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                             ABSTRACT

   Properties of clouble Gel'fand polynomials are reviewed wlth some new de-
rivation processes, by making the most of the integration method in the Bargmann
space. The vector-coupling expressions of double Gel'fand polynemials in two-fold
ways are shown not only to be of basic importance for the application to nuclear
many-body problems, but also to have many fruitful contents when they are used
in combination with other properties. Applications are discussed with respect to
the mul'tiplicity-iree problems of the SU2 and SUa algebras, coherent states and
Talmi-Moshinsky-Smirnov coeficients.

                             CONTENTS

g1. Introduction and summary'd'"""''""""'''"'"'••'•--••••••••••••••••'""H"""H'198
g2. Properties of double Gel'fand polynomials ••••••••••••••-••••••••••••t•t•-••••••••ny••••200

   2-].. I)ouble Gel'fand (DG) polynomials•-•-••••••••••t•••-••••••••••••••••-•••••••-•••••••200

   2-2. Vector-coupling expresg.ions of the DG polynomialg. in two-fold ways•+•206
   2-3. Transformation formula of the DG polynomials••••-••-•••••••••••••••••••••••••212
      2-3-i. Expansion of (Tr RtR:)"••••••••••••••••••••••--•-••••••ny•••-t••••••••••••••212

      2-3-2. Expansion of (TrRtR2Rs)" and the transforrnation formula of
            the DG polynomials -•••-••--•-•••••••••-•••-•-•••••--••••••••••••••••-2i2
      2-3-3. g{"")NCX)(G) as a representation matrix of GL(n, C) "'''-"''""'"'216
   2-4. The Clebsch-Gordan series"••••-••--••--•••••••••••••••••••-••••••••••••••••••••••217

   2-5. The complex conjugate representation of the SUn group•••••••••••••••••••••218
   2-6. Explicit expressions of DG po}ynomials•••••••••-•••••••-•••••••••••••••••••ny•••••••219

      2-6-L SU,Å~SU, •••••••••••••••••••••-•••-•••ny•ny•••ny••••--•••••••••••••••••-•-•••••-•-•-•220

      2-6-2. SU,Å~SU, •••-••••••••tt•--•••-••••••••••••••••••••••••••••••••-•••••••••••••••••-•221

      2-6-3. SUsÅ~SUs "'"'"'''""""""''""''""'""""''"'`'"'"'"'"''""'"''""'222
      2-6-4. Reduction of the DG pelynomials to lower ranks and the vector-
            coup}ing expressions in twe fold ways ••••••••••••••••••••••••••-•••-•••••224

      2-6-5. The bases of comp}ex conjugate representation (BCCR) of the
            2Å~2 and 3Å~3 DG polynomials ••••-•••••••••••••••••••••••••••••••••••••••••••226

g3. Application to SU: coeficients ••••••••-•••-•ny••••••t'••'••••••••ny•••••••••••ny•""""''""'227

  3-"1. Expression of the C-G coedicients and its Regge syrnmetry •••••••t•••••••227

t Present

 U.S.A..
address: School of Physics, University of Minnesota, Minneapolis, Minnesota 55455,



198 Y. FUJIWARA and I-I. HeRIUCHI

   3-2. Expression of the Racah coethcients and its Regge symmetry t••-••••••••229
   3-3. The 9-j' symbol expressed by a 4Å~4 DG pelynomial•+••••••i••••••••••••••••••231

g4. Application to coherent states and to invarlant polynomials ••••••-•-•••••••••••i232

   4-L Spin coherent states •-••••••••••-•••••ny•-•••••••-•••t•••••••••••-••••••••••••••--••••232

   4-2. Coherent states of rotator ••••••••••••••••••••ny••••••`•••••••••••-`••••••••••••••••••••••236

   4-3. SUs coherent states •••••••••••-••••i-••-••••••••••••••••ny••••••••••b••••••-••••••••••••t•••239

   4-4. Invariant polynomials •••-•••••••••••••••••••••••••••-••••••••••••••••••ny•••••••••••••-••••242

g5. Appllcation to SUs coeMcients and their relation to SU2 coeescients•''••••••244
   5-1. Expression of the C-G Åëeethcients of (av) Å~ (AO)->(kpt) and a relation

       of <(ar)Aqt(AO)1tIKZg)pq> to a special 6-(apt) coef{icient ••••••••••-•••••••244

   5-2. The relation of <(Z!O)Pi(R20)lb2[l(Xxt)Pq> to a SU2 C-G coethcient viewed
       from the general Regge symmetry of the multiplicity-free Un C-G coef-
       ficlents ••••••••••••••••••••-••+•••••-•-•-••=•-••••••+••••••••••••••••••••+•••-•••••••••••••••t•••254

   5-3. The two-row 9-(Xpt) coefficient and its relation to tt 9-j coeiTtcient ••••-•255

   5-4. A speÅëial 6-(apt) coelllcient and its relation to a 6v' coefficient`••••••'•-•'259

g 6. Application to Talmi-Moshinsky-Smirnov coeMcients of then-body g.y$tems"'261
Appendix A: Normalization constai}t of the nxn l)G polynomial with the
            highest weights ••••-•••••--•••••••••i•••••••••+•+••••••-•••+••••••••••••-••••+••••••26tl

Appenclix B: Proof the completeness of the nXm DG polynornials •••+•••••+•••••L767
Appendix C: Proof of Eq. (2-5-4) •••••••••-••••••+•••••••-•-•-••s•+•••-•••••••••-•••••••••••••••27i

Appendix D: A derivation methocl of Eq. (2-6-22) •••••••••••••ny•nyi-•••••••••••-•••••••••271

Appendix E: Proof of the Regge symmetry and the reduction formulas of the
            multiplicity free Un reduced C-G coeMcients. •••••-••••••••••••t••••••••273

gl. Introduetien and summary
                                 .
    In nuclear many-body problems, products of harmoBic oscillator (abbre-
                                   nviated to h.o.) wave functions ?P= IIII] xN,i,., (gi) (Ni denotes a number of
                                   i"1
h.o. quanta) are often adopted as orthonormal basis wave functlons, where
& (iww-lrvn) are the usual coordinates of constituent particles or the Jacobi

coordinates among these particles. When the h.o. wave functions are represent-
ed in terms of the creation operators at of the h.o. quanta as xNt.(8) == UNtm
                                                          71(at)]O>, the product wave function ep' is represented as W'=: II[ UN,t,mt(a;)IO>n
                                                         it=i
by a polynomia} of a;• (i--ltvn) operated to the n-particle vacuum IO>.. Since

UNt.(at) belongs to (N, O) representation of the Elliott SU3 group, we can
adopt the following coupling scheme for the basis wave functions,

         [. • • [ [U(N,o) (a;) U(N,o) (al) j (aR.,) U(rv,o) (ag) ] (ifs.,)

               '''U(N.e) (atn)]ap) KJiyle>n, (1-1)
where [[•••](d,}U(No)(at)]{a•,•> means ars SU3 coupling (gT)Å~(NO)->(if'r').
Polynomials of a; (i--lrvn) coupled as in Eq. (1-1) were noted by Moshinsky
and Chae6ni' to be just equivalent to the so-ealled doubly-inclexecl Gel'fand

polynomials (of the type U3xU.), whlch we hereafter simply call double
Gel'fand polynomials or DG polynomials. Thus the investigation of the pro-
perties of the DG polynomials is very important for nuclear many-body pro-
blems.
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    DG polynomials have been extenslvely investigated by Moshlnsky and his
coworl<ers2)'3) and also by Bieclenharn, Louck and their coworlscers`)'5)'`9). Frorn

these investigations, many remarl<able properties of DG polyBomials have been
clarified. Thus we can now utilize these fruitful results on DG polynomials
for the sake of nuclear many-body problems. However, to the present authors
cat least, it seems that the importance of the above-mentioned equivalence
between the DG polyRomials and the veetor-coupled many-body wave functions
of the type of F.q. (1-1) has not been realized seriously till now except in
ReÅí 1).

    The maln purpose of this paper is to show the importance and usefulness
of the vector-coupling expressions of the DG polynomia}s. Besides the basic
importance for the appllcations to nuclear many-body problems, we can show
that the vector-coupling expressions of the DG polynomials give us in a
straightforward way fruitful applications ln many other problems when they
are used in combinatioR with other remarkable properties of the DG poly-
nomials. All our dlscussions in this paper are done in the so-ca}led Bargmann
space,6) sinee we can tlien acquire wider fiexibility in treating the DG poly-

nomlals than the "boson-ca}culus technlque"2)'S}. In thls Bargmann space, we

can embed entirely the "boson-calculus technique", and furthermore uti12ze
many nice propertles of the lntegration with the Bargmann measure.
    In the first part of this paper, before discussing the applications, we re-

view several basically iniportant properties of DG polynomials, including the
full proof of the vector-coup.ling expressions ln two-fold ways. Here we have

tried as far as possible to give simple and straightforward derivations new!y
for those kinds of properties alreacly shown to hold in the above-cited works
of Refs. 2) tv5). For exarnple, our derivation of the transformation property

of the DG po}ynomials under a general linear traRsformation of argument
matrix variables is done in a simple and novel way with the Bargmann integ-

ratlon concept.
    With this preparation, we then discuss how the DG polynomials are power-
fully applied to many kinds of problems. We wi}l see there that the use of
the vector-cotipling expressions certainly provldes us a straightforward method

in handliBg the DG polynoinials. For some !<inds of problems which have
been proved already, our emphasis lies in new akd straightforward processes
of our clerivations. In this paper, our applicatioRs are restrieted to the multi-

plicity-free problems, which yet involves a wide field of problems.

  The composition of this paper is as fo}lows. In the next section (S 2) we
discuss several basical}y important properties of the DG polynomials. They
inÅëlude completeness of the DG polynomials as orthonormal basis states, vector-

coupling expressions in two-fold ways and transformation property under the
general linear ti'ansformation of argument matrix variables. We further briefiy

discuss on Clebsch-Gordan (C-G) series and complex conjugate representatlon.
For the sake of later applications we give explicit expressions (including vector-

coupling ones) of the DG polynomials of U.xU. with n, m;Elll3. In g3
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applications to SU2 coefflcieRts are discussecl focussing on the Regge symmetries

of 3v' ancl 6-d coethcients. ,gJection 4 treats applications to the coherent
states of SU2, SCJ3 and symmetric top wave functions. Here we also discuss
briefiy invariant polynomials of SU2 and SU3. In this section, we wM see that
the use of the Bargmann integration technique is essential. In g 5 applications

to multiplicity-free SU3 co-efficients are treated. We show that some special
3-(R,et), 6-(1,et) and 9-(?l,et) coefficients are directly expressed by SU2 co-
eflicients. Final section (g 6) cliscusses tlie Talmi-Moshinsky-Smirnov coetlirci-

ents of an n-particle system, whieh are shown there to be given by the DG
polynomials of U."iX U.mui type i'f the basis iivave functtions aye "'S'(1/3-eouplecl

ones. Appendices give elementa}'y ancl straightforward clerivations of some
importtftnt formulas or re!ations. For example, Appendix A gives strai.g. l}t-
forward procedure to ealculate the nourma}ization coe'fficients of the DG poly-

nomials with the highest weights, and Appendix B gives a proof of the com-
pieteness of the DG polynomials by directly calculating the number of inde-
pendent basis states.

92. Properties of deuble Cel'fand polynomials

2-]. Double CePfar]d poiynomial$

    Let us consicley a Hilbert space Jlg(n, 'i?z), which is soinetin)es called

Bargmann spacee' composed of polynomial funetions f(R), (J(R),t•• of nm
eomplex variables Rnt(cr =IA-n, iww-lrvm), where we tise the shorthand nota-

tion R as an nxm matrix

        RE!i! (Rab = (i :11 :, l".') = (Ri, ''', R7n) = (III;'.) (2-1-1)

The unitary inner product of two elements f(R) and g(R) of .4C(n, m) was
introduced by Bargmanne) as

            <f(R)Ig(R)>="- Sdpt(R)f(R)*g(R), (2-1-2a)

where the measure dpt(R) is

                          nm                dpt (R) !=m fi II[ dpt (Rai), (2-1-2b)
                         a==i i=1

                dpt (x) =-Tmie-Z'Zd (Re z)d(Im z), (2-1-2c)

and the integration is extended over the whole n.7n-dimensional complex Euc-
lidean space. Integration measure dpt(x) for a single complex variable x gives

us the following reiation
                                              '
                     (vZS/,v&gmuq!)=6p,q, (2-1-3a)
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wi th the inner product <u (-"".) l z, (x) > =: J' dzt (k"') td* (x) v (2) , From this we obtain

              <u (x) l kfvl w (x) > = (t-d--E- u (x) i v (z) l) ,

              (u (x) dd. i,v(x)) =<xec (x)lw(x)>. (2-!-3b)

Equation (2-1-3b), together with [(d/dx),.cr.] =1, assures that (d/dx) and 2
can be regarded as the usual boson annihilation and creation operators, respec-

tively. We define U,, and U. generators as

              A.pwwISlrR.t a- for cr,3=ltvn, (2-i-4a)
                   t..1 ORfit

              TiJ EEN S .R.i -q- for i, jrw-ltv m, (2-1- 4b)
                   a-:i ORaj

which fulfill the following commutation relations;

              [Aafi, Ars] ww'6firActs-6'asArfi, (2-lm5a)

              [T,h T,,] -- 6j,T,,-6,,T,j, (2-1-5b)
              [A.p, Ti,] ==O for aBy cr, 3,i and j. (2-1-5c)

The generators Tij are the so-called Moshinsky operators7) and the property
of Eq. (2-1-5c) is of basic importance.
    The simp!est invariant composed of the generator algebras A.e and Tii is
the Casimir operator of the first ranl<

                   nm              A              A7' ::i! Zl Acta=: : Tii
                  a==1 iwl
                =-te.,:Mfiww,R.isfl-E--l-, (2-i-6)

by which the Hilbert space .SIC(n,m) is divided into the direct sum of the
subspaces .E!3N(n, m) composecl of all the homogeneous polynomiai functions
of degree N with respect to Rai;

                        oo              .S[C(n, m) =X .El!ilN(n, m). (2-1-7)
                        NtrÅ}O

    Further decomposition of the subspace veN(n, m) is accomplished by con-
structing the basis of the irreducible representation (abbreviated to BIR) with

respect to the U. and U. groups governed by mutually commutable generator
algebras A.B and Tiy, respectively. In the following we assume n:;llm with-
out loss of generality. According to Moshinsl<y2} let us consider the follow-

ing homogeneous polynomial functlon with clegree N =fi+f2+'''+fn;

       qftt'ff'['3 (.R) =NH [f] (Ai)"um't (dl;) 'env's•-• (dl;11:.") '" , (2-1-8a)
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xvhere

                    Rn ''' Rir[
              dllllr, == I I, for r==lrvn. (2-1-8b)
                    Rri ''' Rrrl'

and we have usecl the shorthand notatlon [f] ma [fi,f2, ''',fn] with fil.ilf2>-ww

'''
wwij;i2.0• Nii[f] !miAiii U'i, •t•,f.] is a normalization constant determined fro}n

<qif,"u)[f](R) lq)E/e'illf](R)>::1 and is calculated to be*

                             n l12                             II (fpa-f,H-y-pt)
              Nii [fi'''fn] = 'Y'>'#'{'fi' '"" ''"' '''"""''"' (2-1-9)
                             IH (fp+n-pt)!
                             Xtur1

A new straightforward method to verify Eq. (2-1-9) is glven in Appendix A.
The function qpS?,"rr)lf](R) satisfies the following set of differential equations;

        N qf}tnJ}[f](R)==Ar' opftn,n.)[f](R),

        Aaaw}}t"ft[f](R)=:f. iff}t'}}[f](R) for av=:lnvn,

        Tii qft-,"2i[f](R) rcfi ifif,"i}[f)(R) for i =:ltvm,

        A.,ifft",".'M(.Z;N?) ==Ti,opfr',"i}['](R) =O for

              all 1:;{ev<BSn ancl 1::Ii<j'.<-m. (2-1-10)

This means that qftn,"ftif](R) is a BIR with the highest weights belonging to
the partition (ILi•••f.] and I;]fi•••f. O•••O] with respect to the U. and (if., groups

associated with the generators A.B and Tiy, respective}y. In the following,
we sonaetimes use the parametrlzation of the partition [f] as

              [f] = N(R) !!:N(ZiR2'''An-i),

                   n              N== : f. ,
                  att1

              Za=famfa" for a==ltvn-1 (2-1-11)
 when we show explicltly the labeling of the irreducible representation (IR)

 of the SU. group.
   A subspace M[f""f"](fl, m) Ei!! re[f](n, m) of IBN(n,m) (N :fi+•••+fn) is de-

 fined as the vector space pbtainecl by operating the generators A.B and Tii
 on qft","ft[f](R). A double Gel'fand polynomial of the type U.Å~ U., which we

 abbrevlate to an nxm I)G polynomlal, is defined to be a BIR opE?Y)[S](R)
 belonging to sc[f](n, m). In order to specify the inner quantum numbers a
 and b of the IR of the U. and U. groups, respectively, we adopt the canonical

 chain

 * Here we adopt the phase convention Nn[ft•••••f.])e. Furthermore, NH[fi"""fu-!O]

   =Ntt[fii•••••f.-i]. •
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              Un )Un-iD ''' )Ui,

              Um )Um"D ''' DUa, (2-1-12)
according to the works by Gel'fand and Zetlin,8' Baird and Biedenharn,`)
Moshinsky,2) Nagel and Moshinskye) and many other authors. Nameiy, by
specifying

         a=-[fi"Mif,,f,, Åí-i"-i], b=-[gi'M-ig,,gs,g,Mrii'M-i], (2-i-i3)

in the Ge}'fand patterns, we write

      opE?:)[f] (R)

           flnf2n''''''''''''fnn glntg2m'''''''''gmmX

        =-lfi,nal''''if. n-i,n--i gi,Tre-l:''''l9m-i,m-i ), (2-1-14)

                 '' '' t                fll gll li
Whei'e [finfan'''fnn] =[fijf2'''tf;t] aiid [gimg2m'''CJnmgn-n,nt'''gmm] nt [fif2'''fn O"'O]-

The quantum numbers [f.B] and [gij] denote that q)E?:)it](R) is a BIR
with a partition [fi,•••fr,] of the subgroup U, governed by the generator
algebra {A.B; cr,B =IA-/r} for eaeh r=lrvn, and is also a BIR with a partl-
tion [gsre•••gkk] of the subgroup Ult governed by {Ttd; i,7'--lrvk} for each k =l

rvm. [f.sj and [gij] should satisfy the following so-called betweenness con-
ditions '
      ,

        fa,B+i2-faBlllfa+i,B+i for 1:$lcrSBSn-Z,

        gi,d+il.iilrgtvlillgi.i,1.i for lS.i-ff{:j-:{l;m-1. (2-1-ls)

In this notation, we can write the highest weights state Eq. (2-1-8) as

      ipftn,m.)[f] (R) i:iiqftn,"ft[f] (R)

                 i' fi f2 '''''''''f.O"'O
                 l '.= v."                                 -- ---                                 fi f2 '''''''''fn O

                  fi f2'''''''''fn fi f2 '''''''''fn

               =: , (2-1-16)                 F fif2''''''fn-i fif2''''''fn-i ,
                 F'f• ,"ti •t• ',••i.•' /

                 I fi                                      fi                                                 f

where we aere assuming n;gllm, Explicit expressions of lowering operators to
get a BIR of the,U. and U. groups iB the chain Eq. (2-1-12) were ebtained
by Nage! and Moshinsky,9) together with the norma!ization of the lowering
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operators N[Sll'llciLij-i,'o) as foiiows,

             ic-t-1 k-1    Lk-(C)=X{ Zl CS,C:;•••CÅíp• IIIII et.} (2-1-17a)
              p==e L'>"p>,->ptl>t v=t+1                                          Y"'1:'"t"'/tP

             L- -l-1 te -1           == X{ X ( II 8,.)C:p•••C2X;Ce,,}, (2-1-17b)
              p==o                   k>xtp>.->xti>l v==tÅÄ1
                               v9:1#-"1..."P

                              k-1where le> l, 8i, == CS - C; -1- v- l, I[l' 8k- ,,, mu 1 and C!m {C," ; /x, y = 1 rv fe} are the

                              v -- ic
Uk generators of A-um--{A.B; af,g9 =lrtvfe} oi' Tg-ww-{Tij; i,j'--1rtvle}. By using

these lowering operators, nx7n DG polynomial Eq. (2-1-14) is impliÅëitly
written as3)

            epEW'['] (R) =:I[faB], [giy]>

                                  n e-1
                       : uP`' [f.re] • ll Irl {LZ (A) } faB-fa• e- t
                                 B=:2 a= l

                                  m f-1                       •v-[gtj] - ll I[[ {Ltl (T)}gw-gi•,-i
                                 J'=2 t".1

                       .qftn,nft) [fi (R), (2- 1-18)*
where the normalization f[f.fi] and f[gi,•] are, for instance,

                           fu''''''''fr-i,r -i
                     n         f[fatfi] == llm,N fir''''''''''''frr

                           fi,T-i' ' ' ' ' ' fr -l, r-1

                  =[I.t2I,24'.,({/;;:f,{,;triffim-.a,l!

                  'B>I'llct..i($'.1-,-'in-ff,if'+',gB"-.`,if--ill,!l]"2' (2rii-ig)*"

A general explicit expression after the lowering operation in Eq. (2-1-18)
is obtained when a==N, b=[qi'>Ltqn-i] or a=[qi'Ztqnrl], b=H (the semi-

maximum-weight state).4) For instance, we can show

         q(ge?f,?}dL'f,"](R) -= fi''ii'f" '(il111I1Iij'.'-f,"X>,,,

                        I '• H /'•. .

 * 'INhe order in the product of the lowering operater$ should be strictly kept with respect to
  B and ]'; namely, the lowering operators with larger B and J' values should be operated
  prior to those with smal}er B and y' values, respectively.

** Here we adopt the phase convention that the normalization of the lowering operators is
  non-negative, according te Nage} and Moshinsky,9>iO) which is equivalent to that the matrix
  e]ements of Udi generators with respect to Gel'fand bases are always non-negative.ie>
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               fi''''''fn-i "Mi
                           n-1           "N fi'''•••f. I[[ {Ln(T)}fm-amopftn,nficfi•Jv.](R)
                           m==1
               ql.....•q.-1

                         rfi''''''f.-i -i
          rmwy""[fof"]"l:I::i:-, I,.#w,'z('g.m--2$",i3,fflill

         n-1        • llI {(dl::: lf,)Qm-'m't(Al:::M.)'m-a-}•(dl:::#)fn, (2-1-20)
         m==1

from the relation

                           n "-1        Lnll.7L.+i•••l.ffi> == { I[ (XZ.+!x-m-1)}
                          /1==m+1 y==m
              ' dll:XlZmm 1, Rm"'''7Ln-i> ,

        IitmAm+i'''iln-i>

              m- (zll:: II) i"t (dl:: :il) 2m'i••• (dl:::::l) X"-t. (2-1-21)

The proof of Eq. (2-1-21) is due te mathematical induction with respect to
n, where we should use the recursion formula9)

                               '                   n-1 n-1              LT == = ( II[ 8mp) C#LP
                  ll =- m y=pt+1

(L:=:l) and the relation

         nn        ]ZII AIIIIM" C#+iiam'''?gn> = ( liil] Xp) AllllnM+i]Am'''Zn> ,

        ll=m v=m
which can be proved by cofactor expansioBs like Eq. (A-13) of Appendix A.
  The nxm DG polynomials thus constructed satisfy the following orthonor-
mality with respect to the inner product defined as Eq. (2-1-2);

        <goE?gi'['] (R) Iq7geilbe)["] (R)>== 6[f],[,•]6.,.•6b,b• (2-l-22)

Let us consider the direct sum of the subspace O[f](n, m) in .EBN(n, m),
namely, X g[f](n, •m). T}ie most important fact is that this subspaee
       fl+"'+fn""rv
precisely coincides with the subspaee .El!ilN(n, m)2,S'5);

                                                    '
              .El3N(n, m) ha' :' S>[N(n, m). (2-1-23)
                        ft+"'+fn =N

This fact, the completeness of the nxm DG polynomials, can be verified by
direetly calculating the number of independent basis states of the nxm DG
polynomials with the degree N==fi+•••+f.. This elementary method is de-
monstrated ln Appendix B, In this way, we have obtained the ful} decom-
position of the Hilbert space 3{' (n, •m);
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                   oe oe        YC (n, m) =X !?N(n, m) == ] = MU] (n, m)
                  N=o rv =" ft +•- +rn=rv
                   oo                xX=g"(A) (n, m), (2-1-24)
                  N=O (X)

where we have used the notation [f] ==N(R).
  Finally, we briefly discuss transposition relation of the nxm DG polyno-
inials and two }<inds of genera! linear transformations. The effect ofa trans-

position operator EI' for an element f(R) of .gC(n, m) is defined as

                  (gf) (R) =. f(eR), (2-1-25)
where f("R) is a function obtained by rep!acing R.i by Ri. in f(R) and is
an e}ement of Yf(m, n). Especial!y, EZ'Rt == R;•, EZ'Ra= R. or in matrix notation
EZ"REIZ'-' =tR and EZ"2 :1. By this transposition, the generator algebras {Acrfi}

and {TiJ} in Eq. (2-1-4) transform to {Ti,•} and {A.B}, respectively, defined
in the Hilbert space JZC(m,n). This fact ancl qft"3}[f](`R) :qft","ftlf](R) from

Eq. (2-1-8) give the following trang.position relation of the DG po}ynomials
from the clefinition Eq. (2-1-18) ;

                  EIZ'opE7,M)[f] (R) =-ipE?:t)[f](eR)

                              :qgY.")M(R). (2-1-26)

    For an element f(R) of .flf(n, m), we can consider two kinds of general
linear transformations associated with the GL(n,C) and GL(m,C) groups.
The effects of a left transformation Te and of a right transformation TGR
for a eiement f(R) of .4C(n, m) are defined to be

                    (Tkf) (R) -f('GR), (2-l-27a)
                    (TeRf) (R) iblmf(RG), (2-1-27b)

respectively, where G ls an nxn matrix in CT'k and mxm one in TGR. When
we parametrize the transformation matrix G as G :exp{i 2 gk•tetet} (ekt are
                                                   te,{va1
the se-called nxn or mxm matrix units), we can write these operators ex-

plicit!y as fol!ows; ,
                         n              Tk =exp {i Zl g.BA.p}, (2-1-28a)
                       a,Bor#1

                        m              TGR=exp{i X] giiTi,}. (2-1-28b)
                       i, iwl

2-2. Veetor-eoupling express;ons of t}}e DG polynomials in two-fold

      ways

    In this subsection, we show vector-coupling expressions of the DG poly-
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nomials in two-fold ways, which are of basic importance in this artlcle. The

proof is based on the decomposition relatioRship Eq. (2-l-23) of the subspace
.{BN(n,m) iBto S)[f](n,m) with N=fi+•••+f.. In the following we assume
n2.m without }oss of generality. The relationship of Eq. (2-1-23) gives us
the following theorem; namely, a polynomial function of R.i (ev :lr-vn,
iww-lrvm) ze,hich belongs to an IR of the U. group governed by the gene-
rator algebra {Tiy; i, j'=lnvm} and i:s characterixed by the Partion M•••
f.], also belongs to a deL17nite fR of the U. gromp governed by the generator
algebra {A.B; cr, B=ltvn} and is characterixed by the same partion [A

••• f. Ot••O] Ntu [fi•••f.]2'. For instance, any monomial of degree A composed of

sli}gle n-dkinensionai vector R be}ongs to the IR of the partition [AO•••O]

--  [A]. We write this monomial as

  U[A]A (R) shi lu-R)'tl'll'7'i'T'I:tt';'tl"" , A=;: (Ai'''An), z{ :lAliiiiAi-i- '''+An ,

by which the nxl DG polynomials are written as

                  A O------O X
                                       x
             Ai+'''+4n-i9'''''''''.O "',,.

            i •t.. '•.. ..•' A "l,=U[,,,(Ri)•

            t/            I --. ,,            ' xtt,+A,O i
                                       f                          Al !

