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                               ABSTRACT
       As a method of treating statistically many correlative physical quantities fiuctua-
    ting on}y in positive region, the jeint characteristic function in the form of Hankel

    transform was introduced. Then k was demonstrated that this function is more
    effective for the analyses of the noise current than the functions of Fourier or Laplace

    type which have been used so far. When the system of correlative random currents
    are led into an energy detector and the energy output fiuctuation is considered, it
    can be reduced to a probabiHty problem of distance in IV-dimensional signal space,
    and further can cerrespond to a problern of randorn walks in Ar-dimensional space.
    I?rom this point of view, the explicit expressions for the probability distribution of

    intensity fiuctuation of noise current were derived by means of the Hankel type
    charaÅëteristic function, in connection with the random walk problem. These expres-
    sions are more general than the well-known expressions due to Rice, Rayleigh and
    Watson, because they include the latter ones as special cases.

1. Introduction

   The probability variabies defined over positive region in a functional space

are fundamental quantities in physics, and tke probability denslty distribution

of distance in tke inulti-dimensional space (1,2) gives statistically the intensity

fluctuation of random fioise current, if we take the distance as the mean energy.

We are well aware of the fact that the energy fiuctuation comes to the front in

almest all of noise measurements (3).

   In this paper, the energy fiuctuation of random noise in the mzdti-dimensional

space is particularly considered, by treating the generalized prohlere of random

walks ii3 multi-dimensional vecSor space (1, 4, 5, 6). Firsi', we shall introduce a

characteristic fuRction in the forixi of the Hankel transform (1, 7) applicable as

a postern to probability probiems of K correlative physical quantities fluctgating

only in positive region, afid then, prove thaS tke above characteristic function

of Hai]kel 'type is more useful for calculatiBg the joint-probabiii'ty dlstribution

of energy fiuctuation of yanclom noise thai3 tlke usual cha• racterisliic functlon of

lj':  A part of the pt-esent paper Lyas alrcuciy pul)lished in the I'roceeclings of the 9th J,apan Nationai

  Cengyess for Applied Mechanics (.195CJ), pp. 473--481.
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Fourier (or Laplace) type. As applications, we shail calculate explicitiy the
probability density distribution of intensity fiuctuation of randoni !ioise current :

P(I?) or P(E), and derive tlie relation between the resultant vector and respective

element vectors affecting parameters of the resultant distribution.

   Between the statistical theory of random noise and the ii3formation theory
of niessage which are two main currents in general communication theory, this
paper fails under tke former, as S. O. Rice's way of treating (8).

2. The N-dimensional representation ef the random intensity fluetuation

   Now, we coRsider along time axis a set of the genera} stochastic processes:

                          Gh(t) (h =- 1, 2, •••,K' ),

which are respectiveiy composed of the regular component St,(t) and the random
component N,t(t) (<Nh(t)>=-=-O), and especially the iRtegrai energies :

                           Ei, == S l: G?, (t) ca (t) dt ,

such as the output from energy detector, wkere G?,(t) corresponcls to the instan-
taneous energy fiuctuaSion and w(t) ls a weight function, since our observation

coincides essentially with the weighted mean of energy, in that an information
which we can obtain for the crude random phenomenon through our observation
is a certain mean imag-e. The form of the mean operation (especially the weight
function) will be successively improved witk tke steady progress in science.
However, at the stage where the effect of observation on the crude random
fluctuation is unl<nown, a special form:

                              -Tl-Sl2,G?,(t)dt

tal<ing o)(t) ="-3--, T!=t2---ti, of the mean operatlon (1, 2, 5, g) seems to be a most

natural one to take.

   Genera}ly, in investigating properties of Gh(t) (7.=Sh(t)-l-Nit(t)) iR a finite

time intervai, say (ti, t2), it is convenieRt to expand it in terins of an orthonormal

set of ftmctions, qi(tl (i:,=1, 2, •••) wit'h a weight function tu(t). That is, we can

wrlte:

                                        oo x                    Gh(t) :=- Sh(t) -> IVh(t) = ]L" .ahiqi(t), i
                                        inte i•
                                                     'i                    ,o.-h,: :=- shi. •l- ,ihi :•:--- Sli (,)(t)Gh(t)goi,(t)dt, i (o

                    shi '- II:i' cec!)L{.;'y,('t}(,o,/Ct'}di, ll

                    J",i SIio)(t)N,,(tlg,i<i)di, /1i'
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xsihere

               Slt'co(t)g'i-(t)qj(t)dt:"6ij=={5 W.ll2:11'11,l.i

   On the other hand, by use of Khintchine-Wiener's theorem (10'), autD- and

cross-correlation functions of Gh(t):

               ,ohi(l, l') --- <(Gh(t)-<Gh(t)>)(Gi(t')-<Ci(l')>>),• ,

     .assumlng
                       ,ehl(t, t') == ,ekl(r)t T -- lt-t'L

are derived from its auto- and cross-spectral densitles a prion: assigned.

