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Preface

In this thesis, we study two proximal type splitting methods for the structured convex
optimization problems: the alternating direction methods of multipliers (ADMM) and
the Peaceman-Rachford splitting methods (PRSM). These two first-order algorithms are
well studied for the structured convex optimization problems since applying the separable
properties of the objective functions. Besides, these algorithms are widely used in real
practical problems, particularly the large-scale problems arising in statistics, machine
learning, and related areas.

Due to the large scales, the subproblems in the classical ADMM and PRSM may be
difficult to be solved exactly in many applications. Thus proximal terms with a positive
semidefinite matrix had been added to the subproblems to make them easier. In the proximal
ADMM, it always solves subproblems with an approximate solution. Although such classical
and proximal version algorithms are efficient methods to solve the separated convex program
and have been widely studied, there still exist a lot of issues which should be considered.
For example, the two main problems as following: one is that the classical splitting method
can get a global solution within fewer iterative steps, but sometimes it needs a quite long
time to solve the subproblems exactly or cannot; another one is that the proximal versions
can reach approximate solutions with a faster time, but the solutions may be infected by
the proximal matrix and it uses more iterations. Recently, some modifications also have
been studied, such as replacing the semidefinite proximal term with an indefinite term for
the proximal ADMM, allowing two different stepsizes for the PRSM. From the mentioned
issues, we will directly have the question that: Do the proximal methods can reach nearly
the same optimal solutions as the classical ADMM, or more efficient on the iteration steps?
Hence, proposing efficient and practical solution methods to solve them is a worth studying
topic.

The main contribution of this thesis is to propose efficient proximal splitting methods for
solving large scale structured nonlinear programming problems.

We propose two classes of the splitting methods. One is the proximal ADMM, where we
propose to generate a variable positive semidefinite matrices sequence for an unconstraint

structured convex quadratic problem. We first construct these proximal matrices via the
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BFGS update at every iteration step which can satisfy the convergence conditions. Then
we extend this algorithm for two general convex optimization problems and also extend
the constructions of the proximal term by the Broyden family update. At last, we further
propose a variable metric indefinite proximal ADMM by replacing the semidefinite terms
to allow for a larger stepsize. We even show the sufficient conditions on the indefinite
proximal matrices for the global convergence. The other method is proximal PRSM with
an indefinite proximal term and two different constants step sizes in the dual updates. We
establish its global convergence and also the o(1/t) convergence rate in the nonergodic sense.
Moreover, for all of the methods, some numerical experiments have also been carried out,
which demonstrate the excellent performances of the proposed methods.

The author hopes that the results in this thesis will contribute to further studies on
the ADMM and PRSM for the structured convex optimization problems and their related

problems.

Yan Gu
November 2020
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Chapter 1

Introduction

The mathematical optimization is a branch of applied mathematics which was introduced by
professor Robert Dorfman in 1940s. Optimization is to maximize or minimize a specific
function or variable under a defined domain. Convex optimization is a subfield of the
optimization that studies the problem of minimizing convex functions over convex sets and
is very important because of the rapid development of the intersection between various
disciplines. In some applications such as machine learning, signal processing and statistics
problems, a general convex model fitting problem very often can be written in the form of
minimizing the sum of convex functions called structured convex optimization problem.

In this chapter, we give an overview of the structured convex optimization problem and

then outline the contents of the thesis.

1.1 Overview of problems

1.1.1 Structured convex optimization

It has long been recognized that many convex optimization problems can be put into the

following form:
minimize f(z) + g(x), (1.1.1)

where C' is a finite-dimensional Euclidean space, f: C — R and g: C' — R are closed convex
functions.

An equivalent formulation of Problem (1.1.1) is as follows:

minimize f(z) + g(y)
subject to © —y =0, (1.1.2)
xeCyed.
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In this thesis, we consider a more general structured convex optimization problems related
to Problem (1.1.2):

minimize f(z) + g(y)
subject to Az + By =0, (1.1.3)
reX,yey,

where f: R™ — R and ¢g: R™ — R are closed convex (not necessarily smooth) functions;
A € R™™ and B € R™ ™ are given matrices; b € R™ is a given vector; X and ) are
nonempty closed convex subsets of R™ and R"™ (e.g., positive orthant, spheroidal or box
areas), respectively.

The above problems consist of two functions. Next, we describe another optimization
problem which is multi-block structured convex optimization problem. The objective function

is the sum of functions without coupled variables.
N

minimize Z fi(z;)
i=1

N
subject to ZAZ‘I’Z' =b, (1.1.4)
i=1
T € Xj, i = L--- 7N7
where f;: R™ — R(i = 1,---,N) are closed convex functions; A; € R™*™ b € R™ and
X, CR"(i =1,---,N) are closed convex sets. It is obvious that the problem (1.1.1) or
(1.1.3) is a special case when the N = 2 in the multi-block problem (1.1.4).
Various practical problems of science and engineering, such as machine learning [73, 115],
total variation denoising [102] and statistics [59] can be formulated as Problem (1.1.1). In

the following, we give some of such applications.

1.1.2 Applications

The problems (1.1.1) and (1.1.3) have been widely used in many applications. Generally, f is
a loss function and g is a structured regularization term. Regularization is a technique often
used in practice, either because in some cases the observation matrix can be ill-conditioned,
or to impose additional information on the model like sparsity to improve the conditioning
of the problem. The most common regularizers used are the squared Iy norm (Tikhonov

regularization), and the /; norm. We list some common variants of function g(z) as follows.

(a) [;-regularization [73, 105, 106, 112] is a good technique for obtaining relatively sparse

solution that many elements of the variable x are 0, i.e.,

g(x) = [lzx;
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(b) ly-regularization [91, 107] is introduced to prevent overfitting and to make the values

relatively dense and uniformly concentrated near zero, i.e.,
g9(x) = [zl

(c) Block ly-regularization [84, 116] is an extension of the [;-regularization, i.e.,

g(z) = Z |2 i

where {x5}, i = 1,2,..., N, denote the disjoint subvectors of vector z. Its sparsity

2

is obtained at the group level, that is, a group is picked or dropped. But within each

group, sparsity can not be guaranteed;

(d) The mixed norm penalty [71, 74] yields solutions that are sparse at both group and

individual elements, i.e.,

2;

N
g(@) = el + ) lla
i=1

(e) Indicator function with respect to closed separable convex set C| i.e.,

0 ifzed,
g(x) = ‘ (1.1.5)
oo otherwise.

Apparently, the above regularization terms have different forms. However, from the
optimization point of view, they are special forms of models (1.1.1) and (1.1.3). Next,

some examples of functions f and g are described as follows.

(1) Quadratic Programming: The standard form of quadratic program (QP) is

1
minimize §xTQx +p'e
subject to Ax =b,x >0,

where z € R™ and @) is a positive definite matrix. We can rewrite it as the (1.1.3) type
that

minimize f(z) + g(y)
subject to z —y =0,

where the function f(z) = $2"Qz + p'z with domf = {z | Az = b} and g(y) is
the indicator function of the nonnegative orthant. Note that when the matrix ) = 0,
this problem reduces to a standard form linear program (LP). More generally, the
constraint x > 0 can be replaced by any conic constraint that x € I when the problem

becomes a quadratic conic program.
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(2) l;-norm Problems: Here we show some problems that involve {; norm, which are

important in statistics, signal processing and machine learning.

The Basis Pursuit problem [24], which plays a significant role in many applications
like the compressed sensing [15, 31, 115], is the equality constrained /; minimization

problem

minimize ||z,

subject to Ax = b,

with z € R", A € R™", and b € R". It is a basic technique to determine a sparse
solution of a underdetermined linear system that m < n (in some cases that m < n).
Then we make the function f(x) be an indicator function of {z € R™ | Ax = b}, the

problem can be reformulated by

minimize f(z) + ||y|1

subject to x —y = 0.
Lasso [106, 59] is an important {; regularized linear regression case.
I 2
minimize §|\Ax —bl|5 + w1,

where p is a scalar regularization parameter that is normally chosen by cross-validation.

The Lasso can be written as the structured form as

minimize f(z) + g(y)
subject to x —y =0,

with f(z) = 3]l Az — b|3 and g(y) = ullyll:.

An another similar extension example which is called the Group Lasso [116], consider
replacing the regularization term ||z||; with Y, |22, where z = (z1,...,zy), with
x; € R™. Group Lasso arises in applications (i.e. bioinformatics), where correlated

features can be put into groups.

(3) Model Fitting: Some large scale problems arising in model fitting like regression,
classification, and signal processing also can be written in the Problem (1.1.1) form.

A general convex model fitting problem can be written as
minimize [(Az — b) + r(z),

where x € R", A € R™*" is the feature matrix, b € R™ is the output vector, [: R™ — R

is a convex loss function, and r is a convex regularization function. The common
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examples for r are 7(x) = pullz||3 and r(x) = pllz|; with a positive regularization
parameter p. In some cases, one or more parameters are not regularized such as the
offset parameter in a classification model. Next we give some examples that have the

general form above.

Regression (see, e.g.[14, S7.1.1]) is a special case of the model fitting. First we assume
that [ is additive, i.e.

(Az —b) = Li(a]z —1by),
i=1

where [;: R — R is the loss function for the ith example, a; € R" is the feature vector

and b; is the response for example i. Consider a linear model fitting problem with
bi = CI,ZT T+ Vi,

where a; is the ith feature vector and v; are independent measurement noises with

log-concave densities p;. Then the negative log-likelihood function is I[(Az — b) with
li(w) = —logpi(—w).
Classification [4, 73] problems can also be written in the general form above. Let

pi € R"! be the feature vector of the ith example and ¢; € {—1,1} be the binary

outcome or class label for ¢ = 1,...,m. Function [(Ax — b) is given by

m

1
Az —b) = — Y Li(qp :
(Az — D) m; (a:(pf w + v))
where z = (w,v) € R™ with a weight vector w € R"! and offset v € R, a; = (¢:pi, — ),
and b; = 0 for i = 1,...,m. (Here we need to scale I; by 1/m.) Some common loss

functions are hinge loss (1 — qi(p] w+ v))+, exponential loss exp( — qi(p] w+ v)), and

logistic loss 10g<1 + exp( —q(pfw + v)))

1.2 Solution methods

In many applied fields, particularly the data analysis, the problems are often large datasets
in high dimensions and contain huge number of training examples which have been referred
to as “Big Data”. It is challenging to directly solve the optimization problem like Problem
(1.1.1). Thus it is natural to look to parallel optimization algorithms as a mechanism for
solving large-scale statistical tasks.

In recent years, a number of efficient first-order algorithms have been developed for
problems (1.1.1) and (1.1.3) including operator splitting methods [1, 5, 26, 32, 35, 80],
gradient methods [88, 97, 108, 109], primal dual methods [18, 23, 39], Bregman iterative
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methods [16, 51], etc (see, e.g.[6, 111]). The dual version of the operator splitting method,
which is simple but powerful, known as Alternating Direction Method of Multipliers (ADMM)

[46, 48, 49] is well suited for such convex optimization problems.

1.2.1 Proximal Gradient Method

For simplicity, consider the problem (1.1.1) with C' = R". The proximal gradient method
can solve the problem with assumption that ¢ is differentiable.

The proximal operator prox,: R" — R" of f is defined by

) 1
prox;(z) = arg min {f(u) + §Hu - xH%} :

The proximal operator of f with parameter A > 0 can be expressed by

i 1
prosy (o) = avgin { (0 + 55~ ol }.

which means that for a given point z, finding the optimal point u = prox,;(x) to minimize
fw) + 55llu — 3.
The proximal gradient method for solving problem (1.1.1) is

g = prox, s (2% — AVg(z")) | (1.2.1)

where A > 0 can be viewed as step size.

There are two general ways to decide the step size A. One is to take a fixed step size
A € (0, 1] when the gradient Vg(z) is Lipschitz continuous with a constant L. This method
converges with rate O(1/k)* [6, 27]. Another one allows variable step size A¥ by a line search
when L is unknown [7].

However, it is always difficult to compute the proximal operation for structured sparsity
functions to capture complex structures of data. Examples of that include overlapped group

lasso, low rank tensor estimation, and graph lasso.

1.2.2 Augmented Lagrangian Method

One may solve problem (1.1.3) is the augmented Lagrangian method (ALM), which was
originally known as the method of multipliers. These methods were first discussed by
Hestenes [69] and Powell [99] in the late 1960s, and were also studied by Bertsekas [§].

L As the work [87, 88] and many others, a worst-case O(1/k) convergence rate means the accuracy to a
solution under certain criteria is of the order O(1/k) after k iterations of an iterative scheme; or equivalently,

it requires at most O(1/¢) iterations to achieve an approximate solution with an accuracy of e.
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The Lagrangian function for problem (1.1.3) is
L(z,y,A) = f(z) + 9(y) — (\, Az + By — b), (1.2.2)

where A € R™ is the Lagrangian multiplier for the linear constraints Az + By = b in (1.1.3).
The augmented Lagrangian function of (1.1.3) is

Lo(r.y.X) = (@) + (0) — (A Ax + By — )+ 5 Az + By — b (1.23)

where § > 0 is called the penalty parameter. It also can be viewed as the Lagrangian

function for the following problem:

minimize f(z) + g(y) + gHAx + By — b||?
subject to Az + By = b, (1.2.4)
reX,ye).

Applying the dual ascent method to the problem (1.2.4) above, it generates the updates

(Z‘k+1 k+1)

Y = arg min Eg(x,y,Ak),
x7y

(1.2.5)
AL = \F B Akt 4 ByRtt —p).

This method of multipliers converges under very general conditions including the case that
f and g are not strictly convex. However, in this case, the vectors ¢! and y**! should
be updated at the same time ignoring the separability of the original functions. Generally,
the joint minimization problem (1.1.3) is a challenge to be solved exactly or approximately
with a high accuracy. To exploit the separable property of (1.1.3), the classical ADMM is
developed to efficiently solve the z- and y-subproblems.

1.2.3 Alternating Direction Method of Multipliers and extensions

Our main problem is the structured convex optimization problem (1.1.3). Because of the
separability of the objective functions, we can effectively apply some properties of f and g
in algorithm design, respectively. We first introduce the ADMM method. ADMM was first
proposed by by Gabay and Mercier [46], Glowinski and Marrocco [49] in the mid-1970s. It
derived from the augmented Lagrangian method and also can be viewed as an application
of the Douglas-Rachford algorithm to the dual of (1.1.1).

The classical ADMM for solving (1.1.3) takes the iterative sequence via the following

recursions:
" = arg mi)rg Ls(z,y", \F), (1.2.6a)
BS
Y"1 = arg Hli)I}l La(x* y, \F), (1.2.6b)
ye

ARTE = \F — B(AZFT 4 ByFt! — p). (1.2.6¢)



10 Chapter 1 Introduction

ADMM is similar with dual ascent method and the method of multipliers. It consists of
an r-minimization step, a y-minimization step and a dual variable update step. The step-
size of dual variable A update is equal to augmented Lagrangian parameter 5. In ADMM,
the solutions of subproblem (1.2.6a) and (1.2.6b) are used to find the global solution of
the big problem. At the k iteration, for fixed y* and multiplier \¥, the new point z¥*! is
obtained from the exact minimizer of the augmented Lagrangian with respect to x. The
y**1 is updated with the new point z**! in a similar way. That is, the variables x and y are
updated in a Gauss-Seidel pass [52] that = is updated while y is fixed then the new value of
x is used to find a new y.

The convergence of ADMM has established in some literatures [13, 35, 44, 45]. One
approach [44] was to split the Lagrangian function of problem (1.1.3) into a sum of two
convex-concave functions by using the monotonicity of the subgradient of the Lagrangian.
Another approach [45] was based on Douglas-Rachford operator splitting theory, and yields
considerable insight into the convergence of the ADMM. An O(1/k) convergence rate had
been shown for two parts convex problems [65, 67, 85] with the &£ on behalf of the number of
iterations. A rate of O(1/k?) was given for the accelerated ADMM when the problems are
strongly convex [50]. Under the assumptions of strongly convex and Lipschitz continuous
gradient on one of the two functions, it turns out to have a global linear convergence rate
[30].

By noting the fact that the z-, y-subproblems in (1.2.6a)-(1.2.6¢) may be difficult to
solve exactly in many applications, Eckstein [34, 36] have considered the proximal ADMM

by adding proximal terms to the subproblems which takes the following scheme:

1

ZL'k+1 = argnéigﬁﬁ(x,yk, )‘k) + 5”37 - ka%? (127&)
' 1

y* = argmin La(2 Ty, ) + S lly = v (1.2.7b)

MFL = O — B(AZ 4 Byt — ), (1.2.7¢)

where 5 > 0, and ||z||¢ = VZTGz for z € R" and G € R™™. They proposed the proximal
matrices S and T to be positive definite, and the step size v = 1 in this classical proximal
ADMM (1.2.7). The proximal ADMM covers the classical ADMM when S =7 = 0.