    It shouid be noted that the Gel'fand pattern [gtd] in Eq.

that the degree (the weight) of a vector RJ (j-wwlt-vm) is

gi,d-i (NiiiE!gn), whieh means that Rj is contained in the form
(IAI :N,i). Next, let us consider the transformation properties

with respect to the U. and Uk groups governed by generator

              AEkB' =: IS R.i a for a, B== ltvn,
                    i=ri 0RBi

and {Ttj; i, j'ts-lrvk} ln Eq. (2-1-4b). By this we can
pendeBce of ifatrbM)[f](R) on Ri, R2, •••, R, ic. According to the

the faet that opÅí?bM)[f](R) is a BIR with a partition [gik, ''•,

group governed by the generator algebra {Ttj; i, j'ww-lrvk}
dependence of the vectors Ri, •••, Rk is kept in the form of
U. group governed by the generator algebra Eq. (2-2-3) and
terized by the partition [gik•••gkk O•••O] :[gik•••gicte]. Thus
following vector-coupling expression of qE?ge)M(R) in Eq.

                                                      '                                               '                    Ifinf2n'''''''''fnn gimg2m'''''''''gmm X

                  ==. i fl,n.-i ''''''fn-1,n-1 gl,m-i''''''gm-1,m-1 "}        qE?ge'[f](R)m .. .. .. .. !
                    ' hl 'gli /

(2-2-1)

(2-2-2)

   (2-1-14) shows
        Y i-1  N,hi X gi,- lll)
       imi itu1
     of U[.,],(Rd)
    of q7E?,m)[r](R)

    algebras

        (2-2-3)

determine the de-
   above theorem,
   gkk] of the Uk
   means that the
  the BIR of the
  the IR is charac-

   we'obtain the
(2--1-14) (nl.llm);
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               .., ( nv ) P (E{g) [. , . [ [u,.,, (R,) U[N,] (R) ] [gE]

                 U[Na] (R3)][g,]''' U[N.] (Rm)]v]a , (2ww2ww 4a)

where

                            j f-1              Ni E!! gii, Nj ww== Xl gif- Xl gwmi for j =2rvm ,
                            i==l imetl
               [gj]!-!!=[gir••gy,•] for j--2rvm-1,

               [fin'''fnn] = [fi'''fme'''O] ww- [f],

               [gint•••g..]=[f,•••f.] == [f], (2-2-4b)

and (-)"([a{g) is a phase factor to be determined.

    Let us determine the phase factor (-)P([alg). First, let us take a =H

(the highest weight) in Eq. (2-2-4) and operate tke lowering operators
associated with the generator algebra {A.G} down to a. By this procedure,
we find

                     (im)p(E{g) ,..(-)P(k{]b) (2-2-5)

for an arbitrary a. Thus it is enough for us to determine (-)P(X{]b), which

we write (-)P(["f]). This phase factor can be taken to be unity as will be

shown below, if we adopt the fo}lowing phase convention for an arbitrary
positive integer l;

 i) NH[A'''ft]).O, (2-2-6a)
        ft'''''ft-, -i

ii) Nft•••••f, ).e, (2-2-6b)
        qt ••••••ql-1

                             '     <[qi•••qi-.i]H[A]Al[f,•••f,]H>,>--e,iii)

          t l-1      A== X f.- : q. , A.= f.-q. (" =ltvl- 1),
         ".tl #t.1

      AL "fe. (2-2-6c)
The conditions i) and ii) mean that the normalizations of the highest weight

states and of the lowering operators, respeetively, are non-negative as we
aiready adopted. The condition iii) is a naturai extension of the phase con-
vention in the angular momentum theory given by Condon and Shortley;"}
name!y, <titiil'af'3-y'ilj'st'3>}ilO•

    Let us take a:H and b:[q"''cq"i-i] in Eq. (2-2-4) and integrate it

                      nt m-1 'by U[A]A(Rm) with A =Xf,,- Z] q,, A,, :f,,-q,, (,et :lrvm-1) and A. =f..
                     xt ml. "=Å}1
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By this adoption of quanturn numbers, the summation over the internal quan-

tum numbers d of

        [' ' ' [U[Nt] (Ri) U'[N2] (R2) ] [gs]' ' ' UIN.-,] (Rm-i) ] [q,-•g..,]d (2-2-7)

in the right hand side of Eq. (2-2-4) gives non-zero contribution only when
cl==I-l from the consideration of the weights and the betweenness conditions
Eq. (2-1-25). Since Eq. (2-2-7) is written as

              (m)-P(gt-'gM-t)q,E?sm-])[ai-g.-i](R), (2-2-8)

from Eqs. (2-2-4) and (2-2-5), we obtain

              <U[ri]A (Rm) I qX7?F,'qts:1"] (R) >

                          ic
                   me ( ww ) p(q'i 12'.M-,)-p (g;••nygm-i)

                    •<[qit••q."i]H[A]Al[fi•••f.]H>.

                    .ifftn;,m-i) lqt••bqm-i] (R). (2-2-9)
                                    '                                     '
On the other hand, ifc==H (the highest weight), we can easily perform
the integration in the left hand side of Eq. (2-2-9) by the use of the explicit

expression of the semi-maximum weiglit state Eq. (2-1-20) ; namely by tising
qftJ,Mb)[ft'"fpt](R) =epk"e,M)[ft-'fml(R), we obtain

        < U[ri]A (R.) l q)E/ZMg?.Fi{xllm] (-R) > == < U[A]A (R.) l q)E/e,M,?t[.,'.i r;'m] (R) >

                           fi''''''fm-i -i
          ==Xff[g,i."ii,f.Y,i"fi''''''fm Ip>ij-i[Sfrm-2l;iX's)';l

                           ql ••••}•q.-1

                       '           .,vljMil';('kww. I)'opscRi•m-i)[gi•-gm-t] (R). (2-2-io)

From Eqs. (2-2-10) and (2-2-9) with c==H, we obtain

        < [qi• • • q."i] H [A] A l [f, • • • f.] H>. .. ( - ) p (qt"iqm-!) -p(q{i.:i V."-,)

                           fi''''''fmmi -i
           'li\f.'iS,'ii','.M?,]"fi'''''"m I..#..,[ftI2$",--',,`Eliil

                           ql.,.••.q.ml

           •V.llM=,(A.!)
                                                         (2-2-11)

Thus the phase eonvension i), ii) and iii) leads to

                   ft"'fm N              (-)P(gi-iqTn-t,l=(-)P(g"'iqM't). (2-2-i2)

Next, starting from Eq. (2-2-9) with c= H, we operate on it the lowering
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operators associated with Tid(i, 1'<wnm-l) clown to c. Since these lowering
operators have no dependence on R., we find that }I)q. (2-2-9) ls also equal

to

       <[qi•••q.-i]H[A]A[ [f,•••f.] H>.•gftn;,M lm i) [af"qm-t] (R) . (2-2-13)

Considering that the Clebsch-Gordan (C-G) coeffieient Eq. (2-2-il) is non-
zero if the coupling [qi•••q.-i]Å~ [A]-> rfi•••f.,] is allowecl, we finally obtain

the recursion relation of the phase factor;
                      i
              (ww)p(Q{';'iq{,M. ,) .., (ww)p (gi"hqm-t). (2-2-14)

Since the phase factor of the mxl DG polynomial Eq. (2-2-2) is unity,
we can eonclucle that the phase factor in Eq. (2-2-4) is unity under the
phase conveBtion i), ii) and iii).

    Let us tal<e the transposition operation on Eq. (2-2-4). Exchanging a
aiid b (at the same time, n and 7n) after the use of Eq. (2-l-26) and EZ"R.t
 = R:•, we obtain another 1<ind of vector-coupling expression of the nxm DG
polynomial Eq. (2-2-4);

        ifÅí?gt)['] (R) = [• • • [ [ U'cp,] (Rl) Ucp,] (RE) ] [fre]

                                                                 '
                  ' U[p,] (Rg)][r,]'''U[p.] (Rrn)]u]b , (2-2-15a)

where '

                     B B-1        Pi "itu fn Pse'= X fap rm X fa, fi"-i for B= 2Nn ,
                    ev ==1 a==1

        [fB]fi[fifi'''ffis] foi' B=2rvn-1. (2-2-15b)

    We have proved Eq. (2-2-4) with a unity phase factoy and Eq. (2-2-15)
in the case nl.illrm and n;:i{m, respectively. In order to show the validity of

tliese expreg.sions for arbitrary n and m, we should repeat the above discus-
sions. This proeedure, however, is not necessary because we can obtaiB any
nxm DG polynomial from the nxn (n>•m case) or mxm (n<m case) DG
polynomiai by taking specia} quantum nuinbers. This reduction formula is easily

obtained from the definition of the DG po}ynomial Eqs. (2-1-l4), (2-1-18)

and (2-l-l9);namely, if we assume n<m,

        q]ET,T)[fi'HfnO'"O](R) :47E?Y)lfi"V":(R),

                        fi •---••f. O -• O
                         - ---                          - -t-                           - t--                    a'.., fi'''''''''fnO , (2-2-16a)
                           ft''''''''fn

                                a
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        qE?,rp)[rt"'fnO"'O] (R) .,. qEr,")[A"Vn] (R) ,

                        fi •••••••••f. O ••• O
                         - -i-                          - -ti                           - t--                   b,.. fi'''''''''fnO , (2-2-16b)
                           fi '''''''''fn

                                b

where the argument matrix R=(R.i) is of an appropriate type associated
with the type of the DG polynomial considered.
    Use of the veetor-coupling expression gives us another type of the reduc-

tion relation as shown be!ow, where we assume nS.m without loss of gene-
                                            wwrality; '    qE':ge)[f](-Rpq) ==I Za'('egb')if](Rpq).th2f,.i[,f,,],",b satisfy the condition (#),

                            <" q T>
                          e R,, oT

                    R., ==" n (2-2-i7a)
                             o Oi

                            em------>

where the condition (#) is for P;:;lllq

      [f] C U. ,

             fi ''''''f. O ''• O

              - i--              - ---               - ---         ... fi''''''fpO , b..
                fi ''''''fp T
                   Np
                   a"
and is for P;-}irq

      [f] C Uq

             f, ••••••f, O••-••••••o

              ----              ----               - }- -        .= fi''''''fqO'''O T,

                     Np                     at

    Finaliy, we comment that the
two Gel'fand pattems in Eq. (2-1-14) is

coup}ing expressions Eqs. (2-2-4) and
two-fold ways.
    Vector-eoupling expression of the

.p oiI•6v
 p  bi'

.
iiII•l•4

    fi ••••••f, O ••• O

     - ---     - -t-      t i--b- fi'"'"fqO
       fi ''''''fq

           3

         condition
naturally

(2-2-15) ef the

l

?v

(2-2-l7b)

(2-2-17c)

betweenness Eq. (2-1-15) of
           understood from the vector-
                   DG polynomial in

DG polynomial was noted by Moshinsky
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and Chac6n.D The purpose of this subsection is to determine the phase factor

exactly and to remark that there are tne,o kinds of vector-eoupling expressions

for the DG po!ynomial which is a direct consequence of the transposition
property given in Eq. (2-1-26)

2-3. Trai}sfo}'matiofi formula of the 9(} pelynomials

2-8-1. ExPansion of (Tr RiR2)JV

    The decomposition Eq. (2-1-24) of Yf(n,m) and the orthonormality
relationship Eq. (2-1-22) means that {qE7bM)"(a)(R)} (N(R) :[f]) with al}
posible ldbels AL (Z) , a and b constitutes a complete orthonormal basis set of

the IIIilbert space .SIC(n,m) composed of a!1 entire fLinctions Qf R.i (cy==1

t'vn, 'i=:iAv7n). On the other hand, as is we}1 known, the function

                 nm ,            exp{: ZI RaiRii} =exp {Tr tR'•R"} (2-3-1)
                ev.tl i=#i

behaves like a Dlrac de}ta funetion in Bargmann space as

            Sd pt (R) exp {Tr tR'•R*} f(R) =f(R'), (2-3-2)

for an arbitrary element f(R) of ,.9C(n, 'm). Thus we get the following
relation

        exp {Tr `R'•R*} =: Åí qEÅéM)"(X) (R')qE",m)"{a) (R*)
                       N(a)ab
                       : :E] qb(M.")"(i)(`R')opa"bM)N(X)(R*), (2-3-3a)
                       rv(1)ab
where of course R' ancl R are both nx'm matrices. The last equation o'f
Eq. (2-3-3a) is due to Eq. (2--1-26). From this equation we get

         1        -N--•:-- (Tr `R'R')" ur: (,X)., ifg:")"(X> (`R')qE",M)"(Z) (R*) . , (2rm3m4,)

    Now we introduce a matrix notation q<"M}N(Z)(R) which is a matrix com-
posed of matrix elements ifE7bM)"(2)(R). We can rewrite Eqs. (2-3-3a) and
(2-3-4a) as follows;
                     '
        exp {Tr R,.R2} = X Tr {op(M")"(i> (R,) op("M)"(X) (R,)}, (2-3-3b)
                     N(X)
        ttrl/ (Tr RiR2)N== X,) Tr {q(M")N(2) (R,) op(nm)"(i> (.R,)}, (2m3-4b)

                                                       tt
where Ri is an mxn matrix and R2 an nxm matrix both with arbitrary
complex matrix elements.
                                             '
2-3-2. ExPansio?z of (Tr RiR2R3)`V and the transformation formztla of
        the DG polynomials
    Let us consider the following quantity
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        tm emn        IZ] ]Z] Cdi (Xi • Y;) =: ]E] = X Cj,X.,IYg,
        iml j=tl itttl j==l a=1
                       =Tr (`XY*C). (2-3-5)
We see that Tr(tXY*C) is invariant under the simultaneous unitary trans-
fo rmation U. of vectors Xt (i -- l nv l) , Yj ij -- l rv m) . There fo re the expansion

of (TrtXY"C)" by the BIR of U., <o`"i'"C2'(X) and g("M'N(A'(Y), becomes

     ]2(I! (Tr `X.Y*C) N == ,,:,,, fSIb(A' (C) :l}l q)a"bt)"(a) (X)qE",m)"<Z) (y*) . (2-3-6)

                                                       '
Notice that Åí. q7E"bt)N(i)(X)q?En,M)N(i)(Y*') is invariant under U. transformations

of Xt (i -- lt-v l), rYi ij -- lnv m) for any su ra ces b and c. The expansion co-

edicient fgeb(a)(C) is a polynomial of matrix elements Ctj(i--IAvl, 7'--IAym)

with total degree N. Next we notice

                     nt m        Tr(tXY"C) = X 2] Xai Xl CdiY:j
                    atl ittl jmi
                     nt                   =]IIII] ]X] X.,(C,•IY:), (2-3-7)
                    a=1 i==1

whieh means that Tr(txvy*C) is invariant under the simultaneous unitary
transformation U. of vectors Ci (ixlA-•l) and ]Ya (af :lrvm). Thus in a
similar way as in Eq. (2-3-6) we get

       -l.-('III'r`XY*C)"== = f"'",,El)(tX) :q)Erp,t.)"(X)(C)gpaTlf,e)"(Z)(tY"),

        .ZV! (A)b'c' at
                                                        (2-3-8)

where the expansion coeflficient fi•,9)(tX) is a po}ynomial of rcatrix elements

X.t(cr= lrvn, i--lrvl) with total degree N. Thirdly we consider the quaRtity

                     nm l       Tr(`X'YC") = = = Yct, Xl C}-X'ai
                    a=l frc1 i==1

                     nm                  === ]E] Y.j (C' •X.'>, (2-3-9)
                    at=! jual .
which is invariant under the simultaneous unitary transformation Ut of vectors

ef (]'--lnL/m), XQ (af==lrvn). We obtain

       --2- (Tr tXyC*) rv == X ?gg.Ei) (y) = qEi.n,)."<i) (t.xr) q7Et.z:72N(A) (tC*) ,

       N! (x)b'c" a"
                                                       (2-3-10)

where fbny,(sa)(Y) is an expansion coeMcient and is apolynomial of total degree

N composed of matrix elements Y.j(ev =ltvn, j'--1ivm). From Eqs. (2-3-6),

(2-3-8) and (2-3-10), we get '
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        ! (TrRiR2R,)"
       N!
           .. : qsc)N(a ) (.R,) opg,nm) rv (a) (R,) f,N.(a) (R3)

              (A)abe
           = X fg,(X) (RD if,(,"M)N(2) (R,) ip,(:i)N(X) (R,)
              (X)abe
           =: : gpEt,")"(A) (R,) fgy,<2) (R2) qEM. t)N(A) (Rs), (2-3-11)
              (X)abc

where Ri R2 and R3 are arbitrary complex matrices of the type lxn, nxm
and mxl, respectively.
    From the second equality of Eq. (2-3-1•1) we have

       fib`X' (R,) =T• : <qS:t'"CR' (R3) lf,".(•2' (.R,) >opE`.",'N(X) (R,), (2-3-12)

                  at

where the bracket <P(R,)IQ(R3)> means an integration of .P(Rs)*•e(R3)
with d,(t(.R3). The faet that Eq. (2-3-12) is valid 'for any label c means
that <op,('."i)"(i)(R,)lf,".(tX)(R,)> is indepenclent of c, which gives us

             f'-"ab(A) (.Ri) = : Fia(Xt)opÅí`•"b)N(X) (Ri) ,

                        at
                 FiÅí' "= <q7E:`'"(2' (R3) ]fcN.9' (Rs)>. (2m3m13)

By using Eq. (2-3-13) for the third equality of Eq. (2-3-11) we obtain

             1gy,(a> (R,) == FgEX>qE,nM)N(a) (R,). (2-3-14)

Eq. (2-3-14) means that FiEZ) is lndependent of the label a, by which we
can denote Fiia) simply as FN{a'. Thus we can write Eq. (2-3-11) in the
following form

        tl'li'(TrRiR2R,)N

            = X .F"(a) X qpEt,")"(A) (R,) 4)S,"M)"(a) (R,)qS:`)"("> (R3) . (2-3-15)

              (a) abc
    Here, without loss of generality, we can set l<nMummMin{m,n}. Then
the label (R) appearing in Eq. (2-3-l5) is restricted to those (Z) = (Ri,12, •••,
                                                             t2t-i) which corresponds to the partition [f] :[ftf2,•••,ft] with N: Zlft,
                                                            iml
Ri=:ft-ft+i (i--lt-vl-1). This kind of (R) which is compatible with Ut
is denoted as (a)c Ui. Now we compare Eq. (2-3-15) with Eq. (2-3-4b).
From this comparison we obtain ,

       q,C,mn)N(A) (R3Ri)

               O unless (Z)C Ui
                                                            '            =: .F"(A) : qp5M. i)N(X) (R,) q)E`,")N(A) (R,) (2-3-16)
                    a                                    for (X)( Ui,
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 Adopting the labels b and c to be the maximum weight ones, we insert to
 this eqaation the special matrices R3, Ri given by

               ------- l -
        R,rci ii,,o, l ,,..I Err,n lll,

                 ptl ig
               Tii o T

        RsRi- lt o'"•..io "iz. (2-3n7)

                     ooe •                 <- n --)
Since we ean easily obtained the following relations from Eqs. (2-2-17),
 (2-1-8) and (2-1-l8)

        ipftvrk'"`X)(R,,l?,) =qft'lhN(k'(Et) =NH[AI'(k)],

        ipftnyk'"(i' (R,) =r- qft'P.nv(i' (Et) = .ZV'u[N(k)] '6.,H ,

        ifÅíenfi"(a) (R,) =:qEEtftN(i) (Et) =: NH [N (Z)] •6.,H ,

            Ei!!!:lxl unit matrix, (2-3-18)
we find the value of FN(a) as follows;

                         1              .FN(R) .. .                                                          (2-3-19)
                    N.[N(l)] '

    Thus we can state the transformation formula of the DG po}ynomials
as follows'
         '
        qEn,in2)N<a> (R,R2)

                  o if (Z)qU.,,
                                             '            = Iigi.[-Ni (z)-i ]!I]opE"e'ns)"(a)(Ri)qEb"s"s)"(a)(R2) otherwise,

                                                        (2-3-20a)

or

        q(nin2)N(X) (RiR2)

                 o if (l)qU.,,
            == 1                          q(ntn:>N(X> (Ri) if(nsne)N(X) (R2) otheerwise ,

               2V. [N (l)] •
                                                        (2-3-20b)
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where Ri and R2 are arbitrary comp}ex matrices of the type nixn3 and ns
xn2, respectively, and the order of the magnitudes of 7zi, n2, n3 is arbitrary.
The statement that g{"'"2)N(2)(RiR2) --O when (R) q U., can be directly shown

as follows. (Z) ct U., happens only when ns<Min{ni,n2}, and (R) contains
at least one-non-vanishing Zi with n3<i<mmMin{ni, n2}. For i>ns, we can show
that Ai:;;lll;S• of RiR2 defined in F..q. (2-i-8b) vanishes. This is clue' to the

well-known theorem which demands det CD=-TO if C and D are matrices of
the type pxq and qxP, respectively, with q sma}ler than 1}(q<P).
    Finally we shou!d note the genera! transformation 'formulti of Eq. (2-3-
20a,b) ean be derived from the g.pecial transformation formula

                          1        qgeb'i'"(2'(RiR2) r--1-2gl7----i•-E-N--(--xs-//- :IIIII q2",")"(Z)(R,)opE:")N(X)(R,) (2-3-2oc)

by using the reduction relation of Eq. (2-2-i7).

2-3-s. ep`vM>N`A)(G) cs a representation 'matri.x of GJ..f(n;C)

    Let us consider a special case ni=:n3 in Eq. (2-3-20). For an arbitrary

nxn matrix G and nxm argument matrices R, we have

        4)E?gi)"(X)('GR) == : umwwmml.wwww-q)Er.")N(2)(G)qpEr,M)"`2)(R). (2-3-21)

                       c Nu[N(7L)]

By taking the nxn tmit matrix E. for G, we can see

              qEr."'"(i' (E.)=NH [N (X)]6,,.. (2-3-22)
                                             nWhen the matrix G is parametrized as G==exp{i 2Il] g.ee,,B} ancl the trans-
                                           cr,e=:1
formation operator Eq. (2-1-28a) and its property Eq. (2-1-27a) are used,

we can write Eq. (2-3-21) as '
        TkgX:)N(A) (R) = ifX,m)N(a) (tGR)

                     ww- X DEr2N(X) (G) qS,n,m)N(a) (R), (2-3-23a)
                        c
where

              DE?a"(k>(G) as -N-.-[Nl (x)] op,(: .")"(i) (2-3-24)*

                                                     /tand from Eq. (2-3-22)

              DE2"(X' (En) =: 6c,a. (2-3-25)
In the same way, we can write the transformation formula for the right
transfermation TGR in Eqs. (2-1-28b) ancl (2-1-27b);

            t tt tt
 * llYr?teen G iS an fiXn unimodular matrix U, Eq• (2-3-24) is independent of N and we may

    '                    DEn, }N {i} (u) esDE?i (X) (U). (2-3 --26)
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        T.RopE?,m)tV<i)(R) =qSmpN(2)(RG)

                    == ]2i]DEIb'"(Z'(G)qE?,M)"(i)(R), (2-3-23b)
                       c
where G is an arbitrary mxm matrix. Equation (2-3-23a) means that the
set SET fffEEit {opS?bM)N(X) (R) } with arbitrary but fixed b constitutes a representation

basis of GL(n; C), whose representation matrix is D("'"`" (G) !Nfi {DE?IN(A) (G)},

and Eq. (2-3-23b) that the set SET II.ww- {opÅí?bM)"(2) (R)} with arbltrary but fixed

a constitutes a representation basis of GL(m;C), whose representation matrix
is given by D{m)JV(i)(G).