   In the above expression (1) of Gh(t), it is very convenient to choose, as the

orthonormal set qi(t) (i==-1, 2, •••) with di(t), the solutions (eigenfunctions) of the

homogeneous Fredholm integral equation :

           6t,i#i;-/di'l'}')'ifJ•(t) =-- iliKht(4 t')) /iJ]("2")mmifj(t')dt' (t, fx(.{'ttx{sT t,) (2)

with the symmetric kernel:

                     Khi(t, t') -- ,ohi(t, t'),/di(`i)uaumdi(lt51

Then, from the Parseval equation, our weighted average power Eh can be ex-

pressed by:

                Eh(-- Sl'i (o(t)GF,(t)dt) :- ,X,x',,i, (xhi -- ghi). (3)

   By finding eigenvalues Ahi's and eigenfunctions opi(t)'s of the above integral
                       (i)
equation and letting N be the effective number of eigenvalues (therefore, i=-1,

2, •••,AT), it can easily be showR that the mean value and the covarlance for the

expansion coeMcieRts :

                   ghi, (h ==: 1, 2, •••,K;i :- 1, 2, •••,A7')

become :
                                          '
               <g/,i) :•- <slti) ::'=, Sii e)(t)<Sfr(t)>gPi(t)de(--- ahi) , "'1

and <(ghi-<ghi>)(gli•-<gli))> :=: Ahl•o"ii(iwr- ahl), l

                                      (y') (i) l                                                     111               ogthi rm- <(ghi-<ghil.)2> =r- (l,)hit = oghi-l-atithi. , ,,;

where shi's are independent of nhi's and we must notice that our eigenvalues

and eigenfunctions are affected by oJ(t).

   Thlis, a joint-distrib"tioR density of xhi's caR be expressed in the form of

procluct of K-dimensional normal distributions (4, 6, ID, that is,
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        P(Xll, X21, ''',Xltrl ;XIL), X22, ''',XI<2 ; ''',XllV} XorV, ''' XISrN)

          =:-=- t.".-T, (,/i2--}i)il/ialts,I exp {- -} t/;l/i" :l'E ticef,(.xhi- ahi) (xii- aii.) }, (4)

where [6("ii)] is an inverse-symmetric matrix of the variance matrix [ohi].
                                                   (i)
   After all, the problem is: What is the joint-probability density of energies

P(Ei, E2, ••• ,EJc) foi' K correlative random output fluctuations, from Eqs. (3) and

(4) ?

   On !'he other hancl, we shall take up the generalized problem of K correlative

                      Sltseri es eÅí random wa!1<s RJ, = .X rhj (lt r- 1, 2, ••• , K) as shown in Fig. 1, where

   Nh J=1ri,]•--IE]eixhi•i, ei being a unlt vector along xi-axis in the N-dimensional vectoi'
   i:=l
space. Now, iR a special case where Ni==N2nt-•-•ww-NK=N (ww-N'),

                         N Sh                     R?,, rv- ]L' x9,i,; xhi -- :xhfi. (5)
                         i--1 j=.1
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as Eq. (3) by
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letting Eit-i?)a,. Tiien, we are able to regard the above random process as a

probability problem iR multi-dimensional vector space (1,7).

   We may nneRtion several interesting cases.

   (i) As shown iii Fig. 2, the problem of the resgltant ef several random

waves such as the signal and the noise, corresponds to tlie random walk problem

in the Gaussian plane with N=:2, where we can consider the noise character as

the amplitucle fluctuation or the phase fiuctuation (1, 12).
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            Fig. 2. The relation between random waves and random walks.

    (ii) A probabi}ity calculation of average power of the random signals limited

within the frequency interval W and time interval T can be yegarded, following
Shannon's sampliRg theorem (13), as a problem of the random process in the form
of Eq. (3) in the functlonal space wkh N::=2TW (1, 7, ll).

3. The application of Hankel transferm to random processes

   In the preceding paragraph, it ltas been confirmed that we can regard the

actual 3-dimeRsional random processes along time axis as a certain problem of

random wa}ks iR an AT-dimensional vector space, when the energy fiuctuation is

concerned. We are also well aware of the effectiveness of using the moment
generatlng function of Laplace type: m(t)=<e-'E>=:S:ooe-'EP(E)dE or character-

istic function of Fourier type as a postern for the probability ca}culation in a

scalar field.