Fazel et al. [40] proposed a semi-proximal ADMM with the semidefinite matrices S and
T, and the step size v here to be in a range of v € (0,(1 + v/5)/2). Fazel et al. [40]
showed its global convergence when S and T are positive semidefinite, in contrast to the
positive definite requirements in the classical proximal ADMM [34, 60|, which makes the
algorithm more flexible. The proximal ADMM has an advantage that its subproblems are
easy to solve, and it also can efficiently handle the multi-block convex optimization problem
which is known as block-wise ADMM [66]. See [30, 40, 65, 114] for a brief history of the

developments of the semi-proximal ADMM and the corresponding convergence results.
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The global convergence of the semi-proximal ADMM is easy to prove. However, it is
not satisfactory in numerical performance since it always takes a lot of iterations. The
paper [30] mentioned that the proximal matrix 7" in (1.2.7b) could be indefinite if o € (0, 1)
though it provided no further discussions on theoretical properties. Li et al. [77] proved the
global convergence. He et al. [63] proposed a linearized version of ADMM with an indefinite
proximal term. They considered the case that the matrix S = 0 and a = 1 in (1.2.7), and

generated the proximal matrix 7" as
T =rrl —BB"'B with r> B||B'B|, 7€ (0.75,1). (1.2.8)

The proximal matrix 7" is not necessarily positive semidefinite. A smaller value 7 € (0.75,1)
can ensure the convergence and also give better numerical performance.

Among the family of alternating direction algorithms, inexact versions are allowed the
subproblems in (1.2.6) and (1.2.7) to be solved approximately with certain implementable
criteria. For the classical ADMM, the approximate ADMM was first developed in [35].
They showed an approximate solution replacing the exact minimizations of (1.2.6a) and

(1.2.6b) with absolute summable error criteria and some research papers are proposed such as
21, 60, 117, 92]. For the proximal ADMM (1.2.7), let z¥"1. and 3**1, be the exact solution of

exact exact

the corresponding subproblems in (1.2.7). Inexact ADMM aims to find approximate solution

k+1 k1 k+1 k+1

"t and y*t of x2),., and y .., respectively. Based on (1.2.7), He et al. [60] proposed an

inexact proximal ADMM where the parameters 3, S and T are replaced by some bounded
sequences of positive definite matrices { Hy}, {Skx} and {1} }, respectively. The approximate

k+1

solution z¥*! and y**! are obtained by absolute summable error criteria

o0
|zFtt — 2L <y, |l = gL < vk, and Zl/k < +00.
0

A relaxed error criteria (relative error criterion) was further given in [117] as

oo
12 — 2l < vl = 2Lyt =yl < wlly® = "L and Y0 < oo,

exact
0

The convergence properties of such algorithms have been established in [3, 53, 82].

Recently, many researchers are interested in extending two block ADMM to multi-block
ADMM for solving the multi-block convex optimization problems (1.1.4). For the general
case, i.e., N > 3, a straightway idea is to extend the classical ADMM as (1.2.9) and it indeed
works well for some applications, see e.g. [104].

k1

Z;

_ . k1 k1 k N
= arg min Lo(xy™, w7y x5, oy, AY), i=1,--- | N,

$i€X1
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However, according to [19], the classical ADMM for N-block (N > 2) convex optimization
problems is not necessarily convergent. In order to guarantee the convergence of the extended
ADMM, additional assumptions on the objective functions such as smooth, or at least N —2
functions are strongly convex are needed [17, 20, 56, 76, 79]. Some works imposed to slightly
change the order of the iterative scheme or add some restrictions to the Lagrangian multiplier
update step [57, 64, 70]. Moreover, some researchers considered to group the N functions in
the objective of (1.1.4) and all the variables, accordingly as two groups [66]. Problem (1.1.4)

can be written as
N1 N2
minimize Z O, (z;) + Z W;(y))
i=1 j=1

N Ny
subject to ZAZ-[EZ' + ZBjyj =b, x; € X, y; €Y, (1.2.10)
i=1 Jj=1
where N1 Z 1, N2 2 ]_, N:N1+NQ .
Then the original ADMM (1.2.6) becomes applicable in a block wise form and the
proximal techniques also can be applied to the block-wise ADMM (1.2.10) [66].

1.2.4 Peaceman-Rachford Splitting method

The solution for problem (1.1.1) is z* such that
0 € df(x*)+ dg(z").

We consider these two subdifferentials as two maximum monotone operator J; and .J such
that
0€ (J;+ Jo)(z). (1.2.11)

The operator splitting methods are the methods for finding a zero of the sum of two maximum
monotone operators (1.2.11).

As known, the ADMM is a special case of a method called the Douglas-Rachford splitting
method (DRSM) for monotone operators [32, 80]. The variant of ADMM that performs
an extra A-update between the z- and y-updates is equivalent to the Peaceman-Rachford
splitting method (PRSM) [80, 98] instead, as shown by [45, 48], one can derive the following
iterative scheme for (1.1.1) and (1.2.6):

(! = arg Hli)I(l Ls(z,y" \F), (1.2.12a)
xe

A2 = A\ Az + ByF —b), (1.2.12b)

g = argmin £5(a",y, N9), (1.2.12¢)
yE

| A = AFF2 — B(AZP 4 ByFt — b), (1.2.12d)
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where A € R™, § have the same meaning as (1.2.6). Different from the global convergence of
the ADMM (1.2.6), which can be established under very mild conditions [13], the convergence
of the Peaceman-Rachford-based method (1.2.12) cannot be guaranteed without further
conditions [28]. As analyzed in [45], the PRSM has the addition of the intermediate update
of the multiplier A“é, and it thus offers the same set of advantages. However, the PRSM
scheme is less robust and thus it converges under more restrictive assumptions than ADMM.
Also as remarked in [45], under the Lipschitz continuity and coercivity of dg* (¢* denotes the
conjugate function of g) assumptions, the PRSM (1.2.12) with optimal parameters converges
on the linear rate. Some numerical experiments for the efficiency of PRSM had been verified
8, 48].

He et al. [61] proposed a modification of (1.2.12) by introducing a parameter a to the
update scheme of the dual variable A in (1.2.12b) and (1.2.12d). Note that when o = 1, it
is the same as (1.2.12). They explained the non-convergence behavior of (1.2.12) from the
contract perspective, i.e., the distance from the iterative point to the solution set is merely
nonexpansive, but not contractive. Under the condition that a € (0, 1), they proved the same
sublinear convergence rate as that for ADMM [65]. Particularly, they showed that it achieves
an approximate solution of (1.1.1) with the accuracy of O(1/t) after ¢ iterations, both in
the ergodic and nonergodic sense. Besides, Gu [54] and He et al. [62] took two different
constants o and v to different step sizes in (1.2.12b) and (1.2.12d). The convergence results,
including global convergence and the worst-case O(1/t) convergence rate in the ergodic and
nonergodic sense, have been established in [54]. Chen et al. [25] proposed a new Peaceman-
Rachford splitting method in a prediction-correction framework. For some recent advances
of the Peaceman-Rachford splitting method, one can refer to [2, 47, 68, 72, 75, 113], to name

a few.

1.3 Motivations and contributions

As mentioned above, the ADMM and PRSM are parallel methods that are verified to be very
efficient for large-scale optimization problems. Moreover, although these methods have been
widely studied, there still exist a lot of issues that should be considered. For example, does
the proximal ADMM reach nearly the same optimal solutions as the exact ADMM or more
efficient on the iteration steps? Therefore, such many applications and problems motivate
us to join the research on the proximal alternating direction methods.

In this thesis, we carry out our study from two aspects; one is the research for the ADMM
and the other is on another splitting method PRSM. In the following, the contributions of
this thesis are itemized.

(1) To propose a proximal ADMM with the BFGS update for structured convex
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quadratic problem

We present a new proximal ADMM with variable positive semidefinite matrices
sequence {7} } for an unconstrained structured convex quadratic problem. Under some
sufficient conditions on Ty, the sequence generated by the proposed algorithm globally
converges to an optimal solution. Since the subproblems of normal proximal ADMM do
not include any second-order information on the objective function, the convergence of
it might be slower (actually it is fast on the computation time but takes more iteration
steps). We construct these T}, via the BEGS update at every iteration step which also
satisfy the above convergence conditions. The subproblems are easily solved and have

some information on the Hessian matrix.

(2) To extend the ADMM with the Broyden family update for two general

convex optimization problems

Inspired by the proposed ADMM with the BFGS update, we consider extending it
to more general problems. According to the results in the above algorithm. The
BFGS update for the positive semidefinite matrix of the proximal term only can be
applied when the Hessian matrix of the augmented Lagrangian function is constant. We
describe how to extend our algorithm for two general convex optimization problems and
the constructions of T}, via the Broyden family update. For the generic variable metric
semi-proximal ADMM, we establish the convergence under certain flexible conditions

on the proximal matrices sequence.

(3) To propose a variable metric indefinite proximal ADMM to allow for a larger

stepsize

The above two papers reported numerical results for LASSO and [, regularized logistic
regression. The results show that the algorithms can get a solution faster than the
general indefinite proximal ADMM whose proximal term is fixed. Another interesting
numerical result is that a variable indefinite sequence via the BFGS update also shows
a good performance. Inspired by the interesting results and the indefinite proximal
ADMM, it is worth considering ADMM with a sequence of indefinite proximal matrices.
We proposed a variable metric indefinite proximal ADMM (VMIP-ADMM), which can
unify the several existing ADMMs. We present sufficient conditions on the indefinite
proximal matrices for the global convergence of VMIP-ADMM. The proof is followed
by separating the constant indefinite term into two semidefinite parts. Moreover, we
provide a construction of the indefinite term via the BFGS update. We also show
that this construction of the proximal term satisfies the above conditions for the global

convergence property.

(4) To propose an indefinite proximal PRSM to allow for a larger stepsize
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We first extend the so-called strictly contractive Peaceman-Rachford splitting method
by using two different relaxation factors aw and v in (1.2.12b) and (1.2.12d). As already
mentioned in Section 1.2, the semi-proximal ADMM is flexible and easy to prove the
convergence. The ADMM with a positive indefinite proximal term also had been
studied for purpose of improved numerical performance. Li et al. [77] proved the
convergence under the assumption that f and g are smooth convex functions with
Lipschitz continuous gradient. Recently, He et al. [63] obtained a linearized version
of ADMM with a positive-indefinite proximal term by using a linearization technique
to the subproblem and showed the convergence without further condition. Motivated
by the recent advances on the ADMM type method with indefinite proximal terms,
we employ the indefinite proximal term in the strictly contractive Peaceman-Rachford
splitting method. Moreover, we show how to choose T" under different o and ~. The

results of the proposed algorithm can unify that of several existing splitting methods.

1.4 Outline of the thesis

This thesis is organized as follows.

In Chapter 2, we first introduce some preliminaries, including notations, basic definitions,
and some properties which are necessary for the later discussion.

In Chapter 3, we propose a variable metric semi-proximal ADMM whose regularized
matrix in the proximal term is generated by the BFGS update (or limited memory BFGS)
at every iteration for a structured convex quadratic problem. These types of matrices use
the second-order information of the objective function. We establish the global convergence
of the proposed method under certain assumptions. Finally, numerical results are given to
show the effectiveness of the proposed proximal ADMM.

In Chapter 4, we consider the extension of the variable metric semi-proximal ADMM for
more general convex optimization problems. We apply the ADMM with the Broyden family
update when the z-subproblems of these convex problems can be rewritten as unconstrained
quadratic programming problems, as shown in Chapter 3. Moreover, the global convergence
of such methods for general cases has also been established under some standard conditions.
The numerical results for the [, regularized logistic regression problem are given to show the
feasibility and effectiveness of the proposed algorithms.

In Chapter 5, we consider a variable metric indefinite proximal ADMM and give sufficient
conditions on the proximal terms for the global convergence. Moreover, based on the BFGS
update, we propose a new indefinite proximal term which can satisfy the conditions for
the global convergence. Experiments on several datasets demonstrated that our proposed

variable metric indefinite proximal ADMM outperforms most of the compared proximal
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ADMMs.

In Chapter 6, we propose an indefinite-proximal strictly contractive Peaceman-Rachford
splitting method. We generalize the proximal matrix from positive definite to indefinite. We
show that the proposed indefinite-proximal strictly contractive Peaceman-Rachford splitting
method is convergent and also prove the o(1/t) convergence rate in the nonergodic sense.
The numerical tests on the [, regularized least square problem demonstrate the efficiency of
the proposed method.

Finally, in Chapter 7, we give some concluding remarks and mention some issues for

future work.



Chapter 2
Preliminaries

In this chapter, we introduce some mathematical notations, basic definitions and properties

which will be used in the subsequent chapters.

2.1 Notations

Let R™ denote the n-dimensional real Euclidean space. All of the vectors in R™ are column
vectors and T means the transpose operation. For any vectors =,y € R”, the Euclidean inner

product (z,y) and "y are defined by
(r,y) = 2"y = 2191 + Toy2 + -+ + Tl
For any vector x € R", we let
()4 = max(zx,0).

For a vector z € R™ and a matrix G € R™", G = 0, the norms ||z1, ||z]l2, ||z||e and ||z|l¢

are defined as follows:

el = feaf 4 -+l
”xHQ: :v<$,$>:vl’%++l‘%,
[#lloc s = max {[a], -, [zal}
|lzlla: =/ {x,Gx).
Particularly, we let || - || denote the 2-norm || - 2. For a matrix A € R™" ||A| denotes the
operator norm defined by
[Az]
1Al = g

z#0,z€R™ ||| '
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For a nonsingular matrix A € R™", we define A~ by
AT = (AT = (A1),
Let Sy,---, .5, be some sets. We define the Cartesian product of Sy,---, 5, as
Sy x oo x Sy ={(s1,",8n) | $1 €51, , 8, € S}

For a differentiable function f: R"™ — R, the gradient of f at x, Vf(x) € R" is defined
by

9f(x)
ox1
Vf(z): = : e R",
9f(x)
Ozn,
where agi@ denotes a partial derivative of f at z with respect to its ¢-th component.

Moreover, if f is twice differentiable, the Hessian matrix of f at z, V2f(x) € R™" is
defined by

Pf(x) . PPf(x)
9z 0x10Tn
Vif(a): = ¢ o0 [ E€RTT
9% f () 9% f(x)
Orndrl ox2

For a differentiable vector-valued function F': R" — R™, VF(z) denotes the Jacobian of F'

at x, that is,

OFi(z) . OFm(z)
oz Ox1
VF(z): =(VFi(z), - ,VF,(z)): = oo e R™™,
OFi(z) . OFm(z)
Oxn Oxn

2.2 Basic properties

In this section, we introduce some preliminaries that will be useful in this thesis. We give
some basic definitions and properties of convex functions, variational inequality, and the

optimal conditions.

2.2.1 Convexity, monotonicity and Lipschitz continuity

To begin with, we give the definitions and relevant properties related to the convexity.

Definition 2.2.1. A set C C R" is said to be convex if

(1—-0)x+0yeC Ve,ye C,V0e[0,1].
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Definition 2.2.2. For a given function f: R™ — (—o0, 0], we define the effective domain

of [ by
domf: ={zx e R"| f(z) < o0}.
Then, we say that
1. the function f is proper if domf # );
2. the function f is closed if domf is closed and f is lower-semi-continuous.

Definition 2.2.3. Let C' C dom f be a convex set and f: C — R be a scalar function. Then,
f s said to be

(1) convez if it holds that

J(6x+ (1= 0)y) < 0f(x) + (1 - 0)f(y), Y,y € C.0 € [0, 1]

(2) strictly convex if it holds that

F(02 + (1= 0)y) < 0f(x) + (1— 0)f(y), Yo,y € C,0 € 0,1]
(3) py-strongly convex on C, py > 0, if it holds that
F(Or -+ (1= 0)y) < 65(x) + (1~ 0)f(y) — 51560 — )l — y}, ¥r,y € C.6 € 0,1]

Besides, the function f is called (strictly) concave on C if —f is (strictly) convex on C.
Additionally, if the function f is differentiable, we have the following necessary and sufficient

condition for convexity.

Proposition 2.2.1 ([10, 14, 100]). Let C' C dom f be a convex set and f: C — R be a

differentiable function. Then, the function f is convex over C' if and only if

fy) > f(x)+ Vi) (y—2), Yo,y € C.

Moreover, the function f is strictly convexr on C' if and only if the above inequality is strict

whenever x # y.

Convexity plays an important role in the field of optimization. For example, the nonlinear
programming problem, if the objective function f and constraint functions are all convex,
then any local minimum of such problem is a global minimum.

Now we give the definition of monotonicity for a mapping f(-), both singe-valued and

set-valued.
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Definition 2.2.4. A mapping f: R" = R" is called
(1) monotone if it holds that
(z—y) (u—2v) >0, Vao,yeR" and u € f(z),v € f(y),
and strictly monotone if the inequality is strict when x # y.

(2) strongly monotone with modulus p > 0 if it holds that
(x—y) (u—2)>pllz—y|? Yo,y €R", and u € f(x),v € f(y).

(3) mazimal monotone if no monotone mapping V exists such that gph f C gphW. The
graph of the mapping f is defined by

gph f = {(z,y) e R" x R": y € f(z)}.
When the f is single-valued, the monotonicity takes the form

(x =) (f(z) = fly) >0, Va,y € R,
Definition 2.2.5. A single-valued function f: R™ — R is said to be Lipschitz continuous

with the Lipschitz constant L > 0, if it holds that

If(z) = F)ll < Lllz = yll, Y,y € dom f.

More generally, for a convex (not necessary smooth) function f, it has a similar character
as Proposition 2.2.1 by subgradient.

Definition 2.2.6. Let a function f: R® — R be conver. A wvector & € R"™ is a subgradient
of the function f at a point x € dom f if

fly) > f(@)+ & (y — x), Yy € dom f.

The set of all subgradients of the function f at the point x € dom f, denoted by Of(x), is
called the subdifferential of function f at the point x € dom f, i.e.,

Of(x): ={€| & (y—x) < fy) — flx), Yy € dom f}.

