
2200 4478 5616 4373 5512
2400 4899 6058 4782 5942
2600 5384 6563 5251 6431
2800 5922 7120

In the calculations, the value of 20 is assumed for the mean atomic weight of the
composing material of the D layer and C, at high temperature, such as in the earth’s
interior, is 2.49 x10% erg. deg~* mol~! by Dulong-Petit’s law.

3.4. Deep focus earthguakes

We have seen that the hypothesis that the earth’s mantle is homogeneous and
not in the state of hydrostatic equilibrium can explain reasonably the observed facts.
Furthermore, this hypothesis is important in relation to the existence of the deep
focus earthquakes in the C layer. In this case, the magnitude and the direction of
the force added to the gradient of pressure should be noted. This force acts towards
the direction to which the apparent acceleration of gravity increases and its maxi-
mum magnitude amounts to about twice the acceleration of gravity (see Fig. 3.3).
Therefore, it seems that the region deeper than the depth of 1000 km is strangled by
the spherical shell of about some hundred kilometers breadth beginning from the
depth of about 400 km. In that spherical shell, the force is the greatest at the middle
and decreases towards both boundaries.

But this hypothesis proposed in order to explain the abnormal character of the
C layer must be examined for a while. Formerly we have connected the existence
of deep focus earthquake in the C layer with the non-hydrostatic equilibrium, but
it is uncertain that the abnormality of the C layer which spreads over the world
directly concerns with the number or the energy of the deep focus earthquakes

# These are assumed values.
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30r
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Depth (km)

! 3 I} . . L I

100 200 300 400 500 800 700
Fig. 3.5 Total number of the more important earth-
quakes at different levels in the earth’s mantle
beneath the Indonesian Archipelago for the period
1904~1945. (after Ritsema (24))

20 40 60 80 100 20

——————————— RE®
100
200 ‘
300
400 T
500
6001
700} Fig. 3.6 Strain release versus depth-
diagram of the earthquake of the
Deptfu (Km) Sunda Arc for the period 1904~

1953. (after Ritsema (25))

located at the special
place and depth. Never-
theless, it is interesting to
see whether this abnormal
properties of the C layer
promote the occurrence of
deep focus earthquakes.
According to the statis-
tical studies by Ritsema
(24, 25), the number and
the strain release of deep
focus earthquakes have
the singular distribution
in the C layer, compared
with others. But it is
the task for the future
to study whether or
how the condition of non-
hydrostatic equilibrium
concerns with these phe-
nomena.

We have the negative
evidences to the hypo-
thesis that the composi-
tion or structure changes
gradually in the C layer.
But we are anxious about
the following questions:
“Why only the C layer
is in the state of non-
hydrostatic equilibrium
and in what state is the B
layer which is shallower
than the C layer?” We
shall have an apportunity

to consider the B laver.
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4. Various problems and questions

The difference between the two calculated values in Fig. 3.4 (gp, stlgg V) is

due to the effect of temperature. Of course, this can be interpreted as the effects of
composition or phase change, but the relation between the elastic constants and these
effects is not obvious, and the experimental and theoretical studies of this relation
are in the negative direction to the result of seismic evidences (see §2.2). Therefore,
we do not consider these effects. Since, at high temperature,

(g'l'f;) v CUXZG ’ } (4.1

Cy=2.49 x10°% erg. deg~" mol~*,

the temperature gradient can be obtained by Ea. (3.15), Fig. 3.4 and Table 3.3
(Fig. 4.1). The C layer is excluded from the numerical calculations, because the hydro-
static relation dP= godr is not satisfied in this layer. Though Fig. 4.1 is the result of
rough calculation taking Ks=Kr, the method of exact calculation should be referred
to §3.3. We see in Fig. 4.1 that the temperature gradient in the D layer is about

4T
dr o)
20T
o © °©
P ®
[o]
o
15 @
10t
b
=
°
o5+ °
° Depth (k)
1 . d
(8] 1000 2000 300

Fig. 4.1 Distribution of temperature gradient.
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1.8°/km and that the one in the B layer is about 0.9°/km at the top and decreases
to ‘zero with increasing depth. Since the temperature gradient in the B layer must
be' greater than that in the D layer from Jeffreys’ proposal on the thermal origin of
the earth which advocates the crustal concentration of radioactive contents, the above
result conflicts with Jeffreys’ proposal.