   The pyoblem is: What is the postern for the probability calculation iR an
N-dimensionai vecSor space ?
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[A] Derivation of' the joint eharacteristic function of Hankal type

   I?irst, we shall introduce a joint characteristic function F(7ti, Z2,•••,7•ic) iR the

form of the Hankel transform applicable to respective probability probiems of K

correlative physical quantities Rh's (h=-41,2,•••,K) fiuctuating oniy in positive

region, and express the joiRt-probability density P(1?i,2?2,•••,I?iO (1, 2, 7)-

   In general, the joint-probability clistribution fllnction :

       (S) (1?,, re,, •••,R,,) -- SgeiSge2 ••• !geK P(1?,, R,, •••,R,,) d.R,dR, ••• dR.

can be expressed by

      (P (1?,,, R,,, •••,RJc,) == S: ••• S: P(R,, 1?,, •••,J?K) ,l,CZ.IDh.(Rh)dRh, 'II

                                                     L              1 (1?h<Rho), //' (6)      Dh(Rii) ==:{o (1?,,>Rhe)' 'l

By using, instead of Dh(R/,), the discontinuous integral due to Weber-Schafheitlin

(14) :

            Rs6'h S,co f.,(i?k,Rh)-:(1'ti!"Ztinvi.S,"i.?l"ZZ-') d?Lh =: {i [liil. [.iE .Ri?II:ll (7)

we obtain:

                  .lr(S) (R• i, R,, •••,R.) .. (..21.nv) '"S"1 Mhmb K . )1

     Å~ ,t5.,.IT{Ilj'lliPii) !i'Sll' •••S; {,tt.<,7q,th-ym,(2hl?h)}Fa,, 7L,, •••,7. ,c)dz,d2., ••• dk,, l/,

                                                        i'                 S"-1rr7ni,-K l                                                        ( (8)P(P,,, R,, ny••,RK) =: (-i--)

     Å~ ,t/.liil maz.-,'1?(//"i,) SiOS:" ''' !i' g,t/IZ Z;,"'hf,ni,-i(7LhRh)}F(,7•i, 7- 2, •••,h<)d7`,d2, ••• cV`J",l/

                               'l                                                        lF(z,, 1,, ••• , 7Lio -= < 1,l.i.,,2"iit-ily(mi,) -!?'>'-,Åí'tr-lii(ill-#-jl,ll(?-> ,

wi th mh >. 1/2 (h =-=- 1, 2, ••• , K), or, more explicitly,

   (P (R,,re,,•••,R. i<) - (,///f, 7e}Ir•Jt) S,uaI: •••i"{,fi.tl,f.t,(2hRit)}

                              K                           Å~. < JJ R },m"' hf,. i, rr.i (RhRi,)>cl2id),2
                             It ;=1
   p(R,,, R,, •••,RK) ---•- (t,'..T.",2?xi•h•) !r!ge ••tI;" {,E,2hLnhmm,(7`hRit)}

                              ic                           Å~ < JZ Ri- "t hfm i,hi (2i ltl?k)>cllid2` 2
                             h =.- 1

•••  dlK,

••• cl2K.

7

)l

<9)
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                   K. KBut F<7,i, R,,••i,7.rd ,--• if F<2,h) wiien P(R2,R2,••-1?K) -um- ll P(Rh), i.e., Ri,i?2,•••,1?K

                  h==1 ht-=1are statistically independent.

   Especially, when we consider the probability problem given in the form
    Nh
R9,me=x?,i oi Eq. (5), we can also derive the characteristic funcÅíion F(74i, Z2, ••• , 2,i<)
    i=1
in Eq. (8) under the additional condition: mh--Nh/2, as follows:

F<2i,
 2`2, '",2ff) -ww ,ts.,sl(Nh) Is(lv•,) 't' Ss(N,) 'ttS "t Ss(lv•K) '''S l/-IJr, ds(tv'h) " i

                                                               I                      Å~[F(pt,,,pt,,,•••,pt,N,;••-;ptI<,,/xK,,•••,/.tKNi<)]l, 1, (lo)

                                                               I•
            (/xh,, /xt,2, ••j, !xftNh) -> (2`h, opin, ''', ifh,Nh-lc) (NYhll) il

                                                               l1;"(/xii, Lti2, •••,11iN,; •••;1-•tlfi, /IK2, ''',ptKtvl<) = <eXP (i[xX,.., tk' ,pthiXhJ'])>, I

vyThere

  S(Arh) == tt/(-'iji"tl'ii)ii" and ds(N,) =--illZII,i(siRcahp"h-i-ddifh,• (h ==: 1,2, •••,K)

                                                                   '
inean respectively a surface area and a surface element of an Nh-dimensional
unlt kypersphere, and (!.thi, /.th2, •-i,ptkivf,) -> (2th, qin,•••,gh,Nt,-i) deRotes the trans-

formation to the polar coordinates. After a somewhat troublesome caiculation,

we can find that Eq. (10) agrees witk F(2i,Z,,•••,7,K) in Eq. (8), by use of an

inversion formula of the Hankel transforrnation, and also P(Ri,R2,•••,Ric) ln

il,q. (8) can be derived from Eq. (10) by application of the t,ransformation to an

Ailh-dimensional polar coor<linates, (xin , xh2, ••• , xftNi,) -ts (21]it , fifti, fih2, ''' , Bh,ivh-i)•