In particular, there is a relation between monotonicity of subdifferential mappings and
convexity of functions. We define the subdifferential function 0f: R™ — R" of the convex

function f.

Proposition 2.2.2 ([40, Appendix B], [101, Theorem 12.17]). Let f: R" — R be a proper
conver function. Then, its corresponding subdifferential mapping 0f : R™ — R™ is monotone.
Moreover, consider a proper closed convexr function f, its subdifferential mapping Of is
mazximal monotone, and there exist a positive semidefinite matrices Xy such that for all
x,z € R",

fx) > f(2) +0f (@) (x — 2) + %Ilw — &[5, and (z— 1) (0f(x) - 0f(2)) > o — I,
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2.2.2 Optimal solution and optimal conditions

In this subsection, we introduce the definitions of optimal solutions, as well as the first
order optimality condition of problem (1.1.3). For more details, see [9, 10, 14, 89, 100] and
references therein.

At first, we should give the definitions of cones that will be used.
Definition 2.2.7. A set C s called a cone if
a>0,zeC = arel.

Definition 2.2.8. Given a nonempty set C, the polar cone of C' is given by
C*={y|y'z<0,VoecC}
Definition 2.2.9. Given a subset C' C R" and a vector x € C, a vector y € R" is said to

be a tangent of C' at x if either y = 0 or there exits a sequence {x} C C such that

T — T, L , Vk,x, # x.
k= vl

Then the set of all tangents of C' at x is called the tangent cone of C' at x and denoted by
Tc<$)

Definition 2.2.10. Given a set C' and a vector x € C, the normal cone of C' at x is defined
by
Ne(z) ={deR": d"(y —x) <0, Vy € C}.

Vectors in this set are called normal vectors of the set C' at x.
Then we give the relation between the tangent cone and the norm cone for a convex set.
Proposition 2.2.3. Let C' be a nonempty convex subset of R™ and x € C.
1. deTe(x) & VyeC d'(y—x)<0.
2. C is reqular for all x € C: To(x)* = Ne(z).
3. Te(z) = Ne(x)*.

Next, we give the definitions of optimal solutions. Let F(z) be denoted by F(x): =
f(z) + g(x) in problem (1.1.1).

Definition 2.2.11. A vector z* is said to be
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(1) a locally optimal solution of problem (1.1.1) if there exists a scalar 6 > 0 such that
F(z*) < F(x), Ve € {z|||]xr — 2¥|| <6, x € dom F'}.
The value F(x*) is called the local minimum of problem (1.1.1).
(2) a globally optimal solution of problem (1.1.1) if it holds that
F(z*) < F(x), Vo € dom F.
The value F(x*) is called the global minimum of problem (1.1.1).

When F' is a smooth function and C' is a convex set, we can have the following basic

necessary condition for the local optimality.

Theorem 2.2.1 ([9, 10]). Let F(z): R" — R be a smooth function, and let * be a local

minimum of F' over a convex subset C of R™. Then
VE(@) (z—2*) >0, Vo eC.
In the case where C' = R™, it reduces to VF(z*) = 0.

Moreover, if the function F' is convex, then the above condition VF'(xz*) = 0 is a necessary
and sufficient condition for a vector z* to be a globally optimal solution. Next we give a
general necessary and sufficient condition when the problem is convex but not necessarily

smooth.

Theorem 2.2.2 ([10, 12, 89]). Let F(z): R® — R be a convex function. A wvector x*
minimizes F over a convex set C C R™ if and only if one of the following equivalently

statements holds :
(1) 0 € OF (z*) + Ng(x*).
(2) there exists a subgradient d € OF (z*) such that

d'(x —2%) >0, Yz eC.

The optimality condition in Theorem 2.2.2 (2) of the constrained nonsmooth convex
problem is always used in the convergence analysis. Specially when C' = R", we obtain a

necessary and sufficient condition for the unconstrained optimality of z* :
0 € OF (z*).

Next we consider the structured convex problem (1.1.3) with the linear constraint, and
the set constraints X, Y to be R”. We have the first-order necessary conditions for a solution
to be optimal, which is named Karush-Kuhn-Tucker (KKT) conditions, also known as the

Kuhn-Tucker conditions.



2.2 Basic properties 23

Definition 2.2.12. Let the objective functions f and g are continuously differentiable and
convex. A pair of point (x*,y*) is called a KKT point, along with a Lagrange multiplier \*
(KK'T multiplier) if they satisfy

Vf(z*) — AT =0, (Stationarity)
Vg(y*) — BTA* =0, (Stationarity) (2.2.1)
Az* + By — b =0, (Primal feasiblility)

where
L(z,y,\): = f(z)+g(y) — A" (Ax + By — b) (2.2.2)
is the Lagrangian function of the problem (1.1.3).

If some of the objective functions are non-differentiable, the subdifferential version of
the KKT conditions are available via replacing the gradients in (2.2.1) by subgradients.
When a triple (*,y*, \*) satisfies the KKT conditions (2.2.1), then (z*,y*) is the optimal
solution of problem (1.1.3). Conversely, in order for a optimal solution (z*, y*) to satisfy the
above KKT conditions, the problem should satisfy a suitable constraint qualification (CQ)
such as linearity constraint qualification (LCQ), linear independence constraint qualification
(LICQ), Mangasarian-Fromovitz constraint qualification (MFCQ), etc.

For example, we consider the problem (1.1.3) with certain set constraints X and Y.
Let (Z,7) € dom f x domg be an optimal solution, and (Z,%.A) be the KKT point for
problem (1.1.3). The existence of such KKT points can be guaranteed if a certain constraint

qualification such as the Slater condition holds:
3 (2/,y') € ri(dom f x domg) N {(z,y) € X x Y : Ax + By = b},

where ri(S) denotes the relative interior of a given convex set S.

2.2.3 Variational Inequality

The variational inequality (VI) problem is another class of problems but closely related with
convex optimization problems. The KKT conditions of convex optimization problems can
be expressed as forms of these VI problems although the VI problem is not the optimization
problem for minimizing a specific objective function. In a sense, a differentiable convex
optimization problem is a kind of VI problem with special characters. First we focus on
some basic concepts of the VI and describe the problem (1.1.3) to the VI.

Definition 2.2.13. Given a nonempty closed subset K of R™ and a continuous mapping

H: K — R", the variational inequality (VI), denoted by VI(K,H) is a problem to find a
vector x* € K such that

(x—2*)"H(z*) >0, Vz € K. (2.2.3)
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The set of solutions to this problem is denoted as SOL(K,H).

From the definition of the VI, it is clear that a vector x € K solves the VI(K, H) if and

only if —H (z) is a norm vector to K at x, equivalently,
0e H(l’) —l—NK(ZE)

A number of results on the existence and uniqueness of a solution in the VI(K, H) problem
have been studied [96]. One of the most basic results relies on the compactness and convexity
of the set K. Instead of the compactness of K, some other existence results can be obtained
by imposing another condition such as the coerciveness of the mapping H. On the other
hand, we have the following results on the uniqueness of the solution under the monotonicity

assumptions on H.

Proposition 2.2.4 ([96, Proposition 3.2]). The VI(K, H) has at least one solution if H is

strictly monotone.

Proposition 2.2.5. If H is strictly monotone, then there exists a unique solution to the
problem VI(K, H ).

Now we relate the VI(K, H) problem to some projection equations.

Definition 2.2.14. The projection of a vector x € R™ onto a set K under the Euclidean

norm is denoted by Pk (x), i.e.,
P (x) = argmin{||lz —y|[ | y € K}
The mapping Pr: R™ — K 1s called the projection operator.
Basic properties of the projection are obtained.
Proposition 2.2.6 ([96]). Let K be a nonempty closed convez subset of R™.
(1) For each x € R™, Px(x) exists and is unique.
(2) Px(z) is nonexpansive, that is for any two vectors u,v € R",

1Pk (u) = P ()] < [Ju— vl

The following lemma describes the solution of VI(K, H) and the projection.

Lemma 2.2.1 ([11, 96]). Let VI(K, H) be defined in (2.2.3) and vy be any positive constant.
Then z* € K is a solution of VI(K, H) if and only if

x* = Pglz* —~vH(x")].



2.2 Basic properties 25

Therefor, it is obvious to see that solving VI(K, H) is equivalent to finding a zero point

of the following equation,
e(x, K,vH): =z — Pglr —vH(x)]. (2.2.4)

Many applications of the VI can be found in various areas [96, 41, 86|, such as the
economics, transportation systems, mechanics, etc. Next we explain some relations between
the convex problems with the VI problems. First we consider the convex optimization
problem (1.1.1), with the feasible set C' defined by

C={zeR"|Ax =10, x € C}.

By introducing a Lagrangian multiplier A € R™ for the linear constraint Az = b, we can

obtain the following Lagrangian function which is defined on C' x R™
L(z,\) = f(z) +g(x) =\ (Ax —b).
(x*, A*) is called the saddle point if it satisfies
Lyerm (", A) < L(2",\") < Loeo(z, A7),
It is equivalent to find (z*, \*) € C' x R™, f'(z*) € df(2*) and ¢'(«*) € dg(z*), such that

{(:c —2) (f'(@") +4/(@") = AN) >0, Ve,

(2.2.5)
(A=) (Az* —b) >0, VA eR™

Similarly, we consider the structured convex optimization problem (1.1.3). The
Lagrangian function of this problem is written as (2.2.2), where \ is the Lagrangian multiplier
for the linear constraint Ax+ By = bin (1.1.3). Let 2 be the set defined by 2 = X' x Y xR™,
(x*, y*, \*) be an saddle point of the Lagrangian function, then (z*, y*, \*) € {2 and it satisfies

(@ =) (f'(z") = ATX) >0
(y—y)"(¢'(y*) =B \) >0, V(z,y,\) €9, (2.2.6)
(A=X)"(Az" + By —b) >0

where f'(z*) € 0f(z*) and ¢'(y*) € dg(y*). Furthermore, by denoting

x fl(z) — ATX
u:<$),w= y | Flw)=| g -B"x |,
A Axr+ By —b

where the subgradients f'(xz) € df(x) and ¢'(y) € dg(y), the first-order optimal condition
(2.2.6) can be rewritten in the VI(Q, F') form as

(w—w*) F(w*) >0, VYweQ. (2.2.7)
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As mentioned in subsection 2.2.2, 0f(z) and 0Jg(y) are maximal monotone operators.
Therefor, according to [96], the VI(Q2, F') (2.2.7) is solvable. We use Q* for the solution
set of VI(Q, F'), and it is nonempty when under the assumption that the solution set of
(1.1.3) is not empty.

From the above Lemma 2.2.1 and (2.2.4), we have the following relations between the
VI(§2, F') with projection.

Lemma 2.2.2. Let VI, F) be defined in (2.2.7) and v be any positive constant. Then
solving VI(Q, F) is equivalent to finding a zero point of

x — Py [m—y(f’(x)—AT)\)]
e(r, U F): =x— Polr —~F(z)] = | y—Pyy—7(g'(y) —BTN)]
v(Ax + By — b)

Normally, we can choose the constant v = 1.



Chapter 3

An Alternating Direction Method of
Multipliers with the BFGS update for
Structured Convex Quadratic

Optimization

3.1 Introduction

In this Chapter, we first consider the following convex optimization problem:

minimize 3| Az — b||* + g(z)

: (3.1.1)
subject to x € R",

where g : R" — RU {oo} is a proper convex function, A € R™*" and b € R™. For example,
“g” here can be an indicator function on a convex set or the [; penalty function defined as
llzlli == > |ai|. Problem (3.1.1) includes many important statistical learning problems
such as the LASSO problem [106]. The number n of variables in these learning problems is
usually large.

Let f(z) = 1||Az — b||%. Then problem (3.1.1) can be written as

minimize f(x) + g(y)

subject to x —y =0 (3.1.2)
x,y € R™.
As mentioned in Introduction 1.2.3, the semi-proximal ADMM scheme are given as:
1
" = argmin L, y*, \F) + §Hx — 2|2, (3.1.3a)
. 1
y" = argmin Ly(a" g A% + Slly — o*5. (3.1.3b)

AL AE B (gt L), (3.1.3c)
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where a € (0, (1 ++/5)/2), ||z]l¢ = V2T Gz for z € R* and G € R™*™.
In this chapter, we assume that y**1 in (3.1.3b) can be easily obtained. For example,

if g(y) = 7l|y||; with 7 > 0 and S = diag(sy,--- ,s,) is diagonal positive semidefinite, then
y**1 is calculated by
1 ,
0 = S (5 (7 =2 sat) ) =1

where S, is the shrinkage operator defined by S,(z) = sgn(z) ® max{|z| — v,0}. We may
also consider a problem where g(z) = 7||Bz||1, B is a certain matrix, and B' B is positive
definite. Note that some existing first-order methods are difficult to solve such a problem.
For the ADMM, we may set S = pB' B — I, where p is a parameter such that S is positive

semidefinite. The subproblem of y is written as

| 8 !
Y = argmin {THByul — (2R = g+ DR = gy — o2

= argmin {7 Byls + £(y— )" BTB(y—a) .
where a = y* + %(BTB)_1 (2" — y* — (1/B)A*). This subproblem is equivalent to
2P = arg min {7’]2]1 + gHz - zkH2} ,

where z = By, 2 = Ba. Then we can easily get z**! by using the shrinkage operator,
and set y**1 = (BT B)"'BTz**1. We note that for some applications (e.g., Total Variation
regularization), (BT B)~! is easily calculated.

Therefore, our main focus is how to solve (3.1.3a) when n is large. We may select a

reasonable positive semidefinite matrix 7" such that z¥*! can be obtained quickly.

One of such examples of T'is T = &I — AT A with € > A (AT A), where A\ (AT A)

denotes the maximum eigenvalue of AT A. Then (3.1.3a) is written as

1
o7 = angmin { £(0) = (¥, =) + Sl = 1P + Sl = o1}
= arg min {(Axk — b, Az) — (\* ) + §||:Jc —yF|? + ng — :L“k||2}

= (N4 Byf 4+ cab — AT Ak + ATh) /(B + €).

The other example is T' = &1 — 31 — AT A with € > Apax(BI+ AT A). Then (3.1.3a) is written

as
S S 571(ATAxk _ATh— )\ —|—ﬁxk _ ﬁyk)-

F1 is calculated within O(mn) time complexity. However, since these

In both cases, x
subproblems do not include second-order information on f, the convergence of ADMM with

such T might be slow.
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We desire a matrix T  that is positive semidefinite, enables subproblem (3.1.3a) to be easily
solved, and contains some second-order information on f. Let M be the Hessian matrix of
the augmented Lagrangian function Lg, that is, M: = V2 Ls(z,y,\) = ATA+ BI. Note
that M > 0 whenever 5 > 0. Subsequently, we consider a matrix B that has the following
three properties:

(i) T =B — M;
(i) B = M;
(iii) B retains some second-order information from M.

Properties (i) and (ii) imply that 7" is positive semidefinite. Moreover, subproblem (3.1.3a)

is written as

. B 1
! = argmin {f(x) — (e =)+ Glle =yt 1P+ Slle = 2t

1
= arg min {(AT(A:Uk —b) + B(z" —oF) = NF 2) + 5”33 — ka2B}
=2F — B (ATAz — AT — N+ B(2F — ).
In this chapter, we propose to construct B~! via the BFGS update at every iteration.
Then subproblem (3.1.3a) can be solved easily. Note that matrices B and T' at every step

depend on k, that is, they become B and T}, respectively, and the resulting ADMM is a
variable metric semi-proximal ADMM (abbreviated as VMSP-ADMM) expressed as follows:

1
2Ft = argmin Ls(z, y* A 4 §||$ - 95k||2Tk7 (3.1.4a)
1
y" = argmin Lo(a™y, M) + Sl — oI5, (3.1.4b)
v
NoHL = NF gt Ry, (3.1.4c)

The VMSP-ADMM was studied in [60] where the T was assumed to be positive
definite.  Additionally, the convergence and complexity results have been studied in
3, 53, 82]. Moreover, the VMSP-ADMM is closely related to the inexact ADMM, where the
subproblems in (3.1.3) are to be solved approximately with certain implementable criteria
21, 35, 37, 38, 60, 117]. In this chapter, we suppose that subproblems (3.1.4a)-(3.1.4b) are
solved exactly.

The main contributions of the chapter are as follows:

1. An update formula on positive semidefinite matrices T}, and Bj is proposed via the
BFGS update that satisfies the three properties (i)-(iii) above.
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2. Numerical results for the proposed methods are reported, demonstrating that they

outperform the existing ADMM when n and m are large.

The rest of this chapter is organized as follows. In Section 3.2, we propose a new ADMM
with the BFGS update, and show its global convergence. In Section 3.4, we present some
numerical experiment results for the ADMM with the BFGS and limited memory BFGS

update. Finally, we make some concluding remarks in Section 3.5.

3.2 Construction of the proximal matrix

In this section, we first propose the updating rule of T} via the BFGS update for VMSP-
ADMM, and show a key property on T} for the convergence.

3.2.1 Construction of the regularized matrix 7; via the BFGS
update

As discussed in Introduction, we propose to construct T as T, = By — M, where M =
V2, Ls(z,y,\). We want T}, to be positive semidefinite for global convergence as a usual
semi-proximal ADMM. Moreover we want Bj to be as close to M as possible for rapid
convergence. To this end, we propose to generate B, by the BFGS update with respect to
M. Then we may consider the BFGS update with a given s € R" and [ = Ms. Note that
sl > 0 when s # 0. Since BFGS usually constructs the inverse of By, we let Hj, = Bk_l.
Using Hj, we can easily solve subproblem (3.1.4a).

