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     In the following table are shown various values of the depth of
isostatic conipensation obtained by different authors. In this table the
gravity data used by HE-m6ERT, BowiE and the present author are•
based upon the same normal gravity derived from HELMERT's formu!a
oÅí 1901 in Potsdam system. It is worth noticing that the depth of
compensation shown in the tabie varies markedly With the region where-
the depth has been found.
     When considered from the view-points of geology and geophysics, the•
above mentioRed dispeision oÅí the depth of i$ostatic compensation with re-
spect to region seems to be an important thing, beca.use the dispersion of
the depth may imply variation of the condition of the earth's crust ; this.
opinion is correct as will be provedlater en. Nevertheless, it appears that
none has ever considered this fact of dispersion of the depth. In order to
clarify the reason why the depth of compensation does dispeise with respect
tQ region, we must pay attention to the method by which the depth has been
ddtermined. The case of HELMERT being put aside, HAyFoRD, BowiE and the-
pre$ent author have made use of the principle ef least squares, and the
depths obtained by them are the most probable ones, that is, those which
rnake minimum the sttm of squared residuals. Then, what is meant by the-
most probable depth ?
     In the foliowing it will be proved that the most probable depth of com-
pensation is not sttch a one as we may assunie to be really exjsting, btit' the-
one whicla involves an error a$ affected by two factors, one being topography
ancl the other an unl<nown anomalous structure, that is, an invisible geo-•
logical structure inside the earth's crtist beiow the at'ea under consicleration.
The author reported this conclusion in 19. 46 and its, fuither •developments in
1949 and 1950 at the meetlngs of several geophysical societies in Japan. C') In

1950C. Tsupoi7) wrote a paper in which he showed by example that the•
criterion Åí(i$ostatic anomaly)2 =:a minimum is semetimes misleading in
determiniRg the thickness of the isostatic earth's crust, proposing a substitute•
criterion by which a more reasonable soiution is e'btained. It is to be noticed
that hi$ conclusion concerning the criterion coincides with mine.
 • Assumipg that the true depth of cempensation, say T,pt, is realiy
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Table 1

Author

HAyFoRDI)

HAyFoRD2)
HELMERT•3) mp

BowlE4)

IKuMAGAI,N.5)

year

1909

1910

1910

1917

.
1940

Region

US.A.

   lr

Oceanic coasts

.U.S.A. as a whole

East part

West part

Mountainous region
Mountainous region
above general level

North-East HonsyR
and Nippon fl'rench,
japan

•Data

Plumbline
 defiection
    tt

Gravlty

    11

    tl

    tt

    rt

    1!

lf

Depth of
  compensatlon
113.0 km

12L).2

120 (mean value)
 5il

 62

 48

104

120

170

•existing but unl<nown, ehen the gravity g at a point of M meters in height

.

above sea-level may be computed as follows :

                g==r,t-O.OO03086.EIÅÄB+P+C.+A gal .......L....<1),

where To'== the theoretical gravity on sea-levei corrected for geoid undula-
tion, 'Bm- attraction oÅí a spherical sheil placed between the gravity station
'under consideration and sea-level, witk den$ity equal to the normal conti-
nental rocl<, P-- topographicai correction to gravity in order to replace the
•outer surface of the shell with actual topography, C* =vertical attraction of
the masses due to those defect and excess of deftsity below the tepography
which are obtained under the assumption of complete compensation and
                                     '
.

assumed as extending down to the true depth of compensation after Pi'att's
hypothesis, and A == verticai attraction of tlae masses due to the excess and
defect of density possessed by invisible rocks constituting the crust against
' the dens;ty for complete compensation with the true depth. Frem (1) we get,

                g+O.OO03086 H-B-P-r,, = C,,+A ............ (2)

Present state of the worid distribution of gravity stations is by no means
•satisfactory to enable one by means of Stokes' theorem to calculate the accu-
' rate values ef geoid undulations. If we assume, however, that ret may be
approximateiy replaced with the normal gravity usually denoted by ro, tben
the left side of the formula (2) is a quantity of which the value can be found

.and let it be denoted by Bgo". Then we have,

                6ge"=C*+A ............(3)
The above equation shows that the known quantity 6go" is equal .to the sum
of the two unknowns C* and A. 6yo" is not the same with BouGvER's anoma-