    The fact that q('M}iY{i'(G) is proportional to the representation matrix of

GL(n;C) was noted first by Louck5' for U. and laterextended to GL(n;C)
by• Brunet and Seligmani2' in (i quite different way from ours.

2-4-. The Clebsch-Gordan series

    Let us consider a product of two representation matrices of GL(n;C)
with the common argument matrlx R; DEit)",t(A')(R)DEZ)st,2(ae)(R). Combining

the interncal quantum numbers ai and a2 by the use of the SU. Clebsch-Gordan

(C-G) coeficients and using the completeness re}ation of nxn DG poiy-
nomials, we can expand as

         llE] < (?Li) ai (?,2) a2l (l) a ; p>.DErW,i(X') (R) DE?,N,2(a2) (.R)

        at,as

            =: XCe.b,, bDE"b)Nt""s(X) (.R), (2- 4")
              b
where p is an lndex to classify the multiplicity. The expansion coeficient
Cb,,b,,b is obtalned by setting R= E. in Eq. (2-4-1). From Eq. (2-3-25) we
obtain Cb.b,,a=<(Ri)bi(12)b21(R)a;p>.. As a result, we obtain the foilowing
CG series of the representation matrices of GL(n;C);

        21] < (Ri) ai (X2) a2KX) a ; p>.DEit)gr,'(Xt' (.R) DÅí",), st,a(aa) (R)

        akas
           =: =<(li) bi (a2) b21 (X) b;p>.DE?),"i"Ni(a) (R), (2-4-2)
              b
From the orthogonality relation of the C-G coeflicients, we have

        :E l X <(Ai) ai (Z2) a2l (R) a; p>.< (Ri) bi (,l2) b2] (k) b; p>.
        ai,a2 bhb2

           x DEit)gt,t(At) (R) DÅízlg,s(R2) (R) = DE?INt+rv2(A) (R) (2-4-3)

and

       DX)sc (Xt) (R) DEI?g,t(Xe) (R)

            =: : : X<(Zi)ai(Z2) a2KZ)a;P>.
              (a) a,b p
             Å~<(Zi) bi (l2) b2I (Z)b;P>.DscIN'"F"e`A) (R). (2-4-4)
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    The multipiicity quantum number p can be specified according to the
Biedenharn-Louck canonical coupling prescription and can be described in
terms of upper Gel'fancl patterns.i3)

2-5. The Complex Conjugate Representation of the SU,, Group

    In this subsection we consider only the IR of SU. by the nxn DG
polynomials ifgb(X)(R). The restriction of G to a unimodular unitary nxn
ma'trlx U in Eq. (2-3-23) with m =n gives us such representations. A basls
of complex conjugate representatioii (abbreviated to BCCR) q:b(X);C(R) of SU.

is defined by the following equations;

            TLvopgb(A';C(R) =: ]2II] DE'.'(U)"if,"b(A';C(R), (2-5-la)
                          c
            TSqib("';e(R) = :I ]DES)(U)*qst,(X);C(R), (2-5-lb)

where TLu and TE should be coBsidered as in Eqs. (2-1-28a) and (2-1-28b)

(with m=n) by parametrizing Uas

                           n                  U== exp{i X acaBects}}
                          a,Bua1

                            n                  Ua*e=ecfia, XUaa "O• (2-5-2)
                           ct.,t1

    According to Louck,5"i"' we can find a BCCR in the space of {opst,(ba)(R)},

by specifying the label of the IR as follows. First, for the quantum numbers
N(1)a=- [f.e] (cu =lt'vB, B :lr-vn), we define the conjugate quantum nttmbers

(X) and d as -N(l)a--ww[f.B] where f.p=:-feww.+i,e. If we use the nota-
tion 1creEiiifaB-fa+i,e, we can write ZcrB= RB-.,B. Although this transformation

of quantum numbers breaks the condition that the partition [f] is non-nega-
tive, it shouid be noted that the conclition is recovered by adding some positive

number commonly to ail partition nLimbers in the two Gel'fand patterns, which
is valid if we consider only unimodular transformations of DG polynomials.

For a BIR with these conjugate quantum numbers we can write for the left
transformation, for instance,

              T"uq.N-s(X'(R)= ]Il DE-2'(U)cast-6(X'(R). (2-5-3)

On the other hand, we can verify for the representation matrix of SUn that

        DEi.> (U) * .. (-) e(")(c)-e(X}(a)DE. .) (u) ,

               n-1 e        gb(X'(c) == X =f., for (Z)c=-[f.B] (B =ltvn-1) etc.,
               B==! cr==1
                                                          (2-5-4)

the proof of which is given in Appendix C based on the relation between
!natrix elements of the U. generators by the Gel'fand bases (Eq. (C-1)).
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By comparing Eq. (2-5-3) with Eq. (2-5-la) after the substitution of Eq.
 (2-5-4) ancl by the simllar procedure for the rlght transformation, we obtain
the result

            q:,(X);C(R) = (-)"(X'(a)+ip`X)(b)gX.6(i)(R), (2-5-5)

where the po!ynomials of R with degree N are adopted.
    Another method to find a BCCR in the space of {qi,(bi)(R)} is due to
the explicit Eil-conjugatioR transfonnation;i5)

                    ER..;.R --)• 6., (2-5-6)
where 6Rma (6.i) =:tR-ilRl is a nxn matrix composed of (at, i) cofactors 6.i

of R. Considering that U is a unimodular unitary matrix, we can easily
find, from Eq. (2-1-27),

              TL.6. =tU*•6., TS6.=6.•U*. (2-5-7)
                                 'Thus SIRgostb(X)(R) =q]:b(A)(5R) satisfies Eq. (2-5-l) and should be proportional

to qsib'(a);C(R) where N'= (n-1)Ar since 6.t is a homogeneous polynomial

with degree n-1. In the followiBg we always consider only tke DG poly-
nomiais with the lowest degree; namely,

                  n-1 n-1 n-1              N==XfeZ,, NEEiE:kAk==:kl..-,, (2-s-8)
                  k=1 ic=1 ts=t
as long as we treat the BIR of SU.. Then we can write

              q.N,(A); C (R) == ( - ) O (a' (a) +e (i) (b)ip.N. il) (.R)

                      =Copg,(a) (6.) •IRI -W, (2-5-9)
where

              . == me] {(n-1) N- fir} = "iEi (k- i) a, . (2-s-lo)

                  n k=1
The constant C is obtained by setting R== E. (the nxn unit matrix) and,
by using Eq. (2-3-22), we have

              c,.. Nll[N(Z)]-., (2-5-11)
                  N. [N (l) ]

where N and N are defined by Eq. (2-5-8).

                              '
2-6. Explicit expressions ef De polinomials

    In this subsection we show exp}icit expressioRs of the DG polynomials
with respect to SU2xSU2, SU3xSU2 and SUsxSU3 cases. For later applica-
tions we use shorthand notations of DG polynomiais and simple parametrizations

of quantum numbers in eaeh case so far as no confusion takes place. Reduc-
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tion of the DG polynomiais to lower ranks, the vector-coupling expressions
in two-fold ways and the exp}icit expressions of the BCCR (ire also shown.

2-6-1. SU,xSU,

    The parametrization we use in this paper is

        qE2,2)"(2) (R) iiiE q5Pff (R)

               =1::rmf 1*:-f')

               = v/' (A;r) Ar,.•.cP" (Z;r') TS{opfe'h' (R), (2-6-1)

where N :R+2pt and the ranges ofrand r' are from zero to 1. .7P"(Z;r)
is the Rormalizcation of the SU2 loweriBg operator and is

                           '              f(Z;r) =' [(Rz?.i)mm! ]'i"• (2m6-2)

The polynomial of the highest weights with respect to two kinds of U2 gene-
rator algebras is

        ipSilf (R) == Nu (l") .RMIRI", (2-6-3)
        IRIiiii ft::RRx,;i, Ar.(zpt)is[(z+i++ii)tu!]ii2 (2-6-4)

The result of lowering operation in Eq. (2-6-1) is

  qspll (.R) == N (Zptrr') .=.\in,]2i:l)r.;.-,, '('i'nv-"'i - .t + .) ! (; in a) ! (r' - a) ! a!

           Ri\r-r'+aRr,-, aRl',-- a.R:,IRIA, (2-6-5)
                       ttwhere

         N(zpmt) = [(R+i) Zrtil!S.-sl, Z(,Z-r')!]ii2. (2-6-6)

    When the argument matrix R is a unimodular unitary matrix, we can
parametrize it as

                       e-i(pa12) cos-{Z ermi(Åë12) - e-i(g12)sin -!2-ei(e12)

       R"= (Iilli RRf,i) = ei(,/2> sin at e-i(ei2) ei(opi2)cos2t et(ei2) (2-6-7)

                               22
    ".t
and the relation of the DG polynomial to the rotation matrix o'f the angular

momentum algebra is •
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        .. nvmm lmmrrq5;).pt (R) = e-`((i12)"-"')gdY:m,, v,-,. (e) e-i((Zl2)-")e

        N. (X pt)

                     =: D:i;-r,x12-r• (9, e, Åë) •

  2-6-2. SU,xSU,
    The parametrization in this case is

       qE3b2'"(Z"' (R) bli qE2:)], r• (R) =' 9Skq"r)r' (R)

           .., M"+ptpt th Ppt pt -qO Ztpt+ g- .ff X)

                Z+ pt -p-r /
            == up' (apt ; pqr) Ar,.Az,o,p. • f(A ; r') TEIopftaft) (R) ,

where qft'ft)(R) is qfta}"(R) given in Eq. (2-6-3) and

       Osx =' Axx (Axx- Ayy + 1) + AyxAxy

          "" (A.xx ww Ayy + 1) Agx + AgvAym •

                                  'The ranges of internal quantum numbers are p--OtvR,
and r'=OrvZ, and N==R+2pt is the total degree of the DG
normalization of the SU3 lowering operators is

  f(Z pt ; pqr)

   nv -P)!(pt-g)!(Z-p+q+1)!(Z+pt-p+1)!

(2-6-8)

(2-6-9)

q == OAvpt, 'r =

     polynomial.

2Ll

(2-6-10)

OtvR-p+q
      The

     [(Z p! q! (z +q+ i)!z! pt! (z+ pt+ 1)! (.Z! ixk+pq+inqgl!]ii2,

                                                       (2-6-ll)

wl?ich satisfies f(2w;oor) =f'(R;r). s, A, y are due to the so-called
Elliott's notation and are the eigen-valttes of the operators 9o, A2 and 2Ao,

respectively, where Qo= 2A,,-A..-A,,, Ae == (A..-Ay,)/2, A+ rc Axy and A-
=:A,.. Their relation with qttantum numbers p, q. and r, however, is a little
different from the usual one; namely,

                     a = 3(p+g) -Z-2pt ,

                    A=--l-(R-p+q),
                        2

                   -lv me A-r. (2-6-12)
                   2

The calculated result of lowering operation is

       ifSV,)H (R) = N(in ;pqr),....M.'tF,r,'g.'.-,, (-)q"kr! (,Z.:kP) (Z)

                 x RS;p-r+kRr,-, k'Re, (6,,)S(6,,) q,"k(S,,) ,"mq (2-6-13)
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     p!q!(X-p)!(pt-q)!(ZÅÄpt-p+1)!(Z+q+1)! r!(a-p+q)!
                                       (2-6-16)
The expression of Eq. (2-6-13) is essentially the same as that used by
Resnikoffi5) for the calculation of C-G coethcients and Racah coeMcients of
the SU3 aigebra.

2-6-3. SU,xSU,

   In this ease we write

     opE3,3g"(aA> (R) iffq,N,SX,",)[,s,] (R) Ei!: opSaa"r)X•g•r' (R)

                                          tux          k+pt+to pt+to to Z+pt+tu pt+to        == l+pt+tu-p pt+to-q Z+pt+to-P' /i+to-q' >

         l z+pt+to-p-r z+pt+tu-p'-r' /
        == f(X" ; pqr) A',.Ag,Oe..

          xJP"(zpt;p'q'r')TKTg6eglipiffftto(R), (2-6-17)

where N=Z+2pt+3tu and

         9si : T3s (Tii - T22 + 1) T2tT32

           =(Tii-T22+1)T3i+Ts2T2i. (2-6-18)
The relat!on of the notations e, S, t and p', q', r' is given in the similar

way as in the Åëase of s, A, y and P, q, r (Eq. (2-6-12)). The po!ynomial
of the highest weight qftift)di(R) is given by

     q$i,",),• (R) == N (Zpt ; Pqr) vd71(Z ; r') ,x.\ltlli`iXi,-,, ( la ) a-te r! (; : f) (Z)

            Å~ .., 1, .. ,. r'! (Z ha PEr+ k) (rz k) (2)

            x RST p-r + k' -' aRr,um, te"bRyi cR:2Rb,,R:2

            Å~ (6,,)Z(o",,) q,-k(6,,) St-a, (2-6-14)

where, for instance,

               Ryi Ry2
         (6i2) x !'ii:                                       (2-6-l5)              Rti Rz2
and the normalizatioii N(R!1;Pqr) is

                           Z!pt!(1+pt+1)! AX (Zpa ; pqr) iieE uff(lpt ; Pqr) Nff (?, ge)
                      (a-p)!'(pt-q)!(Z+pt-p+1)!

   ..[ (1+i)!(.2g-p+q+1)! .. nv-..g4-p+-g-:r-T.).1]ii2



                  (a-p-p"+a)!(p'-a)!(p-a)!b!(pt-a+b)!(a-b)!
           x RiyP-- P'+aRgg- aRsc aR2, (6,,) P-- a+blRI a-b . (2-6-22)

From this expression we can easily obtain the polynomials with the highest
weights in SU2 p4rts;

       if["eZ"2'A]; [es, 2s] (R) = qSa"o];,g,e (R)

         =: N. (Zpt tu)f(Z pt ; pqO) f(Zg ; p'a' O)
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            opftift' tu (R) = NH (Z no) Ri, (6,3) "IRI co , (2-6-19)

where 6,3 is a (z, 3) cofactor of the 3Å~3 determinant IRI; namely,

                             iRxi RÅë2 Rx3
       6,,:ii:ll RRX,i and IRI!iiilÅí,y; RR,y,2 RR,y,3I• . (2-6-2e)

                                                   '
The normalization NH(lptto) is

       ArHano) -[(, IZ- ,'.i ).(ili g)liiZ.'.pt.+,?), ., ]iiZ (2-6-2i)

and, especially, NH(R!tO) =:'L NH(R!t). The lowering operation in Eq. (2-6-17)

is straightforwarcl but very tedious. Although this was done by Holman,i6'
we show a methocl to perform the lowering operations with respect to P and
p' in Appendix D, since in Ref. 16) the process is not written explicitly.
The result is

       Og"xQ3Pi'RAxi (6,3) '"

         . = '('x iii iiI '" i(il li){\e,i lli)JLtti,t,"t!+ i) !" .wMM.1"#,,,'P ltmA} b.Mii•{e,a-"}

           Å~(im)a+b (l+pt-a+b+1)!

           Å~'(ff!ge"l(CJ"i{)S.IltP2-"pql'S'l)i'a=M\ltlli`iiit'j'-a}

                 Min{g,q'}           Å~ X] (-) a+b'F g+q' (l +g-a+b+ 1)!
            e==Max{O,q+g'-lt-t•a-b}

           Å~[(Z-p-p'+a)!(p'-a)!(p-a)!b!(a-b)!

           Å~c!(q-c)!(q'-c)!(ge-q-q'-a+b+c)!]-i

           x RiTp-p'+ aReg-aRy,- aRE., (6,,) e (6,,) g-e

           Å~ (6x2) q'mC (Sz3) Prmq-q'-- a+b+e IRI tu+a-b .

In order to perform the lowering operation of r and r', it is
expand the eofactors (6,,)C ln Eq. (2-6-23). Final
3Å~3 DG polynomiai is

s
bavMax{O,a-p}

                 to
explicit expression of the

 (2-6-23)

     .convement
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      Å~ (mm)q+g'+aÅÄb+d
                  (1-p-p'+a)!(p'-a)!(p-a)!b!(a-b)!

            (P'-a+d)!(P-a+d)!      Å~         (pt-q-a'-a+b+c)!d!(c-d)!

         r r' Min{r-nbr'-ni'}      Å~:: :        ni#O ni'tuO e=Max{e,r+r'+pÅÄp'-R-nt-•ns'-a-c+d}

          Min{nt,q-e} Min{nt',q'-c}      Å~ Z X (-),t,+n,•        n2 ==Max{e, a- ct +nt-p'} nz'=tMax{O, a-d+nt'-p}

      Å~[(a-p-p'+a+c-d-r-r'+ni+nt+e)!(r'-nf-e)!
      Å~(p'-a+d-ni+n2)!(r-ni-e)!e!(ni-n2)!(p-a+d-nf+nG)!

      Å~(n{-nE)!n2!(q-c-7z2)!ng!(a'-c-ng)!]-i

      xRhp-pt+a+c-d-r-r'+nt+nt'+eRl'ins'--e

      Å~ Rg5-a+d-ni+n2Rrv-1 nL-eRey2R;s-naRyl- a+d-ni'+n2'

      Å~ .RY2Y rmnt'R23+ cmd (6.3) n2 (6y3) g-c-n: (6,1) n2'

       Å~ (6,2) q'-C-n2' (6,3) p-g-q'-a+b+clRl bl+tt-b . (2-6-24)

2-6-4. Redarction of the DG polynomials to lower ranks and the vector-
      couPling eJcpressions in tzvo-foFd ways

   Equations (2-6-24), (2-6-l4) and (2-6-5) satisfy the following reduc-
tion formulas;

           qS3,32,Si,",'." (R) =r ipS3,2?,9."' (R), (2-6-25)

           q5g2,)55"' (R) =opX'?'(i)" (R), (2-6-26)

where the argument matrix R is of an appropriate type associated with that
of the respective DG polynomials. By setting pt :q=:O in Eq. (2-6-13) we
obtain the reduction from the SU3xSU2 DG polynomial to a SUsxSUi one,
which we write

       U(xe>.r(Ri)E!=v(Rxt:'i/.-...rh.a.tlgi/R!,\})r=qs3a(,Xo)(R). (2-6-27)

In shorthand notation we sometimes write Uao)(R) as Ua(R). Furthermore,
by setting p :O in Eq. (2-6-27) we obtain a SU2Å~Srz DG polynomial, which

             YL FUJIWARA and H. HORIUCHI

opSua'a'r' (R)

  == Nu (Z pt to) f(Z" ; pqr) f(Z pt ; p'q'r')

     a! pt! (l ÅÄ !i + l) !P! P'! q! q'! r! r'!
   Å~     (Z+pt-2b+1)!(R+,ct-P'-l-1)!

      Min{p,p'} a 'Min{q,q'} c   Xat=Maxliitll,p+p'-z}b#Ma:tl{o,a-it}e":Max{o,g\g'-xt+a-b} d]2-i-o

               (Z+pt-a+b+1)!(Z-p-p'+a+c-a)!
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we wrlte ,
                 - .Ri-'Rr, rm        vzi2,xi2-r (R) rm v(z im r) !';•i!' wi                            Uae)er (R). (2-6-28)

Here, we use the notation of an angular momentLnn state according to Barg-
mann;6) namely,

        Vjm(")=!:v(tt'`'iRiL"i''l';•••'i/ll-(tY••;t-:•1--bi-),•••• (2um6-2g)

   The vector coupling expression of the SU2xSU2 DG polynomiai is

        q5;e)(a)"(R) :[va+.-rty2(Ri)v(..rty2(R2)]y2,y2-. (2rm6m30a)

               =: [V(A",,-ry2 (Rr.) v(.+r)!2 (Rr,)]Ai2, u2-,•, (2-6-30b)

where the eoupling is the angular momentum one. In the case of SIJsXSU2,
we have

q'Sl'vSA,"r't (R) -- q)S3,22,9•"' (R)

        =: [Ux +p-r' (Ri) U'p+r• (R2)](x.) eA. (2-6-31a)
        =" [[va+A-p-r)i2 (Rl) V("-a+r)12 (R'y)] Ax(R-p+gy2V(p+a)12 (R;)] u2,al2-r'

                                                (2-6-31b)
where the coupling in Eq. (2-6-31a) is the SU3 coupling (Z+pt-r',O)Å~
(pt+r',O) -> (Xpt), while in Eq. (2-6-31b) the angular momentum one.* All
the eouplings in the SU3xSUs DG polynomial are the SUs couplings and

      qE2i',"],ta,"s't] (R) -= gS3,32,`,'ffete• (R)

          me [[UNi (Ri) UNt (R)](ifr) UN, (Rs)](x">e.t. (2rm6m32a)

          = [[U.. (Rr.) U., (Rr,)] (,.) U., (R:) ],, .) ,,, , (2-6-32b)

where

      Ni=X+pt+to-P'-r' =6+r-r',
      NS =pt+to-q'+r' =T+r' ,

      IV3 =tu -i- p' +q' == N-c-2r ,

       (6, r) == (l-P'+q', pt+to-q,)

" In order to obtain Eq. (2-6-"31b) from Eq. (2-2-15), we should use the reduction formula
 Eq. (5-2-3) from the U2 C-G coeMÅëients to the SUe ones; namely,

      <[a -}#-p, "-g]R+"-p-ri[PÅÄa]P+g-r:l [Z+pt, pt]RÅÄ"-r'>:
          =< [R -p+g, O] X-p+g-ri [p +g] P+g-re l [a -F a, a] 2+q-r'>2

          ..<i-g+q- z-g+q-.,2gg Pg9 -r, SS-r'>.
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           =(2S, S- (Ni+N2-a)), (2-6-33a)

      P. =Z+ pt + to -p-r == l+m-r ,

      Py == pt + to -q+r== m+r

      P, =tu+P+q==N-l-2m,
       (l, m) == (Z-p+q, pt+tu-q) .

            =(2A, -ll" (Px nv Py ww l))• (2-6-33b)

                          '
2-6-5. 77ie basis of complex conjugate rePresentation (BCCR) of the
      2Å~2 and 3Å~3 DG polynomials

   The quantum number of the complex conjugate representation of SU2 is
determined, as discussed in g2-5, from the fo}Iowing transformation;'

                                                     '      il-9) ff' O-z;l-) nd' irO) -' ,zi(xnv9.))'
                                               (2-6-34)

Thus (R)O;r== (R)O;R-r and

      opk,3)(a)O;c(.R) ..,(ww)'+"opS2-")Sl)-O,.(.R) =q5;3)(a)O(6.), (2-6-35)

where

      R:(Åíil Åíii), 5.-(nvÅíii inÅí:).
                                               (2-6-36)

   In the case of the 3Å~3 DG poiynomial, the tranfformation

lZ1- lct7,i,f;qO), ff-' llOwwpr-lqJiiJ?Xi.J)••' -"" li1-ff.pO)

       =I"tr(:'+),111Åí"(7i),.Z,iL(S)rm")O) . (2-6-37)

gives

      (Zpt)O; pqr =(rd)O;"-q, Z-p, Z-p+q-r, (2-6-38)
and

      qSX32,(,Xffe,//f(R)

          .. ( nv ) a+r+a'+r'op 23e)g(sa2 ep,x-p+g-,; p-qi, x- p.,xmp.+g.-r' (R)

          "([ii ill l] l,)ii2q'SXe'r);'a'r' (6R) IRI-" (2-6-3g)
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from Eqs. (2-5-9)rw(2-5-ll) and (2-6-4), where the SR-conjugation trans-
formation R-)-6R==tRnv'IRI leads 6R->R]Rl. Thus we find that q5X,"e);,,te(6")

•iRl-" is obtained by the exchange Re>6R in the functional form f(R, 6R, IRD
 =qSXa"el;,q,o(R) of Eq. (2-6-23) with to =O.'5'

63• Application to SU, eoeMeients

    By using the vector-coupling expression of the DG polynemia}s, we can
derive various C-G eoeficients, Racah coeMcients and their properties of the

SU,, algebra by considering appropriate DG polynomials. In this section we
show the application to the SU2 eoeMcients with respeet to the derivation of
their explieit expressions and to their Regge syrnmetry briefly, since the SU2

algebra has been studied very widely by many authors.