Now we briefly sketch the BFGS update and the limited memory BFGS (L-BFGS) [93,
55]. Let s = oF*tt — 2% I, = Ms;,. Then the BFGS updates for By and Hj; are given as

lkl,;r BkskSgB;

BBFGS _ p _ 3.2.1
ket b + l;sk S;—Bksk ’ ( )

Al s, SKSy
HBrGS _ (1 _ 5Kk _ Rk k 3.2.2
k+1 s] Ik F spl * splk ( )

Since s} Iy > 0, BEEC® and HPEYS are positive definite whenever By, Hy, = 0. Moreover

I, = B,fflesk and s, = H,iflgslk.
The BFGS update requires only matrix-vector multiplications, which results in the
computational cost at each iteration being O(n?) time complexity. If the number of variables
is very large, even O(n?) per iteration is too expensive in terms of both CPU time and

memory usage.
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A less computationally intensive method is the limited memory BFGS method [55, 93].
Instead of updating and storing the entire approximated inverse Hessian matrix, the L-BFGS
method uses the vectors (s;,[;) in the last h iterations and constructs Hyyq by using these
vectors. The updating in L-BFGS reduces the computational cost to O(hn) time complexity

per iteration.

3.2.2 Property of the regularized matrix 7 via the BFGS update

For the global convergence, we need 17y, = By — M > 0, that is By = M. Note that
By = M is equivalent to Hy < M~ where Hj, = (By)~'. We will show that H;, < M~! for

all k¥ when the initial matrix Hy satisfies
Hy < M1

We first show a technical lemma on s and {.

Lemma 3.2.1. Let s € R™ such that s # 0. Moreoverletl = Ms and ® = {z € R" | (s,z) =
0}. Then for any v € R", there ezist c € R and z € ® such that v = cl + z.

Proof. Let v € R". Then there exist ¢;,c; € R and 2!, 22 € ® such that v = ¢;5 + 2!
and [ = cys + 22, Since s'1 > 0, we have ¢ # 0. Thus s = él — éz? Substituting it into

v =c15 + 2! yields

1 1
V= (—l——z2) + 2 = ﬁl—l—zl—ﬁz2.
Co Co

Letc:i—;andz:zl—z—;z?Thenzeq)andv:cl—i-z. n

Note that the BEGS update (3.2.2) can be

Hnext =H - (323)

His" +slTH 1 ITHI £
sTl sl ) sTl’

where H is the proximal matrix for the current step, s = Zjext — & and Hyey is the new

matrix generated via BFGS update. Moreover we have
Hyexil = s = M1, (3.2.4)

The following theorem will play a key role for the global convergence of the proposed
method.

Theorem 3.2.1. Let s € R" such that s # 0, and let | = Ms. If H < M, then
Hne:ct j M_l-
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Proof. Let v be an arbitrary nonzero vector in R". Let ® = {z € R | (s,2) = 0}.
From Lemma 3.2.1 there exist ¢ € R and z € ® such that v = ¢l + z. It then follows from
(3.2.4) and the definition of z that

v Hyext = (cl 4 2) T Hyext (cl + 2)
= AlTs+2cs 2+ 2" Hyexr 2
= Al's+ 2" Hye2

= AlUTM U+ 2" Hyou 2.

We now consider the last term of the right-hand side of the last equation. Since z € ®, we

have
(Y L
‘ <sTleTl 2=0,
T (s’ B
z (EH)Z—O
and

It then follows from (3.2.3) that

sTl

2V Hyetz = 2 Hz — 227 (SZTH> z+42" (SZTHE) z+ @ =2"Hz.
Moreover equation (3.2.4) implies
I"M™'2=5"2=0.
Consequently we have

VI Hypev = UM U+ 2THz
<ATM U+ TM
= (cl4+2)"M el +2)— 2" M2

=o' M o,

where the inequality follows from the assumption. Since v is arbitrary, we have Hyeq < ML

"
This theorem shows that if Hy, < M~ then H;, < M~!, and hence T}, > 0.
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3.3 Global convergence

We propose the following variable metric semi-proximal ADMM with the BFGS update
algorithm (ADM-BFGS).

Variable metric semi-proximal ADMM with the BFGS update (ADM-BFGS)

Input : data matrix A, initial point (2°,4°, \?), penalty parameter 3, maxlter;

initial matrix Hy < M ™!, constant k € [1, 00|, stopping criterion e.
Output:
approximative solution (z*,y*, AF)
1 initialization;
2 while k£ < maxlter or not converged do
3 if kK <Fkand z, — 2,1 # 0 then
4 | update Hj, via BFGS (or L-BFGS) with the initial matrix Ho;
5 else
6 ‘ Hy = Hiq;
7 end
8 update z**! by solving the z-subproblem:
oA = gk Hy (AR 4 Byk 4+ ATh — M) ;

9 update yF*!

yert = argming { g(y) — (A, = ) + kT — g2+ Ly - o¥13 } 5

10 update Lagrange multipliers: \¥T1 = \F — g(ah+1 — o+,

by solving the y—subproblem:

11 end

3.3.1 Convergence of variable metric semi-proximal ADMM

We now develop a general convergence result for variable metric semi-proximal ADMM
(3.1.4) for problem (3.1.2) with a general convex function f. We first give some notations
and properties which will be frequently used in the analysis.

Let (z*,y*) be an optimal solution of problem (3.1.2), and let \* be a Lagrange multiplier
that satisfies the following KKT conditions of problem (3.1.2):

ny — A" =0, (3.3.1a)
A =0, (3.3.1b)
=y =0, (3.3.1¢)

where 7} € Of (*) and 1} € dg(y*).

Now we rewrite the iteration schemes (3.1.4a)-(3.1.4b). Let 2 = R™ x R" x R". Using
the first-order optimality conditions for subproblems (3.1.4a)-(3.1.4b), we see that the new

iterate (z"*1, 9**1) is generated by the following procedure.
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e step 1: Find 2™ € R" such that nI;H € df(«**') and
Mt = A B = )+ T - o) =0,
e step 2:  Find y**! € R” such that 9} € dg(y"*') and

nlgchl LR — 5(xk+1 _ yk+1) 4 S(yk:Jrl _ yk) —0

For £ =0,1,2, ..., we use the following notation:

" k Ik T 0 Tk 0 0
T
ut = x* ,uk: . ,wk: y* |, D= k , and G, = 0 S+BI 0
) Y 0 S 0 0

Moreover, for simplicity, we denote

nf — A"
Fr= 1 nk4 e |, (3.3.3)
z* — yk

where 77’; and 775 are obtained in steps 1 and 2 in VMSP-ADMM.
For the sequences {w*} and {F*}, we have the following lemma, which is a direct

consequence of [60, Theorem 1] and [60, Lemma 3].

Lemma 3.3.1. Let w* = (x*,y*, \*), and {w"*} be generated by the scheme (3.1.4). Then

we have the following two statements.
@) o™t =g, < ot —wilE, = (e = aflf, + Bl — )2,

(ii)  Suppose that sequence {1y} is bounded. Then, there exists a constant pu > 0 such that
for all k > 0, we have

IS < o (et = b1, + 12 = o)) -

Proof. The proofs of (i) and (ii) can be found in [60, Theorem 1] and [60, Lemma 3],

respectively. [

We give some conditions for sequence {7} } that should be obeyed to guarantee the global

convergeince.
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Condition 3.3.1. For a sequence {I}} in framework (3.1.4), there exist T = 0 and a
sequence {yi} such that

(i) T 2T XA +)T, forall k,
(i) D w<oo and v >0 forall k.
0

From the definitions of {D;} and {G\} in (3.3.2), together with T, = 7" > 0,5 = 0 and
B > 0, it follows that the sequences { Dy} and {G}} also satisfy 0 < D < Dyy1 < (14 k) Dy,

T 0 0
_ T _
and 0 < G <X Ggy1 = (1+) Gy for all k, where D = (O 2‘) andG=1]10S+p5I 0 |,
0 0 %]
respectively.
We define two constants Cs and C), as follows:
Cs: = Z% and C,: = H(l + V). (3.3.4)
k=0 k=0

Condition 3.3.1 (ii) implies that 0 < Cs < oo and 1 < €, < oo. Moreover, we have
T < Ty = C,T for all k, which means that the sequences {7} and {Dy} are bounded.

Under the conditions, we have the following convergence result.

Theorem 3.3.1. Let {(x*,y* \*)} be generated by (3.1.4), and let {Ty} be a sequence
satisfying Condition 3.5.1. Then sequence {(z*,y*, A\*)} converges to a point (z*,y*, \*) €
O*.

Proof.  First we show that the sequence {w*} is bounded. Since G < Gy =< (1 +
k)G, we have

Combining the inequality (3.3.5) with Lemma 3.3.1 (i), we have

et — w2, < 1+l = w, — (1) ([ = b, + Bl = o))

< (U wllet = w'l, — e (b — w3, + 25— P), (33.6)

where ¢; = min{1, $}. It then follows that we have for all k,

k
[ —w[Z,,, < (L) wt —w'lfg, < - < (H(l +%)> [’ —w*lg, < Cpllw’—w|[&,.

= (3.3.7)

Note that b+ — w3, = 241 = a*[,, + I+ = g por + 1N = X2, S+ 5T

is positive definite, and Cp||w® — w*||%, is a constant. It then follows from (3.3.7) that {y*}
and {\*} are bounded. We now show that {z*} is also bounded.
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From (3.3.6) and (3.3.7), we have
cr ([ =I5, + 112" =y 1P) < llw* —wllg, — [ = wll,,, + mCyllw® — w|iZ,.

Summing up the inequalities, we obtain

WE

1 (Huk—i—l _ ukHQDk + ||[Ek+1 _ kaQ)

B
I

0

oo
<l = wf[E, = ™t —wE, , + (Z %) Cpllw® —w|l,
k=0
< (14 GG u® —wg,.
Since (14 CsC,)||w’ — w*||3, is a finite constant, we have

lim (|lu™ — ¥, + 2" = y*|*) =0, (3.3.8)

k—o0

which indicates that
lim ||2"™ —¢*|| = 0. (3.3.9)
k—oo

Note that * = y* and [|2**! —2*|| = [+ —y* + 9 —y7|| < [l =¥ + [|ly* =y Tt
then follows from (3.3.9) that {«*} is bounded. Consequently, the sequence {w*} is bounded.
Next we show that any cluster point of the sequence {w*} is a KKT point of (3.1.2).
Since the sequence {w*} is bounded, it has at least one cluster point in Q. Let w™ =
(2, 4°°,2%°) € Q be a cluster point of {w"*}, and let {w*} be a subsequence of {w*} that
converges to point w™.

From (3.3.8) and Lemma 3.3.1 (ii), we have lim; o, ||F*/|| = 0. It then follows from the
definition of F* that > = y*>. Moreover, since 0f and Og are upper semi-continuous, there
exists 77 and 7° such that n° € 9f(x>), n3° € dg(y>), n];j — 13 and n;fj — 15°, taking
a subsequence if necessary. It then follows from lim;_,o [|[F* || = 0 that 5 — A = 0 and
n5° 4+ A% = 0. Consequently w™ satisfies the KK'T conditions of problem (3.1.2).

Finally, we show that the whole sequence {w*} converges to w>.

Since {wki } converges to w®, for any positive scalar €, there exists positive integer ¢ such
that

[whs — w|q,, < %, (3.3.10)
P

Note that (3.3.7) holds for an arbitrary KKT point w* of problem (3.1.2). It then follows
from (3.3.7) with w* = w™ that for any k > k,, we have

1/2

k—1 [e'S) 1/2
lw* — e, < | [T +%) | ' —we|g,, < (H(l + %)) [k —w®lg,, <
i=kq i=0
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where the second inequality follows from Condition 3.3.1 (ii), and the last inequality
follows from (3.3.10) and the definition of C,. Since € is an arbitrary positive scalar, this

shows that {w*} converges to w™. "

3.3.2 Convergence of variable metric semi-proximal ADMM with
the BFGS update

Now we give the global convergence of ADM-BFGS as a consequence of Theorem 3.3.1.
Theorem 3.3.2. Suppose that sequence {1y} is generated by the BFGS (or L-BFGS) update
with M. Suppose also that {T}} satisfies Condition 3.3.1. Then sequence {(z*,y*, \*¥)}
generated by ADM-BFGS converges to a point (x*,y*, \*) € Q.

Proof. The theorem directly follows from Theorem 3.3.1. [
Currently, we cannot show that {7} } satisfies Condition 3.3.1 when {H}} is updated by a
pure BFGS (or L-BFGS) update and k = oo. Hence we give the following two remedies for
T to be satisfied Condition 3.3.1.

Remedy 1: Let & be finite, and the updating of By to be stopped at k, that is
By, =B, T, =T, for all k>k,

i.e., v, = 0 in Condition 3.3.1 when k > k. Thus, it is reasonable to say that the
sequence {T}.} generated by ADM-BFGS and some existing {v;} satisfy the Condition
3.3.1. Note that the resulting ADM-BFGS becomes ADMM (3.1.3) with 7" = T}, for
large k.

Remedy 2: Suppose that k = co. We generate { By} as follows:

Zkl;r BkskS;B;
Bii1 = By +cp | =% — :
k+1 k C <l,;r8k S;—Bksk

(3.3.11)

where [, = Ms;, + 8sj, with & > 0, and {cx} is a sequence such that ¢ € [0,1], and

o0
c < 0Q.
k=0

Now we show that Condition 3.3.1 holds when By = M + §I. Suppose that By =
M + 1. Note that By, = By + Ck(Bk-H — By), where By is updated by the pure
BFGS update (3.2.1) with s, and l.. From Theorem 3.2.1, B4 = M + 61 when
By, = M +61. Since By, = cxByy1 + (1 — ¢x) By, we have By 1 = M + d1, and hence
Tyy1 = Bry1 — M = 61 = 0. Therefore the first matrix inequality in Condition 3.3.1
(i) holds.
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Next we show the second inequality in Condition 3.3.1 (i) holds. Note that s Bys;, >
Ol[skll?, [T si = sf Msy + 6||sk]|? > 6||sk/|?, and M is the constant matrix. Thus we
have

lT

Ol swl? Ol swl?

B B
1B — Ball < H 5k B

sp Bisk,

Sk;

The first term in the right-hand side is bounded. The second term is also bounded
since By, is bounded which could be seen in [94, Theorem 6.3]. Therefore, || By1 — Byl
is bounded above by some @ > 0, that is, || By+1 — Bi|| < Q. Then we have

91,

cr(Brs1 — By) 2 || Brir — Bill - T < Ck% -0l < ¢ 5

Therefore,
Tipr = Bypr — M
= Bk + Ck(Bk—i-l — Bk> - M

= Tk + Ck(Bk-H — Bk)

<Tk+k—QTk

<1+ﬂ>

Let v, = 2cx. Then Ty < (1 + 71) T

Finally we show that Condition 3.3.1 (ii) holds. From the definition of -, we have

(@) QOO
kz_:o'yk:chk<oo.

k=0

We will present numerical results for the BFGS with Remedy 2 and L-BFGS with Remedy

1 in the next section.

3.4 Numerical results

In this section, we demonstrate the potential efficiency of our method by some numerical
experiments. All the experiments are implemented by Matlab R2018b on Windows 10 pro
with a 2.10 GHz Intel Xeon E5-2620 v4 processor and 128 GB of RAM.

3.4.1 Detalil settings in the numerical experiments

In this subsection, we give the settings used in the numerical experiments.
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Test problems

We consider to solve the following Lasso problem:
in <Az — b3 + a (3.4.1)
min — — 4.
zeRn 2 o 2 Tl
where
e Ac R™"is a given data matrix;
e 1 € R"is a vector of feature coefficients to be estimated;
e bec R™is an observation vector and 7 € R is a positive regularization parameter;
e m is the number of data points, and n is the number of features.

By introducing an auxiliary variable y € R™, we reformulate problem (3.4.1) as follows:

. 1
- §HA$ —bl3+7llylli st. z—y=0. (3.4.2)

We randomly generate A and b as follows. We first randomly select z € R™ with the
sparsity s, i.e., the number of nonzero elements in  over n is s. The Matlab code is given
as

xbar = sprandn(n,1,s).
We generate A by the standard normal AV(0, 1) distribution whose sparsity density is p:

A = sprandn(m,n,p). % N(0,1) with the density p

Then we calculate b = AT + g, where ¢ is a noise under an A(0,1073) distribution. The
Matlab code is

b = Axxbar + sqrt(0.001)*randn(m,1).
The regularization parameter is set to 7 = 0.17,,42, Where oz = [|ATD||oo:

tau = 0.1% norm(A’*b, ’inf’).
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Test ADMMs

In the numerical experiments, we test the following seven different versions of the ADMM.
The differences of the versions of ADMM are the choices of the proximal term T} in z-
subproblems.