,



EyTer kz•volved in tlze DePtlz 41

ly usually denoted by Ago", the latter being based upon attraction of an infi-
nitely extending and horlzontal plate of tlaicl<ness H and not upoR that
ofa spherical sheli of the same thicl<Ress, upon which 6ge" is based.
However, when lllis not large, 6go" is nearly equal to dgo".
     Now for a given region with known topography, let us assurne a
cei.tain value t Åíor the' depth of compensation, and then the vertleal aÅítrac-
tion of the iso$tatic excess and defect of density uniformly distributed down
to this depth <HayfordiaB distribution) may be expressed by a Åíunction C(t).
C,g is then the.value oÅí this function for t=T*. The difference 6.ffe"-C (t) is
the residttal for depth t, which is deneted by r, and accordingly we get,

                        ?-=C(T.)-C(t)+A ............(4).
In the above, C(T*) and A are independent of t. The condition ÅíT"'=a
minimum is aÅírX/6t=0, and, denoting the most prebable deptk by T, we
obtain,

              Åí[C(T.)-C<T)+A]aC!aT-_0 ............(5),
where aCfaT means the value of aCIOt fort s 'r and tiae summation is taken
ior all available gravity stations in the region under consideration.

Putting

                       T*=T+T ' ••e•••••••••(6),
and expanding C<T+r) in TAyLoR's series in the vicinity of T, in which

higher terms will be omitted, the following result will be finally obtained :

                              oc                          2                            A                              iT+
                    T=--zrm(rw_glllt7.,'m)TE '"r"'"(7'

     In deriving the most prebable depth, BowiES) uses a special procedure
in which for each of the assumed depths he firstiy fznds residuais based upon
HELMERT's formula of 1901 ; secondly he calculats the mean of the residuals
for all the 219 stations m U.S.A. ; and thirdly he sttbtracts this mean
vaiue from each residual. According to BowiE this subtraction Means a
correction to the equatorial gravity' of ffELMERT's formula of !901. The
most probable depth he has adopted is that whlch makes minlmum the sum
of squares of residuals thus treated. Thus he has found the most probable
deptbs for the five different regions in US.A. (Table I). After computing
r forthe most probable depth derived by Bowie in such 'a way, the present
author has found that ehe Åíormulato cslculate Tis also a Åíunction of A and
OCIaT, but somewhat different from the formula (7). Therefore, the data
used by BowiE are now under investigatioks by the present method by
which attthor Iias obtained the most probable depth, 170 km, for Nortli-
East HonsyCi and Nippon Trench (Table I).
     C(T) depends upon the topography.of the ai'ea uRder consideration.
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.A is, as mentioned above, the effect of an invls2bie geologi.cal structtu'e
below thi.s area. Tnerefore, T is infiuenced by both the topography and
the invisibie geological structure. E[ence come the followign conclusions :
                                                                 r      (1) If it is assumed that the true value of the depth of compen$ation
is uniform everywhere below tlie earth's surface, then it is possible that the
                                             "most probable depth derived from the condition ÅírL'=a minimum may take
a value differeRt from the true depth, and this value may vary with change
•of the region where the depth ha$ been fotmd, because an invisible geolog-
ical structure oratopographical feature or both may change as the regldn
does. And therefore the fact of dispersion of the most probable depth with

.

respect to the region implies that either or both of an invisible geological
structure and a topographical feature of the region Åíor which the depth
lkas been determined changes as the region does.

      (2) When coRsiderecl from the view-point just mentioned, it is inter-
•esting to note the dispersion of the depths obtained by BowiE and KewfAcTAi

.as $hown in Table I. .
      (3) If it is assumed on the other hand that Åí'he true depth is not Lini-
form and varies with region, tl3en the most probable depth may not vary in
paralle} with the change of the true depth.

      <4) When in a given region gravity stations are iiewly addecl, the
most probable depth der!vecl from the totai data including the new observa-
tions may become different from that derived from the olci data, because the
additi.on of the new observations may change the values of tke numerator
and denominator on the right side of the formula (7>. ])Vforeover, when the
region is widened by new ob$ervations, the most probable depth obtained
for the widened region may tal<e, for the g. imilar reason, a differefit value as

• compared with. that Åíor the original region.

     (5) TI"te niost probable depth ''Åí having been found, the values ef
OC/OT at exrery station can be computed by interpolation from the results of
i$ostatic calcuiations carri.ec{ out for various depths. Hewever, A being
tml<nown for all stations, the value of r and therefore the value of the true
tdepth cannot be founcl.