   If a special case K==1 is taken up, we have

                P' (1?) =:: 2m-l5Si:'(.) S;'F(R)2L"7on-i(?R>d•2, '],

                F(2) =:-:- <2"'meil-'(m) f('>'1-?-ts(,ilbe?,)>' 'I (ID

                     ==- i-F \, gr:,},?,i15.;2n,,-Z,),S.{-i,r,"lr- z2n, i

Ol'
,

              F(7•) "= ,i,SirtSg ••• S[ [F(pti, iz,, •••,iiN)]Ids(,v), "i

                      (/ii, Lt2, ''',ptN) -> (2•, gÅ}, •••,qN-i) l (12)

                                    kV l              F(Lti, tt2,•••,Leiv) :== <exp (41il.ll,xipteis")>, i

correspondin.cr to Eq. C8) or Eq. (10).
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[B] Tlie effectiveness ef the ekaraeteristic function of Mankel type

   The method using the moment generating function m(t) of Laplace type is

                                                                  sindeed usefui for caiculating tke probabiiity density P(E) for the sum : E=r =ei
                                                                 i-1
of inclepenCieRt s scalar functions ei(t), since we have simply

                            s                     M(t) =:= fl' mg(t), mi(t) ==: <e-tel>.
                           i--1

Tke method using the characteristic function of Hankel type : F. (R) -- <2M-ilne'(m)

y.-
{tt{"i}i-ifi.i-,'-g.f)> (see Eq. (11)) is, however, generaliy effectlve in calculating the

                                    sprobability den$lty P(R) for the sum R=r-X ri (R== :-RD of independent S vector
                                   i--•-1
functions ri(t) in an N-dimaensional vector space, when the magnitude ri (== lriD

is independent of the direction of ri.

   Consecluentiy, we shall prove Eq. (11) under tlke special con{i!ition that
F(2L)==,I.ti,.Fi(7-) and m='N/2, where Fi(2L) ==<2MH'1nvr(m)-Zii';,-ri,)(:,?-",) >, more ey. plicitly,

         (s)(1?) .. f,(N-2)SMi(-li.)(N/2)ww'RSge u,R)(N,i2)-i:f,v!,(RR) )

                                                            l         p(R)=-ftr(N-,)s-i(-,wti)(Ni2,-,s,..,,,Å~.,lii),<,,/i2illYii,'ii`",Z!:g'it'>dZ'i ,,,,

                                                            E                                    Å~j-IZ<<'rw,,'Sil9ii.s2.(X-/-t2,>dk.11

The proof con$ists in answeriBg our question given at the beginning of this
paragraph. It is sufficient to verify that F(2,):==Fi(R)F,(1) hoids wken R== ri+r2

(i.e., S=::2) in an N-dimensional vector space. But the way of verification differs

between the next two cases: N=t=2 and N== 2. .

(i) Case when N-Aua-2 (m=l=1)

   We sliall take up the problem of random walks with two steps in an N-

dimensional vector space as shown in Fig. 3.
   Since R2=rl-- rg-2ri7'.. cos (P, we shall apply to F(?,) an addition-forinula for

Bessei function eÅí order y(=m-1) (14):

       ' ,o-vf,co) -. 2vf'(y) tff.l., (y-{-fe) =E't" !':2(.Z) =E'!t"-xk'5(.X)-CX•(cos 4]), lt (14)

                                                           i           ,o =/Z2-Fx2'=2izx cos (l2 (y u"t= O, -1, -2, •••). j

Then, our characteristic fllnction F(2,) in Eq. (11) can be expressed by
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   F(7.) =T- 4Mnvil'(in)l"(m-1)

          Å~/tt..,(m-i-pie)<le//'.2--;,i)k,S,4jAii,L)J><f"(v,;.;.)ie,$,2i(2)><c7,{rmi(cos(p)>. as)

   Now, we take, aleng tke first vector ri, the negative direction of xi-axis of

an N-climensional recttak.vular coordinate-systeirn and express the second vector

r2 by N-dimensioital polar coordinates, say r2--[,r,,ei,e2,•••,eN-i] as 2n Fig. 3,

talcing fiix(P. Under the assumption that the magnitude of each vector is incle-

peRclent of its clirecti on, we have P( r2 , fii, e2 , ••• , eN-i) = P( r2 )P (ffi, fi2, ••+ , eN mi) .

Further, from the randomness, i.e., the isotropic property of each vector, the

probability that r2 shoula" face to any surface element dS(N) of the N-dimensional

hypersphere (radius r,, surface area S(N)) is censtant.

                                      '
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          Fi'g. 3. Random walks with two steps in an Ar-dimensional space.

   Thus, we have tke following relation :

                                       1        I>(0,, e,, ••• , eN-,)dfi,dfi, ••• deN-, ==:                                         ds(N)                                      S( txr )
                 =-=-- 2;;,'((;'-i,.•l•#•ils 1),). rq.ii(siR G,)Nhi-ide,de, ••• d6.rm,, (2m == N) ,

";liere

       s,tv) =: rtN'-it'i-m,((nv21/)l,l)-lllk]Z and ds(N, == r,Ar-aj]igi I,i(sin o,)Ar-i-i-de, .