ADM-OPT: the classical ADMM [46, 49]. ADM-OPT solves the original subproblem
exactly, that is, Ty = 0 for all k;

ADM-SPRO: the semi-proximal ADMM in [40]. A positive semidefinite matrix 7}, is

chosen as

T, = &I — BI — ATA with € = k1 % Apax (BT + ATA) | k1 > 1, forall k; (3.4.3)

ADM-IPRO: the indefinite proximal ADMM based on [77] and [63]. An indefinite proximal
matrix 7T}, is chosen as
Ty, = &I — ATA with € = Ko % Apax (ATA), ke > 0.75, for all k; (3.4.4)
ADM-BFGS: the proximal ADMM with the BFGS update with k& = oo, which is not
guaranteed to converge theoretically. An initial matrix of By (or Hy) is given as
By =¢&I, € = ky* Amax(BI + AT A), k3 > 0.75; (3.4.5)
ADM-LBFGS: the proximal ADMM with the L-BFGS update with k& = co. The initial

semidefinite proximal matrix for the limited memory BFGS is the same as (3.4.5).
Note that Hy = %[. We fix HY = Hy in each updating step for the L-BFGS matrix;

ADM-BFGS-R: the ADMM-BFGS with Remedy 2 given in Subsection 3.3.2;

ADM-LBFGS-R: the proximal ADMM with the L-BFGS update with Remedy 1, that is
ADM-LBFGS with k < .

These ADMMs except for ADM-OPT require the maximum eigenvalues Ay (6] + ATA)
and Ajpax (ATA). We adopt the following Matlab codes to compute these eigenvalues:

svds(A,1)"2 + beta;
svds(A,1)"2.

eig_max

eig_max

Whereas ADM-OPT must solve the unconstrained quadratic optimization. We use a

Cholesky factorization to solve it. When m = n, we use “chol” in Matlab for (AT A + BI).

When A is fat (i.e., m < n), we apply the Sherman-Morrison formula to (31 + AT A)~! as
1 1

-1
(BI+ATA) ™ = EI — % CAT (I - EAAT> - A,
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and compute the factorization LLT of a smaller matrix (I + (1/8)AAT) by the “chol”

function. Then the z-subproblems are solved as

q = A’xb + lambda + betaxy;
g/beta - (A’*(L> \ ( L \ (Axq) )))/beta”2.

X

Note that the Cholesky factorization of (ATA + B8I) or (I + (1/8)AAT) is calculated only
once for each test problem.

Other setting and notations

Stopping criterion: We adopt the same stopping criterion as in [13] for all the numerical

experiments, that is, if the primal and dual residuals r* and o* satisfy
Il < 6 and [lo®fla < e, (3.4.6)

then we stop the algorithms, where r* = zF — y* o% = —B(y* — *71), and ™ > 0 and
edual > () are feasibility tolerances for the primal and dual feasibility conditions, respectively.
These tolerances can be selected using an absolute and relative criterion from the suggestion

in [13], such as

e = Ve + etmax{]|z" ||z, || - 4"},

62ual — \/ﬁ6abs + 6relH)\kH2’

rel

where €2’ > ( is an absolute tolerance and €™ > 0 is a relative tolerance.

The stopping criteria are set to €” = 107* and ¢ = 1073 in all the experiments.

Other setting: We always select S = 0 for (3.1.4b). We set the initial points as 2° =
y? = 0 and A\’ = 0. The maximum iterations are set to be 20000 in all randomly generated

experiments.

Notations in tables for numerical results:

e [ter.: the iteration steps for each algorithm;

Time: the total CPU time for each algorithm;

T-L: the CPU time for the Cholesky factorization and the calculation of AAT or AT A;

T-ME: the CPU time for computing for the maximum eigenvalue;

T-A: the CPU time for the algorithm proceed without T-L or T-ME;

T-QN: the CPU time for BFGS update (matrix Hy) of ADM-BFGS.

All of the CPU times are recorded in seconds.



42 Chapter 3 Proximal ADMM with the BFGS update

3.4.2 Test I. ADMM with the BFGS update

In the subsection, we first compare four different methods: ADM-OPT, ADM-SPRO
with k1 = 1.01, ADM-IPRO with x; = 0.8, and ADM-BFGS with k3 = 1.01. We also
present numerical results for the ADMM with Remedy 2 given in Subsection 3.3.2 for the
global convergence.

We solve problem (3.4.2) with n = 2000, m = 1000, s = 0.1 and p € {0.1,0.5}. All of
the other settings and calculations are based on Subsection 3.4.1. We solve 10 problems in

each test, and Table 3.1 shows the average of iterative steps and CPU time.

Table 3.1: Comparison on iteration steps and CPU time among the methods

Problem ADM-OPT ADM-SPRO ADM-IPRO ADM-BFGS
n m s p P Iter. Time(s) | Iter. Time(s) | Iter. Time(s) | Iter. Time(s) T-QN(s)
2000 1000 0.1 0.1 | 100 | 20.5 0.21 64.3 0.15 54.3 0.14 38.4 3.64 2.89
2000 1000 0.1 0.5 100 | 63.1 0.67 197.9 0.45 160.0 0.41 714 7.35 5.49
2000 1000 0.1 0.5 500 | 20.9 0.55 68.5 0.32 58.4 0.31 37.3 4.50 2.84

From the table, it is obvious to see that the classical ADMM finds solutions within the
least iterative steps, while the indefinite proximal ADMM admits the faster one at the CPU
time. The ADMM with BFGS can get solutions with relatively fewer iterations. However,
it spends much time to compute the Hj as indicated in the T-QN column. When data
matrix A is ill-condition or it is impossible to compute the inverse of the Hessian matrix of
augmented Lagrangian function, it is meaningful to use the matrix Hy since it can yield a
solution with fewer iterative steps.

Next, we present numerical results for the iteration steps of ADM-BFGS-R in Table 3.2.
We update ¢ by ¢ = ¢* with ¢ € [0,1], and chose a positive § € {100, le-5}. We solve
problem (3.4.2) using the same settings as those shown in Table 3.1, that is, n = 2000,
m = 1000, s = 0.1 and p € {0.1,0.5}. The results are compared with those of the ADM-
BFGS.

Table 3.2: Results for Remedy 2 with different § and ¢, (¢ = ¢¥)

ADM-BFGS-R § = 100 ADM-BFGS-R § = 1le-5
Problem ADM-BFGS
8 (=01 (=05 (=09 |¢=01 ¢(=05 ¢=0.99
n m S P Iter. Tter. Tter. Iter. Iter. Iter. Tter.
2000 1000 0.1 0.1 | 100 38.4 75.7 71.3 43.9 67.6 63.0 38.8
2000 1000 0.1 0.5 | 100 71.4 204.4 198.6 4.7 197.0 190.4 71.8
2000 1000 0.1 0.5 | 500 37.3 74.0 68.7 39.4 71.9 66.6 37.8

Table 3.2 shows that for each § > 0 and ¢ € [0, 1], ADM-BFGS-R can find a solution.
When ¢ is approximately 0 and ( is close to 1, the iterative steps of ADM-BFGS-R approach
those of ADM-BFGS .
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3.4.3 Test II: ADMM with limited memory BFGS update

In this subsection, we test how the ADMM with limited memory BFGS (ADM-LBFGS)
works.

We set the number h of vectors stored in L-BFGS to be 10. The comparisons are
among the ADM-OPT, ADM-IPRO, and the proposed ADM-LBFGS. We consider large
scale problems with n = 10000 and s = 0.1.

Behaviors of ADMMs for different

First, we analyzed the behaviors of ADMMs for different 5. We solve problem (3.4.2)
with m € {1000, 5000, 10000} and p € {0.1,0.5,1}. We take ko = 0.8 for ADM-IPRO (3.4.4)
and k3 = 1.01 for ADM-LBFGS (3.4.5). The other settings used in the test problems are
given in Subsection 3.4.

The results of the iteration steps and CPU time (seconds) averaged over 10 random trials
are shown in Table 3.3.

From Table 3.3, we can observe that the ADMM with L-BFGS performs well for different
B. In each case, ADM-LBFGS can obtain solutions within the same amount of CPU time for
the algorithm proceed (T-A) as that of the classical ADMM (ADM-OPT). The ADM-OPT
appears to be the best method to find a solution with the least iterations and CPU time
when the size m = 1000 and sparsity p = 0.1. However, it becomes slower due to the CPU
time for Cholesky factorization (T-L) when p = 0.5 and 1. Note that the T-L requires more
time compared with the computations of the maximum eigenvalue (T-ME) for ADM-LBFGS
and ADM-IPRO when the size m of matrix A is larger than 1000, especially when A is less
sparse with p = 0.5 and 1. Compared with ADM-OPT when m = 5000, ADM-LBFGS can
reduce the CPU time to approximately 50% for the sparse case of p = 0.1, and about 80%
for the hard cases, where p = 0.5 and 1. Besides, for a large and dense matrix A with
m = 10000 and p = 1, ADM-LBFGS can reduce the CPU time by 93% as compared to
ADM-OPT. On the other hand, ADM-LBFGS is a bit faster than ADM-IPRO when ¢ is

selected appropriately with the maximum eigenvalue.

Behaviors of ADM-IPRO and ADM-LBFGS for some different ¢

In the above experiments, we have chosen & = 0.8% . (ATA) for the indefinite proximal
term and & = 1.01% Apax (81 —i—ATA) for the semidefinite proximal term. This is unrealistic for
some large scale applications where the calculation of the maximum eigenvalue is expensive.
Next we test the behaviours of ADM-LBFGS and proximal ADMM (ADM-IPRO) with
different ko and ks.

We solve problem (3.4.2) with m = 5000 and p € {0.5,1}. Since the results in Table 3.3
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Table 3.3: Comparison among ADMMSs for different S

Size P ADM-OPT ADM-IPRO ADM-LBFGS
Iter. Time(s) T-A(s) T-L(s) | Iter. Time(s) T-A(s) T-ME(s) | Iter. Time(s) T-A(s) T-ME(s)
m=1000 50 90.9 0.66 0.34 0.32 | 280.1 0.92 0.46 0.46 247.3 1.27 0.81 0.46
p=0.1 100 | 59.1 0.56 0.22 0.34 | 175.7 0.74 0.29 0.45 182.2 1.04 0.59 0.45
150 | 67.7 0.57 0.25 0.32 | 197.9 0.77 0.33 0.44 157.3 0.95 0.51 0.44
200 | 88.4 0.67 0.33 0.34 | 240.2 0.82 0.38 0.44 147.4 0.90 0.46 0.44
m=1000 | 200 | 93.3 4.63 0.99 3.64 | 288.6 4.40 2.46 1.94 247.5 4.57 2.63 1.94
p=0.5 300 | 69.9 4.38 0.73 3.65 | 218.8 3.79 1.83 1.96 209.0 4.15 2.19 1.96
500 | 60.3 4.37 0.62 3.75 | 179.2 3.39 1.49 1.90 174.2 3.72 1.82 1.90
800 | 85.0 4.29 0.87 3.42 | 240.6 3.91 1.98 1.93 143.4 3.42 1.49 1.93
m=1000 | 200 | 131.7 9.73 2.01 772 | 428.2 9.02 5.84 3.18 325.9 8.29 5.11 3.18
p=1 300 | 97.3 9.13 1.53 7.60 | 305.4 7.43 4.24 3.19 273.5 7.56 4.37 3.19
500 | 67.8 8.97 1.05 792 | 213.0 6.05 2.85 3.20 220.9 6.66 3.46 3.20
800 | 67.5 9.17 1.05 8.12 | 195.9 5.85 2.65 3.20 183.9 6.08 2.88 3.20
m=>5000 | 100 | 80.4 15.67 4.48 11.19 | 176.6 7.24 2.29 4.95 86.6 6.25 1.30 4.95
p=0.1 200 | 41.2 13.90 2.34 11.56 | 103.1 6.24 1.32 4.92 55.9 5.75 0.83 4.92
500 | 20.4 12.38 1.14 11.24 | 51.2 5.62 0.64 4.98 38.0 5.55 0.57 4.98
800 | 22.0 12.87 1.27 11.60 | 61.0 5.81 0.78 5.03 37.2 5.58 0.55 5.03
m=5000 | 500 | 67.1 95.46 6.36 89.10 | 151.3 2445 7.54 16.91 75.6 20.84 3.93 16.91
p=0.5 1000 | 34.3 92.83 3.02 89.81 | 86.7 21.00 4.09 16.91 50.2 19.44 2.53 16.91
2000 | 20.4 93.28 1.79 91.49 | 514 19.91 2.36 17.55 38.1 19.45 1.90 17.55
2500 | 20.6 91.92 1.88 90.04 | 53.6 19.94 2.61 17.33 36.0 19.13 1.80 17.33
m=5000 | 1000 | 52.9  201.69 6.16  195.53 | 130.8  33.67 10.00 23.67 65.6 28.82 5.15 23.67
p=1 2000 | 27.2  200.39 3.07  197.32 | 73.0 29.23 5.39 23.84 44.9 27.27 3.43 23.84
3000 | 20.3  210.74 245  208.29 | 55.0 31.01 4.16 26.85 39.3 29.98 3.13 26.85
3200 | 20.7  208.26 254  205.72 | 53.2 30.78 4.08 26.70 38.8 29.81 3.11 26.70
m=10000 | 200 | 59.2 59.57 10.72  48.85 | 100.3  15.90 3.02 12.88 60.2 14.85 1.97 12.88
p=0.1 500 | 24.5 51.97 4.75 47.22 | 48.0 14.39 1.50 12.89 30.6 13.93 1.04 12.89
1000 | 15.9 51.13 3.06 48.07 | 30.0 13.82 0.95 12.87 23.7 13.66 0.79 12.87
1500 | 16.9 50.61 3.19 4742 | 344 13.88 1.08 12.80 244 13.62 0.82 12.80
m=10000 | 1000 | 49.8  426.04 9.69  416.35 | 88.2 52.69 9.42 43.27 50.2 48.77 5.50 43.27
p=0.5 2000 | 25.7  413.19 5.20  407.99 | 49.0 48.17 5.40 42.77 31.2 46.26 3.49 42.77
3000 | 17.6  432.36 3.28  429.08 | 38.6 47.64 4.26 43.38 26.0 46.29 291 43.38
3500 | 15.9  408.71 2.86  405.85 | 34.4 45.14 3.31 41.83 25.0 44.37 2.54 41.83
m=10000 | 2000 | 40.8  983.12 6.91 976.21 | 72.0 67.15 10.49 56.66 42.6 62.94 6.28 56.66
p=1 3000 | 27.6  948.20 4.68  943.52 | 52.2 64.34 7.60 56.74 34.0 61.74 5.00 56.74
5000 | 17.4  947.22 3.06 944.16 | 36.4 62.45 5.34 57.11 26.0 60.97 3.86 57.11
5500 | 16.4  931.24 2.87 92837 | 33.8 61.88 4.96 56.92 25.0 60.62 3.70 56.92
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for m = 5000 indicate that a reasonable /3 is around 2000, we take 8 € {1000, 2000, 3000} in
this experiments. We also take ko, k3 € {0.75,0.8,1.01,5.0,10.0,100} in (3.4.4) and (3.4.5).
The other settings and notations used are shown in Subsection 3.4. Table 3.4 shows the

results of iteration steps and CPU time (seconds) averaged over 10 random trials for every

ko and Kg.
Table 3.4: Different x5 and k3 for proximal ADMM
Setti ADM-IPRO ADM-LBFGS
ettin Ko, K
& 27 Tter. T-A(s) Time(s) | Iter. T-A(s) Time(s)
p=20.5 0.75 74.6 3.40 20.20 46.4 2.21 19.01

B = 1000 0.80 80.3 3.67 20.47 47.3 2.26 19.06
T-ME = 16.80s | 1.01 99.6 4.56 21.36 49.7 2.42 19.22
5.0 400.6  18.44 35.24 | 1029  5.01 21.81
10.0 | 7342  33.57 50.37 | 147.7  7.02 23.82
100.0 | 4626.3 211.53 228.33 | 330.7 15.91 32.71

p=20.5 0.75 42.0 1.95 18.30 33.6 1.62 17.97

B = 2000 0.80 44.3 2.06 18.41 34.7 1.68 18.03
T-ME = 16.35s | 1.01 53.8 2.51 18.86 38.2 1.85 18.20
5.0 213.5 9.85 26.20 | 100.4  4.89 21.24
10.0 | 376.6  17.39 33.74 | 1372 6.63 22.98
100.0 | 2324.4 107.59 123.94 | 327.7 16.02 32.37

p=1 0.75 62.0 4.38 30.38 41.0 3.00 29.00

B = 2000 0.80 64.9 4.58 30.58 41.5 3.02 29.02
T-ME = 26.00s | 1.01 81.8 5.78 31.78 44.6 3.22 29.22
5.0 334.7  23.59 49.59 | 1056.3 7.71 33.71
10.0 | 593.8  41.76 67.76 | 145.1 10.67 36.67
100.0 | 3623.6 254.90  280.90 | 344.2  25.06 51.06

p=1 0.75 43.8 3.13 27.29 34.5 2.49 26.65

B = 3000 0.80 46.0 3.28 27.44 35.5 2.59 26.75
T-ME = 24.16s | 1.01 26.5 4.02 28.18 39.1 2.85 27.01
5.0 222.6  15.61 39.77 | 1047 7.58 31.74
10.0 | 405.5  28.40 52.56 | 139.8 10.11 34.27
100.0 | 2467.4 17253 196.69 | 359.7 26.17 50.33

As shown in Table 3.4, the ADM-LBFGS always works well and remains stable. Note
that ADM-LBFGS is slightly faster than ADM-IPRO when ¢ is chosen nearly around the

maximum eigenvalue, ko, k3 = 0.75,0.80,1.01 for instance. On average, this can lead to
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a 30% reduction in the number of iterations. There are no much differences in the CPU
time because T-ME counts for a lot. When ks, k3 = 100 which are chosen far away from
maximum eigenvalue, ADM-LBFGS can always bring out a 85-90% improvement in the
number of iterations and a 75-85% improvement in the CPU time compared with the ADM-
IPRO. Moreover, we find that ADM-LBFGS also works well even when the proximal term

is a slightly indefinite matrix, i.e., k3 < 1.