     (6) In the foiloxving two cases, T tal<es a value equai to zero. One is the

•
case in which the earth's crust were at a complete compensation, that is, A
vanished at all stations, and the other the case in which the invlsible geologic-

ai structure and the topography vtTere stich that the summation ÅíA 5Ciiar,}I'
takes a zero vaiue. In the formev case, each residual and therefore the mini-
mum value of Åír2 is necessariiy equal to zero. The iattey case can be inves-
tigated as follows : Distribution of the anomaly A and that of the topo-
graphical height h niay be expressed in the series of surface spherical har-
' monics, such as

A=ZAn and IZ = Åíffm
............

(8)
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?z and m being degrees of the harmonics. IÅí Cfn is the v•ertical attraction of
the isostatic excess and defect of density due to a harmonic topography Htn,
then we obtain without diMcu]ty,

_0oC.t_eL = mt _4_fizk t a_ f( "?, Ei )i-i.,

............
(9)

in which le,o,a andf are respectively the gravitational constant, the density
of the surface of continent, the earth's radius and a definite function. Conse-
quently, iE the sÅíimmations on the right side oÅí the formula (7) be substituted

by integrations, the numerator becomes e(rluqi to

.l'S'AaaTCd?,d!t---`-n.i"-Åë,2,,.f<m,'.r)SSA.u.did/,

............
(10>,

where ?, is iogitude and f.t cosine of polar distance. 'l'he domain in Nvhich
the harmonics on the rignt sides of the for'mulas <8) are valid is, of cour$e,

the limitted area under consideration. A$$uming, however, the l]armonics
to be extrapolated otttside this domain, theB the integra.tions on both sides
of the formula (10) niay be taken on the whole earth's surface, and therefore
when n is not equal to m, that is, there is nq-common degsree bQtxveen the
two series, the integral on the right alld accotdingly that on tllte left $ide of

the formula become zero. Conseqttently, if the condition 'n#m were satisfied,
the most probable depth would beeome equal to the true depth.
     In order to see what order oÅí magnitude r may take, the author adopt-
ed an example in which were assumed a si.mple topography oÅí a plateau
having its width and 'density equal to 4T* and 2.67 respectiveiy and a (!is-
tribution of the anomaly A falling betweei3 -25 and -i-5e miliigals and van-
ishing at great distances, the probiem being two-dimensional (Fig.1). Then,
by puttin.a roughly OC,faTic6C!OT*, it was Åíound that the ratio of r/T,k

Fig.-1.

.
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increased from 7.4 9o/ eo 74 96, as the height h of the plateau decrea$ed from

2000 to 200 'metres. Tli.ough this Rumerical re$ult invoives approximations,
this example may show that the higher is the plateau, the nearer approach-
es the most probable depth toWards the trtte one.

     It is worth noticing that HELMERT's depth, 120 km, and HAyFoRD's,
122.2 kni, beautifullycoi.ncide with ea.ch other, despite the quite different

materials used to derive these depths, and BowiE's depth, 120 km,
obtained in mountainous region above the general level practically coin'cides
with the former two valttes ; and further the depth of 104 km obtained
by BowiF. for rnountainous region approximates tliese three depths.
As to the enormously large depth, 170 km, found by I<vMAGAi this
valt{e incited' him to engage in the present research , lt must be noticed
that 1) the region where this depth kas been obtaiRed is of sxich a special
topography iRcfuding deep trench a$ none has ever approached, and 2)
                                                        ttthe residuals for this depth are very l.arge, amounting at most to far more
than IOO percent, of the theoretical anomalies for complete compensation
for this depth9), suggesting large values of A.

     Lastly, I will introduce anotker condition by which a depth of com-
pensation may also be determi"ed. This condition is Åír=O. Let tlie depth
derived from this condition be denoted by Ti and put T.--Tt+rf, and then
we get,

                      ZA
                Tt == -EgrClilum ............(s)

This Åíormula shows that Tt is also infiuenced by the invisible geological
structure ii?side. the earth's crust below and the topography of the region for
which the depth oÅí compensa. tion is Åío be found.
     The gravity dnornaly the geoiogist desires to know is evidenly the
anomaiy A which is equal t'o 6go"-C* from the •forniula (3)., Therefore,
in order to fmd thi$ anomaiy, we must know the value of the true depth Ta,,
bebause C.d =C(T*). It is impossible. however, to ey. ecute this process,
because for finding Trk, , the values of A are required at alkhe stations, as
stated in the above, and thus we confront a coRtradicti.on.

     The reasoning stated avove can also be applied similarly to the case
in which the thicl<ness oÅí the isostatic earth's crust i$ to be determined after

Airy's hypothesis.
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