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Gap Number of Groups

B LR AR - BARR PR B IS5 (Hiroshi Tanaka)
| Graduate School of Natural Science and Technology,
Okayama University

Finite gap number is introduced by J. C. Lennox and J. E. Roseblade in [LR].
We study groups of the small gap number.

1 ladder index
Let T be complete theory in an L, ¢(Z, §) L-formula (Z, 7 are free variables).

Definition 1 An n-ladder for ¢ is a sequence (3, .. .,qn-1;Do, - . ,bp—1) Of tu-

ples in some model M of T, such that
Vi,j <n,M = ¢@;,b;) i< j.

We say that ¢ is stable formula if there exists n such that no n-ladder for ¢ exists,
otherwise it is unstable. The least such n is the ladder index of ¢.

Theorem 2 The theory T is unstable if and only if there exists an unstable for-
mula in L for T.

Henceforth we consider the ladder index for the commutativity formula “zy =
yz”. The ladder index of a group G for the commutativity formula is denoted by
2G).



2 gap number

Let G be a group.

41

Definition 3 4 group G has a finite gap number if for any subgroups Hy, H, ..., H,, ...

of G, among the sequence
Ce(Ho) < Co(Hy) <+ < Co(Hp) < -+

there exist at most m many strict inclusions. The most such m is the gap number
of G, and denoted by g(G).

Lemma 4 Let g(G) = n. Suppose that the sequence
Ce(Hp) > Co(Hy) > -+ > Co(H,)

gives gap number n. Then there exists a;(0 < i < n) in G such that Cg(H;) =
Cs({ao,a,...,a;}) for each i. In particular we may do ay = 1. Henceforth we

abbreviate as Cq({ag, a1, ..., a;}) = (ao,a1,...,a;).
By Lemma 4, we can prove the folldwing:

Theorem 5 [ITT] ¢(G) = ¢(G) + 2.

Lemma 6 Let A, B C G with A C B. Then (A) D (B).

Lemma 7 Let A C G. Then (((A))) = (A).

By the above lemma, the following holds:
Lemma 8 Let g(G) = n. Suppose (ag, .. .,an; bo, - . ., by) is (n+1)-ladder. Then

((ao)) = (bn, e ,bl, bo);
((ag,al)) = (bn, ceey bl);

((agy - .. an)) = (bn).
Lemma 9 Let g(G) = n. Suppose that the sequece
G > (a1) >+ > (a1,0z-..,0,)

gives gap nuber n. Then (a1, as, .. ., an-1) is abelian.
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3 Groups of gap number up to four

From now on we do not consider the ladder index but the gap number.
Theorem 10 [ITT] g(G) = 0 if and only if G is abelian.
Theorem 11 [ITT] There exist no groups G of g(G) = 1.

(proof) Let g(G) > 1. Then there exists a € G suchthat G > (a). Since (a) # G,
there exists b ¢ (a). Therefore, we have
G > (a) > (a,b). Thus g(G) > 2.

Theorem 12 [ITT] g(G) = 2 if and only if G is not abelian, and for any a,b €
G\ Z(G), if (a) # (b) then (a,b) = Z(G).

Example 13 ¢(S3) = g(D,) = 2 (D,, is a dihedral group).
Example 14 g(SL(2, F)) = 2 (F is a field).
Theorem 15 [ITT] There exist no groups G of g(G) = 3.

(proof) Let g(G) > 3. Then there exist a;, a2 € G such that

G > (a1) > (a1,a2) > Z(G).

Case 1: a1a9 = asa,.

Since (a;) # (az), we may assume (a1) \ (az) # 0. Let b € (a1) \ (a2). As
a; ¢ G, there exists a ¢ € G \ (a,). Therefore, we have

G> (a]_) > (al,ag) > (al,ag,b) > (al,az,b, C).

Thus g(G) > 4.

Case 2: a1a02 # az0;.

There exists a d € (ay,az) \ Z(G). Since d ¢ Z(G), wecanfinde ¢ G \ (d).
Then we have

G > (d) > (daal) > (d’ a11a2) > (d1 a’laa'Zse)'
Thus g(G) > 4.