Remedy 1: ADM-LBFGS stops updating of H; for some finite k

Finally, we investigate the behavior of ADM-LBFGS-R with various k when the updating
of Hj, stops.

We solve problem (3.4.2) with m = 5000, p € {0.5,1}, 3 € {1000,2000}, and set k =
{5,10,20,40,50,100} and k3 = 1.01 in (3.4.5). All the other settings are the same as those
used in the above-mentioned experiments. The results of CPU time and iterations of different

stopping k averaged over 10 random trials are provided in Table 3.5.

Table 3.5: Results for stopping at different k&

? ADM-LBFGS-R
Iter. T-A(s) Time(s)
p=0.5 5 | 106.0  4.89 19.25
g = 1000 10 | 93.2 4.35 18.51

T-ME = 14.16s | 20 | 76.8 3.63 17.79
40 | 54.2 2.56 16.72
50 | 50.2 2.43 16.59
100 | 50.1 2.42 16.58

p=1 5 85.7 6.06 32.76

B = 2000 10 | 76.1 5.37 32.07
T-ME = 26.70s | 20 | 62.9 4.49 31.19
40 | 43.8 3.15 29.85
50 | 44.3 3.19 29.89
100 | 44.3 3.22 29.92

The results above indicate that for all k£, the ADM-LBFGS-R. can successfully obtain a
solution within the maximum iteration. In particular, the results for & = 50 and 100 are

similar, indicating that ks is a well-tuned proximal matrix for the test problems.
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3.4.4 Test III: Numerical experiments for real-world datasets

In this subsection, we investigate the behaviour of the proposed method for three
real-world models “dbworld-bodies”, “Madelon” and “sido0” which are selected from the
literature [33, 81, 110], respectively. The main purpose of the experiments is to justify the
feasibility of the proposed proximal ADMM with the BFGS update. We thus choose the
existing proximal ADMMs (ADM-SPRO and ADM-IPRO) as the benchmark for a numerical
comparison in this subsection.

We solve the Lasso problem (3.4.1) with “dbworld-bodies”, “Madelon” and “sido0”. Since
the reasonable parameters in the methods are different for each real-world data, we should
predefine them. We choose parameter 8 based on the sizes of the problems and considering
the results in the previous subsections. The concrete values of § are shown in Table 3.7.
Moreover, we set k1 = 1.01 for ADM-SPRO, ks = 0.8 for ADM-IPRO, and x3 = 1.01 for
ADM-BFGS and ADM-LBFGS.

Table 3.6 lists the sizes m and n, sources of the dataset, and some parameters used in
the methods. Note that “dbworld-bodies” contains 64 instances and 4702 features, which
means that the matrix A has more columns than rows. This dataset is useful for illustrating
the behaviors of the various algorithms used for the sparse optimization, such as the Lasso
problem (3.4.1). We exploit only the stopping criterion (3.4.6) for the dataset since all
the algorithms successfully solve it. Dataset ‘Madelon” consists of 2000 samples and 500
attributes, which implies that the matrix A has more rows than columns. The first-order
method such as the ADMM usually takes a lot of iterations for such data. In our experiments,
all the algorithms did not find a solution that satisfied the stopping criterion (3.4.6). Thus
we set the maximum iteration to 10000 and observe the behaviors of the algorithms from
Figure 2. Dataset “sido0” is a larger one with 12678 examples and 4932 variables. For the

abs

data, we set €2P and €™ to larger values in the stopping criterion.

Table 3.6: Summary of datasets and some parameters used in the experiments

Datasets Pz source stopping criterion maximum iterations
m n
dbworld-bodies | 64 | 4702 | [33] | e =10""| & =1073 -
Madelon 2000 | 500 [33] - - 10000
sido( 12678 | 4932 | [110] | s =103 | el = 1072 20000

Table 3.7 shows the results averaged over 10 trials. Since datasets “dbworld-bodies”
and “Madelon” are small, we omit T-L and T-M and present the total CPU time, “Time”.
Moreover, we omit to give the results of the ADM-BFGS for datasets “Madelon” and “sido0”.
The reason is that the ADM-BFGS takes much longer time due to the size of n.
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Table 3.7: Results for real dataset

ADM-OPT ADM-SPRO ADM-IPRO ADM-BFGS ADM-LBFGS
Iter.  Time(s) | Iter. Time(s) | Iter. Time(s) | Iter. Time(s) | Iter. Time(s)
dbworld-bodies | 10 120.0 0.03 725.0 0.13 600.0 0.11 206.0  64.92 238.0 0.13

m = 64 50 51.0 0.01 191.0 0.05 167.0 0.05 143.0 4521 51.0 0.04
n = 4702 95 92.0 0.02 167.0 0.05 169.0 0.05 | 1740 55.01 99.0 0.05
100 | 97.0 0.02 172.0 0.05 186.0 0.05 119.0  37.58 153.0 0.08

Datasets I}

Jé] Iter.  Time(s) | Iter. Time(s) | Iter. Time(s) | Iter. Time(s) | Iter. Time(s)

Madelon 100 | 10000 4.88 10000 3.03 10000 3.05 - - 10000 3.80
m = 2000 150 | 10000 4.70 10000 3.02 10000 3.01 - - 10000 3.50
n = 500 200 | 10000 4.67 10000 3.38 10000 3.26 - - 10000 3.71

500 | 10000 4.80 10000 3.28 10000 3.25 - - 10000 3.75

Ié) Tter.  T-A(s) | Tter.  T-A(s) | Iter.  T-A(s) | Iter. T-A(s) | Tter.  T-A(s)

sido0 100 | 1430.0  54.23 | 1638.0 26.44 | 1636.0  23.73 - - 1435.0  23.32

m = 12678 1000 | 145.0 5.52 169.0 3.07 181.0 3.36 - - 162.0 2.99
n = 4932 3000 | 50.0 1.62 59.0 0.75 56.0 0.70 - - 55.0 0.72
T-L = 14.46s | 5000 | 31.0 1.12 38.0 0.53 37.0 0.52 - - 34.0 0.53
T-ME = 0.46s | 6500 | 24.0 0.82 30.0 0.39 29.0 0.38 - - 26.0 0.37

We also plot the objective function values with respect to the iterations for dataset
“dbworld-bodies” based on five methods: ADM-OPT, ADM-SPRO, ADM-IPRO, ADM-
BFGS, and ADM-LBFGS in Figure 3.1. Figure 3.2 shows the same graph for the “Madelon”
dataset among four methods: ADM-OPT, ADM-SPRO, ADM-IPRO, and ADM-LBFGS.

Overall, we see from Table 3.7 and Figure 3.1 that the ADM-OPT is the best method
to find a solution with the least iterations and CPU time for the “dbworld-bodies” datasets.
The proposed ADM-LBFGS outperforms the proximal ADMMs in terms of the iterations
but does not have an improvement in computational time. For such a small dataset, the
classical ADMM is the best choice. For the “Madelon” dataset, as we mentioned above, all
of the methods cannot stop by the maximum iteration. Thus we compare the methods from
Figure 3.2. The ADM-IPRO solves this problem with the least CPU time. The figures show
that the graphs of ADM-LBFGS are close to those of ADM-OPT, and are better than those
of the proximal ADMMs. This indicates that the proposed ADM-LBFGS can obtain a more
accurate solution than the proximal ADMM. We also conclude from the results for “sido(”
that the CPU times of the proximal methods are much shorter than 14.46 seconds of the
computation of Cholesky factorization. The computational times of the proximal ADMMs
are almost the same. At the same time, the numbers of iterative steps of ADM-LBFGS are
close to those of the classical ADMM.
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3.4.5 Conclusions of the numerical experiments

Based on the numerical results above, we conclude the following:
1. For the problems with a well-condition or small size matrix A, all of the ADMMs can
solve them efficiently. The classical ADMM (ADM-OPT) always performs the best;

2. For the problems whose maximum eigenvalues Ajax (ATA) are large, the classical
ADMM can directly solve them while the proximal ADMM could be applied after

normalizing the columns of matrix A;

3. Compared with the classical ADMM (ADM-OPT), the ADM-LBFGS is more suitable
for dense large scale problems because the calculation of the inverse of AT A is not
necessary for ADM-LBFGS;

4. ADM-LBFGS can outperform the general proximal ADMM (ADM-SPRO or ADM-
[PRO) in terms of iteration count, especially when the accurate estimation of the
maximum eigenvalues is difficult. ADM-LBFGS could obtain a more precise solution
than that of the proximal ADMM.

3.5 Conclusions

In this chapter, we have proposed a special proximal ADMM where the proximal matrix
is derived from the BFGS update or limited memory BFGS method. We have given two
remedies for the proximal matrix with the BFGS update to ensure the global convergence
of the proposed method. Numerical results of several random problems with large scale
data and several real-world datasets have been provided to illustrate the effectiveness of the
proposed method.

Recall that Theorem 3.2.1 holds only when the Hessian matrix of the augmented
Lagrangian function, that is, M = 8I + A" A is a constant matrix. We will consider more
general problems using the ADMM with the BFGS update whose z-subproblems become an
unconstrained quadratic programming problem, as presented in this chapter. Then we may
apply Theorem 3.2.1 for global convergence. On the other hand, as shown in the numerical
results, the ADMM with the L-BFGS also performs well with a slightly indefinite proximal
matrix. This will facilitate the exploration for an indefinite proximal ADMM with the BFGS
update.



Chapter 4

A Proximal Alternating Direction
Method of Multipliers with the
Broyden family for Convex

Optimization Problems

4.1 Introduction

In this Chapter, we consider the general convex optimization problem:

minimize f(z) + g(y)
subject to Ax + By = b, (4.1.1)
zeR™, yeR",

where f: R™ — RU {oo} and ¢g: R™ — R U {oo} are proper convex functions, A € R™*"™ B €
R™*"2 and b € R™. We define the augmented Lagrangian function for (4.1.1) as L5: R™ x R™ x
R™ — R:

Ls(x,y,\) = f(z) +9(y) — (A, Az + By — b) + gHAx + By — b||°. (4.1.2)

Here A\ € R™ are multipliers associated to the equality constraints and 8 > 0 is a penalty parameter.

When we apply ADMM for solving some concrete applications, we usually assume one of the
subproblems is relatively easy to solve. Therefore, we suppose that y-subproblems in the proximal
ADMM (3.1.3) are easily solved throughout this chapter. We allow the positive semidefinite matrix
T in the proximal term (3.1.3a) to be changed at every step as that in the inexact ADMM [60].
Then T depends on k, and thus we denote it by Tj. The resulting ADMM is a variable metric
semi-proximal ADMM. The iterative scheme of the variable metric semi-proximal ADMM (VMSP-



52 Chapter 4 Proximal ADMM with the Broyden family

ADMM) algorithm is given as

1
2" = argmin Lg(z,y*, \¥) + §||x - $k||?rk7 (4.1.32)
x
1
yk+1 — argmin ﬁg(azkﬂ,y, )\k) + iuy - yk”%’ (4.1.3b)
y
AL \F L B(AghHL 4 Byt p). (4.1.3¢)

In this chapter, we assume that (4.1.3b) is solved exactly, and focus on how to construct T}.

When f(z) = i||z||?, B=1 and b =0, a new construction of the proximal matrix T}, has been
proposed in Chapter 3 to let the Tj, be Ty, = B, — M, where M = V2 Lg(z,y,\) = BATA+1T and
By, was a certain positive definite matrix. Note that M > 0, where V = 0 (V' > 0) means that
V' is symmetric and positive semidefinite (positive definite). This chapter proposed to generate
By, via the BFGS update with respect to M at every iteration, and then showed that By = M
for all k¥ whenever By = M. Therefore T} = 0 if the initial matrix By satisfies By = M. The
x-subproblem of the variable metric semi-proximal ADMM with BFGS update (ADM-BFGS) for

this special problem was given as
2 = oF 1, (ATA’“ — BATYF - Mxk) , (4.1.4)

where Hy, = B), ! The numerical experiments in Chapter 3 reported that the numbers of iterations
were almost same as those by the exact ADMM.

In this chapter, we extend this method to more general convex problems. In particular, we
consider the following two problems.

One is formulated as
N
Problem 1:  minimize Z; fi(A;x) (4.15)

subject to = € R”,

where f; : R™ — R U {oco}, i = 1,2,...,N are proper convex functions, and A; € R"™*"
i=1,2,..,N.
The other problem is

N
Problem 2: minimize » fi(z;)
i=1

N
subject to Y A;x; = b,
i=1
2 €RY, i=1,2,..,N,

(4.1.6)

N
where n = > n;, fi : R" — RU{o0}, i = 1,2,..., N are proper convex functions, A; € R"*™,
i=1
i=1,2,..,N and b € R™,
Now, we apply the ADMM (4.1.3a)-(4.1.3b) to the above two convex problems. To this end,

we reformulate the problems as (4.1.1). By introducing some auxiliary variables y; € R™i(i =
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1,2,...,N), problem (4.1.5) can be reformulated as

N
minimize Y fi(y:)
i=1
subject to y; = A;x, i=1,2,....,. N

reR"y, e R™ ¢=1,2,...,N.

(4.1.7)

N
Letting y = (y] , 45 ,-yy) | f(@) =0, gly) = X filwi), A=[A],A],...,A{]",B=—1,b=0,

problem (4.1.7) is reduced to (4.1.1). -
Similarly, by introducing some auxiliary variables y; € R™ (i = 1,2, ..., N), problem (4.1.6) can
be reformulated as
minimize é\f: fi(yi)
i=1
subject to 1‘21 Ax; = b, (4.1.8)
xi=v, =12 . . N
vy € R%, i=1,2,...,N.

N

Letting = (] 25, 2y) ", ¥ = () ,93.un) ", fl@) =0, gly) = > filw), A=
A 0 b .
[A1,Ag, ..., AN], and A = , B = s b = ol problem (4.1.8) is also reduced to

(4.1.1).

The main contributions of this chapter are as follows. At first, inspired by the work in
Chapter 3, which considered the proximal ADMM with the BFGS update for structured quadratic
optimization problems, we further extend the proximal ADMM with the Broyden family update
for two general convex problems (4.1.7) and (4.1.8). Moreover, we show the global convergence of
the proposed method. We also present some numerical results of the proposed method for solving
the [; regularized logistic regression problem.

The rest of the chapter is organized as follows. We describe the construction of T} via the
Broyden family update and show the details on applying the ADMM for the above two convex
problems (4.1.5) and (4.1.6) in Section 4.2. Section 4.3 discusses the global convergence of the
proposed method under certain flexible conditions on the proximal matrices sequence. In Section
4.4, we test the l; regularized logistic regression problem to illustrate the efficiency of the proposed

method. Finally, we make some concluding remarks in Section 4.5.

4.2 Proximal ADMMs with Broyden family update for

two convex optimization problems

In this section, we first explain how to construct T} via the Broyden family update, and then

present concrete algorithms for two convex optimization problems (4.1.5) and (4.1.6).
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4.2.1 Construction of the regularized matrix 7 via the Broyden
family

Throughout this chapter, we assume that z-subproblems (4.1.3a) are unconstrained quadratic
programming problem, and that the Hessian matrix of the augmented Lagrangian function (4.1.2)

is a constant matrix defined as

M: =V2 La(z,y, ). (4.2.1)

Note that M is always positive semidefinite. Note also that xz-subproblems for (4.1.7) and (4.1.8)
become unconstrained quadratic programming problems as seen later.

The Hessian of the objective function of z-subproblem (4.1.3a) is By = T} + M. Note that if
T, = 0, that is, we consider the standard ADMM, then By = M. In order to avoid computing the
inverse of M but still has some information on M, we consider a matrix By that has the following

two properties:

Property (i) By = M;

Property (ii) By has some second order information on M.

Property (i) implies that T, = By — M is positive semidefinite, which is reguired for global
convergence. Property (ii) is needed for rapid convergence, since T ~ 0 as By ~ M. A new
construction of By was proposed in Chapter 3 to construct By via the BFGS update with respect
to M at every iteration. Since the BFGS update usually constructs the inverse of By, let Hy, = B, L
Using Hy, we can easily solve the z-subproblems as in (4.1.4).

When M > 0, we consider the normal BFGS update with a given s € R"™ and [ = Ms. Note
that s'l > 0 when s # 0. Let s, = 2*t! — 2* [, = Ms;. Then BFGS recursions for BEEIGS and
H EflGS are given as

lkl,;r BksksgB,;r

BPFSS — B+ (4.2.2)
k+1 l,;rsk sZBksk
I s, SkSy
HBFOS — (1 %Kk ) g (- Rk )y KOk 42.3
k1 Slek k Sglk Slek ( )
Besides, the DFP updates for B,?ff and H l?flp are given as
lkST Sle lle
B = (1—- 2k ) B (1T - 25 ) + 2& 4.2.4
kol l;—sk k lll—sk l,;rsk ( )
b O HR L HY
HPFY =y + 2%k DRk Tk 4.2.5
RTINS I Hyly (4.2.5)
Since s;—lk > 0, all matrices BE}:?’S, H,]?flGS, Bl?flp and H. ]?flp are positive definite whenever

By, H, > 0.
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Motivated by the proximal ADMM with the BFGS update, we propose an extension of the
proximal ADMM with the Broyden family update [83, 43, 94, 42], that is, a linear combination of
the BFGS and DFP updates for By, as follows:

BksksgBk lkl];r

s,;'—BkSk l,l—sk

lk Bksk

Biy1 = By — + t(sl;erSk;)UkU];r, Vg , t € [0, 1}, (4.2.6)

- l,l—sk a s,;'—Bksk
which is equivalent to

By = (1—t)BPETS +¢BPEY, with t € [0, 1]. (4.2.7)
Similarly, we have the Broyden family update for Hy; with a ¢ € [0,1] as follows:

Hklkl,;er sks;r
l];erlk l;—sk

Sk Hyly,

Hypy = Hy — — ,
AR sile 1] Helg

+ (1 —t)(If Hlp)vpvl , v, = (4.2.8)

which yields
Hyp1 = (1—t)HEFES +¢HPEY ) with ¢ € [0,1]. (4.2.9)

The update scheme (4.2.7) becomes the pure BFGS update (4.2.2) when ¢ = 0, and becomes the
pure DFP update (4.2.4) when ¢t = 1.