                                       '
Accordingly, from Eq. (16), tke mean value of tke Gegenbauer functioR
<Ci.'irmi(cos (P)> in Eq. (15) becomes:

(16)

(14) :
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<C pe.,"rmi(cos ca. )> ==: S," ••• S,f Si"Cl,'T'rmi(ces l7f,)P(6},, Ai,, ••• , 8AF+,)dE!dl72 ••+ dEAr..i

  =-- ![ Cl,ra-i(cos E,) (sin ff,)N-2dE,Sg' (sin 6',)N--?•dA,, S[ •-•S[ -•• Sit' dA,,.", -t//,,-i-1-/<•gZ.e-,tt,ii-i-i- . ('17)

Hereupon, if we use an orthogonality Telatiewt fer the Ge.g..enbauer fuRction (X4):

                 Sl Ctt-i(cos G2)C6'i-i(cos Ry,) s"in2(Mumi)A,,dA,,

                    =" 5ko 22m-3Z',;,E2ttgF33.-i),• • (is)

tmder the particular conditien m:•:=--yV/2, we can cierive:

           F(2) =:= <2mwwiz-T(m) .•-i(Iww(':.;i,-;/gS,itti?-><2m-il'(7n) tt:-?•it;r,;•l•••S,-l,,1)-->

               =- F,(2)F•,(2,). (19)
(ii) Case when N:=:2 <m==-1) •
   In this case, since mme-1, we cannot use the same addition-x"ormula for Besse}

functions as in tlae preceding case. Tlierefore, we hacl better use instead the

followiRg acldition-formuia for Bessel fÅímcitoi s (g4) :

                             Åë-e                  Jy(,o)C.Oifiy',7.r -tr=-:- X .1/.i.i,(Z') fi,(X, )C.?."le(ij, (20)
                            g: =',, -eo
as illtistrated in Fig. 4.

                                7. ii}tii71.

                                          t                                          sx y,•                  t/,{i)/

                           i)gtT

                 Fi.es. 4-. A(lditioii-for'mula 'fer ll essel ftinctions..

   Thus, F(?,) in tke case m=-=1 l)ecomes:

      F(7•) "=- •<Jo(ttR>) =•= <.le(k'i)><fo(2r•H•>)>• -l- 2i:<fhC2`:'i)fk(kt))><cos lg(P>• . (21)

                                      i.t .,L X
Since P((O) =:r2ti/i corresponding to the same isotropic prol)erty .fts in the case when

N=li'=2, we find

                        ttcos le(P)' --: O, (lii• 'l•'' O).

Finally, we liave

                 F(Z) •=-- <f,(2r,)Xjl,(k•t-,)> =-= g;',C?,),tT,,(2,). (22)

   Thus, the proof has been completecl.
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      '
[C] E"ke traxEsfermag'k'gre hetvfeeNg g-kmkel axrd Maplace type ekaracteristic

     fuerectlescs.

    As s"ta-t'e(]. i:,k [B], it' gges witheut saying tliat' our jok'it-ciiaracteristic funct'ion

 of Han-ikel type:F(7,i,2.2,•••,2.K) in Eq. (8) is also effective in calculating the

 jGinly)rcbability:P(Ri,R2,•••,Rf<) ki t!']e vector field, in coRtrast to the usual

                                                        Kjoip.t nn-CMent ge:,seratill,g f"p.ction: 7n(ti, t,,•••,tJ<) ==<exp (-= thEh)> being ef-
                                                       h ptL- 1
fective in calct/lcating the joint-prebabilky: P(Ei,E,,•••,Ei<) in the scalar field.

    N?Ve must, however, point eut that F(li,22,•••,2,K) and m(ti,t2,•••,tK) ai'e

closely connected vLritk each otker (X). When setting Ek=•=-R?,, by use of tke

integral formnia (15):

                    Ill'O e• ""ll2R"if.ri(2R] df? -, .//E'iJ)I'i-.e-"K2/"], (23)

we can fincit that tke transfoi'ma'oility between the above two characteristic fuRc-

tions recluces ltself to a K-dimensional Lap2ace transfo!nn as follows:

        lrMf<Si, S2, '''., SfL') ,-=: SZ'" •••SZ" e-'[StAi-:'SL,AL,-}"'''i"SfcA• i")

                                 xG(A,, !I,,,•••,./i JO dA,clA, ••• d-7IK, (24)

           !,/ir< s,,s,,, +••,sio " "zct!' tL''''''t()silllli/.i 2ill.lll' 1"i"')i}1"h' i., (2s)

                                          ir i'           G(i'li, t{L},''',.'ils'1 -- tt(xl,, l,,••i,2J<) ff 2ZC"`itumi) //,

                                         hpt:1 l                                       (?l,, :=-=- Z). I'

    Similarly, our F(12i,2e,•-•,Risi1) i$ essentially conp-ected wit'h a usual charac-

                                     Is"
teristic function if(ti,tL,,•••,ti<),-="lexp(itLE:lltkL'ait)> by a K-(iiinensional Fourier
                                     h=41
transform.

