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Completely regular codes
in Hamming graphs and Johnson graphs
with small width

Yoichi Enta (HHE ¥#—)
International Christian University (EBEEEBKZF)

Hamming graph H(D,q) & Johnson graph J(n, D) {2V T, code C ~DHEREDRT
s(z) = s \CEB T3 Z LIZ X o THAB NI, C 38 completely regular code 22 572D
e ZOEAE LT, C O width w 29V T bound(Prop.2.6, Prop.3.4) %, cardinality
|C| {22V T DHIBR (Prop.2.9, Prop.3.7) ORERIZOWTHEE LV, MERARERTSH,
3T counting argument IZ X > T\ 5. (RITITEFEH.)

1 Definitions
I' = (X, R) % distance-regular graph (DRG) &7 %.
o X : vertexsetof ', R=R; : edgesetof I
e O(z,y) : distanceinI' (z,y € X).
o D = Dr = max{d(z,y)|z,y € X} : diameter of T.
o T(z) = {z € X|0(z,2) =i} : i-th neighbourhood of z.

X OBTRWESEESCE2T Dcode b)), BT DC K Z L bHD. code C
W LT, X =CoUC,U---UC: % distance partition &7 5.

» C,={z € X|0(z,C) = {} : £-th subconstituent
(Te’EL, 8(z,C) = min{d(z,y)ly € C}, Co = C).

o t =tc = max{{|C, # ¢} : covering radius of C.
¢ w=wc =max{d(z,y)|z,y € C} : width of C.

Definition 1.1 ([2], [5]) @ (Rff7e) &%= 3 T @ code C # ' D completely
regular code (CRC) ¢\ 5.

4 Ye = |F1($) n .Ct-xl
C:CRCinT <% for 0 <Y<t ar:= [[i(z)NC depend only on £
Be:= |T1(z) N Ceqal (z € Cy).
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<= for ¥i,%5,%¢, nf := [Ti(z)N C;| depends only on £ (z € Cy).

Definition 1.2 T' D code C & z € X IZX LT, s(z) = s¢(z) := Tye0 0(z,y) LEHET
5. 5(z) Bz € CLIZBNWTLDIRHZE > THREDERK s, = 3(2) Th D L &, 5,13 constant
THHENVWHIZLITTH(0<LLH).

5012 & 2T code D class EIRD & 5 ITE#ET 5. [global, local & V) terminology 133
Bl OBMAYIRA A — VI L > T3, Example 2.1 3R] 0< L <t KHLT,

: f{-global code &L so,...,80: const.,and so=--- = 3.
: f{-local code & s, ,8¢: const., and C is not f-global.

: CRC of global type €% C: CRC and t-global.
: CRC of local type & C: CRC and t-local.

QaQaQa

Remark 1.3 CRC 225 5,...,s; IXZEFNEH constant.
[f2ER 5, s(x) = TPsi- b (z € C) XL DAHIT L > TRE DB

2 In the case of Hamming graphs
I'= H(D,q) = (X, R) # Hamming graph &3 5. ZZ T,
e I={1,...,D} (D>1).
e 0={0,1,...,9-1} (¢=>2).
e X =00 ={z=(z1,...,2p) |z € Q@ € D)}
o 9(z,y) =|{i € Ilz; # »:;}| : Hamming distance.

Example 2.1
(1) ¢® = {(000), (011), (101),(110)} X H(3,2) ® CRC of global type (so = 3; = 6).
(2) C® = {(000), (001),(010),(011)} X H(3,2) ® CRC of local type (so = 4,3, = 8).
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H(3,2)>Cc® H(3,2)>C®

H(D,q) ® code CITR LT, r(i;5) = ro(i;5) = {y € Clyi = j}| (G€L,jeq) L
#7%. 20k &, Hamming distance d DEHIT L Y 7= HIZRD Lemma SRR Y 3.

Lemma 2.2 z,2' € X, 0(z,2") =1, z; £ 2} £ T .

(1) ye XITHLT,
Az, y)+1 (fyi=z),
a(z', y) = a(m7y) -1 ('f Yi = zi),
(z,y) (otherwise).

(2) code C =R LT,

Yoo, y) =Y O(=z,y) + r(i; z:) — r(i; ).

yec yeC

Z D Lemma %% L 1T, C 48 CRC of global type 723 b DLERMETH S, ROF
E2EMEEZRD.

Theorem 2.3 H(D,q) ® code C \ZoWT, ROMEIIFE. [ ZhbiX, C 28 CRC of
global type 1”725 7- O DLBERMF.]

(1) C is 1-global (i.e so, sy : const., dnd so = 81).

(2) C is t-global.

(3) s0, 81 : const., and r(i;5) >0 (forYie I, Y5 € ).
(4) r(3;7) : const. (for¥i e I,Y] € Q).
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—7%, CRC of local type iZRD & 5 KBS h, eI oh 5.
Theorem 2.4 H(D,q) ® code C IZ2WT, ROMEBEILFE.
(1) C is 1-local (i.e. sg, sy : const., and 3o # 51).
(1) C is 1-local, and so < s;.
(2) C is t-local, and 89 < -+ - < 34.
(3) s0, 81 : const., and r(3;5) =0 (for3ie I, 3 €Q).
(4) C is a CRC of local type.
BY £ CL ¢+ CQsuchthat C={ye Xl e Yiel)} [ZDLx
induced subgraph ¥ LCiZ, C ~ H(D',¢) x H(D — D', q) (D' = |, ¢ = |¥])]
Rethark 2.5 (cf. [4]) Theorem 2.3(4) iX C 2% (Delsarte DEBRTD)1-design TH 5 =
&1z, Theorem 2.4(3) iX C A3 strength 0 @ design T 5 Z & IZRIEL TV 3.
Theorem 2.3(4) i & ¥, width w IZBF 5K D bound B/ LN 3.