But this result may depend on the velocity distribution. At present, the disagree-
ment on the velocity distribution in the B layer exists among seismologists, so that
it is not good to derive the impetuous conclusion. Therefore, let us examine the
properties of the B layer by use of the various velocity distributions (8, 4, 27), for
instance, the following distributions (Table 4.1).

Table 4.1 Velocities of P and S waves in the upper mantle. (km/sec)

Depth Vo Vs
(km) H N | ¢ J H N G 7
50 759! 8.0 8.0 7.8 4.44 4.45 446 4.36
100 7.93 7.85 7.9 7.95 4.56 44 4.44 4.45
150 8.02 7.9 7.9 8.1 461 4.35 4.46 4.5
200 8.14 8.1 8.1 8.3 4,65 4.4 45 4.6
250 8.28 8.3 8.4 8.45 473 445 4.6 4.7
300 8.48 8.5 8.6 8.6 482 4.6 4.7 475
400 8.97 9.0 9.1 9.0 5.10 4.95 4.95 49
500 9.63 9.6 9.6 9.7 5.44 5.3 5.3 5.3
H: after Honda, Sagisaka and Takehana,
N: after Gutenberg (1953, (4)),
G: after Gutenberg (1948),
J : interpolated values from Jeffreys’ solution (3).

These solutions resemble to each other except H, but the decrease of velocity at the
neighbourhood of the depth of 100km is found in N and G but not in H and J.
This fact gives rise to the great difference about the interpretation on the physical
properties of the upper mantle derived from the seismic velocities.

The numerical value of V,/V, in the upper mantle can be obtained by means of
(3.13) and Griineisen’s ratio assumed, for instance, to be 1.5. In this case, it is
convenient in the numerical calculation to take the boundaries of the spherical shells
at the depths as shown in Table 4.1. We must take suitable value of Griineisen’s
ratio unavoidably, but this does not affect seriously the qualitative result as far as
we do not take abnormal value of Griineisen’s ratio.

If the condition of hydrostatic equilibrium is satisfied and if the material
composing the upper mantle is homogeneous, we should obtain by (3.14) and (3.16)
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KrdlogV

g>p ar

(4.2)

If we use the approximation Kz/o=~¢=Ks/p, the right-hand side of Eq. (4.2) can
be calculated from seismic velocities and (3.13). Fig. 4.2 shows the results obtained
by use of the four sorts of velocity distributions tabulated in Table 4. 1.
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Fig. 4.2 Distributions of g and ¢#d(log V)/dr for various
distributions of seismic velocities.

@ Honda et al,

x Gutenberg (1948),
A Jeffreys,

O Gutenberg (1953).

It will be seen that the proposal that the following region can be understood as

homogeneous and in the state of hydrostatic equilibrium :

H: 90km~200km
N: 50km~250 km
G: 50km~200 km

does not conflict with the result of calculation. But the region shallower than the
depth of 90km and deeper than the depth of 200 km in case H, deeper than the
depth of 250 km in case N, deeper than 200 km in case G and the whole upper mantle
in case J cannot be interpreted as homogeneous and in the state of hydrostatic
equilibrium. In three cases which can be interpreted as homogeneous and in the state

of hydrostatic equilibrium, the temperature gradient can be estimated (Table 4. 2).
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Table 4.2 Temperature gradient in the upper mantle. (°/km)

G | F WY 6
90 1.50 75 9.48 7.21
110 1.86 125 8.25 4.02
130 1.68 175 0.58 1.43
150 1.68
180 2.45

According to Jeffrey’s proposal on the thermal origin of the earth, the temperature
gradient in the upper mantle should be great on account of the crustal concentration
of the radioactive contents. H having lower temperature gradient than D conflicts
with this proposal and the upper mantle cannot be considered as homogeneous and
in the state of hydrostatic equilibrium in case of H. Therefore, if the hydrostatic
equilibrium and homogeneity condition are satisfied in the upper part of the B layer,
only the two solutions due to Gutenberg can satisfy Jeffrey’s proposal.

4.2. Temperature at the top and at the base of the earth’s mantle

The most reasonable value of the melting point of the material composing the
earth’s mantle is, at present, the one derived from Uffen’s method (21) which uses
the seismic velocities.