4. T}ie inSegral x`eprese-xatatien eS ysrekakilky Geiislgy ef K corre}ative series

   ef raaxd6asi wa}}gs.

   We have isndicated tha4L' "L'he probability density P(R) for one series (l.e.,

    sfe- X.1 ri) cf the rariclem w•alks iR an, N-dimer-sional space can be given by Eq.

(21) in a form o.t" integral exp:,'ession. Of course, when the magnitude and the

cit-irectien ef eacin vecter ai,'e ii,z,c'iepe:dent ef all the preceding enes, we have

F(?,) =-• frS Fi<'b {c•i". Ltq. f13)J'. A case ot" special interest when P(ri)=='6(ri-rio)

      i.•1
arises mrlier. the ;•magnitude of each vector is respectively censtant, say lril ='rio.
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Watson's results (g5), aRd also, using an integral formula (!5) :

            co S-•Fl           j, t""2'-'Ml,.7.!v(a.t)dt == O (az >?tll.i.la., Re(v) >-1), (26)

                            swe can find that P(R)=O if R>=rio.
                           i-"i
   Generaiizing the above, we shall now consider K correlative series (i.e, h=4'1,

2, •••,K) of random walks of t'lzis kind, and assume tkat the hth series of random
          Sh
walks -Rit= ;.{Il=,rhi exists in an Nh-dimensional vector space, as showft in Fig. 1.

Then, corresponding to Eq. (ll), we can here use the same integral expressioft
a$ in Eq. (8) er (9), ur-der the special additienal condition: mh=Nh/2, by altering

the interpretation (1, 4, 6).

5. The explicit repsesentatien of inteiasity diistribution of rairdoma noise

   eurrent

[i] First, Gne series ef random vLrail{s is consi'.dereCl, coRsisting of the regular

componeRts I]•(]':r'1, 2, •••,e) and the ra:,,dom coinponents rj-(j'--a+1, q--, 2, •••,S)

in an Ar-dimensionai vector space as shoxvn ifi Fig. 5. That is,

                               a. s                          R =k' X iy -l . ]Ll rj .
                              1'--1 J==a+1

                                              te
                  x2 A " '"$ Il,;:rll..2 ". y//' X

                  y<t e<t )r')lkti.k'i
                 "N rs :k,. 4i" Xrs 3 i"' Xx.

                             t..s e              jlll,ra;:xil :il:maemw) irX.-)NL r)l))l)<il( ,,

               ,,,, O fi '-;,511/ ,f, .-)Xg

                                                   e
             Fig. 5. Random walks accompanied by regular vectors in
                   an N-dimensional space.

   We shall now obtain the general expression of probability density
very large values of <S-4) under Ro special assumption concerning the

P(R) for
distribu-
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Åíion of the different walks except tltat ail the P(ri)'s (rjww- lriD are nearly of the

same functional form.

          ss    Since.fl F,•(2,)ore-(9ei`M)X2 (S2,=:.X <r3">) in Eq. (11) by use of I.aplace's
        J"=g+1                               ]= a"1
process or the method oÅí steepest descent (14, 15) Nve can rewrite Eq. (13) ln a

form as follows :

      P(R) x= (2M-i.l"(m))(i-i.1?Ml:7,"'ill.,-,(7,R)e-("Qol`"')R2 .

                              Xte.,(if,1./ .-,J,nev,(2LI,•)d?L, (li -- v,-D. (27)

   In the special case of interest when Ar = 2 (m =- 1) corresponding to the random

wave problem in the example (i) of b91 [B], i.e.,

                       a                   f == X I,• cos tuX (signal) E- J.v (noise) ,
                      j-'Ml

the probabiiity density for an enve}ope amplitude of I agrees with S. O. Rice's

expression (8) as follows:

           P(,l?) -- RS:' 7,Jo(2,l?)eigCllie/`'h2,.ltZfe(7Ll,-)d7., (Y"o =- k/i,f//). (28)

                       s   Further, wken Rr==Ii+ X rj (i.e., q== 1) in the above, Eq. (27) can be expressed
                      j' ---2
explicitly by

            p(.l?) me IY/llliNilL2 (.i, )(Ni2)wwierm{N(R2';ki?)i2Qk o}ftAr!,)-, (ggYI?CiR) ,

                               (Besseldistribution), (29)
          swhere 9o == : <rY> (1, 7, 13, 14, 16). And if q regular vectors g,- (d -- 1, 2, ••- , e)
         ]=2
are given instead of one regular vector Ii, it can be proved that Eq. (29) ap-

proxir gately expresses P(R) in this case, under the substitutions fi=::,Vttl,f3 and

,S2,me X <r3> by applying to Eq. (13) the property in the vicin.lty of ?L ==O for the
   ]heq+1
foi}owing addition-formula for Besse} functions (14) :

   Je(,,/..3--g,,,}.\.g'3--2v,];,}=.,(-i)"t(y,"2.)r(;,iilm)

                      ) .f, "fz,<,<Z) Jv "•-gf'i t,( Y) , (z : lli, y- ll,• , i -.-,-. ]') , (3o)

using the method of steepest descent.