3-1. Expression of the C-G eoeflieient and its Regge symmelry

    In order to obtain the exp}icit expression of the C-G coefficient, we start

from Eq, (2-6-30a);

      ifg,?)<a)p (R)

        .,, tL,. (X+pt,wwr.rrz...t..../tr-r.1-., u",r:- g",r' -r, SS--- r)

          V(x+p-r')12, <x +"-r')!2 -- r, (Ri) V(p+r')12, (F+r,)/2-r, (R2) . (3-1-1)

By substituting Eqs. (2-6-5) and (2-6-29) to Eq. (3-1-1) and comparing
the coeflicient of the monomials of R.i (cr :x,y and i--1,2) with the same
degrees, we obtain

      (tL+ pt,-r' 3...+...-,..,.=...r.L ,•, -g +, 'rl. -4 +,r' -r, -i} -;lir - r)

        ==N(lptrr')V(R+pt-r'-2'b!ri!(pt+r'-r2)!r2! '

                                          '        Å~ >l; ( ww )'i-rwwa (., rmpt.+ .) (2 :' . nv .', +a) !(;- -'n")"i (r' - a5rTI MaT' '

                                                          (3-1-2)

where ri+r2 =r+pt and the index a runs over all integers such that none
of the factoria! arguments are negative. By the substitution

               . Z+pt-r' A+,ct-r' •
              jl=' 2 ,Ml!:!!i 2 -rl,

                              pt + r'               . g+r'
              j2!!:!                       , M2M! -r2,                    22
               .z x•              J3ifi, M3ffi-r, (3-1-3)
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 we obtain the Racah's expression of the C-G coefficient.i7)

     In the sarne way, the equality of the vector-coupllng expressions in two-
fold ways Eqs. (2-6-30a) and (2-6-30b) gives us the following relation of

 two C-G coeMcients'
                  '
      (1...th..4.i.i.::...z:.7g.+. /t: "C-7•, -/!--t-,---i:f-- --g---Å},-'!--r2 l-C -i}'-r)

        .= ( Z ag-=.i. r. L.3-Å}. mmg. rww.mzr. rm .{ Lpt S- 'i nvpt ," " - r, I. -S- -;} - i•' ) , (3-i-4)

                                              'where ia=:ri -F r2-r= ri'+re-r'. By the trcansformation Eq. (3-l-3) of nota-
tioR, we obtain the Regge symmetry'8) of the CG coeflicient;

          nvji+j2ÅÄj3 j'i-j'2+jS j'i"j'invj'3

            ,           jl-77Zl j2-f?Z2 j3-"13
           ji+ 77Zi J2+ "22 13ÅÄ77Z3

                             - ---                      .                     js+M3 j3-M3 jl+72rmj3
                  == j2+M2 j'2wwM2 J'iinJ'2+j'3 , (3-1-5a)

                     Yl+Ml k-Ml -11+j2+J3

where

         Hji+J'2+j's'1'i-7'2+J'3 J'i+j'2-j'3 . , .
      . 7'i--mi j2-m2 j'3-ms =("jzi, a2, ?Jn3,)

            jl+7?ll j2+"Z2 js+"t3
                         1          == (-)di emderMSv2j., +ffii=<j',m,j,m,lj', -- m,> . (3-1-sb)

    The procedure to obtain Eq. (3-a-4) is also applicabie to the U,, case
by using the two kinds of the vector-coupling expressions F.qs. (2-2-4) and
(2-2-15); namely, we can prove

        < [ql ' ' 'q'n -i] ri ' ' ' 1"n-i [Nn] Nn -i II [fi ' ' " fn] qi ' ' ' qn-i>n

            = < [qi ' ' ' gn-i] ri ' ' 'rn -.i [Pn] Pn-i ll [fi ' ' 'fn] qf ' ' 'q; --i>n ,

              rt n-1 n-1        N. == Åí fi- X q;, N.-i = : (qi-ri),
             iww1 irttl i==1.
              n n-1 n-1        P. =: IXI fi-Xqi, P.-i ==X(gg-ri), (3-1-6)
             i=1 i==1 i=1
as the Regge symmetry of the multiplieity-free U. reduced CG coefllcient.'e}

(A proof of Eq. (3-1-6) is given iii Appendix E.) The fact that the essence
of the Regge symmetry of the multiplicity-free U. C-G coeflicients is the
transposition property Eq. (2-1-26) (of the nxn DG polynomial) was already
noted by Bincer,'g) Jucys20> and Holman.'e) We consider that the use of the
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two-fold vector-coupling expressions of the DG polynomia} is one of the simpie

way to realize the relation between the Regge symmetry and the transposition

symmetry.

3-2. Expression of the Raeah eoeffieients and its Regge symmetry

    In the case of the Racah coefficient, we start from the transformatien
formula of the DG polynomia!s Eq. (2-3-20) with ni = n3 =3 and n2==2;

                        1        opS3q2r',(;"'(AR) = N.(ke) ,.X,.,.qS3i?,`.afa'ter•(A)qS928ÅíX•fl(R),                                                          (3-2-1)

where we take

By
the

          100 10
    A!!!! O O 1, AR= O O
          OIO OI
using the vector-coupling expression
Racah coefficient, we obtain

9S3q22, $R"' (A.R)

    =" [[V(A+p-p-ry2 (Rl

    -:
       A.

          pt-q+r Z+pt-P-r

 o
 1
 o

Eq.

R2
R;
R:

(2-6-31b)

Rl
R:
RT,

ancl

. (3-2-2)

the definition of

                        ) V(p-qÅÄr)i2 (R;) ] (x-p+ay2v(p+g)l2 (Rrv) ] v2, 2m-s

             (m) (2+rwq+r)12+A' [ (Z - lb + q+ l) (2At + 1) ] il2

                                 Z-p+q

                222          Å~               p+q -3- A,
                22
          Å~ [ [v(x+.un ,rm ,y2 (R'.) v(p+ q)!2 (R'y) ] A•v(.-g+ry2 (R:) ] z12, x12-s

        = X (-)A'q"q'[(Z-p+q+1) (Z-p'-t-q'+1)]i/2
          pta'r'

           pt tu nvq-+mm..7mm'. -4.nv+. #-p-r Z-p+q

              222                                        'qSE2,)tsefl (R), (3-2-3)
             p+q l Z-p'+q'
              222
where the sum over P', q', r' is restricted as 2b'+q'=,a-q+r anG p'+r'
=P+r. Comparing Eqs. (3-2-l) and (3-2-3) we find that the Racah co-
efiicient is given by the 3Å~3 DG po}ynomial with the specific argument
matrix -A;

                                  P'+q' Z+pt-P'-r' X-P+q   pt-q+r Z+g-p-r Z-P+q
      2 2 2                                     222
                                  grmq'-r' l k-P'+q',     P+q Z Zm p'+qi

      222 222
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    =(-)q'g'[(Z-p+q+1) (Z-p'+q' -- 1)]nvif2 N. (Xpt) qS3,3,',`,i",'•O,t(-A),

                                                          (3-2-4)

where p'+q' = pt-a+r, p'+r' :p+r and qS3,2,',(,i",'•e,•(-A) =(-)XopS3,2,',`,'ff,'•O,•(A).

In the notation of the angular momentum, we have

  Ljl; 312 J,fi,:l = (ma)J'2"'sn'2sww"(i2i23)-i--ig--(1-JIpt) qS//Y',`,i•",'•e,•(-A), (3-2-5)

where aA '== V'i-a' i'i and the correspondenee of the cluantum numbers ls

        j•, -..g.-...s...i..-.z:, ,•,..2L.-+.ww4.-.s..z,rmh.J.zr., j•,..pgq ,

        J,,==AwwS+q, J,,=-2•E-:--2-2C-r-tr9-1, Jma-pmS, (3-2-6,)

O1'

        7,=2J, y =j,+j',+j,-J

        p=J- Ji2ÅÄ js, q == -J+ Ji2+ 7'3, r == ji- J'2 -F Ji2 ,

        P'==J-J23+7'i, q'==-J-FJ2s+ji, r' =j3-7'2-YJ23. (3-2-6b)
                                                          .
By using the expression from Eq. (2-6-24)

         1      'lxlr. (?, pt) qSX32,(Sff8•g• ( - A)

        .. f(zpt ; pqr) vf"(zy ; p'q'r') •-3(•••••j •tt 2Zww","";))! !("A! i'•//' t•:-!nt/C/l ll'Zii!,

          Å~ (-)q+g, : (-)at"A-"(,1 -- itt -a+l)!
                    a
          Å~[(l-p-p'+a)!(P'-a)!(p-a)!
                                                   '
          xa!(g-q'-a)!(pt-q-a)!(qÅÄq'-pt+a)!]-i, (3-2-7)

we obtain from Eq. (3-2-4) or (3-2-5) the well-known formula of the
Racah coefficient.'7>*

    The Regge symmetry of the Racah coefficients2') is a direct result of the

complex conjugate property of the SU3 representation matrix Eq. (2-5-4).
Since -/1 is a unimodular unitary matrix, we can write Eq. (2-5-4), from
Eq. (2-6-38), as

      DS3a3r',(pX."a'tr• ( ww A) " = (-)9"r"q'"r'D$.3S,2fa.."?,,,.(-A)

         :(-)g+r+q'+"D139)glAxa-/p,x-pÅÄqm.,;pmqt,ampt,k-p.+a,-r.(-A), (3m2-8)

 * Moshinsl<y anc Chac6n'} obtained the expression of the Racah coeMcient by direct integra-
  tion in the matrix element of a Weyl operator with respect to the GeVfand bases.
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where

                     1       Dfta2,(Sf8•rt (U) !E!!i N. (zpt)uz9ft3erlip"'1to'r' (U) ,

          U= unimodular 3Å~3 matrix. (3-2-9)
Recal!ing Eq. (3-2-8) is a real number and uslng Eqs. (3-2-5), (3-P.J-6a)
and (3-2-6b), we obtain

                  -j'i-Yj2+j'3ÅÄJ J',-j',+j,+J                               mnv.pm mm J,2       {;.; I;l2 Jss - I'l'II'Il')121'//"')I,IIunI'11/L'l ,•,.j,Zj,ff,, .,, • (3-2-io)

                        22
3-3. The 9-j symbol expressed by a 4Å~4• DG polynomial

   The discussion in the precediBg subsection can be talso app}ied to the 9v'

symbol. In this case we must introduce the 4Å~2 DG polynomiai and its
vector-coupling expression;

   opY-3ECre (R)

        Il -{- !x !-t o o x        i x+ ,ct -u ,ct -v o A+ ,et ,etX

       = Z+z#;gUJuP-pff-rVmxq l+pt-S ,/

        : [[ [v(x+"-u-p-r)f2 (Ri) W(p-v-q+r)/2 (RE) ] (a-u+v-pÅÄgy2

         X V(p+qy2 (Rg) ](a -u+vy2w(u+vv2 (RE)] y2, 2i2-s . (3-3-1)

The transformation of the argument matrix

                 RI RE OOO1 Rl
                 RS RE O1OO R5       (14)R!'!(14) Rg = Rg =o o l o Rg !!i2R (3-3-2)

                 R: Rl 1OOO RI
makes us to treat the recoup}ing coeflicient

   < [ [ (j',j'2) J,,, y',] J,,,, j',] JI [[ (J',j',) J,,, j'3] J4,,, 7',] .>

the

C-G
with

                 A ts AA    ,.,, ( - ) J,ss+ftmJi2s-"h J'12u]']2sJ42tJ423

equation of which can be proved
coethcieBts. Thus the 9v' symbol

 the argument matrix 9;

by using the symmetry properties
 is

'

i23;
J

i3ilil'

2rBxrl2ei:::8zklgl   x'n   pg  r

gu

(3-3-3)

   of the
polynomial
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     j', J,2 7'i
     J42 J'3 J423 =(-)Jtta+f`-J,2s-di(JA,2JA,23J"42J",23)-i

                           '     j4 J,,, J

        X N. (lx pt) qE`-`p'E5f`Åí"9'p'q'r• (2), (3rm3m4)

where the correspondence of the quantum nuiTibers is

        2L =2J, pt="ji+j.o+j'3-Fj4-J,

        u == J- J,2,+ j'4, v == -J+ Jm3 H- 7', ,

        P :Ji23-Ji2+j3, q=7•-Ji23+Ji2+j'3, r=Ji2-j'i+J'.o,

        u' =: ,f - .T423 -Y ji, w' :=r - uT + J423 + j'i ,

        1)' = J423 ww J42+ j'3, q' x -J423 ÅÄJ42+ j'ti, r' == J42-J'4 -F j.o , (3-3-5)

  The Regge symmetry of the 9v' symbol, however, can never be obtained
from Eq. (3-3-4) by the comp}ex conjugate argument. The reason is as
follows. By perforrning the similar transformation as Eq. (2-6-37) for the
SU4-partition (RKtO), we find that its eomplex conjugate representation has
the partition (O"A). Nexrertheless, the 4Å~4 DG polynomial wit'h the partition

(O,ct,l) cannot be connected with a 9-Li symbol by li'."q. (3-3-4) except kiL the

case of 1 :O, wheB ,.X==O from F..q. (3-3-5) and the Regge symmetry of the
Racah coefllcients is obtained.

g4. Applieation to eoherent stales an(l lo invai'iant polyi}omials

4-I. Spin coherenl states

    Let di(k). be states classified by SU. state }abels (R)a. We define toSf(nb

by

              ÅëÅí(ob=- ]IElifEnbn)N(a) (R) Åë(a)., (4-1-1)
                     a
where R is nxn matrix of complex ntimbers. MÅí(a)b satisfy the following
completeness relation

              Scl,ct (R) [ÅëS;(2)b> <ÅëSS•a•)b•l =6N,N•6a),a•)6b,b•

                      X >il) ldia)a> <cb(x)al, (4ri1-2)

                                'and can be regardecl as SU. coherent states.
    In the case of SU2, the above prescription gives us SU2 coherent states

                      A              diÅí(a)r= IE] qS]r" (R) ip(a)r•, (4ml-3)
                     rtttO
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where N==1+2zt and op,(.2?,"(R) are defined by Eq. (2-6-1). In the usual
notation of angular monientum algebra Åëa>r :did. with R=2j', r :j-m (m =
-i -j'+1, .••,7'). The above coherent states ÅëSca}, are functions of four com-

plex parameter variab!es expressed by a 2Å~2 matrix R. We can reduce
the number of parameter variables from four to one as in the following way.
First we ehoose N=R ancl r=:O (the highest weight) in diS(a)r which we
denote as diSRiiR2t):

                             R              Åë[RitR2i)i::!di,R(,), : ]EI] q751)ee(R)th(A)r•

                            rt=O
                     = ,*., v (iflg'r.",R) l;.,,-Åë(A)r•

                    =Rk,*.,,tg({ii2!tII\lii/k"';'ITcb(2)r'• (4"m4)

By transformeing the lntegral variables from (Rn,R2i) to (u,2) defined by

              z=-R./R,,, u!!!:Vl+z•.c-*•R,,, (4-1-5)

we ean rewrite the coinpleteness relation of ipSRtiR2i) as

         ja         X ldijm><difml : : Idi<x)r><ipa)rl

        m=-d r:O
           : Sd,et (.Rii)d,ct (R,,) ]ÅëSRtiRst)><ÅësRttR,,)i

          == i, Sd2Riid2R2i exp { -RiiRi*i - R2iR2*!} (RnRi*i) X

            Å~ ,,;l.Il=, f`illf'EilllllS' fil, inIRz 2*nv'/.R• l*il, S, i Åë(k)r> <di(2)r' i

          = }, Sd2u d2z exp {-uu*} (1(IUx*x)*i)"xi.,

            Å~r,*•.,ov(Rli'i/rm-.rv)'T,r'i"'I/'v-'(xt""".)t)"!.,!ldi(x)r><di(i).•l

           = A i i Szi. g;X.>'i;"2' ,,*...,A/1(J5)-(X.")'>'2' (x*) "'

            lÅëa)r><Åë(a)r•l, (4-1-6)
where d2to!!!!!d(Reto)d(Imtu) for any complex variable to. In treating the
transformation of integral variables, use of the technique of the so-called
Grassmann algebra m6kes the calculation quite easy; for example

       d2x == d (Re x) Ad (Im x) = -gdzAdx* ,
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        d2R,,Ad2R,, = - -2-dR,,AdR,*,A (R,,dx + zdR,,) A (R,*,dx* + k-*dR,*,)

                  == -idR,,AdR,*,AR,,dxAR,*,dz*

                  == RnRi*d2RiiAd2z ,

        d2-RiiAd2x" 'metrÅÄ't'.m.gd2uAd2x. (4-1-7)

From Eq. (4-i-6), we 1<now that the states diJ(x) defined by

        dij(x)i'E"t?.,,v/'(2re.)'5x'cbj,j-r
                                                           (4-1-8)

satisfy the following compieteness r.elation

        SdMj (x) l ptj (z) > <Åëj (x) I = .ll.ll, IÅëfm> <ÅëimI,

        dMj(x)=---2-t-'-;--l"'m('ig'-.d-.r2:rvww)'2Tf+'i"''
                                                          (4-1-9)

cb,•(x) is just the spin coherent state introduced by Raclcriffe.22'

    If we express the SU2 states (Pj. by the Schwinger bosons ali and a;2 as

         tai-i-,g.ik)ii,l'i.S•ge,ii.;lf),'.-g.i-Eo>ww--(,a'?siin-.1}(,g,l\ri,>

            =: q}8f40 (a') 1 O> ,

         at NE(".tll:l2,), (4-1-lo)

we obtain from Eq. (4-1-4)

                 1        di[R'tR:') == :(T/ (.Ruali+R2ial2)210>. (4-1-ll)

We know thus that the h.o. coherent state di(R`iR:i) defined by

                                        co        cb(RitR2i)sexp{(Rllali+R2ial2)MO> : : diSftLiR2') (4-1-12)
                                       x=to

can be regarded as the general SU2 coherent state since di<RstR2t) satisfy the

compieteness relation

Sdict (R.) d,ct (R,,) IM(RttB2i)><di(RtiRsi)l

           '== X ZI [Åëjm><cbjml•
 j..e-112,1,it. M==Mj

(4-1-13)
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    Spin coherent state nainimizes the product of uncertainties of the angular

momentum eomponents. Namely, the left-hand-side quantity in the following
general inequality can be macle minimum if we choose YY' = (spin coherent
state) ;

              (d.T;) (A.r3) >1
                 <.T,>2 s=rmIl",

              AcJ:' va<ee" 1 (Ji - <Ji>) 2I IF> ,

              <,]',>n--<Yri,J,[leT'>, (4-1-14)
where (i,j, fe) is any permutatlon of (x, y, k"'). This property of spin coherent

state can be proved by parametrizing Rn and R2i as ln Eq. (2-6-7),

             R,1 =r expI-irmslcos -gexpI-iwwgl,

             R2i =:r exp li -Slsin gexp l-i-S l, (4-1-15)

and by noting the following propertles of the norma}ized spin coherent states
Åëa(RitR:')EEiEdia(IlitR2t}/11dia(Rt'R"t>11 ancl Åë{Rt`RSt)!!!!Åë(RiiR:t}/11Åë(RtiR2t)11;

        (AJz.) (,l .1'3) t (1 - n; )ww.(,,1 nv 'Z 2' )- for ur .,, a},(R,,B,,),

           <vTk>2 - -1-1 for gy'.,,,ti}(Rti"st>,
                       4 n2,

        n=- (cos ip sin e, sln q sin e, cos e) (4-1-16)

Eq. (4-l-16) shows that (AJi)2(AJf)2/<Jte>2 takes its minimum value 1/4 when

n is taken to be parallel to the fe-directlon. We should note here that the
magnitude r in Eq. (4-1-15) is irrelevant to this property of the spin coherent

      h. -Sstates Åëi(RitRst) and di<R"R:t).

    Eq. (4-1-11) can be generalize(l to SU. with n}ik3 by expressing the
SUn basis states dia). by boson operators at•i as

              gFa).=: q,E/Z".)"(Z) (at) l O> ,

              a' !!!!(//.ii,III:l':1), N-= I)l.ij,i ma,. (4-i-i7)

From Eqs. (4-1-1) and (4-1-17), we have

              ÅëR(x)H == NH[N (Z)] cafrn,nftN(a) (at.R) l o> ,

                  n-1              N= X] kZ,. (4-1-18)                  kor=l,

For nll3, however, we have no more simple re}ation as Eq. (4-1-12) between
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the h.o. coherent state ancl the SU. coherent states.

4-2. Coherent states of rotator

    Wave functions gbA., of an axial}y symmetric top are basis states of two
kincls of angular momentum operators L and K; L2ÅëA.. =K2ÅëA.t ==j(j'+l)qA.t,
LzOSm,==meAmt, K,ÅëS.t=m'eA.t. Wave functions of an asymmetric top is
obtained by linearly combining W$.. over 7n'. Coherent states for {P;ll., are

desirable to be constructed so that they behave like the spin coherent states
for both L and K, simultaneously but separately.
    For fixed .1', the following states

    cb x (i'lil,2S) E'Eii`., t/ll.l, op5f3 (X) qSP9 (Y) Åë:i:-r, y2-r'

         =`XiiYii)X,,l;.l..,'rv/k"ii'll=:.g'2"tL.'li'IIII",93'il,'x/tY('tl'tt`il'I';!,')'f/11ww7fÅëikr•ii2-r' (`-2-i)

have desirable propert{es for t/he coherent states ineludlng the completeness
relation

    Sdpt (x,,)dge (x,,) dpt (y,,) d" (y,,) Åë, (iliiii,1i)) (di, (Ilii`lll,1i) I

             f        == IEI] Igb;tnt'><Cbllnt'l• (4-2-2)
          M,mt..."j
                                             •1
Let e(L) be any operator composed of L. We have

    (dia (lllijii21) e (L) Åëx (,X.iiiX))

          i        = : T/ (YiiYi"i ÅÄ Yi2Y,*,) A<diSA'iiX2i)l (Y) (L) l Åësx,,x,,)>

                                 '
          1        =. nd<diSxXn,urX2t)[e (L) l diSxl!s,xXst>> ,
          ?L!

    Jc =- Vi'i7' ,,Y'fi -i- YIEY'ltt',

             2    ÅëS"iiX-"i)!Eii :q5BV(X)ÅëSf:m,,,/2",, (rg =arbitrary). (4-2ww3)
            rt=O

From Eq. (4-2-3) vgre see diA(i',`ii,i) have the same property as the spin
coherent states ÅëSXsiX2t) in minimizing the uncertainties of the components of

L. It is clear that the same conclusion holds also for Kr.

    In order to obtain coherent states for non-fixed j', we consider the follow-

mg states

              pt({X/',iliillii)=;Olii.,VnvA'!'Åëa(.X,'ii,",X`.,li), (4-2-4)
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which give us by Eq. (4-2-3)

        (di (.X;;ft.i) e (L) Åë(iiiti))

             co          == ]Zl <diSXXii,XXm)]O(L) ymSXXIt,xX2,)>
             ato
           . <Åë<XXti, XXti) l& (L) l Åë(XXn, XXei)> )

                  co oox        di<XitXm)=. ]I[l diEXi,X:D : =X e75fi"(X) gblll;mr,v2-r, . (4-2-5)
                 k==o X=er==O
F.iq. (4-2-5) shows that a)(yl',ai2) have the same property as the spin coherent

states di{XstX2i) in minimizlng the uncertainties of the components of L. The
same result clearly hoids also for K. Thus di(yX,t,tJi,t) can be considered to
rb

ee!at tl loendeSirecl coherent states of the top• In order to obtain the corapleteness

         Sdfi (ee' ,ij) de (f,Kiift.i)) (di ({Xi,iit,i)

                     '          = X : IÅë;vmt><sbjl,.•I, (4-2-6)
            jwe,1!2,." "t,m'ev-f

we, however, ean not choose as the measure dpt (yX,`,iyX,2,') simply dpt(Xii) dpt(X2i)

dpt(Yii)dpt(Yi2). The correct measure is derived in the following way. We
first notice

                   qSP9(R)6r,o for R= (6ii6'2)

        q5P9(R)= qsfle(R)6,.,, f., R.,,,(ft;:g), ,(4-2-7)

                                 '                                                         '                        '                            'which gives us ' '' ' •.                                                          t/t                      tt
    Åëa (Iiifi';fi,') = ,,lll.l.l., (,ti, q5P2 (Xl) qSi)P' (jP) ) ÅëY;--r, x/2--rt

    '        '= 'vrmltt'i/• .,ll'-l'li,#, ep5fl9(C) geM22-r, xi2-r' , '

    di (Iililj,illiii;) = ?coli..i, ,,lii.l..,q'5R9(C)4'Si;-r,Ai2-r' ,

                                                   '    R=.(l;: g), ?ff(inii2), c=.2g=-(l;:Y:: l;;;:#). (4-2-s)

Since detC :O, we Imow that the number of the independent parameters in
di(yX,t,syXi,t) is three (not four). We therefore adopt the following parametri-
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zatloll

        C==(yCY. 33,',,ll,), 3,f:i!iX,,Y,,, Jc:-!::-Yy,lli-, x::iiEx-iY':l., (4-2rmg)

by which we can write

        o (lliri,i,'if,ii) "" , .. ,g,l,,, ,,. ., tl.. -j•v/ o i'tV'>"lu' - in()?,'('}' !+ m') ! (j' - m' swi/-

                  xxj-"'n3r2j.ncjnvM'gbg,,.,•. (4-2-10)

Frorn Eq. (4-2-8) we easily see that ln order to have the completeness re-
lation of Eq. (4-2--6) we should have

        S`I ZZ (Ili,',illlf,2,i) op5P2 (C) *q'5:;')? (C) "= 6R,,2,6r.r,6r,, r, • (4-2umll)

Let t}s consider an integration measure

        dR (D) =- 6S Iil,e,tbD-I[ ->- (Tr D D' - i) dpt (D), (4-2-12)

which is invariant under the U2 transformation of the 2Å~2 matrix D. Due
to the presense of 6(ldetDD, thls integration measure reduces the general
2Å~2 matrix into the special one with the property detD==O. From the U2
invariance of the measure dfi(D) we clearly have

        SdR (D) op5flr'g(D) *q5tf'r? (D) == aa,6z,,a,6r. r,6r,, r, • (4-2-13)

From the explicit evaluation of

        Safi (D) qExl(D) *opsale (D) =: Sdfi (D) th(IDiili,2ii) X (4-2-14)

which is just unity, we obtain

                   a2 == 1 . (4-2-i5)
On the other hand, by the transformation of the integration variables

             (DD,iiDDIi)=(Y(ytu.+l)yY."...) (4-2-16)

we get

        SdR(D)f(D) -= Sdfi(xyz)f(i. yN.X.),
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        dfi (xyz) Ei,yy* {yy* (1 + xx*) (1 + xz*) - 1}

                          '
                  xeHyy'(i+xx')(i+zz')d2y d2x d2x. . (4-2-17)

                                                     'In deriving Eqs. (4-2-15) and (4-2-17), the technique of the Grassmann
algebra explained in Eq. (4-l-7) is useful. Now from Eqs. (4-2-17),
(4-2-13) and (4-2-15), we conclude

              dpt(Ilfi,ilifi',i) :dfi(xyx)• (4-2-is)

The rotator coherent state of Eq. (4-2-10) with the integration measure
dR(xNx) of Eq. (4-2-17) was first proposed by Janssen23' in a different way.

