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   fiBSIIrlZACT Volterra's semi-liRear equations are very popular as a mathematicai represen-
tation ol'the inte!'actions between species, but they have some defects. Kolmogorov improved them

in the case of two species, and made qualitative considerations. In this paper, we give them simple

concrete representations and consider lts biological meanings. Moreover we extend them to all types
of predation relations between three species and research theirstabi}ities. The result is that iinear-

chain type and pyramid type are more stable than other types.

           1. Velterra equations and Kolmogorov equations

    D'Ancona!> sought Volterra's advice about periodic change <>f the

of the fish in the Adriatic. Volterra2) proposed next equations.
populations

dN, rm
dt

dAlz'

dt

e, IV, - ai Ni N2

- e2 Ar, -i-- a, AII Ar,

where N,, Ar, represeRt numbers of species 1 aRd species 2. Tlte solutions

equations are periodic (Fig. 1). But the period and the amplitude cha}ige,

ing on initial values. And the equations are structuraliy unstable.

For lmproving these facts, Kolmogorov3> pi"oposed next equations.

of these

 deped-

dAr
  i = K, (tV,) Ar, -L( N, ) AI,
 dt

dN,      -g Ai, -F K2 ( fV, ) N2
dt
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               Fig. 3. Fig. 4.
where )K,'(N,)<O, L(N,)>O, Ki(iV,)>O, and there exist positive A and B such that

         K, (A) :- O, K, (B) - g.

   we draw the isoclines, ddA/k=o ancl eldil -lg-==o on the phase plaRe eqÅ~N,. "I"he

line N,==K,(Al,)IL(N,) runs from the positive parÅí of N, axls to the positive part of

2V, axis (A, O). The line K,(N,)==g is a straight line N,=B (Fig. 2, 3, 4). Writing

arrows indicating directions ofthe vector field in each part separated by the lsoclines,

we get g}obal properties of the so}utions.

    IfA<B, (A, O) is a stab}e point (Fig. 2). IfA>B, (B, Kl,(B)IL(B)) is astabie

point (Fig. 3), or unstable point (Fig. 4). Around the unstable point, there exist a

limit cycle. After all, the solution of these equations approaches a stable point or

a ciosed circle. Strictly, this can be proved, using Poincare-Bendixson'`) theorem.
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                2. Simplification of Kolmogorov equations

     We propose nextsimpleequations. Theirisoclines are similar to Kolmogorov's,
 and therefore global behaviours of its soiutions are also simi}ar.

           dN           'Td'7wwi' =:: (ha Ni2+2N,)N,-aAi,IV,

           4...t2. .., -N,+aNiiV2

            dt

            1     If a<--- (the predation rate is too small), its stable point is (2, O) (l;ig. 5).
           2
                                l That is, the predator extincts. If -<a<l, (the rate is midd}e), its stable point is
                                2
 (-l-i-, •l--a--a•M-/s-l-). "t"hat is, the.two species coexist (Fig. 6). /f' a>I (the ra, te is too

 Iarge), (-ll-, t--a-tt,-i--) is an unstable critical point, aRd there exists a limit cycle around

 this point (Fig. 7). Of course, the period and the amplitude of this periodic solution

                l Na                                    l N,                                                        INa

                lll                ill                lll       ,.-s.N 1 l l      /X l l"'N                 si1     l //f NNs,x l //! 1"`N !1

           2t/a Ns t!a 2 Ni
         Fig. :3. Fig. 6.
are determined by the value of a, independent o{'''
becomes extremely large, the iimit cycle aiso becomes large,

and N, axis. Such a case is considered to be unstable
large) .

               3. Extention to three species '

    Ifwe consider animais either herbivore or carnivore,

clation relations between three species, Showing species by

N.-Nrl
 1

x
x

         1/cx i!' Nt
              Fig. 7.

initial states. As the va}ue of a

       and runs nearby N, axis
     (extinction probability is

mteractions

    there are five types of pre-

        a number enclosed by
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acircle, and the through an arrow, we can draw five graphs
(Fig. 8). The coRstructed only carnivores. It is unrea}istic.
Except tliiis cases, we research stabilities of these graphs, using iRteractions used in the

preveous sectlon.

    (i) species 2 and species 3 both eat species l (herbivore)

         4....t,1.,.zl.i == N,(-Ar,L'+2Ar,)-aN,fV,-bN,N3

         dAr,         "dua/mm =:-` rmN2-i-aN,N,

         dN3 .. nv ixr, +bNi N3

          dt

    we draw isoplanes, .dTAJ-i,..o, .d.ble=o, d-Ne=:o, in the phase space fv,Å~2V2xN3

                      dt                             dt                                     dt
                                                             1(Fig. 9). Cross points ofthese three plaRes are stationary points. I{'  - 2-- <a<b<},

there are two stationary points; one (-:;-, 2--a--E-ww-h--1--,o) is unstable, and the other

(-l-, o, -2--kb--, --l--) is stable. starting from any states, al} orbits appraoch the latter

point. Ifa<b, and b> 1, all orbits approach a limit cycle on the plane N,== O though
(-i;-, o, 2• -b-tt, -l-) becomes unstable. so far as a<b (species 3 is more exceilent than

species 2 in the capture ability), species 2 extincÅís after all. This competition
princip}e so called `one niche one species' is wel} knowR among ecologists (Gause5)).
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    (ii) species 3 eats species 2 which eats species l

         .4..t,N.i.,•;- " IV, (- N,2+2Ni) ny"Ni XV2

         t••-dMt-q• me -ALv,-yaN,N,-bN,N,,

         dl{V-, .., ntlv,+bAr,iV,

          dt

    XiNie again draw isoplanes (Fig. IO). If••-S---<a<i, b>2aa-3 1, a}1 orbits approach

o,ne stationary point (N,*N,*N,*), where --il <N,.*<2, O<N,*<2EtLtt.,-l-, N,*==t--

>O. In this case, three species coexist with their constant populations. Therefbre,

linear-chain type interaction is comparativeiy stable.

    (iii) species 3 eaÅís species 2 and species 1, and species 2 eats species l

         -d•zllVzti•• =: N,(-N,2-F2IV,)-a,]iV2N,-bN,N3

         -d-hNi•••••t--2 ::-7 -N2-f-aAiifV2-cN2N3

         (•-zNl}t-3• := -N3+bNiN3+cN2AJ3

                                      l a3    If' a<b, species 2 extincts• 1f a>b, --2--                                                 •---- three species coexist                                        <a<1, c>
                                                 2a-l
as saiT}e as the case (ii). This case can be said to be more stable than the case (i),

but less stabie than the case <ii) (Fig. 1!).

    (iv) species 3 eats both speeies 1 and species 2

         dN         •••••-tti -- N,(-N,2+2AT,)-aAT,AT,

         4rmdN.72--N,(-N,2+2N,)-bN,N,

         d-2V2 = -N,+aN,N3rmFbN2N3
          dt

    Ifa+b<--l--, species 3 extincts, because only one stable point is (2, 2, O). If

             2
6 <a+b<i-a,vlEltl'l•-t/llll, a<b, or "3""<a"-b<}-b,Vtllll:tt", a>b, ai} orbits approach
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    , N,*, N3*), where Ni*, Ar,*, N3'tr' are a}I positive.

   interactioR is stable different from antipyramid type of the

                        e are more stable than other types.
we think that general structures of food webs constructed by a

 inclined to be pyramidus.
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an stationary point (N,*

    This pyramid type
case (i) (Fig. }2).

    After all, llnear-chain type and pyramid typ

Because of this fact,

lot of species are also
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