   AIso, in the case of no regular vectors (qxx:O), we have:

 p(i?) - 2Slitl:ill)[l'l:Iillel i e-(NR2/2go), (p(,zEi)) = p(R) i-"Ei?11: f'-distribution) . <3i)
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Of course, in the above-mentioned expressions, we must take Åíon (S-e)rg2 when

all the r7s ltave equal iengths, say r,•--ro (ti--q+1,q-y2,•••,S). In order to im-

prove the approximation, we kad better use tke following asymptotic expression

(1, 2, 16) :

    p(.i?)=:gStllll,il(.i")il/li,.;-,-Le-(NJe2/2go){i-(N-9,),LsNi2)rn!(,,".gR2)

                                              m'pO(-sl-,)ll' ("`-?e k' sr"') , <32)

instead of Eq. (30.

[ii] We shall again consider putting P(rd)-r-o"(rd-rtio) in Eq. (13) in tlte same

way as we have done in bR 4, under a special condition S=:2 correspor.ding to the

special case e==O, S=L-2 in the above [i]. Then, we obtaln the following explicit

      .expresslon :

     P(R'"k'2'i':nv3(r,eir2o)"-2nv;//JJ'/'i'l"tii'S'i'll'iip'"'//')ma.I'L') 'i'

          =//R[R2ww(riermig'/L)2g,li:)'ligi,/Z'::z.1'nvfll/o:k/T,wrJil,i2...oo. (33'

When we especially fix N=m2, this expression evidently means an interference

effect betweell two random phase waves and becomes explicit}y

            2R i,     P(R) =" 'il;' ,/fff?'Emm-"'('Lmm,mm:':'-iE:,)--2j'[(rio+r2o)'2-]i?'nv8" l

                                                               i'                    (l rio- r2ol< Rt< rio ini- r2o) I
     (S' (R) ="' !geP(R)dR == O, (O <'.R<lrte-r2eD li• (34)
                     xx-- tl•- cos-i t/gtsg-///F-i".o,ww, ge--2 , (: r,,- r,,i<R< rio-i- r2o) il

                     ==: 1, (rie+ 7'2e<1?< oo). •l'

[iii] In the next place, we coiasider the case of very large Sit in two correlative
                                SII
series of such random walks: Rh==:Xrhj• (lz==:1,2) having no regular vectors
                               1' ='1
(i.e., e==O) in an N-dimensiena} space as shown in Fig. 6. Then, we can derive the

joint-pyobability density of Eq. (31) from Eq. (8) under the particular conditions:

"O.p't.o=

}}i "Q•"he = Iill IIIifl<r?,j> (h -th 1, 2) and IVI :=' N2 ='=:"N,,= 2m as fc)ilows :
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-V2 .ol;'MXx

.- N.N

tsie,,/N'--
y

x.Nll"til>J'xN.-.x.//scQr'.4'"v--"--'"iO{SS-tlls.ks"rls.1sx--...rA(N.-!----.eeS

/-"r2s2 xptS

'

ts R2-;.),'--- r13

N
NN"N l-"S st-ir21'.r22i' / "

xN
.v

rll/-'
e

           Fig. 6. Two correlative series of random walks in an
                 N-dimensional space.

      I)(1?i,I?2)E-r(Aww,2illiiiilQei.,,),"(ri2-,..){:?;,IQ-}:,-,:.E}(Ni2)-i

               .,wwri'z,,{,•i'?L'l26-illt'-"'i'Åí'}f,AF/,)nvi((iww21o/it31illEttlli'il'7g't-,'-s)

             -- p(A),)p(,g/e,){i-t- ,}l/ili, L ,tvi 2)-i (fl;- ii,-)LffVi2'ndi (-R,s2. i/il,,)p,i•. I'

                            >< 7tB (n, \)} (Ri , l?2 > O) ,

             :-•- O (R,, R, Å~< O),
      F(li,Z2):f'(,(/N-2,blil('g"{iii(EA,i)2'iOilllll,"-l2 eum'""[g(oAl"s')fio"e•]

                              Å~ I(N12)-i(rm21-i/teE9ioLS2Se Ri12 ) ,

where P(Rk)'s express respectively

           p(Rh) == ff.(/St?);ii,,,Rpt, -ie-("Rh2i2S)ne) (h ...,,. i, 2) ,

foliowing Eq. (31), ancl ,oE CIenotes the correlatioi coefficient of Rg and

the above derivation, we have used the following iRtegrals (14) :

(53)

(36)

RZ. In
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           S: 2,e mu C914)X? i.-,(-Ci- 7L,2L,) J.-,(?,R,) dR, 'tl

                     === mio exp {'ILIL7 [(n[} 2L2)2-ul?2i]} Anwwi (Cg '2                                                ---K 1?l),

                                                                 (37)
           S: xem A"21v (Bx)f, (Rx) dx

                     "" 2illlA exp {-zlltr (B2+R2)}fv(S/r BR) .