Proposition 2.6 H(D,q) ® CRC of global type C iz T, w > 2L =1D. iz,
w> uD.
q

[V 5 e, w< LD EWcT CRC C i local type TH Y, LR >TC = H(w,q).]

Corollary 2.7 w> 0% fir v 5L %, w < D %73 CRC of global type WHFIET 2 X
5 72 Hamming graph H(D, q) i3 % A FR{E.
[ 28, w=D LR3HIZC =T OHREL2EDWEIHFETS )

Example 2.8 (éf. it
(1) Proposition 2.6 IZX Y, w =2 < D 2§77 CRC of global type FF#ET 2 7IfgtE
0¥ 5 Hamming graph 1 H(3,2) D%. EBED & 5 72 CRC RRD 1 OB TH
BT LIIMEICEID BNS.

H(3,2) D {(000),(011),(101),(110)}.
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(2) FHRIZ, w = 3 < D %73 CRC of global type 37EET %AD& 5 Hamming
graph i H(4,2), H(5,2), H(4,3) D% ZBEED X 57 CRCIIRD 2H DA,

/ 0000 \
0111
0222

oL 0 1012

H(4,2) > 101 | % ( 1 ) , H(4,3) > | 2021 | (perfect code).
1201
110 2102
1120

\ 2210 /

%7, Theorem 2.3(4), Theorem 2.4(5) IZ & ¥, cardinality |C| iZ- 2V N TiZR DOHIBRA
FRY 3.

Proposition 2.9 H(D,q) ® CRC C iIZ2\ T, |C] = 0(mod q) ¥72#X|C| = ¢P
(1<q <q).
[#iz, H(D,2) ® CRC C &22™T, |C] = 0 (mod 2) £ 21X |C| = 1]

3 In the case of Johnson graphs
I'=J(n,D) = (X,R) % Johnson graph (1< D<n, £iZ1<D<n/2) &¥5. =

N 2

e N={1,...,n} (n>2).

cx=()

® z,y)=D—|zny|
code C R LT, r(i) =ro(i) = {y € Clicy}| (i € N) L¥5L, HiffiL A@LF
U TR 5,

Theorem 3.1 J(n, D) ® code C {IZ2WTC, ROMEIXFE. [ Zh DX, C 2% CRC of
global type Tdh S Te DD ESH: ]

(1) C is 1-global (i.e. 3o, sy : const., and so = s1).
(2) C is t-global.
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(3) 0, 81 : const., and 0 < r(i) <|C| (for"ie N)-
(4) r(i) : const. (for Yi € N).

Theorem 3.2 J(n, D) @ code C 22T, ROMEIZFE.
(1) C is 1-local (i.e. 8o, 81 : const., and so # s1).
(1) C is 1-local, and so < 51.
(2) C ist-local, and 50 < -+ < st.
(3) so, 81 : const., and (r(i) = 0 or r(i) = |C| for %i € N).
(4) C is a CRC of local type.

(5) #3N"C N such that C={ye XlyC N} orC={yeXjy2 N'}. [ZDL&
induced subgraph & LCiE, C ~ J(n',D) ¥7i2C ~ J(n—n',D —n') (n' = |N'|)]

Remark 3.3 (cf. [3]) Theorem 3.1(4) X C #% 1-design T % Z & iZ, Theorem 3.2(3)
1% C % strength 0 @ design T2 T 2T L TS,

Proposition 3.4 J(n,D) ® CRC of global type C \IZ2WT, w > TCL%TE?B. iz,
w> n=DD

[(Wodz B, w < 8D £33 CRC C iX local type THY, LM >TC > J(D+
w,D) ¥72iXC ~ J(n-D+w,w).]

Corollary 3.5 w> 0% fir 75 &%, w< D %Wid CRC of global type WHIET S &
9 72 Johnson graph J(n, D) iX® 4 ATR{E.

Example 3.6 (cf. [1]) Proposition 3.4 IZ& ¥, w =2 < D %17 % CRC of global type
NEET B WEMED H B Johnson graph 1% J(6,3), J(7,3), J(8,3) DFH. EERED L5722
CRC 13k 2 D Fr.

( 000111
001011
010101
100110
J(6,3) D 12(1)881 (Petersen graph),
011010
110010
011100 |
\ 101100 |
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( 0000111
0011001
1100001
J(7,3) D | 0101010 | (Fano plane = 2-(7,3,1) design).
1010010
1001100
\ 0110100

’
Proposition 3.7 J(n,D) ® CRC C iz oW, |C|D =0 (mod n) ¥7iX|C| = ( % )

(D' <n)yEIXC| = ( 1’;:’:,) (0 < < D).

Further problems.
(1) CRC of global type D4¥. X 5723 bound < tool §¥?
(2) K&\ strength % %> CRC DML

(3) K&V minimum distance d = dg := min{d(z,y)|z,y € C,z # y} £H> CRC Ok
R

(4) —#®D DRG(3 B\ i graph) ® CRC ~D—#{Lix?
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