Now we consider when Property (i) holds. For the pure BFGS update, the following useful
property has been shown in Chapter 3.

Lemma 4.2.1. Let s € R™ such that s # 0, and let | = Ms. If H < M~, then HP¥GS < M1,

This lemma is based on Lemma 3.2.1 in Chapter 3. We extend Lemma 4.2.1 to the Broyden
family.

Lemma 4.2.2. Let | € R" such that | # 0. Moreover let s = M~ and ® = {z € R™ | (I, 2) = 0}.
Then for any v € R™, there exist c € R and z € ® such that v =cs + z.

Proof. We can easily show the lemma in a way similar to the proof of Lemma 3.2.1. ]

We can rewrite the DFP update (4.2.4) as

BslT +1s"B s'Bs\ UT
Bb¥P _p_ 7% 0 7 —_ | = 4.2.10
[Ts < [Ts ) [Ts ( )
Moreover we have
BP¥Ps — 1 = Ms. (4.2.11)

Then we can obtain the following lemma for BPFF,

Lemma 4.2.3. Let | € R" such that 1 # 0, and let s = M~'. If B = M, then BPTY = M.
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Proof. Let v be an arbitrary nonzero vector in R". Let & = {z € R" | (I,z) = 0}. From
Lemma 4.2.2 there exist ¢ € R and z € ® such that v = ¢s + z. It then follows from (4.2.11) and
the definition of z that

v BP"Py = (cs +2) T BPTF (cs + 2)
= ?s'l+2cz2"1+4 2" BPYP;
= c?s'l+ 2" BP*P,
= c?s' Ms+ 2" BP*P2. (4.2.12)
Since z € @, we have
IsT _slT Is' 21T 2
T _ T _ _
z (lTSBlTS) z = O, z (lTSB> z=0 and ZTS =0. (4213)
It then follows from (4.2.10) that
IsT Is" sl 21T 2
TRDFP, _ T T T _ T
2 B"" 2=z Bz—2z (lTsB> z+z <lT8BlT8)z+lT$ =z Bz. (4.2.14)
Furthermore, equation (4.2.11) implies
s'Mz=1"2=0. (4.2.15)

Combining (4.2.12) and (4.2.14), we have

v BPTPy = 2sTMs+ 2" Bz
> 25" Ms+ 2 Mz
= (es+2) M(cs+2) —2cs' Mz

UTMU,

where the inequality follows from the assumption. Since v is arbitrary, we have BP¥F = M. |

Using the above lemmas, we can show the following desired property for the Broyden family update.

Theorem 4.2.1. Let 5,1 € R™ such that s,l # 0, and let | = Ms. Suppose that By is updated by
the Broyden family (4.2.7) for all k > 0. If By = M, then By = M for any t € [0,1] and k > 0.

Proof. Due to Lemmas 4.2.1 and 4.2.3 we show that if (Ho)™' = By = M, then
BBFGS — M and BPYP = M for all k > 0. It follows from (4.2.7) that for any ¢ € [0,1] and k > 0,
Bk >~ M. |

Theorem 4.2.1 implies that Ty, = By — M > 0 when the initial matrix By satisfies By = M.

When M is merely positive semidefinite, we cannot directly use the BFGS and DFP updates.
In this case we may consider M®: = M + 6I with sufficiently small 6 > 0, and construct By
by the BFGS and DFP updates for M%. That is, BP¥GS and BPFP are updated by the BFGS
and DFP with respect to M? at every iteration, respectively, and l; = Mss = Ms + ds. Then
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T, = B, — M = 61 > 0 is a positive definite matrix. Note that s'ls > 0 when s # 0, and recursions
(4.2.3) and (4.2.4) still hold. When ¢ is small enough, By, is also close to M.

In the subsequent subsections, we describe the details of applying the VMSP-ADMM with the
Broyden family update for two convex problems (4.1.5) and (4.1.6) given in Introduction. Note
that the y-subproblems also can be applied with the Broyden family update when they do not have

closed-form solutions. For simplicity, we suppose the y-subproblems are easily solved here.

4.2.2 VMSP-ADMM for convex problem 1

First, we consider problem 1. Let E}g(az, YLy -y YN, A1, ooy AN ) be the augmented Lagrangian function
for (4.1.7) defined by

N N N
LH@, Y1 YN A s AN) 1= > fili) = > (i A — i) + > gHAiﬂﬂ — uill%, (4.2.16)
= i=1 i=1

where \; € R™i(i = 1,2,..., N) are multipliers associated to the linear constraints and 8 > 0 is
a penalty parameter. As shown in Introduction, we further define y = (yir,y;, ...,y;\—,)—r, A =
AT AL AL A=A AL AT, 9@w) = SN, fiy), and m = SN . m,. Then y € R™

1> 29y N 9 127299 "N 7gy =1 Zyl7 =1 T y 9

A € R™ and the augmented Lagrangian function is rewritten as
s
Lhx.y, ) = g(y) — (A Are =) + 5 A — gl (4.2.17)
By using a proximal matrix 7)) € R"*", the z-subproblem (4.1.3a) for (4.1.7) is written as
k41 . k W, B kp2 L k2
L7 = argmin —(A\* A —y >+*||«41~"3—?/ | +§Hl‘—$ HT;i

= (BA A+ T,g) (ATNE+ BATy* + Tat). (4.2.18)
N
Note that SA] A1 = Y BATA; = V?mﬁé(x,y, A). Let M! be defined as
i=1

M': =V2, Lh(z,y,\) = BA] Ay = 0. (4.2.19)

Note that M' is not necessarily positive definite. Then, as written in the previous subsection,
we may not apply the BFGS and DFP updates for M. Therefore we use the following perturbed
matrix MO instead of M!.

M%: =M+ 6,10 with & > 0. (4.2.20)

Then, we propose to construct a matrix B,i by the Broyden family with s, = a:]f'H — a:’f and
I, = M‘Slsk, and set

T! =B} — M. (4.2.21)

Note that Theorem 4.2.1 implies that Tkl = 0if B} = M o1,
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Using B}, z-subproblem (4.2.18) is written as
o = gF 4 (Bl (AIA’“ +BAT Y — Mlxk) . (4.2.22)
Based on the descriptions of the BFGS (or limited memory BFGS, abbreviated to L-BFGS)
and DFP updates, we first give our algorithm for problem (4.1.5).

Algorithm 2: VMSP-ADMM with the Broyden family update (ADM-BD1) for
convex Problem 1 (4.1.5)

Input : data matrix A;, initial point (z°,y%, A\%), penalty parameter 3, 61;

maxTter, initial matrix H} < (M°)~!, coefficient ¢; € [0, 1];

constant k' € [1, 00|, stopping criterion e.

Output: approximative solution (z¥,y*, \F)
1 initialization;
2 while k < maxlter or not convergence do
3 if £k <k' and 2 — 251 # 0 then
4 ‘ update H} via (4.2.8) or L-BFGS;
5 else
o | | Hi=H;
7 end
8 update 2**! by solving the z-subproblem:

M=ok + HY (AT NF + ATy — M1ab)

k+1

9 update y by solving the y-subproblem:

y**! = argmin {oly) = (%, Azt — ) + G| Asam T — g2+ Ly — y¥)3 }+

10 update Lagrangian multipliers: \F1 = A\ — g(A;zF+1 — yF+1),

11 end

Remark 4.2.1. Note that constant k' € [1,00] in the algorithm means that the By (H} ) updated by
the BFGS (or L-BFGS) and DFP procedures will be stopped at k', that is, B} = Bl%;l (Hl = H]—il)
for k > k. Specially,

o k' < 0o we can show the global convergence since it is reduced to the usual proximal ADMM

after k' steps;

o k'l =00 the B,i (H,i) are updated for all k, and the numerical experiments in Chapter 8 show

it works;

o k! is small it is not efficient, since Bl’il is not close to MO,

4.2.3 VMSP-ADMM for convex problem 2

For problem 2, let the augmented Lagrangian function for (4.1.8)
E%(ml, s TN YLy ooy YNy Ay [ .-, i) be defined by

,C%(xl, ey TN YLy ooy YN Ay fL s oey JUN)
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N N N
= Zfi(yi) — (D Agwy = b) = > (i i — i)
i=1 =1 =1
w2 ZA zi— b|] +Z i — will?, (4.2.23)

where A € R™, u; € R™ (¢ = 1,2,...,N) are multipliers associated to the linear constraints and

b1, B2 > 0 are the penalty parameters, respectively.

N
We also define o = (z{,25,...20)", v = (¥, 93,y s 9v) = iy filw), A2 =
[A1, Ag, ..., AN], and n = Ef\;lm Then z,y € R™ and Ay € R™*™. Moreover let yu =
(1t s ptg 5oy figy) | € R™. The augmented Lagrangian function (4.2.23) can be written as

P2

LE(x,y, A 1) = g(y) — (A, Aga = b) — (u,z — y) + %IIAzw —bP+ e —yl® (42:24)

Similar to problem 1 in Subsection 4.2.2, by using a proximal matrix T,? € R™ " the z-subproblem
(4.1.3a) for (4.1.8) is written as

¢! = argmin {—()\k,Agﬂi —b) — <Mk,95 - yk>

1
+ Pl = P+ Gl - ¥

~1
= (51A§A2 + Bol + T,?) (AL\"? 4k 4 BLATD + Boyt + T,fx’f) . (4.2.25)

+ %||A2x — b2

Let M? be defined as

M?: = V2, L3(x,y, A\ p) = BrA3 Az + ol (4.2.26)

Note that M? = 0 whenever 5 > 0. Then, we construct a matrix B,g via the Broyden family for
M? and set:

T¢ = Bf — M*. (4.2.27)
Theorem 4.2.1 implies that T7? = 0 if B = M?2. By using B7, z-subproblem (4.2.25) is written as
P = gk B2y (AJ N4 ik 4 B AT b+ Boyf — M%k) . (4.2.28)

The algorithm for problem (4.1.6) is as follows:

59
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Algorithm 3: VMSP-ADMM with the Broyden family update (ADM-BD2) for
convex Problem 2 (4.1.6)
Input : data matrix Ay, initial point (2°,4%, A°, u°), penalty parameters B1, fa;
initial matrix HZ < (M?)~!, coefficient t5 € [0, 1], constant k? € [1, 00];

maxlter, stopping criterion e.

Output: approximative solution (z%, % \F, u*)
1 initialization;
2 while k < maxlIter or not convergence do
3 if k <k?and x — x1_1 # 0 then

4 | update H? via (4.2.8) or L-BFGS;

5 else

6 | | HP=H;

7 end

8 update z**! by solving the z-subproblem:

ot =k + B2 (AJNF + pF + BiLAS b+ oyt — M2ab)

k+1

9 update y by solving the y-subproblem:

Yot = argming {g(y) — (1,2 = ) + Rl = 2 + Sy — y*I3 } s

10 update Lagrangian multipliers: \*1 = A\ — 81 (Apzh+1 — b);
11 update Lagrangian multipliers: pf+1 = p*F — By(ah+l — yF+1h),
12 end

The constant k2 in the Algorithm 2 plays the same role as k' in Algorithm 1.

4.3 Convergence analysis

In this section, we first consider general convergence properties for the variable metric semi-proximal
ADMM (4.1.3a)-(4.1.3c) (VMSP-ADMM). Then we discuss the convergence of VMSP-ADMM with
the Broyden family update (ADM-BD1 and ADM-BD2) for problem 1 and problem 2.

4.3.1 Global convergence of the variable metric semi-proximal
ADMM

Let Q* be a set of (z*,y*, \*) satisfying the KKT condition of problem (4.1.1). Since the
subdifferential mapping of the closed proper convex functions are maximal monotone [101], there

exist two positive semidefinite matrices ¥y and X, such that for all z, & € R™, f/(z) € df(x), and
f(&) € 0f(2),
(= &) (f'(z) = f'(2) = l|l= — 2[%,, (4.3.1)

and for all y, g € R™2, ¢'(y) € 9g(y), and ¢'(9) € dg(y),

=9 W) -d@) = lly—il3,. (4.3.2)
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Throughout this chapter, we make the following assumptions.
Assumption 4.3.1. The set Q* of KKT points is non-empty.
Assumption 4.3.2. For all k>0, T + Xy + BATA and S + X+ BB B are positive definite.

Now, we begin to investigate the convergence of VMSP-ADMM. First, we assume some

conditions for the sequence {7} to guarantee the convergence.

Condition 4.3.1. For the sequence {I}} generated by the framework (4.1.3), there exist T = 0
and a non-negative sequence {7y} such that

1 T= Tk:+1 = (1 + ’Yk’)Tk) fOT all k;

2 T+Xp+ BAT A is positive definite,

oo
3 > < 0.
0

Now we give the main theorem of this subsection.

Theorem 4.3.1. Suppose that Assumptions 4.3.1 and 4.3.2 hold. Suppose also that {Ty} is a

sequence satisfying Condition 4.3.1. Let {(x*,y* \F)} be generated by (4.1.3). Then the following
statements hold:

(a) we have for k > 1 that

1
2% — 2|3, + ly* = y*II5 + BIB(y —y)H2+BH)\ e (7ATi

N 1
- (W“ =B I =y + BB -
+ ||yFtt — y’“l%)

> (|2 —2® |+l T = R IE + BIBET -y
+ B AP+ ByM = 0”20 =2t 20y - S

P &

(b) the sequence {(z*,y*, \¥)} converges to a point (x*,y*, \*) € Q*.

Proof. The proof can be done in a way similar to the proofs in 3.3.1 and [40, Theorem
B.1]. n
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4.3.2 Global convergences of Algorithms 2 and 3

We establish the global convergences of Algorithms 2 and 3 as corollaries of the convergence results
in Subsection 4.3.1.

For the global convergence, we require condition 4.3.1 holds. In particular, we need that
0 <X T < Ty for all k, that is, T} should be positive semidefinite for all k. To see this, we first note
that initial matrices H} and HZ satisfy HE < (M%)~! and H2 < (M?)~!. Then Theorem 4.2.1
implies H} < (M°)~! and HZ < (M?)~! for all k, and hence T}, T2 > 0 for all k.

Therefore, Algorithms 2 and 3 are well-defined, that is, they can generate a sequence

{x*F,y* AF}. Moreover, we get the following convergence properties based on Theorem 4.3.1.

Theorem 4.3.2. Suppose that the sequence {Tkl} satisfies Condition 4.3.1. Let a sequence
{(z*, %, XF)} be generated by Algorithm 2. Then the sequence {(x*,y* \F)} converges to a KKT
point of (4.1.7).

Theorem 4.3.3. Suppose that the sequence {T,f} satisfies Condition 4.3.1. Let a sequence
{(z*,y% \F, uF)} be generated by Algorithm 8. Then the sequence {(x*,y*, \¥, i*)} converges to
a KKT point of (4.1.8).

Until now, we cannot give sufficient conditions for Condition 4.3.1 to hold when { By} is updated
by a pure Broyden family. As those remedies shown in Chapter 3, now we provide two amendments
for the sequences {T}'} and {77} with the Broyden family (4.2.7) to guarantee Condition 4.3.1.

Amendment I Let k! be finite in Algorithm 2. Then the updating of B,i stops at k', and thus
the sequence {7} satisfies Condition 4.3.1. Similarly, let k2 be finite in Algorithm 3. Then
the sequence {17} satisfies Condition 4.3.1 as well.

Amendment IT Suppose that k! = oo in Algorithm 2. We generate {Bi} as follows:
By = By + ¢, (Biwa — By) s (4.3.3)

where B,iﬂ is updated by the pure Broyden family (4.2.6) for M% > 0 with 6; > 0, and
o0

{c}} is a sequence such that c; € [0,1], and Y ¢} < co. We can easily obtain that Condition
k=0

4.3.1 holds for the sequence {T}!} as shown in Chapter 3.

Suppose that k* = oo in Algorithm 3. We generate { B3} as follows:

2 2\T $2(s T 2\ T
st =t (00 - PEARZORT L () stdT) . o

where l2 M523 = M?s3 + 0357 with 62 > 0, t2 € [0,1] is a scalar parameter,

2 B2s2

~2 k k°k
0 _ - , 4.35
k= ((l]%)"rsi (Sz)—r B£3%> ( )

oo
and {c2} is a sequence such that ci € [0,1], and kzo ¢ < 0.
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We can rewrite (4.3.4) as
Bjiiy = Bi +c; (Biy — Bp), (4.3.6)

Bi., = (1—t2)BP2, + t2BRE,, with t € [0,1], (4.3.7)
where Bl?f_l and B,?_El are updated by the pure BFGS and DFP updates with respect to M?2,
respectively.