    The rotator wave functioi}s diS., are nothing but the 2Å~2 DG poly-
norr]ials, and if we adopt the usual Euler ang}e parametrizatioik for the argu-
ment 2Å~2 matrix, they are represented by the rotation matrix D$..(qeÅë).
In the boson representation of DG polynoinlals we have

              sb l.•=:epS29(a') 1O>,

              a' :(:li :l:)'
                                                          (4-2-19)

In this representation the rotator coherent states ate written as

        cb (llllillilll,21) : Xco.., ,,lli,llm, qsRg(c)ofpg(at) Eo>

            =: exp {Tr (` C•a')}IO>

            = : exp {Xii (Yiiak + Yi2al2) + X2i (Yiia;i + Yi2a;2) } ] O>

            = exp {y (ali+xar2+xaSi+xxa2;)}iO> , (4-2-20)
                                              '
which gives us the relation between the rotator coherent states and the h.o.
cohereRt states.

4-3. SU3 eoherent stales

    IR this subsection, we briefiy discuss the appiication to SU3 eoherent
states. Let us introduce boson creation and annihilation operators agi and a.i
(cu==x, ",, kcy;•i=za1oc•N) which satlsfy the conamutation relation [aat,atBd] =

                         ANS.p•6ij, and the U3 algebra A.B::-T:aEiaBi. By using a polynomial function
                             iwl
Pa"). of aLi or a.i, a boson state of a system C, which is classified by the

SUs label (1pt) and has its internal quantum number a, is written as

              diap)a(C) =Pup)a(aki or aai)Åëo, (4-3-1)

where Åëo is a SU3-scalar core characterized by the equation
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                      A                     /1 ctpÅëg == n6aBÅëo. (4-3-2)
Corresponding to a 3Å~3 unimodular unitary matrix expressed as

        U =" eXP {i : ec aBectB}, (Ua*B "= upa, >i]uaa" O), (4ri3-3)

                aP a
we can construct a unimodular-tmitary-transformation operator Tvstexp{iÅí

ZfaBAas}, which satisfies

             TuaEtTili =:Us.a'Bi, (4-3-4a)
                        a
             Ci"uaai C7'Vi == :UB*.aBi. (4-3-4b)
                        B
Here, we use the notations

                   a;i a.i U.a
             a;E a;i , ai=- ayt , Ua!im Uyct

                  a;t a,i U,a
and write Eq. (4-3-4) as follows;

                 AA                 TvatiTil'=U.•a;, (4-3-5a)
                 AA                 Tua.iTili=U.*'ai (4-3-5b)
Since TuÅë,=Åë, from Eq. (4-3-2), we obtain

        A A A--.        TuÅëaA)a(C) ='TuPa.>a(ati or a.t)Tu•TiliÅëo

            = P(2 p)a(Ua 'a:' or Ua* ' ai) Åëe

                                 A            ":Åë(Ap)b(C)<di(a,t)b(C)[TulÅë(2p)a(C)>. (4-3-6)
              b
     'The matrix element <cb{x,)b(C) [Tulca{x,).(C)> is a group theoretical coefficient

and does not depend on the specific structure of the system C Therefore,
for the evaluation of the matrix element, we can use the 3Å~2 DG polynomials

and the generator algebra Eq. (2-1-4a);

        <Åë(2p)b (C) l [7"ulÅë(ip)a(C) >

            = <qS?X'(i"' (R) l exp {i Zl u.,A.,} lopE3,2k(A") (R) >

                            ae
            = <opS?k)(2P) (R) l opEg2b(Ap) (tUR) >

                l            " N.(xpt) qag3,)<ap)o(tu)

                1            =--N---.-(7pt-)-qs?z)(ap)o(u). (4-3-7)
                                                       '
Thus we obtain
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        A        TuÅë(xp)a(C) =:"P(AA)a(Ua'a; or Ua*'ai) •Åëe

                 1            == lv.(xpt) ]!]9S?3a'(A"'O(U)op(i")b(C) (4-3-sa)

                 1            =" N.(yx)nv' ;i (-)V'`a"'(b)meCX")(a)ipS?3..)(pa)o(u)*

                                   '
              Å~di(x.)b(C), (4-3rm8b)
where the }ast equation comes from Eq. (2-5-4).
    An SU3 coherent state is def]ned as P(x,}.(R.•a;)ipo or P(ztua(Rcr*•at)ipo,

where R.fl is a general 3Å~3 matrix; namely, by replaeing aEi or a.i in Eq.
(4-3-1) with R.•ai or R.*•ai. It is the simplest to take a=:H(the highest
weight) in Pa,}. (R. • a;) Åëo and a = L (the lowest weight) in Pa,)a (Ra* • ai) Åëo.

In these cases, the analytical continuations from the unimodu}ar unitary
matrix U to a general matrix R in Eqs. (4-3-8a) and (4-3-8b), respectively,
give

        di 52 p> (C) : P(A p)H (Ra ' a;) die

                    1               = "jlir'.ww'(mmzum,mct)= >l qS?k'(AP)O(R)Åë,,.,,(c)

                    1               =:--N-H-('z-Zl'S" plE,:r [UA""(Rx) UA(Ry)]<ap)par

                 Å~diaA)pqr(C), (4-3-9a)
                                                    '                                     '
        ÅëN(Rx}) (C) == P{x.) L (R.* ' ai) (Pe

                    1                = N. (-y-7,-)- ] (-)9(X")(b)-e(aP)(L)gg?3./ (Aa)O(R)*Åë(,.),(c)

                    l               an nvN-.rm('k/X)"' .:,, (-)q"'[Up+2 (Rx) Ui (Ry)] ?pt)"--g,2-p,a."p+q-r

                 Å~pt(xA)pgr(C), (4-3-9b)
where the vector-coup}ing expression Eqs. (2-6-32a) and (2-6-33a) is used.
Eqs. (4-3-9a) and (4-3-9b) satisfy the fol}owing relations;

Sd,et (R) {O(Ra.) (C) } *Åëgzt.•) (C)

s

             1 :6ap),<a'p') Ai/.(xg)2 ]2F {Åë<xp)b(C)}*di(xp)b(C),

d/X <R) {diR(a}) (C) } *ÅëN"(x:.t) (C)

             1=6(ip),<a'A') N.(gl)2 ]!i {di(ap)b(C)}*di(xp)b(C),

(4-3-10a)

(4-3-10b)
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        <di (R`p)lmp (Ra;"f)> = 6a,),a•pt)-N-. IR pt-)- qft'?li/a")" (`R*R'), (4-3-11a)

        <diR(a;)]Åë'V`aR• 1'•')> == 6(a.),(ai.o N. (1ptnv'zs-- caft'X' ("a'O (tR' (R') *), (4-3-11b)

where the inner procluct in Eq. (4-,3-ll) is of the boson states. If we take
R ::: R' == U (the unimodular unitary matrix) in Eqs. (4-3-lla) and (4-3-ilb),
they become 6ap),a.it.).

4-4t. Invariant polynomials '

    Invariant polynoinials are used by many authors6)'2")'i5} foi` the calculation

of the C-G coeflicients. I"Iowever, the calculation of their normalization cor}-

stants is very tough in the case of SUs24)''5). From our approach, the invariant

polynomia}s are easily obtained by using the transformation formula Eq.
(2-3-20) and the complex conjugate representation by the Åígl-coRjugation
trans'formation.

      First let us consider the invariant polynomial of SU2. The transforma-
tion formula of the 2Å~2 DG polynomial

                         1        qg?12'(2""(tAB) ==-?lu,-;(--2--g--//-- \ q57?'(a'"(A)ip5?:(X'"(B)

                         '2s rewritten to by

                            1        qE71)(i)e(tAB)[A[p=: ig}:.(xpt) lli g5?2)(i)p(A)opS?ft)(X)e(B), (4-4-1)

using the relatlon

        qsp" (R) =:..Z. Yl...g...<.4..pt...)... gk2)e (R) IRIp. (4-4-2)
                 N.(RO)
 '                    'By performing the Sit-conjugation transformation (Eq. (2-5-6)) with respect
to B in Eq. (4-4-1), we obtain

                        1        ifgf)O (C) IA ["=: -N-.-(-xpt--)- :E.]q52)" (A) q5S'O (6B), (4-4-3)

where

        C= EII.tA.B== eA.6.

              Axi Bx2 Axi Bxi

          =- 2:ISii 2]•lkt -(gllSli) (4-4-4)

              Ay2 By2 Av2 Byi

from Eq. (2-6-36). From Eqs. (2-6-35) and (2-6-30a), we have
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        q51)O (6.) = q5:)O;c(B) =: (-)r+iopEX2g,,(B) •
               == (-)i"rvv2,Hy2+r (Bi) =: toa12,u2-r (Bi). (4-4-5)

Here, tod.(R) =- (-)d"Mvd,-.(R) is a basis of the complex conjugate represen-
tation of vd.(R).6' From the explicit expression of op,(2z2)`A'O(C), Eq. (4-4-3)

becomes

  'v'r("i'rm-1'r i;)iwr, cr,:Ct2"SCS2I A I" = "l2gx-."'i'lmg's'r :: q5i'" (A) tu a!2, if2-r (B i)• (4m4-6)

Substitution of Eq. (4-4-4) and the vector-coupling expression Eq. (2-6-30a)
of ifK)"(A) give the following invariant polynomia} of SU2;*

  l5X)"(A,, A,, Bi)

    Ebli tl., 'vft44/r"'ir [v(a +p-s)i2 (Ai) v(p+s>f2 (A2) ] kf2, u2-rtuzf2, ai2-r (BD

    =- (-)s[?!,`$x' lgl]ii2,, ,, ini,,,,, .A;S:; S S;: :l;: iMS 2:2;: "•

                                                          (4-4-7)

which are orthonormalized as

        <IEA)"(Ai, A2, Bi) VE5')"' (Ai, A2, Bi)> == 6i,x•6N,p'6s,s' •

Substitution of quantum numbers similar to Eq. (3-1-3) gives the expression
obtained by Bargmann.25),'8),6)

    The same method is available to obtain the SU3 invariant polynomial.
By eonsidering the 3Å~3 DG polynomial, the expression which corresponds
to Eq. (4-4-l) is

                          1     opS3•3g'•Sa,1'"(`AB) IAIto = [2v'.-anvno)- .X,, qS3g32,(S"g'•X (A) gS3g32, (L"`'O (B), (4-4-8)

where Lix!i(P" =Z, q" =r"==pt) denotes the lowest weight. By performing
the Sil-eonjugation transformation RB in Eq. (4-4-8) and by using Eq. (2-6-39)

and the vector-coupling expressioB Eq. (2-6-32a), we obtain

    JSat",)co (Ai, A2, As, Bi, B2)

        !!!i ili,l], 'tt"'tr'{''lll{"""'('=z=":=='=)'= [ [UifÅÄt (Ai) Ur (A2) ] {if t)UA (As) ] cxA) pgr

          Å~ (-) q+r [U-+i (Bi) Uz (B2) ] (AA)p-q,i-p, x-p+q-r

        = vllii l:liXi!z`O,,,)) I-fi/ltil l)) i] ii2qsx•",)g,L(c)iA ]wl Bl-p, (4-4-g)

* We can also ebtain the same SUe invariant po}ynomial by comparing the vector coupllng
  expression Eq. (2-6-"31b) and the explicit expression of the 3Å~2 DG polynomial ifo(,S;IS"") (R).
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where dim(Rpt) =:1/2• (Z+1) (pt{-l) (1+pt+2), (if,r) = (a-p'+q',pt+tu-q'),
A==to-t-p'-t-q' ancl C== SZZB`2dlB :`A6B. Using the exp!icit expression*

        opS2•",•'g,L(C) =nt (-)a'N (Zpt ;p'q'O) Cf,-"'C,",' (6a) :{ (6a) ,Krmq' (4-4-10)

obtained from Eq. (2-6-24) and the relation 6c :`6ABIBI easily proved, we
can obtain the fol}owing final expression of the orthonormallzed SU3 invariant
polynomial of the type (o-cr) x (AO) --> (2pt) ;'5'**

    '
    JX.X6}to (A,, A,, A,, B,, B,)

         " ( - ) "'N (?t !i ; p'q' o) u"-,g. ;ll lpti-% - IXg-l,;--ii irml• l i'2

          Å~ {A,• (S.) ,} i-P' {A,• (S.) ,} P' {B,• (S.) ,} q' {B,• (S.) ,} "-q'

          X{A,• (8.) ,} tu, (4-4-11)
where we have used the 3-dimensional vector expression OR= ((SR)i, (8R)2,
(SR)3) and the relations ('A6B)ij= Ai• (SB)d and (t6,tB)ij==Bj• (SA)"

          '
                            'g 5. Application to SUs eoe{fieienls and their relation to SU2 coeff}cients

5-1. Expression of the C-G coeffieient of (crT) Å~ (AO) -> (Xieb) aiid a re-
      lation of <(crT),pigi(AO)Lli (>LIb)pg> to a speeial 6-(NIe) coefficient

    A special SU, reduced C-G coeMcient <(gv)Piqi(AO)P211 (Ru)Pq> associatecl
with the multipiicity-free Kronecker procluct (av) Å~ (AO) -> (Zpt) was calcuiated

by many authors,2e)'27}'i5)'28)'29)'30) because of its importance for physica} applica-

tions. The algebraic expresg.ions of <(O'T)Piqi(AO)P,IKXLt)2bq> obtainecl by
these authors are ranging from two to six summations. In our formalism the
vector eoup}ing expression of the 3Å~3 DG po!ynomial gives ca very simple
method to obtain this type of C-G coeflficient. By dividing the full C-G eo-
ethcient into the reduced SUs C-G coetficient and the SUa C-G coeffieient, we

write the vector-coupling expression Eq. (2-6-32a) as

    '  gS"a3.',`.Xffa'tdio(R) :[[Ua+r(Ri)Ut(R2)]<ifr)U-A(R3)](xA)pgr

             '
    =: : <(ffr)piqi(AO)pelKlpt)pg>
      ptelp.-

      Å~ tL.. (-ar.?s.nvÅ}.qirv tT-Ps tiiLq..i. -r,A -2 P2 4--=2---P---2-r,iZ-g+q Z-g'q-r)

      Å~ [UifÅÄr (Ri) U'r(R2)](ct)p,q,r,U(rio) p,r, (R3), (5-1-1)

 *This expression is the most simply obtained from the expression of the 3Å~2 DG poly-
  nomia} Eq. (2-6-13) by the use of R-conjugation transformation of the 3Å~3 DG polynomia}
  (Eq. (2-6-39)).
"* There is a misprint in Eq. (3-23) of ReÅí l5) ; (ko+kt+k6+1) should be (ko+ks+fe6+1)!•
  Moreover, the right hand side of Eq. (3-27) of ReÅí 15) should be multiplled by {(ls+1)!'/

  (pts+1)!}'/2, in order to give the correct agreement with our result Eq (5-'1'"20).
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where from Eq. (2-6-33a)

        A=- di +p' +q' -- Z+2pt -- 3to - ff - 2r ,

         (s, r) =- (a-p'+q', g+ to-q'), (5-1-2a)
or

        to == -IL- (ff + 2r + A - x - 2pt) ,

            3

        p' == z+g+ tu -c-T == 2 (2K+ pt +A- 26-T) ,
                            3

        q' =,et -f- ct) -T == ]-(-X -l- ,ct +A+ff-r). (5-1-2b)
                      3

It should be noted that to and the SUs interna} quantum numbers P', q'
give the parametrization of the SU3 coupling (ffr)Å~(AO)->(1pt); namely,
if (5r), (ztO) ancl (7,,et) are given, the parameters bl, 1)' and q' are defined

by Eq. (5-1-2b). The relations of the internal quantum numbers Pi, qi, ri
and P2, r2 with P, q, r originated from the conservation of quanta (polynomiai

degrees) are, from Eq. (2-6-i2),

        Ei+e2--e -------> Pi+qi--P2=tu+P+q,

        -I!-v,+-ILy,=:ly - ri+r2==q'+qi-q+r. (5-1-2c)
         22                   2

The straightforward integration of qS3,3o),(.aes,)ttuo(R) by the product qS3,2,),(,",r)e(R)"

'U(Ao)p,o(R3)* gives an expression with five summations. However, we do
not show tkis expression here because some idea proposed by Chac6n, Ciftan
and Biedenharn30) works well also in our formalism, which gives the expression

with two summations.
    Flrst we calculate a speeial C-G coefllcient <(dr)Piqi(AO)"l (Rpt)Pq> (L
denotes the lowest weight P2 :A), which we also use in the later application at
the end of this subsection. This C-G coecacient is easlly obtained by perform-

ing the direct integration in the relation

    <U(rie) L (R3) I qS3,3e,(Sffe•toG (R) >

         = < (6T) Piqi (AO) L ll (Zpt) Pq> [U' ct+r (Ri) ll]'r (R2) ] (ifr)p,a,e , (5-1-3)

where the values pi, qi are determined as

              Pi""P-P', gi=q-q' (5-1-4)
from the conservation of the angular momentum (if-Pi+qi)/2 : (2-P+q)/2
and from Eqs. (5-1-2c) and (5-1-2a). The fina} result by the use of the
expllclt expression Eq. (2-6-23) of the 3x3 DG polynomial is

        < (6T) Piqi (AO) L ll (Xpt) pq>
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          ., NH (Z pt tu) f(Z pt ; pqO) Jff (Zu ; p' q' 9). .

                      N (ffr ; piqiO)

            Å~ .....rm ..... .... .nv.iy(.tl..1! ?s.!. .t2.{.l. g.?E. Å}..uaE.{.--.i-. .1).;. j?. .,f..q.l.g.X. . :.t.. g. ..i. tr. .. .1.)..!ww.. .... .. . ....

               (l-P)!(pt-q)!P,!q,!(Z+pt-p+1)!(Z-p'+q+1)!

                                                          (5-1-5)

    In order to calculate a general C-G coeflfleient <((rT)Piqi (AO)P2ii (R/t)Pq>,

we start from the relation

        <qS3,2q',`eC,"o' (-R) U(no)p,(r,). (R3) l opS3q3r',(,Xt"q'•too (R) >

           = <aT) Piqi (xdO) p2# (l!!) pq>

            Å~(.g...r.:..t...ii.Å}...9..i..q.-:r..t.ww2,.Å}..=9.i..A-2.-P-2-rrA.t-2.-?Tg,6"r.r:..-.//'.mh+.9..!.,.:.:...//'.i.Å}i....q..nm.)

                       •l
                                                           (5-1-6)

where (r2)L=A-P2 and 'rim-P'-l-Pi-P. The iclea ifi Ref. 30) is as follows;
by using the relation

                     - Rgip:Ry,e
        U(lio)pe(r2)L(R3) nt 'v' nv(A.IiE;i,i5=!"">1;'I,"l':'

                     -,v////'it'IJP.llil/'ii'11-I-llllllV"Agipeu(,,,.(R,) (s-i-7)

obtained by Eq. (2-6-27), the left hand side of Eq. (5-1-6) is convertecl as

    <BiAg,liP2B21B3> = :IE ].P,' (-)a (AZP2)<(A.:,B,) •B21A,",wwpa-"B,> , (s-1-s)

where Bi, B2 and B3 are appropriate polynomia}s. In Re'L 3e) the matrix
elements of A,Ay-pu2ww" and A;, with respect to Gel'fand states are calculated

by the techniques of the pattern calculas28) and by the use of the Gel'fand-
Zetlin results8) for the niatrix e}ement of the U. generators. In our formalisrR

this can be also easily calculated as follows. Without }oss of generality, it

is enough for us to ca!cuiate the matrix element

              <qS3tZ'•gef3 (R) IA g,lqS3i.', SA"' (R) >. (5-l-9)

Using the relations

        opS92e•9•f3 (R) == f(7, - p' + q' ; r') Ar,'.op;92e.Y,f) (R) ,

        Atvx=Axy ,

        [Axy, Ax"y] =:O,

        Ar.',opS3,2,',(,a"' (R) == fi>it it 2+p q+; qr.i.)r') qSg2g',(,af,'•;o (R) ,
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Eq. (5-l-9) is equal to

        f(Z-p'+q';r')f(l-p+q;r-r')
                  f(l -P -F q; r)

                  Å~<qS92e•Sl"o'(R)IA,",lqS928,9!,'•,o(R)>. (5-1-10)

Thus it is enough for us to calculate the matrix element Eq. (5-1-9) with
r' =O. This matrix e}ement is obtained by the following alternative methods,
both of which we show here for later convenience. One is due to the direct
integration by the use of the explicit expression Eq. (2-6-13) of the 3Å~2
DG polynomial, and the other is due to the generating function method by the
use of the explielt expression Eq. (2-6-24) of the 3x3 DG polynomial.

    The direct operation of A,a, oB the explieit expression Eq. (2-6-13) of
the 3Å~2 DG polynomial gives

    <ipS3.2,'•Sa,",' (R) I A,a, l qS3.'l(S"' (R) >

       : N (Z pt ; p'q' O) N (Zpt ; Pqr)

            Min{r,g} Min{a,"-g}        Å~ X ]E] (-)q+a'-k+b
          k=Max{e,p+r-A} bmMax{e,--r--k+a}

        Å~r!(i:f)(2)(g)(.-k(='i;"!(ig';-b)!

        Å~ <R TP'R2,' (6i2) g,' (6,2) s-g'I RSip-r+kRr,-, ic-a+b

        xR,P,+ a-'b (6,,)2(6,,) a,- k+b (6,,) f-q-b> . (5-1-11)

The matrix element in the right hand side of Eq. (5-1-11) is given by the
the formula

    <Rkp'Rf,' (S,,) a,' (6,,) ,"-q' lRS,R9,RS, (o",,) e (6,,) ij (6,,) r>

        ,., (-) B+Dp'! qt! (pt - q')!A! E! F! (A + EF+ F+ 1) (A +.EC: tr BE + 1),

                                                         (5-1-12a)

where the non-zero matrix element is given when the conditions

              l==A+B+C, g=:D+E+F,

              p' =B+CÅÄD, q'=E-B (5-l-l2b)
are satisfied. In order to prove this formuia, we shoLild directly integrate
over Ri and R2 ancl take the summation by the use of the following binomial
formulas;

       li] (-)c-'e (.e,) (b;e)
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                (rm)c("nv,b-i) for aill;b+1,

            == ' (5-1-13a)                   (b-Z+C) for a$b,

        ,.=,m. (a;P) (b;q) == (a+b;1-F r), (srmlm13b)

where a, b, r}]lrO. After s{ibstituting the expression of the matrix element
by using the formula Eq. (5-l--12a), the summations over le and b in Eq.
(5-1-li) can be contracted by the formu!as Eq. (5-1-l3a) and

        ,.=,#, (;)(bq)=: (" ". b)} (5-lrm13C)

Thus we obtain the following resuits;

    <opS3t2,'•SX,6" (R) l AS, I opS3i-,',Xa'`' (R) > == N, (kpt ; pt q'O) N (lpt ; pqr)

        Å~ a! (Z -p) ! (,et - q) ! P'!q'! (Z + q' + 1) ! (A + Lt - 1> -le 1) !
                                                        (5-1-14a)
                  (Z+1)!(q'-q)!(Z-PÅÄq' -{- 1)! '

where the non-zero matrix eleinent is given when

              P' == P + r, q' == q-r+ a, q' ww>.g (5-1-l4b)

are satisfied.

    Another very simple method to obtain Eq. (5-l-14) is due to the use
of the transformation formu!a B)q. (2-3-23a) and the explicit expression of
the 3Å~3 DG po}ynomial Eq. (2-6-24). Namely, by ta!<ing

                   eoo

        gEEE (g.B) rO O O, (5-1-15a)
                   OTO

                        100

        G=eig =:l+ ig=O 1 O, (5-1-15b)
                        O iT 1

        Ter= exp {i l.E], g.pA.p} =exp {iTA,,} == ,lcolli., 2F: (iv)"A,a,, (5-i-i5c)

we have

    <qS37,'t$i,"e' (R) l TBI qS3.21`S"' (R) >

        =:,looli..i, }:(ir)a<epS9aa'tSlg)(R)IA,",lqS3,22,SX")(R)>
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=: 12'v'r i'
1/xfo--qSX32,Sieet%(tG)

 :f(Zxt ; pqr) f(Z Lt ; p'q'O) (iT) q'mq+r

             Z! pt! (R -l- ,ee -l- It) !p'! q'! (Z + g' + 1) !
  Å~
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           (A-2t}')!(Le-g')!(Z+xt-lt}'+1)!(X-2)+q'+1)!(q'-q)!

