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Abstract

Hrushovski’s generic construction yields CM-trivial structures with
weak elimination of imaginaries. Here, we would like to give questions
on CM-trivality.

1 CM-triviality of generic structures.

In this section, we show weak elimination of imaginaries and CM-triviality of
well-known stable generic structures.

Definition 1 We say that 7" is CM-trivial if

Al A= Ay l Ay
B acl®?(A; A2)NB

for Ay, Ay, B C M* algebraically closed sets.

Fact 2 Let T be any theory of well-known stable generic structure.
Then we have;

1. (M: big model of T) For any A, B C M algebraically closed sets,

Al B@AB—:A@AnBBSM,
ANB

2. any type over algebraically closed sets in real sort is stationary.
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Explanations

1. The language is L = {Ri(X;...X,,) : 1 < w}, where R;(X;...X,,) is
an n;-ary predicate.

2. We assume that any predicate is closed under permutations and R;(a; . .. an;) =
a; # a;(t # j < ny).
3. We defined predimension on finite L-structures.
5(A) = Al = 3 os - R
i<w

, where A is a finite L-structure, R is the set of tuples of A satisfying R;
(up to permutations) and ap > @ > ... > o;(i < w) are fixed positive
real numbers .

4. For finite L-structures A, B, we say A is closed in B (write A < B) if
d(XA)-6(A)=>0

for any X C B. “A is closed in B” means that there are only suitably
many (depending on «) sequences intersecting A and B\ A, and satisfying
some predicates. ’

For possibly infinite L-structures A, N, we say that A is closed in N
(write A< N) if
Ap < AgX

for any Ag C, A, X C, N\ A.
There exists the smallest closed subset cly(A) of N containing A.
In any well-known stable generic structure, cly(A) C acly(A), in partic-

ular acly(A) < N.

5. For L-structure A, B,C with AN B C C, we say that A and B are
freely joined over C if there are no ¢ < w and d € ABC such that R;(d),
dN(A\C)#0and dn(B\C) # 0, and we write ABC = A®¢ B.

From now on, let T be as in Fact 2.
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Proposition 3 T has weak elimination of imaginaries.

proof First we show the following claim.

Claim Let A, B, By, B; be algebraically closed. Suppose that B; C B and
Alp Bfori=1,2. Then Alg np, B.

The proof of this claim: Put A; = acl(AB;). Then A,B = A;®5, B <M
by Fact 2, for i = 1,2. Intersecting the two sets yields (4; N A3)B = (41 N
A;) ®p,nB, B < M. Note that A; N A; and By N B, are algebraically closed.
So by Fact 2, Ay N Ay |p,np, B ; since A C A1 N A; we get Alp g, B, as
desired.

Now we show the weak elimination of imaginaries. Let E(Z, ) be a definable
equivalence relation over @, and consider e = @g, where ag is the E-class of a.
Take by, by such that @, by, bs are independent over e, and dg = (b1)e = (b2)e-
As e € acl®(b;) we have @ |, bib,, for i = 1,2.

Put B = acl(b;) Nacl(b;), where the algebraic closure is taken in the real sort.
Then @ | g b1b; by claim. As tp(@/B) is stationary and e € dcl®?(@)Ndcl®(b;by),
we get e € dcl®(B)* . On the other hand, as b; |, b, we have B C acl(e).
By compactness we can find a finite tuple b € B with e € dcl®(b) ; clearly
b € acl®(e), as desired.

Proposition 4 T is CM-trivial.

proof We use the following fundamental property.

1. f ABC=A®: B, ANBCC' CcC,A\C=A\C'B\C=B\C,
then ABC' = A Q¢ B.

2. If ABC = A®c B,B' C B,B'C < BC, then AB'C = A®c B <
ABC = A®c¢ B.

*If tp(a/A) is stationary and e € dcl®¥(a), then tp(e/A) is also stationary: Suppose
e=a¢€,el,B and € |, B. We need to show e =g €’. By e € dcl**(a) and compactness,
there exists a definable function f such that f(a) = e. We may assume a | 4, B, so we have
al4 B. Take o’ with ea =4 €¢'a’. Again we may assume a’ | 4./ B, 80 @’ | 4 B follows. As
a =4 d, a=p a follows. On the other hand e = f(a),e’ = f(a'), we see e =p €'.

If tp(a/A) is stationary, a | , B and a € dcl®¥(B), then a € dcl®?(A): Note that a € acl®*?(A).
So, if @’ =4 a, then a’ | 4 B. By stationarity, we see a =p d/, s0 a = a’ follows.



By weak elimination of imaginaries, we may work in M not in M*®? to show
the CM-triviality. Put D = acl(A;4,), A; = acl(4;E). We need to show
A1 g Az = A lgnp A2. By Fact 2 we see A1 Ay, = A1 @ Ay < M. So, by 1
D= (A, ND)®png (AN D) <M (t). Put A} = acl(4;(DNE)) C A;. As
A lpAz, wesee AA\NA,=DNE. By DNE < A, < A;nD,(}) and 2,

A’IA,2 = A’I ®DﬁE AI S (A~1 N D) ®DnE‘ (A~2 n D)D S M

By Fact 2 again, we see A; | gnp Aa.

2 Questions

We say that a theory (or structure) is strictly CM-trivial if it is CM-trivial
but not one-based.

Question 1 Every strictly CM-trivial stable structure we know has weak
elimination of imaginaries. On the other hand, Evans had CM-trivial SU-
rank 1 structure without weak elimination of imaginaries in [E].

Does strictly CM-trivial strongly minimal set has weak elimination of imagi-
naries?

(It is well-known that if D is a strongly minimal sets with infinite acl(@), then
D has weak elimination of imaginaries.)

Question 2 Is there strictly CM-trivial stable structure except stable generic
structures?

Question 3 One-basedness coinsides with local modularity among strongly
minamal sets. (This is not true among SU-rank 1 sets. See [V].)

Is there combinatorial geometric notion equivalent to CM-triviality among
strongly minimal sets?

The following is a famous question.

Question 4 Evans showed supersimple Rq-categorical CM-trivial theory must
have finite SU-rank in [EW].

Is there supersimple Ro-categorical theory with infinite SU-rank? Is there No-
categorical simple non-CM-trivial theory?
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