Lindemann (28) proposed the following relationship between the melting point

and the frequency of crystal lattice:

V'::const‘/ :4-7-‘;—"5,-3 , (4.3)

where A is the mean atomic weight and T,, the melting point. The numerical value
of constant is found experimentally to be about 2.8 x10%. If we identify v with v,
in (3.3) and assume the mean atomic weight to be 20, the melting point at the base,
depth of 2800 km, of the earth’s mantle can be estimated to be 4650°K. In general,
if the melting point 75, is known at the definite level, the melting point at another
level can be estimated by means of the following equation
-3 -3y Y2/3

Al @
which has been derived from (3.3) and (4.3). Suffix 0 indicates the quantity at the
standard level. The values calculated by (4.3) and (4. 4) cannot be taken as the well-
established ones on account of the validity of Lindemann’s formula, the identification
of v and v,,, and the homogeneity assumption, but these values can be taken as the
one obtained by means of the most reasonable method at present. The temperature
within the earth’s mantle should be lower than these values.
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The determination of temperature at the top of mantle is at first sight a rather
simple one, but the exact determination is difficult. We fortunately have some evidences
which bear on the matter, such as heat flow in continental areas, which is known at
least in its order of magnitude. This, together with an estimate of the radioactive
content of continental rocks, makes it possible to calculate the temperature at the top
of mantle. It is readily found to lie befween 300° and 1000°, roughly, depending on
the exact thickness of the crust and how much of the total heat flow is assumed to
be generated in it. The crust of 50 km thickness with an average radioactive content
about 50% larger than ordinary basalt would generate about 909 of the total heat
flow, and the steady state temperature at that level would be about 775°C (29).

On the other hand, the average vs for four specimens of dunite at 4000 kg/cm
and 30°C is 4.57 km/sec. The average pressure coefficient of this velocity, at 4000
kg/cm?, between 30°C~100°C is about 140x10-° If we extrapolate these values
linearly to 700°C and 10000 kg/cm® (pressure at the depth of 33km), we find wvs=
4.21 km/sec which should be compared with the “observed” value, 4.36 km/sec. Since
the probable defects in this extrapolation seem likely to lead to a value which is

2

too high rather than too low, we must take the temperature about 500°C in order to
coincide with the observed value. On the other hand, we may derive a value for K/p
at 10000 kg/cm? and ordinary temperature for the same dunite; that is 39.2x10%,
which should be compared with Jeffreys’ value, 34.3 10", The difference of about
12.5 per cent may be ascribed to the effect of temperature. If this is again taken as
700°C at this level, the required temperature coefficient of K/o is —180x10-%, which
is about the value of iron and seems rather low for dunite. Again a temperature
lower than 700°C is indicated if we insist upon this material and these data (13).
But there is a limit when we discuss the difference between the observed velocity
and the extrapolated one from the experimental values for rocks, because there are
disagreeménts among seismologists on the velocities of seismic waves as we see in
Table 4. 1.

The method which depends on the measurement of radioactivity of rocks or
on the seismic velocities and the measurement of elastic properties of rocks cannot
assure the correct answer, but it seems to give rise to only a few error even if we
take 800°K~1000°K as the temperature at the top of the mantle.

Then, it is difficult to reconcile the following results

1) maximum temperature within the earth’s mantle (melting point),

2) temperature at the top of the mantle,

3) temperature gradient in the D layer,

4) Jeffreys’ proposal which requires the steep increase of temperature at
the upper mantle,
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If we insist upon these results, we must conclude that the C layer and the lower
part of the B layer are nearly isothermal. But we have no evidence which prove it
to be valid.

4.3. Further discussion on the temperature distribution

The pessimistic conclusion described above on the temperature distribution within
the earth gives us such impression that it is difficult to derive the temperature
distribution from seismic data alone. The difficulty is based on the uncertainties of
seismic data and is doubled by the uncertainties of the theory of solids. The straight-
forward examples which show the difficulties for estimating the phenomena concerning
the temperature within the earth from seismic data alone are found in Fig. 2.3 and
Fig. 3.3 which were derived under the isothermal assumption. In short, it can be
said that all the method of evaluation of temperature from seismic data alone treat
the difference between the calculated and observed values in these figures. But this
difference involves the effects due to the approximation of finite strain theory,
chemical physics, the change of chemical composition and structure of material. At
present, however, it is difficult to distinguish the effect between these and that of the
temperature. It seems to the author that these difficulties cannot be removed until the
quantitative relationships among seismic velocities, chemical composition and structure
of material are established.