                                                     (5-1-l6)

Here, stimmation over b iB the 3Å~3 DG polynomial can be contracted by
Eq. (5-1-13a). The term with a=q'--q+r in Eq. (5-1-16) only survives
ancl we obtain the same expression as in Eq. (5-1-14).

   From the two basic expressions Eqs. (5-l-5) and (5-1-14), we obtain
the following final expression;

  < (6r) piqi (AO) p2IKZ pt) pq>

    -- N (ffr ; PiqiO) N (Z pt ; pqr) f(l pt ; p'q'O)

     ..IAi",l,..ww,H;,S,.6,.:.,toD.[<..4.rmÅ}...8.'ww-FSi-,im-,P.+.S)i,(q-',i,Ilq.i-a,,qi)!P2!]i/2

     Å~..2i!qi!(6+gl+1)!(l-P)!(pt-q)!(Z+pt-p+l)!r!
             (if+1)!(Z-P+q-r)!
 Min{pi,p'+ps-p} Min{gt,g'+at-q,a-pi-Fgs,A-pe-u}XX x (-)... u=Max{O,p'+p2--a} vmMax{O,a'+at-"}

  (Z -p+ q- r+ rN) ! (l - pA' + cr - r"V) ! pN! ij! (O - Ph) ! (T - gin) !
Å~

      Å~
       (Z+u-pN+1)! (Z -p+cr+1)! (l-p'+q+ 1)!

               (k+cr+1)!      Å~ , (5-1-17a)       (ff-pM+qi+1)!(qi-q-)!(a                           -q)!

wkere

       p'Vxp'+p,-u, ij=q'+qi-v, rNm-ec,

       P---P'V-P'=:P,-u, q---ij-q' :qi-v,

       r=rP'+P2-P, Pi+qi+P2=tu+P+q (5-1-17b)
and to, p', q' are given by Eq. (5-1-2b)•

   Let us consider some special cases. The C-G coefllcient of the type (if, O)

Å~ (A,O)--,-(7,pt) wM be discussed in the next subsection, since it is given by

an SU2 C-G Åëoethcient and has a close relation to the Regge symmetry of the
mu}tip}icity-free Us redueed C-G coeficient. One of the cases when a simple
expression is obtained from Eq. (5-1-17) is ofp =Z, q=pt (the }owest weight).
In t}iis case the C-G coefficient is given by a sing}e factor;

    (r - F) ! 'r"!

(c+r- prm + 1) !

(A-pN+zi)! iint,!g-!(R-i)!(,ct-zi')!

  (l-p'V+ij+1)!
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  < (6r) piqi (AO) p2 II (Zu) L>

    .. 'ZVH(Zptto)m.N(aT;p,q,O)N(Zpt;p,q,O) (-H)PtÅÄgt'FP'+g'-h-A

      .ZV. (lpt)

                        (Z + pt - P' ma Pi) ! P2!

where
Inore,

                                               , (5-1-19)
                        (5 + 1) !(!t -{- 1) l

where Pi =?L-P', qi==iet-q'. The expression of Eq. (5-1-19) can be also
obtained from Eq. (5-1-5) by setting 1) :Z and q= pt.
   The expression of the C-G coe ffi cient < (5T) Pi at (A, O) P2 # (1pt) H> is very

difficult to obtain in tke form of a single factor from Eq. (5-1-17). So we
show here only the finai result obtained from the direct integration of

              <opS3,2g',Y,:)e (R) U(do) p,e (Rg) i qft'?}9X,e}to (R) >

and from the use o'f the formulas Eqs. (5-l-12) and (5-1-13a);

     < (aT) P,q, (AO) P, 11 (Zpt) H>

       == NH (Z pt to)f(Zu ; p'q' O) N (ffr ; piqiri) ( - ) "t"qs

         . [ (z + q' kqt +, i) lSSP, ' + Pi) !] 'i2 (, . ,) ,Z(!f-! (S,g ,pt( ,"t ),!-e !b-i-u)-!

         Å~ (q' + qi) ! ((f - 1)i) ! (z' - qi) ! (6 A-• r - pi -i- [l.) !

Å~ [ (pt + 1) ! (P' + 1'i- Z) ! (q' + q, - pt) ! (q' + q, + 1) ! (if nv p, + q,)lr] ii2

Å~ Pi! qi! q'! (5+qi+1)!(pt+to+1)!di! , (Jr-1rmls)
             (g+l)!

Pi -I- q!+1)2 ==1ÅÄ"-- to and te, P', q' are given by Eq. (5-1-2b). Further-

by setting P2--A (the lowest weight) we obtain

  < (6T) P,q, (AO) Lg (Zpt) L>

    ,. -A. iwwg (l pt to-)mm Ar (sT ; p,qP) N (Z !i ; p'q' O)

      Nu (Z pt)

        VZ-/I Pi! qi! g'! (Z + pt - p' + 1) ! (pt + tu -F 1) ! tu!
      Å~

                      (6-q'-Pi)! '
whei'e ri -ww q' + qi, Pi -t- qi +P2 -- to ancl tu, P', q' are gi ven by

Frorr} Eq. (5-l-20) we can see that our phase convension

             < (OT) H (AO) p, II (Zpt) H>kO ,

is certainly reproduced, which is the l=3 case of Eq. (2-2-6c).

by setting P2=A in Eq. (5-1-20) or p=q=O in Eq. (5-1-5)
= qi = O (the highest weight) , {r == R, r == ,ee -F a), cc) =A and

       <(6r)H(Ao)Lll (zpt)H> ,.. .H.ne N"(Zua) .
                             Nu (ifr) NH (AO)

   (5-1-20)

Eq. (5-1-2b).

   (5-1-21)

 Furthermore,
, we obtain Pi

   (5-1-22)



                  DOUBLE GEL'FAND POLYNOMIALS 251
This is a P'=q'=:O case in

        <(6r)H(AO) LU (l!x) pq> .,. Nll (X pt di) ,
                               AT,, (6T) N. (AO)

        (a, t) == (l-P'+q', pa -"- to-q'), P==P', q==q', (5-1-23)

which ls obtained by setting P, ==q,=:O in Eq. (5-1-5).
    The expression iR Eq. (5-1-23) is also obtaiRed from the general formula

       < [qi ' ' ' q.-i] H [A] L ll [fi ' ' ' fn] gi ' ' ' gn-i>n

          .. Nu [fi '''fn] , (5-1-24)
            NH [qi•••q.-i] Nff [A]

          n n-1where A : 2]f,- ]2 q,,. This is obtalned from the CG series
         /t =1 /l ==1

       X < [qt' ' ' qn-i] ai [A] a2l [fi • • •f.] a>.caEitfrk[qt"'4n-iO] (.R) q}Ezrl[Ae••'O] (R)

       ataz
          - Nff [qi•• •a.-i] Aru [A]

                Nrr[fi'''fn]

            Å~ <[qi'''qn-i]H[A] Ll [fi'''fn] qi'''qn-i, H>n

            xqE?,"?Y,gll"] (R), (5-1-25a)
                ll
by comparing it with the vector-coupling expression Eq. (2-2-4) of q7E?,"?SX,'.':'J"]
                                                           rr
(R). Here, we should note

           opEzrk[gt•••qn-tO] (R) = opEit:ft'-'i)[at"'qa-i] (R), (s-1-25b)

           gEZ. ftl[nO`"O] (R) xU[n]., (R.). (5-1-25 c)

In Ref. 3e), the fact iR Eq. (5-1-24) is essentially used, if Eq. (4) of ReÅí

30) is viewed from the so-called factorization lemma.
    Finally we show that a special 6-(Zpt) coeficient is directly given by

Eq. (5-1-5). We start from the SU3 C-G series Eq. (2-4-2);

       :[ <(RiPti)ai(R2,et2)a2Klxt)a;p>q7E3,3,),(Xt"i)tai(R)qE3,3,),(a2#2)we(R)

       atas
         - Ar.(R,pt,to,)Nu(l2u2to2)
                 N. (Z pt di)

           Å~ : <(Zi,eti) bi (l2iet2) b21 (R ict)b; p>q7E3,3)(i")o (R) , (s-1-26)
              b
where 7,,+2pt,+3toi+l2+2pt2+3to2 :Z+2pt+3to. Setting bi=:E(Pi, qi, ri) :(Pi,
qi, O), R2==A2, xt2==to2= O, b2ii:: (P2, q2, r2) = (Ab 0, O) =:L (the lowest weight)

and from Eqs. (2-6-32a) and (2-6-33a), we obtain

       X <(Zipti) ai (A20) a2KXg) a>
       ala:
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           [ [Ua-. r (Ri) Uv (R2) ] (at) UA, (R3) ] (2ipi)atU(dao)a2 (R3)

         - N. (Z,pt,to,) N. (A,O)

              Nu(Rpttu)

           Å~ Z] <(Xiieti) PiqiO (A20) A200I (Z?ct) 2t)qr>qpE3,3BEi")tu (R) , (5-1-27)

             pqr
where Ai!!i!coi+pi+qi, (cr,v) tw (4i-pi+qi, /eti+coi-qi) and cr+2r+Ai+A2= Ri
+ 2pti -F 3toi + A2 =: a --l- 2pt + 3to. By writing

   < (,IiPti) PiqiO (A20) A200 I (R ,ct) par>

     ww- < (Zi"i) Piqi (A20) Lll (1 !x) pq>

       Å~ (iinv P,i "Lgi .Z-i--..-.//i..'.nv..9..i. o o, 4...:..1,...Å}.....9.lm ..4...,m,l.Å}9.-r), (s-i-2s)

it can be seen that non-zero contributlon in the right hand side of Eq. (5-1-27)

cornes when if=7gi-Pi+qi=Z-P+q and r=O. Furthermore, from the eon-
servation of quanta of Rs in Eq. (5-1-27), Ai+A2= to+P+q, which complete}y
determines P and q. On the other hand, the left hand side of Eq. (5-1-27)
is rewritten, by using a 9-(1pt) coefficient (which is essentialiy a 6-(Rpt) co-

eflicient) and the relation

    [Ull, (R3) Un, (R3) ] (tm)a

     -wy6(t,m),(ti,+A,,o)(AiAXA2)ii2u(n,+d.o)a(R3),

to

    [ [ [Ua+r (Ri) Ut (R2) ] (if r) Un, (Rs) ] a,pa,) Ulia (Rs) ] (xp>a

     -=,;i.i,[i,gii ,[as,i, l)i,g,l)l

       Å~ [[Ua+. (Ri) Ur (R2) ] (dr> [UA, (R3) U"A, (R3) ] (em>] (a p>a

     ==[l:,il, ,,f,Z.lil,, [i:6,l)] (AJ;,A,)ti2

       Å~ [ [Uo+e (Ri) Ur (R2) ] <ar) UAt+ti2 (R3) ] (xp)a '

Thus, by comparing the coefllcients of opE3,3B,(io")al (R), we obtain

simple fermula;

          [[g81 [Zl81 [iiS,i)1

          L(ff'T) (Ai-t-A20) (A,et) A

(5-1-29)

  (5-1-30)

the following
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        .,,,(Zli.2J,A2)emii2rvN..neHww(XN.i4situtft)mm,Åí.lslsu(A20)

         Å~ < (Zi"i) Piqi (A20) L# (RLt) 2bq> ,

where tai, Pi, qi and tu, P, q are determined from the relations

    if -i- 2t + Ai = Zi + 2xti -l- 3toi, if -F 2T + Ai + A2 = Z -l- 2ia + 3cc)

    toi+Pi -l- qi =:Ai, to +p -l- q=: Ai+A2

          ff == Xi-Pi+ qi == Z-P+q ,

namely,

  toi==1 (if+2r+Ai-li-2pt,), 1

  pi =='-lli- (2Zi+pti+z{,-2G-r), 1

  qi == 1(-Ai+pti+AiÅÄcr-o, i

The final expression is obtained by sttbstituting Eq. (5-1-5);

  (aC) (AiO) (Zipti)[  (oo) (A,o) (A,e)
  ((rT) (Ai+A20) (A,ee)

  ,., [ A,M,! (pt, + 1) (l, -- pt, -- 2) (Z + pt + tu + 2) ! (u + to -+- l) !

l

(5-l-31)

(5-1-32)

to = - (6 + 2r + zii g- A2 - Z - 2")

p =-(2Z+pt+Ai+A2-2if-r),

q---(-X+pt+Ai+A2+a-r).

               (5-l-33)

] iEii U ( (6T) (A,O) (Z,et) (A,O) ; (Z,pt,) (A, + A,, O) )

(A, + xtt,) ! (Z -i- pt -l- to' + 2) ! (Z, + pt, + tu, + 2) ! (pt -l- to' -l- 2) !

to!a-p'+g'+l)!.p!q!(Z-p')!(Xi-pi)!(pt-q')!(pti-qi)!
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      (X+q'+o!(zi+g,+i)!(z+pt-p+i)! ]ii2 (s-i-34)

where toi, Pi, qi, tu, P, q are given by Eq. (5-l-33) and to', p', q' are

    dit .., -IL (z, + 2pt, + A, - Z - 2pt) = te - tui ,

       3
    p, .,? -lllm (21 -i- pt + A, - 21, - pti) = P - Pi ,

    q' =-IL (-R+ xx+A2+?Li- pti) =:q- qi . (5-!-35)
       3
By changing the parametrization, Eq. (5-1-34) gives the same expressioR as
that of Hecht, Eq. (A.1) of Ref. 31), w}iich he transcribed from the result by

Biedenharn, Louck, Chac6n and Ciftan.32'

  (pti+ tui + 1) ! to'! toi! 'ii! p'! Pi! q'! qi! (a - p) ! (pt - q) !

(z+q+1)!(k+pt-p'+1)!(a,+gt-pi+2)!
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5-2. The rela{ion of <(XiO)p, (X20)p211 (Xpa)pg> to an SU2 C-G coeMeient
      viewed from lhe general Regge symmetry of the multiplieity-
      free U. C-G eeeMcients

    The SU3 reduced C-G coethcient of the type <(ZiO)Pi(R20)P2Il(1pt)Pq>
(Ri+R2 :7L-l-2iet) is simply given by an SU2 C-G coethcieBt, namely,

    < (z + !i -t, o) p, (pt + t, o) p,# (zpt) pq>

        - (-tlma::.imp,mm+.g... Z m2,".Å}.-q... - t + p - p, -P-S-g- 2---+i-g- - p,i -S- -S- - t) ,

                                                           (or -2- 1)

vLrhere Pi+1)2=:P+q from si-FE2:=6. This relationship is a direct resuit of
the two-fold vector-coup}ing expressions Eqs. (2-6-31a) and (2-6-31b) of the
3Å~2 DG polynomial. In order to prove Eq. (5-2-1), we should only com-
pare the coeMcients of monomials of Ri and R2 in Eqs. (2-6-31a) and (2-6-31b)

and use the Regge symmetry Eq. (3-1-4) of the SU2 coeeecients.
    The relationship Eq. (5-2-l) is essential!y reduced to the Regge symmetry
relation of the multipllcity-free U3 reduced C-G coeficients Eq. (3-1-6) with

n==3. To see this, we note here the similar relationship to Eq. (5-2-1)
with respect to a general U. case. By setting qk-i =O in Eq, (3-1-6) and
using the formttlas

  <[qi'''qn-i O] ri'''rn"2 O[Pn] Pn-i# [fi'''fnwwP] ql '''q;-2 O>n

     :<[qi'''qn--i] ri'''rnm2[Pn] Pnmi11 [fi'''fn-i] ql '''q;-2>n-i , (5-2-2)

  <[ql•••q.-l]rl••-r.m2[P.]P.H1H[fl•••f.ml]q;•••qa-2>.nv1

    == < [qi- qn-i, ' ' ', qn-2 ha qnmi, O] ri m qn--ii ' ' ', rn-2 m qn-i[•l)n] Pn-ill

      [fi-qn-i, ''', fn-i mx qn-i] qf im q.-i, •••, qa-2-q.".i>.-i , (5-2-3)

we find

  <[qf •••qa-2 OO] ri-••r.m2 O[N.] Nn-ill [fi'''fn--i O] qi'''qn--i>n

    =" <[qi ww qn-i, ''', qn-2- qn-i, O] ri ww qnnvi} ''', rn-2 in qnmt[Pn] Pn-ill

      [fi-qn-i, ''', fn-i ww qn-i] ql -q.-i, ••', qam2-q.-i>.-i , (5-2-4)

where

                 n-1 n-2 n-1 n-2            Nn='=ft-]E gg, N.wwi= Z]qt-Xrt, (5-2-5)
                 i==1 i"1 i=1 i==1
                 n-! n-2            Pn == : (fi-qi), P.-i=: = (ql-ri). (5-2-6)
                 i=tl •                                     i=1
(The formulas Eqs. (5-2-2) and (5-2-3) are proved in Appendix E.) By
setting n==3 in Eq. (5-2-4) and rewriting the Us and U2 reduced C-G co-
ethcients to the SU3 and SU2 ones, we obtain Eq. (5-2-1).
    The explicit expression of <(R-l- ,et-t, O)2t}i (,et-l- t, O)P211 (R,et)2)q> can be ob-
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tained by performiRg the direct integration in

            <Ua+p- t, o)p,r, (Ri) U(p+t, e) p,e (R2) lqS3,2o),(i") (R) >, (5-2-7)

which is equivalent to the Racah's expressioni7) of the SU2 CG coeflicient in

Eq. (5-2-1). The expression obtained by setting T=O in Eq. (5-l-17) is
slightly different from the Wigner's expression33} of the SU2 C-G coefficient.

I"Iowever, both expressions (the one from Eq. (5-1-17) and the Wlgner's one)

become the Racah's expression by the use of the followlng formu}a;

    \ (-),(,i)( Mi NfuV2-t) ( M3 +MY, 4ww `)

      .,. (ww ). \ (ww),( ltt)(M iM+ iVww 2t- pt) (M sLzl} lww4 4t ww pt), (s-2-s)

                                                        '
where Mi, Alf2, M3, M,, ptli.IO, Min{M,+IVf,, .ZVI,+M,};.lllpt and the inclex t

runs over all integers such that none of the factorial arguments are negative.

(The formula Eq. (5-2-8) is obtained by considering the generating function
G( v, y) =- (.r - y) " (I + c) 'Vt '}' "i2 nv 't (1 + y) `'ia"M' -". See Appendix 3 of ReL 34) .)

5-3. The two-i'ow 9-(Xp) eoeMcient and ks relalion lo a 9ti eoef-
      ficlent

    In this subsection, we show that the so-called two-row 9-(Rpt) coeficient
is giveB by a 9-1' coeficient and furthermore that the stretched two-row 9- (Rpt)

coeMcieBt (which is equa} to a stretched 9-j' coefl}cient) is essentially given

by an SU2 CG coeflicient. . .
    The two-row condition in the SU3 coupling (Ziicti) Å~ (l2,a2) -->(Rpt) is stated

as

              Z,+2pt,+l,+2pt,==Z+2pt. (5-3-1)
In this case the SU3 C-G coefficient

      < (ligi) ei2ctivi (Z2g2) s2A2v2l (apt) sAv>

                                           '
        -= <(1ipti) siAi (Z2pt 2) e2A2Il (Xpt) eA> (Ai ll;'-A2 Ili'L ' il -ll-) (s-3-2)

with e, A==E", An (the highest weight) simply becomes an SU2 C-G coeficient
under an appropriate phase convention. In•fact, the relation Ei+s2 =s written

as 3(Pi+qi)-Xi-2pti+3(P2+g2)-R2-2pt2 =3(P+q)-R-2pt gives Pi=qi =P2
== q2=O when P=q==O and Eq. (5-3-1) is satisfied, which means that si, Ai
and E2, A2 should have also the highest weights and 1<(Zipti)H(a2pt2) Hil (R") H>l

 =l. Therefore, if we adopt the phase convention* '

 * This phase convention does not conflict with that used in the preceding sections. See Eq.
  (5-1-21).
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              <(l,pt,)H(R,pt,)H11 (Zu)H> = 1

             for Xi+2,eti+R2+2,ct2=Z+2,a, (5-3-3)
the two-row SUs C-G eoeflicient Eq., (5-3-2) with e, A==ell, AH and Ei, Ai

 =(si)H, (Ai)H and s2, A2== (e2)H, (A2)H is simply <(Ri/2) (ai/2)-r, (R,/2)
 (R2/2) -r2](X/2) (R/2) -r>. The same discussion is also possible when we
ta }ce si, Ai =: (Ei) if, (Ai) ll and s2, A2 = (s2) ib (A2) H•

    We start from the definition of 9-(Zg) coethcients expressed by the
3Å~2 DG polynomials (with the highest weight in the SU2 part) as

      : <(Xi2pti2) ai2(l34pt34) a34l (lpt) a>
    ata:aeas
     an asl
        Å~ < (Ziieti) ai (R2,ct2) a2l (Ai2ieti2) an> < (l3ict3) as (,l4pt4) a4 (Z34,cts4) as4>

        Å~ epa3,2,)o(1tP') (.R"s)) opE3,2,)o(XS'`2) (R(2e)) qE3,2,)o(X'"#) (R(37)) ipE3,2,)e(1"'} (R(4s))

      = Åí [Eli3:i31 ((li:Il EzRli:,iill

        (ke"ts)(i2'"2') t(xi3ptis) (A24/t2t) (liCt) ]

        Å~ X <(Zi3ptia) ai3(Z24pt24) Ci24I (Zpt)a)
          ata!ala4
          ass a!l
        Å~ < (Zilli) ai (Xspt3) a3 I (Zi3pti3) ais> < (Z2pt2) a2 (Z4pt4) a4 KX24pt24) a24>

        Å~ qE3,2,)o(ai"t) (R"s)) qE3,2,)e(Xz"') (R(2G)) gE3,2,)e(2'"#) (Rc37>) qE3,2,)o(i'"`) (R(4s)) ,

                                                        (5-3-4)

where R(ti) = (K, Ri) is a 3Å~2 matrix. Kere, we assume the following two-

row condition

             Z, + 2pt, + X, + 2pt, == l,, + 2pt,, ,

             X, + 2pt, + Z, + 2pt, =: k,, + 2pt,, ,

             ,Rln+2,etj2 -i- 13`+2,et3i =Z+2,et, (5-3-5)

from which we can easily find

             ai+2pti+Z3+2g3 =X13+2pti3 ,

             X2 + 2ict2 + At + 2,ee4 == a24 + 2pe24 ,

             Xi3+2,cti3+X24+2,ct24xZ+2,a, (s-3-6)
in the right hand side of Eq. (5-3-4). By taking ai-:: (P, q, r) = (e, O, r) in

Eq. (5-3-4), we find that oniy the terms with aif=-i:(Pthqid,rid) =(O,e,riD
and atN (Ph qi, ri) = (O, O, rD survive due to the two row condition Eqs.
(5-3-5) and (5-3-6). Thus all the SU3 C-G eoefficients in Eq. (5-3-4) re-
duce to the SU2 CG coeflicients. On the other hand, the 3x2 DG polynomials
are redueed, from Eqs. (2-6-26), (4-4-2) and (2-6-30a), to
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           ipEg2,(Cipts) (R(,j)) == q5??l(ai)"f (R(,j))

             ,.,, NH(Zipti) iR(,,)I#tg;i?l(at)e (R(,f))

                N. (l,O)

             = -"NIV'H. ((llg)`) IR(i,)]"`vz,i2 iu2-., (Ri), (s-3-7)

vLrhere Rcty> except in the 3x2 DG polynomial should be read as

              R<ij) == (Ri, Rf) ,.. (RRII' RRx,l) .