   Now, to apply Ea.. <35) to the detector output such as considered in bg2,

Eqs. (3) and (5) are takett 2nto accotmt. Then, we can obtain the joint energy

distribution P(Ei, E2) of detector outpu't noise as follows:

  P(Ei , E2) ==: .rr(.9t? : ,,.) (,VtDi(l.'il/IE-E2)Mmuiexp {- r/]:.an.(DiEi hl+ D2E2)}

                                            xl.-i(2-'/tL/rmtt.muDww's.tb.,E'ilEww'2), (3s)

where
                     Eh r- R;"l, a2Eh u' <(Eh-<Eh>)2>,

                     Dh ==: m/<Eh> - <E,>/ti21 , ,

akd
                     <Eh> ": 9ito (h = l, 2) .

By use of the integral forrnula (14):

                                           '            S: e-p2t2tvri'if,(at)dt = (2pglii',l,,i,,i.,e-(a214P2) (Re (y) >-1) , (39)

the moment generating function m(ti, t2) of Eq. (38) caR be derived as fo}lows :

                  m(ti, t2) =- [(i-y :i;'l)(i-:- h',)-4eEBti/B,"unM. (4e)

When Eq. (39) is used agaiR, we call easily confirm that the above m(ti,t2) is

essentially cennected with F(2i, 7L2) ik Eq. (36) by t'he 2-diinensional Laplace

transform from Eqs. (24) and (25) (K==2).

[iv] We shall again tal<e up the generalized problem of K correlative series
                     Sll Nof random walks, Rh =: X ri,i (rhv• un- ]2'], ei.x'hj•i :== [xhii, xhj2, •••,xitj-N]) which is the

                    j' .-l i,'1
hth series of such random walks in the same AZ-dimensional vecSor space. When

we are specially interested in the asymptotic expyession of the joint-probability

for a iarge number cf steps corresponding to Eqs. (31) and (35), we had better

fix our eyes upon the form given by Eq. (3), that ls, treat the probability problem

given in the same forma as Eq. (5).

   Since Sh's are very large, by use of the central limit theorem !n NK dimen-

sions, we can find that xhi's (h=:1, 2, ••• ,K; i"' 1, 2, ••• , N) are distributed according
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to the ATI<-dimensional Gaussian distrlbuSion. If the coordinate components of

an N-dimensional Euclidean space are statistically independent of each other,
the joint distribution density of xiti's can be expressed !n the form of such

product of K-dimensienal Gaussiap- distribueion as seen in Eq. (4).

    Tkis property completely agrees with the starting point of bRIV, bRV and

bR VI in a previous paper (Xl). Accordingly, by thinking each energy Eh as the

square of magnitude of eack resultant vector Rh, xve can obtain many different

explicit solutions to the generalized problem of randoiori walks from separate

energy distribution in the previous paper (11).
    Moreover, if N---> oe(m=()-l--=-k{f12it}/i2) according to an estimation by tke method

of moment (2,7), by using the centrai }imit theorem in IV dimemsions, we can
also find that the joint-probability density of Eh (--RZ, li==l, 2, ••ny ,K) is distribu-

ted asymptotical}y according Åío the K-dimensional Gaussian distribution.

6. Colleliisien

    In this paper, we have shown that the intensity fiuctuation of rap.dom noise

current can be lnvestigated as a problem of many correlative series of random

walks in multi-dimensional space, and from suck a point of view, when we pay

eur attention to the energy fiuctuation of wkite noise, the characterisSic function

of lil[ankel type is very useful for calculating its probability distribution. Then,

for typica} cases, we have derived several exp}icit expressions for the intensity

distribution of white noise.

   The following properties of random noise were derived :

    (1) The number of dimensions for the used space is c}osely connected with

the statistical characters of random noise and the characters of the observational

device.

    (2) The fiuctuation in tke output nolse is reasoRably described by one

parameter m lnvolved in the energy distribution expressions.

    (3) Tke above parameter m is approximate}y equivalent to TW (W: equiva-

}eRt noise band-wldth, T: time-intervai of observation) appearing in tlte sampling

theorem.

   The method described in this paper is also applicable to tlie otlier fields of

measuremeiit oR the random phenomena, since tke mean energy is a conservative
playslcai qttantity.
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