How can this blind alley be attacked in the theory of the internal constitutions
of the earth? But we are never disappointed and the remarkable development in the
theory of the internal constitution of the earth in the latest ten years encourages us.
Until about fifteen years ago, the isolated theory by atomic theory after Haalck (30)
and the germ of the method based on the theory of finite strain which was develo-
ped by Birch and Shimazu to the splendid form had been thrown lights into the
studies based on the classical theory after Jeffreys and Bullen. At present, however,
the methods based on the theory of finite strain and chemical physics have been
developed and they are grown to the indispensable methods. On the other hand,
the results in the field of astrophysics and geomagnetism have been taken in and
the studies on the physical properties and state of the earth’s core have greatly
progressed. The contributions from seismology have been the proposals of the existence
of inner core and Gutenberg’s low velocity layer. These facts teach us that the
progress in the theory of the internal constitution of the earth can be obtained by the
continual concern to the progress in physics on which it built and the result of astro-
physics, geology and geomagnetism, and the establishment of seismic evidences which
treat directly the interior of the earth, and not by the craft work.

For instance, Rikitake (81) has proposed the method of estimating the tempera-
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ture distribution by some data other than seismic velocities. He used the value of
electrical conductivity in the upper mantle derived from the analysis of the variations
of geomagnetic field. He used the pressure distribution due to Bullen in his calcula-
tion of temperature on the base of the assumption of homogeneity and hydrostatic
equilibrium. Therefore, his process of calculation is inconsistent with the theoretical
frame, but the result showing the discrepancy from adiabatic temparature gradient
(assumption of Bullen’s method) demands our considerations. To what should be
attributed this discrepancy? (1) Is there any miss in cbtaining the electrical conduc-
tivity ? Can we solve this reasonably by comparing with the seismic data? (2) Does
it depend on the assumption introduced in the calculation based on the theory of
ionic crystal? For instance, the evaluation of activation energy, the effect of pressure
on the electrical conductivity and so on? (3) The discovery of method in order to
estimate the temperature from the more established data, though it is only an artificial
subject. These studies will open the gate to the possibility of the evaluation of
temperature distribution by use of electical conductivity which suffers the effect of

temperature seriously.

5. Summary

The theory of the internal constitution of the earth has greatly progressed by
the work of Willeamson and Adams who found the method of estimating the density
change within the earth. This method which uses the values of seismic velocities
suggests that the earh’s mantle should involve the inhomogeneous region, provided
we avoid the abnormal high value of density at the surface. This region has been
ascribed to the C layer on account of the steep increases of seismic velocities in this
layer. This conclusion is supported by the calculations of the variations of seismic
velocities in the isothermal homogeneous layer, i.e., the finite strain theory can explain
the variations of seismic velocities in the B and D layers, except the C layer. But
these interpretations fail to explain the high value of K/p in the D layer, because
the experimental study shows that the increase of heavy element in Olivine gives
rise to the decrease of velocity of elastic wave and the theoretical study shows that
the change of lattice structure into closer packed one cannot give rise to the steep
increase of K/p in the C layer.

(1) The theory developed in this paper concludes that the earth’s mantle is
homogeneous and the C layer does not satisfy the hydrostatic relation. The internal
force in the C layer acts towards the earth’s centre and has about the magnitude twice
as large as that due to gravity, i.e., the earth beneath the D layer is strangled by the
layer which has the breadth of some hundred kilometers. It is interest to consider

this force with respect to the existence of deep focus earthquakes in the C layer.
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(2) This theory based on chemical physics can calculate the distributions of
density and the velocities of seismic waves which coincide with the observed ones
fairly satisfactorily. It ascribed the proposal of inhomogeneous C layer to the assump-
tions of Williamson and Adams’ method.

(3) The characteristic feature of this theory is that it has the possibility of
estimating the temperature distribution within the earth, which is assumed by the
method of Williamson and Adams to be adiabatic. In general, however, the exact
determination of the temperature distribution by use of the seismic velocities alone is
difficult, because the temperature variation within the earth is less ‘effective to the
change of seismic velocities, and the equation of state of the material composing the
earth’s interior depends on the composition and lattice structure in addition to the
temperature and pressure.

(4) The method of Williamson and Adams cannot be applied to obtaining the
density change in the B and C layers, because the upper part of the B layer is not
homogeneous and in the state of hydrostatic equilibrium, or has the high temperature
gradient, and the C layer and the lower part of the B layer are not in the state of

hydrostatic equilibrium.