As a result, Eq. (5-3-4) gives a simpie formula of the angular momentum
recoupiing, from which we obtain

             I[ll:l] [li:il E,1:I:;ill

             L(ZisPt,,) (X24,et24) (X,a) j

                 == [ (ai2 + 1) (Z,, + 1) (ai, + 1) (Z,, + 1) ] i12

                       l, Z2 X,2
                       222
                       z, z,l z,,
                   Å~ -l}- -l}' -l}', (5-3-s)
                      Zi3 a24 a
                       2 2 2

when Eq. (5-3-5) or (5-3-6) is satisfied.S5'

    In order to obtain the •relation of a stretched two-row 9-(Riet) coethcient

to an SU2 C-G eoetheient, we can use the SU2 C-G series of the 2Å~2 DG
polynomials;

   .X,,, <fS' -iiL' - ri -S2 -i}2 ww r2 l -S- -S- - r) qsf?2("i'"i (R) qs;?l(xs)ps (R)

                       i
         - .ZV.(l,pt,)N.(Z,pt2)

               N.(Xpt)

          x >] (S' -SL'-t, -SL2 -S'2-t,,-S- -S-t)qs:2)(x)p(R). (s-3-g)

By using the vector-coupling expression of the 2Å~2 DG polynomial Eq.
(2-6-30a), the left hand side of Eq. (5-3-9) beeomes

  [[V(At+pt -tty2 (Ri) V(pt +tpi2 (R2) ] 2i12 [V(ae+At-tr)12 (RD V(pt+tz)/e (R2) ] 2t!2] y2s a/2-r

    == X [(Zi-F 1) (l,-- 1) (2J,+1) (2J,+l)]ii2
     JiJs



258 Y. FUJIWARA and H. HORIUCHI
      li-1-pti-ti pti+ti Zi

        2 22
      Z2+pt2-t2 pt2+t2 l2
    Å~ ----- -        22                2
       J, J, L
                2
    X [ [V(Ai -ypi-ti)12 (Rl) W(AE•l-nt-t2y2(Rl)] Jt [W(p,+t,)12 (R2) W(pe-i•t#)12 (R2)] Jt] Al2, a12-r

   : [ (Xi + 1) (Z2 -i- 1) (l, + u, - t, -l- l, + pt,- t, -F l•) (xt, -i- t, + !x, -l- t, + 1) ] i12

         li+pti- ti "i {- ti Zi
           222         Z2"pt2-t2 pt2+t2 l2    Å~- ---           22                         2
      i.i-Å}pt1-tiÅ}-lg.Å}..4!.:!e pt. i+ti+pt2-+t2 -tl-

           2 22
   Å~ [(Xi + pt 'ITei 2,1, 12 t+, ge2 nv t2) (Vi +/ttl ++ ptt,2 + t2) ]ii2 . wf?2)<a)p (R) , (s-3-lo)

where t==--a---=----Z--3-------Z-3-+ti+t2 and the relation

       2
     [vjt (R) vf2 (R) ]J = 6J, ft+j, ( 2j '2:.,27'2 ) i12vf,+f, (R) , (s-3-11)

is used. Thus we obtain

 [ (l, + 1) (Z, -i- l) (l, + pt, - t, + a, -l- /t,- t, + 1) (pt,+ t, + pt,+ t, + 1) ] i12

         li+pti-ti pti+ti Zi
           222         Z2 -l- pt2-t2 pt2 -t-- t2 Z2
   Å~ wwnvtm.tumt.tt.t tmatwwwwtnv -           22                         2
     .l,+pti.-t,Å}42Å}. pt2.:..e2. gei+ti+g2+t2 1

           2 22
  .,. .."....U..<.4iit....L)k.i.Sii..zlt)(..g.l.i.i.et..g.). [ (ki + iCt ixl liiita 12 ,-ii Pt2 - t2) (ieti +2i, --fi-- ,,Ct,2 + t,) ] -ii2

   Å~ (-il;• Si-t, -SL2 -ill2- t,f"lll- mS-t), (s-3-i2)

where t :(Z-Ri-R2)/2-Fti+t2 and ki+2,cti+R,+2,tt,==a+2,et.3e'•2`',S" Combin-

ing Eq. (5-3-12) with Eq. (5-3-8), we find the fo!lowing simple reiation;
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[(i,+[/isl"/3i))+g,) (z,kiii),.,,) [zi31ii'lii]

  = [ (Ri2 -i- 1) (,l,, + 1) (Z, + Z,+ 1) (,l, -l- l, + 1) ] i12

         Zi Z2 Zi2
         2 22
         Xs ?u la4    Å~- --         22                      2

       Z,+Z, Z,+l, Z
         2 22
    N. (A,,, u2ti Å} 2s nv li2) N. (z,,, L2tLs-Å}-LZs - Z34)

es9

                N.(x, Zi-i-a2+S3+l,-A)

           Å~ [( Zi 1,1, Z3 ) ( i2 1,1, Z, )]-]i2

           Å~ (tl;'22 &llww,2-2 tl;,f4 6.e--Ii-;t-tlL,,-S- 6,!.:: Z2Si3-Z4) (s-3-i3)

where Ri -F R2 -+- 2Ls + R4 + 2 (,cti + vet2 -i- ,a3 -t- Lt4) : Jl + 2!x shoulcl be satisfied.

5-4. A special 6-(Xpa) coeMeienl and ils relation lo a 6d coefficient

   In this subsection we show another simpie relation between a special
6-(R") eoefficient and a 6v' coethcient which cannot be reduced to the two

row case in general. From the transformation formula Eq. (2-3-20) of the
3Å~3 DG po}ynomiai, we can write

                    1    opSX32,(ai"'"(AR) == Ilg7':'ftww(wwl'ptma.Tis' ,;,...opS$39,(pafG'te•(A)gS3•X'tY•e}`O (R), (5-4-l)

where A is given by Eq. (3-2-2). The left haRd side of Eq. (5-4-1) is
rewritten, by Eq. (2-6-32b), as

 gS3,3,',(.A"'to(AR) = [[Up.(Rrx)Up,(R:)]<tm)Up,(Rry)](2")a

            =,,;.,,[li,l.g,i) [(j,i,8i ,Epiloi]

              Å~ [ [Up. (Rl) U'p, (Rry) ] a•mt) Up, (R;) ] (A.). ,

            =:9.tr[[/ii,II.09i) [(.Pptl'oOOi) i("illi'iOi)]q'S3]g"9'ff1di(R), (s-4-2)

t
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where 1'., .P,, .P,, (lm) are reiatecl with 2b, q, r by Eq. (2-6-33b),the sum
over P', q', r' should be restricted as P'+r' ==P+r, p'+q'=:ge-q+rand (l',

m') == (R-p'+q',pt+a)-q'). By comparing Eqs. (5-4-1) and (5-4-2) and
using the relation

         qS3i,1(S"e•C;• (A) -= ( - ) X'tuopSX32,`S"•2J • ( - A)

               =(-)i'teqS3,32,(,iffe.g.(-A), (5-4-3)

we obtain

    lii,I•.8i) i.P'i,gl ier•oi]=-j<ss()fi-;Jqswwffe•xt(-A), (s-4-4a)

where P. " P, == l+ 2m, P. + P, z l' +2m' and

     to " -l;- (Px + p,y + pz - a - 2pt) ,

     p=l+pt+to-l-m, p'=:Z+pt+to--l'-m',
     g=: ge+to -m, ,q' =:"+ tu -m' ,

     r== P, -- m, r' == P,-m'. (5-4-4b)
From Eqs. (5-4-4) and (3-2-4), we obtain the following relatlon;

  l$l8') E8Y8') [piil7oll

  L(ltmt) (p,o) (zlt)a
    .. murlY.1.ff.Sgttta,CtlL ( -) a+ot+m+m' [ (l + 1) (lt nvg- 1) ] ii2

     N.(Zptto)

       Py-tu Px-al l
         2 2, 2     Å~       P,-to Z l'
         2 22
    =: -ii-\---:--[Zh--:-)-.- s- (- ) O [ (l + 1) (l, + l) (p, - to + 1) (p. nv . + 1) ] ii2

       Px-to Pv-to l
        222
     Å~ ]Pz za to o Px rm to                      , (5-4-5)        22        l' P,-tu Z
        222



                   DOUBLE GEL'FAND POLYNOMIALS 261

where P.+P,==l+2m, P.+P, = l'+2m' and di = (P.+P,+P,-Z-2pt)/3.

g6. Applieation lo Talmi-Moshinsky-Smirnov ceeMcieRts of the n-
      body syslems

    Kaufman and Noack38) liave showi} that the Talmi-Moshinsky-Smirnov
 (abbreviated to TMS) coeffieiefit of the three body system is given by the
simple rotation matrix when the re}ative harmonlc oseMator (h.o.) wave furic-
tions associated with the two Jaeobi-coordinates are coupled into the IR of
the SUs group. In that case, the TMS transformation can be considered to
be a rotation in the quasi-spin space. In our terminology, the TMS transforma-

tion is nothing but the right transformation Eq. (2-3-23b) of the 3Å~2 DG
polynomiais. The transformation eoeffieients are composed of the represen-
tation matrix of GL(2; C) with a speeifie orthogonal argument matrix, which
depends on the mass of each subunit and on the way of choice of the Jacobi
coordinates. The equivalence of the representation matrix of GL (2;C)
with a unimodular unitary argument fnatrix to the usual angular momentum
rotation matrix is already shown in Eq. (2-6-8).

    The above discussion is easily extended to the n-body system. In that
case, we should consider the 3Å~ (n-1) DG polynomial and the transformation
coefflcients are given by the representation matrix of the type (n-1) Å~ (n-1).

Let us consider the n-body system of structureless particles located at Xi and

having the mass number At (i--lrvn). It is convenient to consider the co-
ordinates scaled by the mass number; jfti =Vt'mutXi. One type of the Jacobi

                                  g- .".coordinates is defined by & :X,+i-Z] AiXd/A, (pt==lrvn-l), where Ai
                                 fml
 :Ai+A2+•••+Ai is a mass number of the subunit system up to the i-th
particle. The scaled Jacobi cooreinates are 4" . == VA- .A.+i/Arm .{,l•6.. By writing

AAA AA xs6=: (4i'''en-i) ancl -X = (Xi•••X.) in the 3Å~ (n-1) matrix form and 3Å~n one,

respectively, we obtain the transformation

               tyA A AA              (e, Xa) =X(B, a) == (XB, Xa), (6-1)
       Awhere XG is a scaled eoordinate of center of mass, B== (Bi,) is an nx (n-1)
matrix, a is an n-dimensional vector, and their explicit forms are

         "-nv(iAA.l//mui), A"Ai+'''+An=A-ni ' (6m2)

                -VA..iAi/(A-•.A--A+a) i<-pt

         B,.=: VA-./A-...,                                     for i=ptÅÄ1 (6-3)
                                          i>-pt+2 .•                      o

It is easily proved from Eqs. (6-2) and (6-3) that
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             tBB==E.-i, `aB=O, `aa=1, (6-4)
where E.wwi is the (n-i) Å~ (n-l) unit matrix. Since the inverse transforma-

t!on matrlx ls

             (B, a) '-i=- (IE) (6-J")

             (B, a) (IBa) ww- BtB + ata =" En• (6e6)

    Next, we introduce the perinutcarion

             P!- (;, ?t2,,IIIIII],i.) EEil S" (6um7)

o'f n partieies. By operating .l' on xYA and a,

       P2 =" P(XAi'''2n) ur (2p,'''fip.) ith (fii'''&n) Mp

             x...           =XMp aRd Pa==`Mpa, (6-8)
where Mp is an orthogonal nx7z inatrix (`MpA4p =ll41p`A4p=:E.) with (Mp)ij
                                                    t.A6t,pi. In order to define another type of the Jacobi coorclinates ep== ((gp)i, ••`,

 A(6p).wwi) associated with the permutation P, we should defme a new trans-
formation matrix PB-Bp which can be defined from Eq. (6-3) by using a
new set of mass numbers (Af•••A'.)ff!E-(A,,•••A,.)=P(Ai-••A.) instead of

(Ai•••A.). By uslng Eqs. (6-1), (6-8) and (6-5), we find

         ". A -..A A        (6p, Xa) ='P($, Xa) ==                          PX (B, a)

              .'s A            =XIVfp (Bp, t.ZYIpa) ==X(2VipBp, a)

            =: (6A, 2G) (IB.) (MpBp, a)

            ==(6A,fia)(IEMM.PBB.P,`.B."). (6-g)

Here, by using Eq. (6-4) and the relation taMpBp=`(Pa)PB==P(`aB) =:O,
we obtain the fo}lowing general TMS transformation;

             G'S.=6A2., 9..,,tBM.B., (6-10)
where S2p is a orthogona} (n-1) Å~ (n-1) matrix since, from Eqs. (6-6) and
(6-4) ,

        `9p9p == `Bp`MpB`BMpBp

             == tBpBp - tBptMpataMpBp =: En.-i .
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    Let us consider a 3Å~ (n-l) complex matrix R== (R.i) composed of 3-
dimensional complex generator coordinate vectors Ri,•••,R.. By defining Rp
iii:R•2p, we can write the transforrnation formula Eq. (2-3-23b) as

    ifE3tin-i)(ap)e (Rp) .. = opE3in-i)(2P)pt (R) D,(bn-i,n-mi>(XP)bl (S2p),

                    c
                          1    DEg-i'"-i)(A")to(S?p) m- N.(l,atu)q)E:-""-"i)[Z"""to'""tu'to'"'-"'O](S2p). (6-11)

    'Then we should reeall that the eomplex generator coordinate in the Bargmann
space piays the role of the boson creation operator;e) namely, by using the

expression in Eq. (2-2-1) with n=3,

                          A        U(No)N(a;•) Åëo (i) "= XN (6i, v), '

        Åëo (i) iNii ({lt) 31"exp { - y3:.} ,

                      10              ..rrA        "Ei!"=VV6ai hal}lvr-mm-v= ag.,, a== iZr, Y,X, ' (6-12)

          Awhere XN(8i;v) is a 3-dimensional h.o. wave funetion in the rectangular re-
presentation with the quanta Nva (N., Ny, N,) (N =: INI =: N. + Ny + N,) .3"}' 40)

Thus by replacing R.i ancl (Rp).i in Eq. (6-11) with ani and (ap)Ei, respec-

tively, and operatiBg on t}}e n-body relative wave function of the ground state

Åëeiii:!Åëo(l)•••Åëo(n-1), we obtain the followiBg TMS transformation of the
h.o. wave functions in the vector-coupiing expression;
                                                           '
        Xi,(aP) (6A.;v) == XXg,(k") (6'L;v)D,(,n-i,n--i){aF)tu (S?.), (6-13)

                      c

where, from Eq. (2-2-4),

              AAA        Xf:[,(i") (8 ; y) !!!!{ [' ' ' [ [XN, (8i ; V) XNa (82 ; ;') ] (es, rE>

            AA        xYN, (6s ; Y) ] (if s, r,) ' ' 'XN."i (gn--i ; V) ] (aF)a ,

         (Z pt.) tu ) itul [fAp]>

              fi,n-i f2,n-i fS,n-i O''''''''''''OX
                                              x                                              i                 fi,n-2 f2,n-2 fs,n-2 O''''''O 1,,
                   ti- --1                                               '                                  '                    - -- --            "' "'.1'clls "l12123 "'.7'Cls3 'e' /"1'

                         fi2                               f22                                              /
                            fii

        [fi,n-i, f2,n-i, fS,n-i] = [Z + pt + to, pt + tu, te],

            Min{i,3} Min{i-1,3}
       NiE-ii= X ffi- X fd,imi (ima-2rvn-1), Ni==fu,
             fev1 f=1
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        (ifi, ri) eii: (fii - f2i, f2i - f3i) (i -- 2 rv n - 2) ,

        N=:lÅÄ2pt+3to, (6-14)
                                     AAand Xib{k"'(6Ap;v) is obtained by replacing 6i->(gp)iancl c->b. Furthermore,

the TMS transformation in Eqs. (6-IO) tand (6-13) is easily generallzecl to
that froni Jacobi coorclinates gQ associated with the permutation

                    2=(i,,2,IIIIIIX) .. (6-b")

to 6p; name}y,

        sA. .. sA,• Åí (e -> P) ,

        s2(Q->P) =,-tBQM.Qu,B. ,

        (A4pQ-t) ij == 6qi, pj ,

              AA        Xifb(i") (gflp) : XXff,(XiO (e"Q) D5,"-i,""i)(i")tu (,2 (2-> 1]))). (6-16)

                    c

Appendix A: Normalizalion con$tant of tlie nxnDG polynomial with
              t}ie hi.ffhest weig}}t

    In Refs. 4), 41) and 46), it is statecl that the normalization constant
NHffi•'ifln] in Eq. (2-l-9) is closely connectecl with the dimension of the
IR of the symmetric group S,v(N=fi+•••+f.), which we wrlte Ifls.. Indeed,

we can prove

                                '                                  '              N"[fi'''fn] == [J-fN-.11i4-]ii2,

by consideying the specla} NxN DG polynomiais"?)''`g) for the application to

the symmetric group. In ReÅí 42), this normalization constant is ca}eulated
by the transfouri'nation of the intieg.ral varlables in the Bargmann space. We

thinl<, however, that it is useful to give here another proof by the straight-

forward integration in the Bargmann space and by the eonstruction of transfer
operators composed of the U. generators.
    The formula which we prove heye is a reeursion formula of NH[fi••'fn];

          [-ttVH.•---ifXI;.-lfii#]:•••--l•-i•---]2=E?},'-il.i(i,(-rE-••--E--i/tt-tt,I-l-e-,-,-.-E•i----), (A-i)

from which we obtain Eq. (2-1-9) without a phase factor.
    Starting from the expression

                              '
        NM [fi • • - f.] "2 == < (Al) 'i -'a (dl;) famfs • • • (Al;:::y,) rn [

                                                   '
. Å~(Al) frfa (dlg) h-fs••• (Al;::#) fn>, (A-2)
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                                            '
we first expand Ali"::# as

                    nn             Al;:::Z== ]Xl Ag7g=: ]Z] R..P# ,                                                         (A-3)
                   a=1 awl
where gS is a (ctf,B) cofactor of dlglll#. The integration over the                                                         variables
Ra.(ev =IAyn) in Eq. (A-2) gives

       AiH [fi••• f.] rm2 = X (f"!)2 r(ri, r2, •••, r.),                                                         (A-4)
                     rt+--+rnmfn rl!r2!'''rn!

       i (ri, r2r ...) rn) wr!<ri) r2i ...e rnlri) r2) ...} rn> )                                                         (A-5)
       lri, r2, ' • •, r.> iiii (Al) f'-fZ (dlS) f2"fs•• • (Al;:;:#:l) fn-i--fn

           Å~ (r;) ri (vg) r:... (yn) rn

           n-1 n          " I[II (Al:III:)'"-'"m IllI (V".)'v,                                                         (A•6)
           "=1 y==1
where we always consider the case ri+r2+•••+r.==f. and J(O,O,'••,fn)
== Nu l]ICI, •• •Lf--,] p2.

    In order to find a recursion formula of I(ri, r2, •••, r.), we use the follow-

ing transfer operator with respect to rnt and rmwwi;

                             n       G:-i=-C:-i(C:-f.)+ X CtMrmiCin for m==2rvn,                                                         (A-7)
                           twm+1

where we write A.s as Cg. Noting the basic relation

                   Clag; :rm6.,.I7k                                                         (A-8)
     '
for mSl (IS.m,IS.n), we easily find

       G:miirb r2, •••, r.>

                                 n          = (-r.) [C:-Siri, •••, r.>+ X CP-ilr.-1, ri+1>],                                                         (A-9)
                                t==m+1

where we have used the shorthancl Rotation [r.-1, rt+1>=-lri, ''', rnt-irm,-l,

rnt+i,''',rt-i,rt+1,rt+i,•••,r.>. Each term in Eq. (A-9) is caiculated to be

   C:-iiri) •-•, rn> == lr.-.i+lp r.t-1>

        Å~[(fm-i-fm)mZ,fii'ii.:'ili';'.Mime:'i'imrm], (A-10)

   CP-"'lr.-1, rt+1> =lr.-i+1, rm-1>

       XLtil•lli-i (f" rm f""i) tdd"III'lil3•\ir'"-.'-Yik-(rt'i) ]• (""i)

forl:m+ltvn. From Eqs. (A-9)tv(A-11) we have

   G:-iiri7 ..•} rn> = (-rm) lrm-.i+1) r.-1>
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       Å~ [t#m ":m-'.i (f" - f""i) umAdi'iii'?, k"i-i"m. '-<k nv ,#..rt mx n + m]

     = (-rm) Irm"i+1) rm-1>

       Å~ L"-wwXli-, (fp m fpa+i) mmdii:mmi:,il7z-- ,..#., Ai:::it'L"i-J•pt ' ff: m ,#.. rt - n H} m] •

                                                (A•12)

'Irhe sum over l in Eq. (A-12) is taken by the following formula;

            IV           Z] dl:IL'LiG-.,,•i7k :-d;I:f,•P7Zt-t (A•13)
           t= "+1

vtrhere 'm-1$.,et;Eln-1. This formtija is easily proved by cofactor expansion

        ltof Ai::.`,::::='=ÅíA:•Vgt. (i7S is a (cr,g9) cofactor of dlts::f,.) Thus we find the
        a==1
effect of G.";-i on lri,-•,,r.> is

                                   nt-1      G:-iIri, •••, r.wwi, r., •••, r.> == r,.(f.-i- X rt+n-m)
                                   t= 1
          XIri, •••, r.-iN- 1, r.-1, •••, r.>. (A-14)•

In a similar way, the effect of (G.Mff')t on Iri,•••,r.> is more easily found

and is

                                     m-1      (G:-i)t[ri, ..., r.mi, r.) •..) r.>==rm-i(f.- l:!T: rt+n-m+l)
                                     tt=r
          Å~lri, •••, r.-i-l, r.+l, •••, r.>. (A-15)

   From Eqs. (A-l4) and (A-15) we obtain the following recursion formula;

      I(ri} ,..) rmrmis rm) ...e rn)

                   m-i            r.-i(f.- Zl rt+n-m+l)
                   t==1m'-i
          (rm A- 1) (f.mi- X ri+n-m+1)
                     t--1
          XI(rb ny,•, r.-i-1, r.+1, •••, rn). (A.16)

From this equation we find

      f(ri, ''', rn-b rn) == f.! t/.il, r"!

                   lt           n-i (f.-=ri+n-pt-1)!(f.+i+n-pt-1)!
          Å~ A--i (f.., t" 'x' r, +n- pt - 1) ! (f.+n- pt - 1) !

                    tt1
          xl(O, •••, O, f.), (A-17)
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where ri+•••+r. :f.,. Finally, by substituting Eq. (A-17) to Eq. (A-4)
the summation over ri, r2, •••, r. is taken iteratively by the fo}lowing formula;

                                       "        A,iii! jSIlr - 1, ]il (fF-m' tli.i,magi+n-pt-1)!,

            ri+"'+'kmO (f.ww ]2 re)! #"=i (fp- IE rt+ninpt)!

                         l=1 t=1
        Ak='(f,ww'f.1+.-fe) 'Aicnt' (k=:1'vn-1),

        Ae;-=t=--1-, (A-18)            fn!

which can be proved by

       t".l,r(";.!r)!==z.ilve)'um(nege-+wwbt:+nl)Ll• (A-lg)

Appendix B: Proof ot' the eompleteness oÅí the nxrn DG polynomials

    In this appendix we prove the completeness of the nxm DG polynomials
by clirectly counting the number of the independent basis states. Here we assume

nm<.m without loss of generality. The number of independent monomials of
Rai (cr"1"'un,i-wwINm) with degree N is (Nn+mnUil) :(N+ji<tM-1).

On the other hand the number of the inclependent nxm DG polynomials
with a partition [fi•••f.] is a product of the dimensionalities of the IR of U.

and Un}; dn[fi''•fn]-d. [fi•••f. O•••O]. Thus for the proof of the completeness
we should only verify`3},")

       f,)...iil,.k, d"[fi'''fn]'dm[ft''fnO'''o] =(AX+IXiM-1). (B-.1)

       rt+.-+fn=N

By usnlg the expanslon

       pt('i -i.) ..= .:coE=, (N+XiM ww i) x" (B-2)

and the Weyl's formula45' of the climensionality of U. or U., we can convert

Eq. (B-l) into the following relation of the generating function;

          ]S D(hi, ''', hn) . D(hl, ''', h-) ..ft+•-f.

                         o)                             D(m-1, •••, O)        rik-kr.ze D(n -- 1, •••,

                  1             .. mrmnvww, (B-3)               (1- u) nm

where hi=-fi+n-i, h:• i:iiifi+m-i for i=ltvn and hC• =-m-i for i=n+1tvm,
and
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                      n        D(xi, •••, x.) =- IHI (xi rwxd)
                     i<f
                     l2I}-i x?-2••txi 1

                   nt I. x!-mi x2"m2•••x2 1. (B-4)
                       --                                --                     I,- - --                     1/- 4 --                     l/ x#mi x#-2••'x. 1

In the following we sometimes use the shorthand notation D(xi,•••,xn)me
IJvn-1r xn-2) ...7 .lre 1I.

    The proof of Eq. (B-3) is as 'fol}ows. Flrst we define

                    co       F("M) (x) m-- Z] D(hi, -••, h.)D(hl, •••, h;,) cft""'"f" . (B-5)
                 ftk"'kfnkO

By converting the summations over fi, •••,f. to those over hi, •••, hn and using

the antisymmetry of D and D(x}.-F a•, x2+a, '••, .ftrnÅÄa) =D(xi,x2, ''', xn) for

arbitrary a, we ean write

                           oo       F(nm)(x) ..x-n(n-i)i2 X] D(hi).••,hn)
                       hi>"">ltnkO
            Å~D(hi+m-n, •t', h.+ f7z -n, m-n-1, •••, o) xnt+"'+hn

          =" n!xnl(n-ivi hll.lle ''' ft#.o D (hi, ''', hn)

            Å~D(hi, -••, h., -1, •••, -(fn-n))xht"""ftn. (B-6)

Therefore, if we define a new fuBction

                        eo oe       G(nM) (xi, •••, x.) !!!!! X ••' XD(hi, ''', h.)
                       ht"e hn=#O
            Å~D(hb •••, h., -1, •••, - (m-n))xilt'••`xij" , (B-7)

we can find

                        1           1;'("M) (x) =: n! x.(.-i)i2 G("M) (x, •••, x) . (B-8)

In orcler to perform the summations in Eq. (B-7) we introduce number ope-
rators Ci!mi! vi• (0/OJri) (i--lt-vn) which satisfy Ct vint==hiJcih`, and sttbstitute

Ct for ht in the determinants. Thus we obtain

    G<"M) (xi, •••, x.) ==D(Ci, •••, C.)D(Ci, •••, C., -1, ••', - (fn-n))

        Xoww xi) •l• a-x.) ' (B-g)

Here we can show



                I)OUBLE GEVFAND POLYNOMIALS 269

                                      1•       D(Ci, ''', C., -1, ''', ww (m-n))
                                (l -xi) '-' (1 H xn)

             "D (M - i' ''" O) '{(i -D' .(,fl'. il rwX ';.) }-'' ' (B' -iO)

In fact, if we define Cii!ur-(i-n) and xi!-O for i--n+lrvfn, we can write
th6 left hand side of Eq. (B-10) as •

  IC,M-i C,M-2•••C, 1l
  IC,m-i c,m-2••.c, 1 . 1 ......
  I i l I } (1- ci) ••• (1 -x.)
  ic:t-i c:-2•••c. I l

    =, cm-i.rmwwInvnvmm,cm-2 1 ,..., c 1 ., 1

          1-x                  1-x                           l-x                                1-x
   '= (c-Fm-D (C+mww 2) '''(C+1) 1l., (C+mww 2) ''' (CÅÄ1) '-1-l/II;'

     '''• (C"i) '-i'1'nvx'-' igx i

                       '
     ',g"k-.,}'g''',,(-'n.nv,,Z)-lvi[:Zi.',Z,Xl.'!'''-e,[-S.iL,i,-iJr.-i''',-O.!,T

         -..- -l     i(iMrmL'..?.!'''r,Ef-i.lnn?-!n;'iS("timww2'i)--'-)i"''(i-k.!.)ic+i'''i-O:x!.iI

     i ?•-•-•••••t•••? ?••-•••--••••?•••ll,(-)elo!T

     11i l' O l l' O (-).E'le!*l nz-n
     i' 6.""..........6 (-)mi-"mi•(m-iL2)!•••••••••)lc i

     -s- n- -> -e-- •m-n ->
   == (M-1)!'''O! {(1 ww Jtr,5I.I'(i-li}.)}m Ii, 1-JC, (1-`e)2, ''', (1 wwx) "-'l

    == D(M ww 1' '''' O) {(l -D.(ge '. il il: Il9) .) }-' ''' ' (B-11)

Therefore,

 G<nm) (x, ..., x) ==D(m -1, ..•, O)

   X [D (Ci, ''', Cn) {(i rwD.(,X) ll ii g".).)}m].,.........m.' , (B-i2)'

                                            '
Here we can prove that the non-zero term after setting xi == ••.=:x'n :x eomes

only when all the differential operators Ci operate to the funetion D(xi, •••,

xn) and that
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     [D (Ci, ''`, Cn)D (xi, ''', xn)]x,..."...... -m D(n -- 1, i.., O) n! x"("-t)12 .