Example 16 g(S4) = g9(S5) =4
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4 Groups of gap number five

In this section, we investigate whether a group G of gap number 5 exists or not.
Let g(G) = 5and let (1, ay,...,as; by, ..., bs, 1) be 6-ladder.
Case 1: 0,05 = aza,1, a1a3 = aza; and aza; = azas.

.Then we have

G> (al) > (al,ag) > (al,ag,a:;) > (a1,a2,a3,b2) > (al,ag,a3,b2,b1) > Z(G)

Thus, g(G) > 6.
Case 2: a1a92 = aq01, 0103 = Q3za1, G203 75 asao and a104 75 asas.

Then we have
G > (b4) > (b4,a1) > (b4,a1,a2) > (b4,a1,a2,a3) > (b4, ai, ao, a3,a4) > Z(G)

Thus, g(G) > 6.
Case 3: a1z = aqa1,0a103 = a3ai, 03 75 agag and a1a4 = Q4Q7.

Then we have
G > (al) > (a‘lab3) > (a‘lyb3;a2) > (alab37a2ya3) > (a13b3aa2;a3sa4) > Z(G)

Thus, g(G) > 6.
Case 4: a1y = 42Qa1,a103 5& aszay and Q903 = Q309.
Then we have

G > (02) > (a2,0,1) > (ag,al,a;;) > (ag,al,a3,a4) > Z(G)

Moreover aza; = a1a9, azas = aza and a;a3 # aza;. By case 2, 3, g(G) > 6.
Case S: 109 = Qo0Q7 and aias 75 asas.
Then we have

G> (b4) > (b4,b3) > (b4,b3,(11) > (b4,b3,a,1,b1) > Z(G)

Moreover bya; = a,bs and bza; = a,b3. By case 1, 4, g(G) > 6.
Therefore, by case 1 through 5, we hold a;a; # aza;.
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Case 6: a;as 7& a201 and aias = azag.

Then we have
G > (al) > (al,a3) > (al,ag,ag) > (al,a3,az,a4) > Z(G)

Moreover a;a; = aza;. Thus, g(G) > 6.
Case 7: a;a; # aqa1, 0103 # aza; and aqxa; = aza;.
Then we have

G> (ag) > ((12,(11) > (ag,al,ag) > (ag,al,a3,a4) > Z(G)

Moreover azas = azaz. By case 6, g(G) > 6.

Therefore, by case 1 through 7, we hold a1a2 # aqa1, a1as # asa; and azas #
azQg.

Case 8: all of ay, ay, a3, a4 are noncommutative except a;a4 = a4a1, 0204 =
a4Q9.

> Then we have
G > (ay) > (a1,a3) > (a1,a2,04) > (a1, a2, 04,a3) > Z(G).

Moreover a;a4 = asa;. By case 6, g(G) > 6.
Case 9: all of a3, ag, a3, a4 are noncommutative except a1a4 = a4a1,0a304 =
aqas.

Then we have
G > (al) > (al,a3) > (al,a3,a4) > (al,a3,a4,a2) > Z(G)

Moreover a;a4 = a4a;1. By case 6, g(G) > 6.

Case 10: all of a,, ay, ag, a4 are noncommutative except asay = 402, a304 =
a4as.
Then we have

G > ((12) > (02,03) > (02,0,3,0,4) > (ag,a3,a4,a1) > Z(G)

Moreover azas = asa;. By case 6, g(G’) > 6.



In the cases of remaining we understand the following:

Lemma 17 Let G > (a;) > (a1,a3) > --- > (ay,09,0a3,a4,05) = Z(QG). Then
we can do as follows: all of a,,as, a3, as are noncommutative except a,a4 =

401, Q204 = G402, G304 = 403, Q105 = A5Q1, G205 = A502, Q325 = A503.
(proof) We have
G > (a1) > (a1,02) > (a1,02,0a3) > (a1, az, as, bs) > (a1, az, as, bs, bs).

Moreover all of a;, as, a3 are noncommutative, and all of by, bs, b, are noncom-
mutative, as desired.

Question 18 Does there exist a group G of g(G) = 5?
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