Acknowledgement

The writer wishes to express his thanks to Professor S. Miyamoto (Astrophysics,
Kyoto University) who teached him in the days when he graduated the Kyoto
University about ten years ago and Professor E. Nishimura (Geophysics, Kyoto
University) who gave him valuable suggestions through active discussions. His hearty
thanks are also due to Professor K. Sassa (Geophysics, Kyoto University) who
encouraged him throughout this work. Further, the writer wishes to express his
thanks to Dr. Y. Shimazu (Earth Science, Nagoya University) and Dr. M. Shima
(Abuyama Seismological Observatory, Kyoto University) who gave him valuable
comments. Lastly, the writer’s thanks are due to Dr. F. Birch (Dumber Laboratory,
Harvard University) who gave him valuable informations through several private

communications.

REFERENCES

1. F. BircH, J. Geophys. Res., 57 (1952) 227,

2. B. GuTeEnBERrG (editor), Internal Constitution of the Earth, New York, McGraw-Hill Book

Co., Second edition, 1951.

H. JerFreEYS, M. N. R. A. S, Geophys. Suppl., 4 (1939) 498; ibid, 4 (1939) 594.

4. B. GUTENBERG, Bull. Seis. Soc. Amer., 43 (1953) 223; Trans. Amer. Geophys. Union, 32
(1951) 373.

5. L. H. Apams and E. D. Wirriamson, J. Wash. Acad. Sci., 13 (1923) 413.

@



ON THE EARTH'S MANTLE 403

6. K. E. BuLLEN, M. N. R. A. S,, Geophys. Suppl,, 3 (1936) 395; Trans. R. Soc. New Zealand,

®

10.
11.
12.
13.
14.
15.
16.
17.
18.
19.
20.
21.
22.
23.
24.
25,
26.
217,
28.
29,
30.
31.

67 (1937) 122; ibid, 70 (1940) 137; ibid, 71 (1941) 164; Bull. Seis. Soc. Amer., 30 (1940)
235; ibid, 32 (1942) 19.

J. D. BERNAL, Observatory, 59 (1936) 268.

H. JEFFrREYS, M. N. R. A. 8., Geophys. Suppl,, 4 (1937) 50.

K. E. BuLLEN, An Introduction to the Theory of Seismology, Cambridge Univ. Press., 1947.
J. VERHOOGEN, Trans. Amer. Geophys. Union, 82 (1951) 41.

J. C. SLATER, Introduction to Chemical Physics, New York, McGraw-Hill Book Co., 1939.
F. BircH, Trans. Amer. Geoppys. Union, 35 (1954) 79.

F. Birch, Bull. Seis. Soc. Amer., 29 (1939) 463.

K. E. BurLLEN, M. N. R. A. S, Geophys. Suppl,, 5 (1949) 355.

M. SHIMA, Zisin, 8 (1955) 38 (in Japanese).

Y. Sumvazu, J. Phys. Earth, 1 (1952) 11.

L. H. Apawms, Beitr. Geophys,, 31 (1931) 315,

W. H. Ramsey, M. N. R. A, S,, Geophys. Suppl., 6 (1950) 42

W. BRIDGMAN, Proc. Amer. Acad. Arts Sci.,, 76 (1948) 55, 71.

VERHOOGEN, J. Geophys. Res., 58 (1953) 337.

J. UrrEN, Trans. Amer. Geophys. Union, 83 (1952) 893.

Summazu, J. Earth Sci.,, Nagoya Univ., 2 (1954) 15.

. Mixz, J. Phys. Earth, 2 (1954) 1.

. R. RiTsEMA, Indonesian J. Nat. Sci., 1953, 34.

. R. RiTsEMA, Indonesian J. Nat. Sci;, 1954, 41.

. R. RrrsEmMaA, Organization for Scientific Research in Indonesia, No. 46.

. Honpa, “Seismic waves”, (in Japsnese) (1942, Tokyo).

A. LINDEMANN, Phys, Zeits., 11 (1910) 609.

VERHOOGEN, Trans. Amer. Geophys. Union, 35 (1954) 85.

H. HaaLck, Zs. f. Geophys., 14 (1938) 111.

T. RIKITAKE, Bull. Earthq. Res. Inst., 27 (1949) 17; 30 (1952) 13.

o i WY

—Em e

Abuyama Seismological Observatory,
Faculty of Science,

Kyoto Uuiversity,

Kyoto,

JAPAN,