                                                               (B-l3)

 Thus we obtain .         G<nm) (x, ..., x) = n!x'"("-i)12D (n - 1, •i•, O) D(m -1, •••, O)

                     1               Å~ '(rl-[ -II;J-nii , (B-14)

 which proves Eq. (B-3) from Eqs. (B-8) and (B-5).
     We prove the rest of the proof in the fol}owing form. We expaBd the
determinent of operators Ci .as

         D(Ci, ''', C.) == : 6.C?('t-!'C2P""'2'•••C9,(O' . (B-l5)
                       pESn

For any arbitrary P(ill S. we introduee integers 'ri, •••, r. which safty the con-

dition

         P(n - 1) llli; ri l.lllO, P(n - 2) 2.li r2 2. 0, •••, p(O) ;.iil r. ll:O. (B-16)

There holds

         6pcf(n-2)-riC.p2<n-e)Hre..•C#<O)-"rnD(xl..•Xn)[x,.-..tx.--x

           =O unless ri =•••=:r.=O. (B-l7)
In fact, by setting xi :•••=x.xx in

    opcr(n-l)-rtC2p(n-2>-r2•••CÅí(O)-rnD (xl, •••, x.)

           l C?(n-1)-rt v?-1, C?(n-!)-riJcr-2, ......, Cr(n-1)--rt.1 l

       "6p :. "' I           Cp.(e)-rnu#-i, C#(e)-rnxz-2, ......, Cg(O)-rn.1 i

            (n ny 1)P(n-i)-rixin--i, (n .m.. 2)PCn--i)--rtxin-2, ......s oP(n-i)-rs.1 I

       =C). I l ': i           E (n-1) P(e)-rnar:-lt (n-2) P(O)-rn.r#ny2, ......s OP(O)-rn.1 i

                                                              (B--18)

and permuting the rows, we find that. the left-hand side of Eq. (B-18) is

             (n im 1) (n-i)-ri'e (n im 2) (n-1)-rt') ...,.., o<n--1)-rit

      ,cn(n-i)i2 1 l l , (B-l9)             (n-1) O-r"', (n-2) g-"rn') ...,..i oO-rn' :

where P-' (ri, •••, r.) !!iE (rl , •••, r;) . Here (n -1) - rl , (n-2) - ri , •••, O-r

are one of the integers from zero to n-1. Therefore we find that Eq. (B-19)
is zero unless r; =: r;-i = ... ve- rl xx O, which leads to 'ri == r2 = ... :rn = O, Es-

pecially, in the case of ri == ••• == r. ==O we can tal<e the sum over all the permu-

tations PEIS,, in (B-19), which leads us to Eq. (B-13).
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Appendix C: Proof of Eq. (2-5-4)

    We start from the relation of the matrix elements of the U. generators
C:' with respect to Gel'fand bases and their conjugate ones;

            <fl.ICXIf..> == (-)"mM<fl,I-C.Mlf..> , (C-1)

which can be proved by direct examination of the generator matrix ele-
ments.i`)'5)'8)'`)''e> We only prove Eq. (2-5-4) with respect to the linear
term of E by transforming u.s to 6u.fi, where E is a real infinitesimai number,

becaLise vvre can extend e to 1. Since, from Eq. (2-5-3),

  DE-Z) (U) " =DE-:-' (U*) "" <if,Dfi`i' (R) Iexp {i X (- ecp.) AaB} lqi-s(i' (R)> (C-2)

                                     aB

for ai3 appropriate N and an arbltrary b, we find, from Eq. (C-1),

  linear term of s of DE-A.-)(U(u.s->euafi))*

    =ie : u.p<op,"-ff(2' (R) I - ABa l qi- ii' (R) >

        afi
     = ie : (-)a"Bu.B<q7gb(k) (R) lA.Blqg,(A) (R) >
        aR
    ==linear term of <q,Nb(2)(R) ]exp {ie X (-)a-Bac.pA.fi} lopib(i)(R)> .
                                  ae
                                                            (C-3)

By using the relation

  exp {is X (-)a'"Bu.BA.B} = (-) 9r'"rrexp {is X u.BA.B} • (-) -;"Arr,

        aB aB                                                            (C-4)

we can calculate the phase parts; for instance,

                          r r-1    Z] rA,,q,"b`a) (R) == { X r ( : f., - X f.,,-i) } q,Nb`A) (R)

    r r "=1 #=1
              n-1 v      == (raAT -- X Z] f,,.) if,rv,(2' (R) --- (nAT -Åë(Z) (c))if,",(a) (R), (C-5)
              v==1 ti=l

when N(Z)c=-Vle]. Thus Eq. (C-3) becomes

    linear term of E of (m)-p(R)(c)+ab<a)(a)

        Å~ <q7geb(A) (R) lexp {is :E ] u.BA.B} Iqpgb(Z' (R)>

                         ctB
      ==iinear term of e of (-)eCa'(a)-Y'Ci'<e)D5X.)(U(u.B-->eu.fi)), (C-6)

whic}i is the desirecl relation.

Appendix D: A derivat;on methed of Eq. (2-6-22)

    In this appendix we show a method to derive Eq. (2-6-22). When P
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or P' is zero, the lowering operation is very easy and the result is

       oy.Ri,o",'s -- ---•----l-I-(--Z---Å}---4---Å}---J-)--l------ -----RiipRge',x,, (D-ia)

                  (l-p)!(A+,et+1-p)!

       Qt,,'R2,6;', = : ............=Z.!.kl.rÅ}.!!rÅ}....imm)mmg.......ww.rRirp'Rg56,pt, . (D-lb)

                 (7,-p')!(R+"+1-p')!

When both P and P' are non-zero, we may assume the following forin from
the consideration of polynomial degrees concerning Ri, R2, R3 and R'., Rr,, R;;

                 Min{p, p'} a-   O,".2,P,'Rts,6.{,, =: X] : ISx$). (a, b)
     • a#Max{e,p+p'-i} bor=Max{e,a-ti}.
                  x Rii P-P'+aRgS-aRe,- aRg,6,",- a+blRl a-b . (D-2)

I-Iere JSX;,".)(a,b) are the coefficients to be cletermined and should satisfy ISSt)

(a. b) == JS2.',;) (a, b). Especially, from Eqs. (D-la) and (D-lb),

         iS$'(O•O)=="(>t'.."')J'5'/Ti"S/'it-'i-':,'//,':'t't',',,)"'i"g:'i"s'i"• (Dun3a)

         iSl"o'(O•O) "'(,-/,L)!i2'f-.!ii--i),!.,sl"• (D-3b)

By operating O,. to Eq. (D-2) we obtain the following recursion formula
for JS2;."•' (a, b) ;

   IS2.",',.• (a, b) =: (Z + pt -p-a+b+ 1) (Z -p-p' + a) ISt$'• (a, b)

      + (l + pt -p-a+b+1) (p'-a+ 1) ISI".'t (a-1, b- 1)

      -(pt -a+b+1) (1)'-a+l) ISIS'• (a-1, b). (D-4)

In the case of a==b=O we obtain, from Eq. (D-3a),

   ISIpt.). (O, O) == (Z + pt -p+ 2) (A -p- p' + 1) lge"),,,, (O, O)

      .,.. (Z+pt+1)!(a-pt)!                             I5f;) (O, O)
       (z + pt + 1 - p) ! (R :-)'wwlwwpma'rl

      ww (l +"-a+b+ 1)! . (D-s)
        (Zl-lt-P+1)!(Z+,ct-iS)'+1)!(Z-p-pt)!

On the other hand, the dependence of ISt'."t) (a, b) on a and b is given by

  iSts)• (a, b)

    -= ( - ) a"b --(-x-ww-"')J':-'i'6';"tt""anv)-t'(")',"(t'4':+.g t, (p" l .b)i bi,.)it - a + b) ! (a : b) l''

      xFffii),. (D-6)
In fact, by substituting Eq. (D-6) into Eq. (D-4) we obtain
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            FSX."i',.• == (f)+l) (X+g-p+1)FSV.)•. (D-7)

Setting a==b--O in Eq. (D-6) aBd comparing it wich Eq. (D-5), we obtain

            Fsi",)t=-u-.,i-!/`$(llil,1,',l't;tt",-1!.,s-i•.. -(D-8)

which of course satisfies Eq. (D-7). The Eqs. (D-2), (D-6) and (D-8)
prove Eq. (2-6-22).

Appendix E: Proof ofthe Regge symmetry and the reduetion formulas
             of the mulliplieity-free U. redueed C-G eoeMeients

   In this Appendix, we show the oLitline of the proof of F..qs. (3-1-6),
(5-2-2) and (5-2-3). The proof of Eq. (3-l-6) is almost the same as
that in Ref. 16) ; namely, we shou}d only compare the expansion coeflicients

of the nxn DG polynomial by the (n-1)Å~(n-1) DG polynomials in two
different processes. We first expand the nxn DG poiynomial by the nx (n
-1) DG ones based on Eq. (2-2-4a) and next expand the nx(n-1) DG
polynomials by the (n-1)Å~(n-1) DG ones based on Eq. (2-2-15);

  q'Eps•IE{li"ale?••an-i' (R)

    cct
      fi'"''''''''''fn fi''''''''''''fn'

                     lt   Irrli qr..'.'qn-1 ql''''''qn-1

          c ct
    == X : <[q;•••qami]ri•••i'.-i,a[N.]N.l
     [ri...rp-i]a ]Nnl= Nn

      Å~ [.f]i'''fn]qi'''qn-i, c>. q7S7:."..H-'2[qi"-Lq;"-'] (R) UEkt'.]N. (R.)

                           at
                 '    = : II"L' L" <[ql'''qA-i] 1'i'''1'n-i, Ct [LZVn] oZVn]
     [ri•"r"-i]a,b ltNnl =# 2Vn IPn-il =`' Pn-i

      X [fi'''fn] qi'''qpt-i, C>n <[ri'''1-n-i]b[Pn-k] Pn-iI [qf '''q;i-i] C'>n-i

     qsc,- i•"-i)['t'"'"'i] (R) UEnprv.1',]p.-, (Rrn) UEk).]N. (Rn), (E-1)

where • '            n n-l n-1       Nn==XfiwwXq:•, P.-i= Z] (q:•-ri), (E-2)
            t#l i=1 i==i
       Nnrf (Nin, ''', -ZVnn), (Em3a)
                    Rl.i"•••R#.nn       UEk'niNn (Rn) =vmeN'7 l/ r. ..N•;;.;1rm! , '' (Em3b)

                               '                                 '       Pn--iiEii (Pni, ''', Pn,nmi), (E-4a)
       uE"p;il]p.., (Rr.) == Spn"'."i'ii.Rp"l•i"iii•, (E-4b)
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By separating the U. CG coefficients in Eq. (E-1) into the U. reduced C-G
coethcients and the U.-i C-G coedicients, we can rewrite Eq. (E-1) as

   :x= [rv"rn-i]a,b INn-il="rvn-i [Pn-il"Pn-i

   Å~<[qf•••q;,-i]ri•••r."i[N.]Nn-i#[fi•'''f"]qi'''qn-i>n

   Å~<[ri.••r.wwi]a[N.Hi]Nn-i[[qi'''qnHi]c>n-i

   Å~<[ri'''rnmi]b[Pn-i]Pn-.{[qf'''q:Hi]ct>nmei

   xq,E?,-i'"wwi)[r"''r"-'] (R) UE"p;ll]p.-, (R:) UEk;ll]N.., (Rn) 'vtt'="-"//'i-l:', (Erm5)

where N.=: (N.-i, N..) and

               n-1      Nn-i =7' INn-iI== Z] (qi ww 2'i),

               t==1
      N,,.= Ar.- N.-, == S fi- "Si qi- "ist q:. + "ist ri . , (EH7)

                 i"1 i=1 i==1 i==1
On the other hand, we can perform the similar expansion of the nxn DG
polynomial, first by the (n-l)xn DG ones and seconclly by the (n.-1)Å~
(n-1) DG ones;

 qE?-?•IE{l"'q'tOl••q'n-i (R)

   Ct ct
                               '   " Z] ZI <[qr'qn-i]ri`''rn-bb[Pn]Pnl
    [rt"'rn-t]b, IPnl"Pn '
    Å~ [fi t • • f.] q{ • • •qa.i, c'>. qpE"-;i.?,)Ea-`i"q""i] (R) UE"p'.]p. (R;)

                    ,b
   -x ::    [ri"-rn-t]a,b IPn-al= Pn-i l2Va-il":Nn-i

    Å~ <[qi'''(ln-i] i'i'''rn-i [Pn] Pn-i ll [fi'''fn] qf '''q:-i>n

    Å~ < [13 ' ' ' 1'n-i] b [Pn-i] Pn-i l [q{ ' ' 'qli-i] Ct>n-i

    Å~<[ri.•.r.mei]a[N,,nvi]N.wwi][qi.•tq.rmi]c>.mi

    Å~opE'smai'numi'[r'"'r"-t](.R)UEftrm.i-l],y.-,(Rn)UEnprm.ll]p.-,(R'n)t'R'ii-lil-P"ttl/"=, (E-8)

                                     nn.
where

                  n n-1              Pn "= Xfi-: qi, (E-9)                 i=i i=1
              Pn= (Pn--i, Pnn), (E-10)
and P.-i =IP.-il, P.-i are given by Eqs. (E-2), (E-4a) and P..=:l?.-P.-i
 =N.. in Eq. (E-7). Comparing Eqs. (E-5) and (E-8) we obtain Eq.
(3-1.6) .

   The basie equation in order to prove Eq. (5-2-2) is
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              q2?"IY.i.:i•'.n-1i:](R)-=qE?•",;•'..]Ekri'"Ls](R,,•••,R.), • (E-11)

where L denotes the lowest weight and the argument matrix of the nx (n-1)
DG polynomial in the right hand side is (R2, •••, R.) instead of (Ri, ''', Rn-i)•

Equation (E-11) is easily proved by expressing those DG polynomials in the
vector-coupiing form of Eq. (2-2-4a). By taking a== [qi'llLtq"-'] in Eq, (E-11),

the other type of the vector-eoupling expression Eq. (2-2-15) gives

    X <[qi••'q.fiiO]c[P.]P,,l[[fi•••f.-iO]q;•••qarm2O,L>.
  C, IPn l "= Pft

      Å~ qft'i i,")[qi"'qp'i] (R) U'E'i).]p. (Rrn)

    =: X <[qi•••q.-i]c'[P.]Pal[fi•••f.-i]qf`••qa-2,L>.-i
      et,IPpt'I==Ppt

      xqp2/e-,]•"rm')[qt'"qn'i] (ls) UE".-.]}).• (B'.), (E-12)

           n-lwhere P.=;E (fi-qi) and
            i==1
                                      '        R .,, (lilii ''''' "Zli'n 1, Rr.= (R.,...R..), (E -l3a)

            N-Rn-i,i'''Rn-i,nf '
                                  /
        tl] == (Iii,i.21,ll:I:II,IL,.), t!ll=(Rn2;''Rnn)• (E-13b)

                                '                                   'It should be noted that the left hand side of ' Eq. (E-12) does not contain
the variables Rii, •••, R.i and is a function only of the variables Eq. (E-13b).

Now, by setting a=H in Eq. (E-11) and changing the notation of quantum
numbers we have, as in Eq. (5-1-25b),

        {pE/L -;;t?/lr:q• ;: S"e-i] (R) =: q7E/Z m;;•". .i,}l9q,' "'qn"] (,(l) , (E-14)

                                  '
Integrating both sides of ltci. (E-12) by eq. (E-14) over the variables Eq.
(E-13b) (or Eq. (E-13a)) we obtain

    <[qi•••q.mi O] r( •••ram2 O, L["P.] P.I [fi•••f.-i e] q; •••qam2 O, L>.

         =<[qi•••q.-i] rf •••ra-2, L [P.] P;l [fi•••f.-i] qf •-•q;-2, L>.-i ,

                                                           (E-l5)

          n-Zwhere P.= X] (fi-qi), P., Pa are uniquely determined from the considera-
          i=1
tion of the weight. By separating the reduced CG coethcients in Eq. (E-15)
and using Eq. (E-15) witl} n-1 instead of n (<[ri'•••ra-2e]L[Pn-i]Pn-i[[qf

'''
q;-20] L>n-i == <[rl -••r;-2]L[.P.-i]Pa-il [q< •••qa-2] L>..2) we obtaln the reduct-

tion formula Eq. (5-2-2) from a speeial U. reduced C-G coeflicient to a U.-i
reduced C-G coethcient.
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   For the proof of Eq. (5-2-3), the following relation is essential;

 9:MS .lt..lg(1'='{n-;] (R)

         .. .? ..   ..ifi''''''fn-i ;ii'ii'i'i',{"-ff-,i9X/,

       H• ,,•'                 Hfs
          '   .. NH[qi••:.q."i]     NH [qi ww qn-i,•' • •, q. ny2- q.-,] ' (AIIII,", :'l) q"' t,

     Xqft',-i'l'i.'-),[!,,liqq.'tii: tiI:{"-'wwq"-i] (Ri, •••, R.m2, R.), (E-16)

where the argument matrix of the (n-1) Å~ (n-l) DG po}ynofnial in the
right-hancl side is (Ri, •-•, R.-2, R.) iiistead of (Ri, •••, R.-2, R.-i). Equation

(E-16) is proved as foilows. By using the expression Eq. (2-l-20) of the
semi-maximum sNreight state, we have

 qftLl .R.•35{i"""-i] (R) - ifSptYtipt,n-t "] (R)

   =" ""[fi'''fn-i o]N[2I:f Il' ol-''

   • Lqi•••q,,-i -l
     Å~ I,;ll[i--, [ftS ex•Ei,ll l I llli, [S# .+ :ff:-nv ,ill l

    , n-2     Å~ .g., { (dllll:) qmMfm't (All::P, ) fm-am} (Ai:::#rl) an-t (Al:::;-"i) fn-i-en-i , (E nv17)

 ' opft"J,'; m",-.'?,?. tf,a.pt-r a';L{#ns-qn-t] (R)

                         '   "" "H[k qn-i• '••• fawwi-q.-,]N[ ;l:g:Ill I1Il f:::g::lMi '

                         L qi -q.-i, .••, q.-2 wu qn-i j'

     Å~I,;l:l.'.-[',--."---i-l-";-l--ei--ll-•-S"'-"M'-l"inv;l

                          '     x nrt" {(dl::g)qm-fm+i (Al:::gt-,) fm-qm} (dl::.""-"l) fn-i-an-i. (E-i8)

      m==1
From Eqs. (E-17), (E-18) and

 NH[fi'''fn-i O] "Nrr[fi'''fn-i], (E-19a)
 ,,,[2 -- g:I:: 11:: ',".I::q,:--:l-i ,. .If, 111f,:--il-i,• (E-,gb)

   Lqi -q.-b •}•, q.-2-q.-ij tqi••• q.m.2J '
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we obtain

  gftn,-e,•.ft..ay.i"""-t] (R) == .. [f, -",r".[-f,iiiliZl il:i-], in ,.-.,]

      xN[ii fi.I]o]-"iN[ne:Ii•] ;ti.i,[f#'.:Em.ilie

      x (Al::#:l) qn-iiff,",-,i,,-",-.i?,[l.i.r,q."Liyif;L{"-t-q"-i] (Ri, •••, Rn-2, Rn) •

By using the relation

  '"ZvH[fi-Nq".[um{i11if,i>-.'-],-',.m,]=[;rt.,"'i"'tE"!'//Li.rmqt"-ii,-'--?-l--m:--mai.nv;.g.tii.lk)um!-]ii2,

N[ii il•Ilo]-i:N[fi iili•]-'

                   '      Å~[:III.li, I (qm -qn--i+n-i-m)!(q. +n-i-m)! }]ii2,

(E-20)
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             (f.-q.m.i+n-1-m)!(f.+n-1-m)!

which can be proved from their expllclt expressions Eqs. (2-1-9) and (2-1-19) ,

we find that the coefficient in Eq. (E-20) is equal to that in Eq. (E-16).

    Let us proeeed to the proof of Eq. (5-2-3). From the property Eq.
(E-i9b), the lowering operation on Eq. (E-16) with respect to the Unmi
generator algebras {A.B;cy,Bmlrvn-1} of the (n-1)xn I)G polynomial
gives

  qsc-e,'2.•l5{i''""-t](-R) = N.[6, lilg.[Si' i:i' ,9."nmrm,']-,.-,] '(Ali:#:l)g"-i

      XqEnwwww,k-?,-ql'-[g'.tr,fZi;,'g'A:1tsg-.i-Tq""] (Ri, ''', Rn-r2, Rn), (E-21)

where a-q.-i denotes the Gel'fand pattern which is obtained by subtracting
the common number q.-i from all the partition numbers of the Gel'fand pattern

a. On the other hand we can write the vector-coupling expression Eq. (2-
2-4) as

 qsc -qi,'•e.•31.{i"'f"Ti] (R) == ,, l..:/ m.. < [qi ' ' ' qn-i] b [Nn] IVn l [fi ' ' ' fn -i] ">n-i

      xqS,".mi"mi)[qi"'gn'i] (R) UEk;IN. (R.), (E-22)
          n-1where N. = Åí Cfii-qi). By substituting Eq. (E-21) and the expression
          i :1
 qSrff-i'"mi'[qt"'g""'](R) = N.[q, -Nq".[-q,i'i'.g"q-.i-],-q.-,] ' (dllilit:l)g"-'

      x gg".-ma .itr, mlli)[qiman-i, -',gn-2-an-t, O] (R)
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    - NH [qi•••q.-i]    rm "2VH [qi nv qn-i, •••, q.-2- q.I';i ' (AIIII::l) gn-i

      xqE"--q;!:,-H2)[gt'gn-i,-,qn-2'qn-i] (Ri, .•., R.ww2), (III -23)

in Eq. (E-22), we obtain

  opE"h-,'.LÅé,-qilE-'qL;.?fi:", ti;:fllal,TS"JZ] (Ri, ' ' ', Rn-2, Rn)

     = : <[qi'''qn-i]b[Nn]Nnl[fi'''fn-ij`i>n-i
      b, INnl#Nn

      Å~ ifg"ww-,.it:t'b2)[qimqn-t•-"qn-RNq"-`] (R,, •••, R.-2) UEk;,lk. (R.) . (F-J ew24)

Replacing R. in Ecl. (E-24) by R.-.i ancl comparing it with the vectoy-eoupl-

ing expression

  ca2n:,i.'.ZJel[-fd.-nq,rtif:6u'i;lla:Le"-i)(R)

     =' X <[qi-qn-h''',qn-2-qn-i]bthqnmui[Nn]Nnl
      b,l]Vnl#Nn

       Å~ [fl -gn-1, ''', fn-1 nv qn-1] a im qn-1>n-1

       Å~opS"--,#t7 ,2,'[gimqn-,•"'•qn-trvqn-t] (R) UEk;IN,, (R.H,), (E-25)

we find

  < [qi' ' ' qn umi] b [Nn] Nn l [fi ' ' 'fn-i] ">n-i

     =<[qi - qn-i, ''', qn-2 ww qn-ij b nv qnmi [2Vn] IVn [

       Å~[fi ma qn-i, ''', fn-i ww qn-i]a-qn-i>n-i, (E-26)

           n-1where N.=X (7`lt-qi). By separating the recluced C-G coeflicients in Ecl.
           i==1
(E-26) ancl using Eq. (E-26) with 2z-2 instead o'f n-1, we obtain the
formula Eq. (5-2-3), which connects many mutua}ly equivalent U.-i reduced
C-G coefllcients.
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