As shown in Chapter 3, Condition 4.3.1 holds for the sequence {T2}.

4.4 Numerical Experiments

In this section, we test the proposed proximal ADMM by solving a popular sparse learning problem,
l1 regularized logistic regression model. All the experiments are implemented by Matlab R2018b
on Windows 10 pro with a 2.10 GHz Intel Xeon E5-2620 v4 processor and 128 GB of RAM. The

l1 regularized logistic regression model is given as
1 m
min {m Zlog(l + exp( — ri(Aiz + a))> + pllzlh ‘ x € R"} , (4.4.1)
i=1

where A € R™*" is a feature matrix, 4; € R*" is the row vector of matrix A, and r € R™
is a response vector. The scalar m is the number of data points, and n is the dimension of data.
Moreover, o € R is a decided intercept scalar, and p > 0 is a regularization parameter. The decision
variable of (4.4.1) is z € R™.

4.4.1 Reformulation and algorithms

Our purpose is to justify the advantages of the proximal ADMM with the Broyden family update
(Algorithm 2). We choose some classical ADMMs as the benchmark for numerical comparison in
this subsection.

By introducing some auxiliary variables y; € R (i = 1,2,...,m) and z € R", the [ regularized

logistic regression model (4.4.1) can be reformulated as

m
minimize L 3 log(l +exp( —ri(y; + a))) + pllzllh
i=1

subject to y; = A;x, i=1,2,...,m (4.4.2)
z=u,

x,z € R y;, € R.

m - A
Note that, letting § = Y 9@ =+ Elog(l + exp( — ri(y; + a))) + pllz]1, A = e
z =1 n
B = —I4n, and b = 0, problem (4.4.2) is reduced to (4.1.1).
The augmented Lagrangian function of (4.4.2) can be written as
c — (7 A Bia 2, B 2
(g2 A 1) = 9(g) — (A Az —y) = {p, @ — 2) + Tl Az =yl + T llo — 2%, (4.4.3)
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where A € R™,u € R"™ are multipliers associated to the linear constraints and S > 0 is the

~ A
penalty parameter. We further define \ = ( > Let M be the Hessian matrix of the augmented

7
Lagrangian function (4.4.3), that is, M: = V%xﬁﬁ(x,y, Z, A 1) = BATA = BAT A + BI. Note that
M = 0 whenever # > 0. Therefore, we set §; = 0 in Algorithm 2.

The maximum eigenvalue Apax (BI + ﬁATA) is needed in some algorithms. We adopt the the

following codes in Matlab to compute the maximum eigenvalue Apax (ATA):
AAfun = @Q(x)A’*(Axx); eig.max = eigs(AAfun,n,1).
The inverse of matrix M will also be used later for some z-subproblems. We use a Cholesky
factorization to solve it. When m > n, we use “chol” in Matlab for (AT A + BI). When m < n, we
apply Sherman-Morrison formula to (81 + AT A)~L:
T-1_ 1 1 T Lo -
BI+A A =_T—-—5-A - [I+-4A - A, (4.4.4)
g B g

and compute the factorization LLT of a smaller matrix (I 4 (1/3)AAT) by the “chol” function.
Note that the maximum eigenvalue and the Cholesky factorization are calculated only once for each
test problem.

Besides, a soft-thresholding operator S,;: R™ — R™ will be used in y-subproblems, which is
defined as (Sk(a)); = (1 — k/|a;|)+ - ai, forall i = 1,...,m, kK > 0 and a € R™.

We test the following methods:
ADMM-1 the classical ADMM [46, 49] which is applied for the original problem (4.4.1):

1 & s NE
gt = argmmin - ;log@ + exp( —ri(Adiz + 0))) + EHJU —y* - FH%?

(4.4.5)
yF =8, 5" — N /B),

)\k-‘rl — )\k‘ _ /B(xk;-‘rl _ yk—‘rl);
ADMMS-2 the classical ADMM [46, 49] applied for problem (4.4.2);

ADM-PRO the proximal ADMM for problem (4.4.2) with an indefinite proximal matrix 7" as
[63, 77]:
T =€l — BT — BAT A, with € = 0.8 % Anax (51 n BATA) ; (4.4.6)
ADM-Broyden the proximal ADMM with the Broyden family update for problem (4.4.2) with
a semidefinite proximal matrix sequence {7} }:
ZF 1 = gk 1 (By) ! <AT)\k b BATYE 4 Bk M$k) ’
k+1 : 1 - B k+1 >\k 2
y" ! = argmin Z;log<1 +exp( = rifyi +0)) ) + 42t —y - S|,
=

B
(4.4.7)

Zk+1 — Sp/ﬂ($k+1 o #k/5)7
A= A8 — Azt — ™),

L+ = it = lah+T = 1),
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where By, is generated by Broyden family (4.2.6), and the initial matrix By is chosen as
By = &I, with € = 1.01 % Apax (81 + BAT A). (4.4.8)

It becomes the pure BFGS update when t = 0 (ADM-BFGS) and becomes the pure DFP
update when t = 1;

ADM-BFGS (or ADM-LBFGS) the proximal ADMM with the BFGS (or L-BFGS) update
for problem (4.4.2) with a semidefinite proximal matrix sequence {T}}. The matrix By is
generated by BFGS (4.2.10), and the initial matrix By is chosen as (4.4.8);

ADM-ILBFGS the proximal ADMM with the L-BFGS update for problem (4.4.2) with an

indefinite proximal matrix sequence {T}} where the initial matrix By is chosen as

By = £I,€ = 0.8 % Aax (BT + BAT A).

Since the z-subproblems in (4.4.5) and y-subproblems in (4.4.7) have no closed-form solution,
we adopt a custom Newton solver for these subproblems with the tolerance of 1076. We set a
maximum iteration number of the Newton solver to 50. The codes for the original ADMM (4.4.5)

are referred to the paper [13].

4.4.2 Problem data and algorithm settings

Now we specify the data for the [; regularized logistic regression model (4.4.1) to be tested. We
generate data by the codes of [13] as follows. We first generate D € R™*" as a sparse matrix
normally distributed with p sparsity nonzero entries, where p € (0,1]. Then we generate o, r, A

and p as follows:

e the intercept o is chosen from A (0,1);

e the vector r is generated by r = sign(Dw + o + €), where € is the noise drawn from N(0,0.1),
and w € R™ is a random and sparse vector with approximately 10% normally distributed

nonzero entries;

e the matrix A can be written as A = spdiags(r, 0, m, m)*D by MATLAB, which is the product

of a banded sparse matrix with D;

e p = 0.1pmax, where ppax is the maximum regularization parameter when the solution is

x* = 0. The concrete definition of ppax can be found in [73, Subsection 2.1].

Then we give the settings of initial points, maximum iterations and stopping criterions for the
above algorithms. We set the initial points as 2 = 3 = 2% = 0 and \° = 4 = 0. The maximum
outer iteration step is 5000.

We adopt the stopping criterion as in [13] that the primal residual and dual residual are small

at the iteration k:

JAzk + Bl < & and BATB@GE — 1)z < e, (4.4.9)
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where €P™ > 0 and €' > 0 are feasibility tolerances for the primal and dual feasibility conditions,
respectively. These tolerances can be chosen using absolute and relative criteria from the suggestion
in [13], such as
et = Ve + hmax{]| Az* |2, | B2},
6211&1 — \/ﬁeabs + €1rel||AT5\k||27
where €2P® > () is an absolute tolerance and €' > 0 is a relative tolerance. We set €2Ps = 1074, ™l =
1073.

We give the notations that will be used in the following tables for numerical results.
e Iter.: the outer iteration steps for each algorithm;

o Int.It.: the total internal iterations of Newton method for each algorithm;

e Time: the total CPU time for each algorithm;

e T-M: the CPU time of computing for the Cholesky factorization of ADMM-2; or the CPU
time of computing for the maximum eigenvalue of ADM-PRO, ADM-LBFGS, and ADM-
ILBFGS;

e T-A: the CPU time for the algorithm proceed without T-M.

All of the CPU times are recorded in seconds.

4.4.3 Numerical results

It is well known that the BFGS update is more effective than the DFP update from computational
experience. We first choose t € {—0.1,0,0.1} in (4.2.6). Note that ¢ = —0.1 cannot guarantee the
positive definiteness in theory but work in practice. At first, we set the sizes and sparsity of the
matrix D be m € {500,1000}, n € {200,500}, and p = 0.1. We test different 5 € (0, 500] and chose
the best one. The results on iterations and CPU time (in seconds) for ADM-Broyden with different

t are provided in Table 4.1. All the results are averaged over 10 trials.

Table 4.1: Comparison on iteration steps and CPU time for different ¢ of ADM-Broyden

Setting ADM-Broyden t= —0.1 ADM-Broyden t =20 ADM-Broyden t=0.1
m n p| [ Tter. Int.It. Time(s) | S Iter. Int.It. Time(s) | S TIter. Int.It. Time(s)
500 200 0.1|24 720 216.0 0.16 | 2.3 74.0 222.0 0.16 | 24 72.0 216.0 0.16
500 500 0.1|3.3 810 243.0 0.46 | 3.5 83.0 249.0 04922 820 246.0 0.44
1000 500 0.1 2.3 158.0 474.0 1.14 1 2.2 155.0 465.0 1.11 1 2.2 157.0 471.0 1.12

Table 4.1 shows that ADM-Broyden with ¢ = —0.1 and 0.1 some times work well from the

viewpoint of the number of iteration.
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Table 4.2: Comparison on iteration steps and CPU time among the four methods

Setting ADMM-1 ADMM-2 ADM-PRO ADM-BFGS
m n p| B Iter. Int.It. Time(s) | S Iter. Int.It. Time(s) | S TIter. Int.It. Time(s) | S Iter. Int.It. Time(s)
500 200 0.1 |40 15.0 60.0 035106 77.0 306.0 0.14 1 0.3 131.0 524.0 0.23 |23 740 2220 0.16
500 500 0.1 |4.0 20.0 100.0 2.50 | 0.6 105.0 418.0 0.26 | 0.3 390.0 1559.0 0.75 3.5 83.0 249.0 0.49
1000 500 0.1 9.0 19.0  85.0 4.59 | 0.8 128.0 510.0 0.51 0.3 2330 9310 0.88 [ 2.2 155.0 465.0 1.11

Next we test the same problems as those in Table 4.1 among the different classical ADMMs,
proximal ADMM and ADMM with the BFGS update. Table 4.2 shows the iterative steps and the

CPU time (in seconds) results.

It is obvious to see from Table 4.2 that the classical ADMM-1 always gets a solution within
least iterative steps but takes a lot of time computing the x-subproblems by the Newton method.
We also know that classical ADMM-2 spends less CPU time to get the solution. The ADMM with
the BFGS update (ADM-BFGS) is better than the proximal ADMM (ADM-PRO) on the number
of iterations. When the data matrix A is ill-conditioned, or the inverse of the Hessian matrix of
augmented Lagrangian function is impossible to be computed, it is meaningful to use the proximal
matrix Hp. ADM-BFGS needs more memories to save the Hy, and thus we consider to use the

L-BFGS update to construct the Hj for some larger cases.

We take the memory as 40 for the ADMM with the L-BFGS update. The upper results in Table
4.3 show the iteration steps and CPU time (in seconds) for a smaller and sparse matrix D when
m = 1000, n € {500,1000,2000} and p = 0.1. The middle part in Table 4.3 shows the iteration
steps and CPU time results when m = 5000, n = 1000 and p € {0.1,0.5,1}. The results are
compared among ADMM-1, ADMM-2, ADM-PRO, ADM-LBFGS, and ADM-ILBFGS. We also
plot the objective function values with respect to the CPU time of matrix D (same as matrix A)
with different sparsities among three methods, ADMM-2, ADM-PRO and ADM-LBFGS in Figure
4.1. In the lower part of Table 4.3, we test the behaviours of ADMMs for a larger matrix D when
m = 10000, n = 5000 and p € {0.1,0.5,1}. The best CPU time is highlighted with red color of each
item, while the best iteration colors with blue except for ADMM-1. The iterations of ADM-LBFGS
are highlighted with purple color in order to compare clearly with the classical ADMM-2.

From Table 4.3 and Figure 4.1, we conclude that ADM-LBFGS performs well. When matrix
A is larger and has more non-zero elements, ADMM-1 spends too much time. The usual
proximal ADMM (ADM-PRO) takes much more iteration steps. ADM-LBFGS and ADM-ILBFGS
algorithms can reach the solutions within the same levels both at iteration and CPU time for
the algorithm (T-A) as the ADMM-2 while the indefinite ADM-ILBFGS is a slight better than
the semidefinite ADM-LBFGS. If matrix A is large enough, non-sparse or ill-conditioned, i.e.,
it is difficult or impossible to compute the inverse of the matrix (BI + BATA), the CPU time
of computing for the Cholesky factorization of ADMM-2 (T-M) is longer than the CPU time of
computing for the maximum eigenvalue of ADM-LBFGS, and thus it is useful to choose ADMM
with the L-BFGS update methods.



68 Chapter 4 Proximal ADMM with the Broyden family

Figure 4.1: Evolution of the objective function values with respect to CPU time for small

problems
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Table 4.3: Comparison on iteration steps and CPU time among the five methods

Algorit m = 1000, n = 500, p = 0.1 m = 1000, n = 1000, p = 0.1 m = 1000, n = 2000, p = 0.1
gorithm
s B Tter. Int.It. Time(s) T-A(s) T-M(s) Ié] Tter. Int.It. Time(s) T-A(s) T-M(s) ¢ Tter. Int.It. Time(s) T-A(s) T-M(s)
ADMM-1 9.0 17.0 85.0 4.59 — — | 10.0 19.0 95.0 13.46 — — 190 23.0 1150 53.47 - —
ADMM-2 0.8 128.0 510.0 0.51 0.46 0.05| 0.8 159.0 633.0 1.18 0.99 019 0.6 223.0 891.0 3.13 2.93 0.20
ADM-PRO 0.3 233.0 931.0 0.86 0.83 0.03| 04 550.0 2199.0 2.64 2.59 0.05| 0.2 941.0 3764.0 10.68 10.61 0.07
ADM-LBFGS | 0.7 143.0  570.0 0.55 0.52 0.03| 0.8 184.0 733.0 0.94 0.89 0.05| 0.8 305.0 1217.0 3.75 3.68 0.07
ADM-ILBFGS | 0.7 139.0  554.0 0.55 0.52 0.03| 1.0 185.0 736.0 0.95 0.90 0.05| 09 294.0 1173.0 3.58 3.51 0.07
m = 5000, n = 1000, p = 0.1 m = 5000, n = 1000, p = 0.5 m = 5000, n = 1000, p = 1.0
B Tter. Int.It. Time(s) T-A(s) T-M(s) 5 Iter. Int.It. Time(s) T-A(s) T-M(s) &) Iter. Int.It. Time(s) T-A(s) T-M(s)
ADMM-1 40 16.0 80.0 153.79 - — | 161 15.0 74.0 612.32 — — | 250 15.0 74.0 984.23 - -
ADMM-2 1.7 266.0 1057.0 11.67 11.41 026 | 3.9 526.0 1578.0 81.18 79.56 1.62 | 46 665.0 1995.0 142,19 13847 3.72
ADM-PRO 1.1 344.0 1373.0 14.40  14.19 012 | 21 719.0 2859.0 111.96 111.41 0.55 | 2.6 920.0 3625.0 196.81 195.91 0.90
ADM-LBFGS | 1.7 268.0 1064.0 11.22 11.10 0.12 | 3.7 531.0 1593.0 80.30 79.75 0.55| 4.6 669.0 2007.0 142,71 141.81 0.90
ADM-ILBFGS | 1.7 267.0 1061.0 11.02 10.90 0.12 | 3.8 5280 1584.0 79.80 79.25 0.55 | 46 667.0 2001.0 141.63  140.73 0.90
m = 10000, n = 5000, p = 0.1 m = 10000, n = 5000, p = 0.5 m = 10000, n = 5000, p = 1.0
B Iter. Int.It. Time(s) T-A(s) T-M(s) B Tter. Int.It. Time(s) T-A(s) T-M(s) B Tter. IntIt. Time(s) T-A(s) T-M(s)
ADMM-2 2.2 475.0 1892.0 193.10 181.67 11.43 | 4.3 1005.0 3015.0 1407.36 1316.69 90.67 | 5.3 1258.0 3774.0 2769.45 2554.13 215.32
ADM-PRO 0.6 736.0 2944.0 262.77  259.87 290 | 0.9 1405.0 5618.0 1843.21 1834.80 8.41 | 1.0 1780.0 7118.0 3664.39 3653.84 10.55
ADM-LBFGS |22 486.0 1935.0 17895 176.05 290 | 4.0 1038.0 3114.0 1370.20 1361.79 8.41 | 45 1319.0 3957.0 2712.25 2701.70 10.55
ADM-ILBFGS | 2.3 477.0 1898.0 175.98  173.08 290 | 42 1024.0 3072.0 1359.35 1350.94 8.41 | 5.0 1278.0 3834.0 2629.89 2619.34 10.55

‘—’ means that no such result in this item

4.5 Conclusions

In this chapter, we proposed a proximal ADMM where the proximal matrix derived from the

Broyden family update for the general convex optimization problems (4.1.5) and (4.1.6). The z-

subproblems of these convex problems can be rewritten as unconstrained quadratic programming

problems in Subsections 4.2.2 and 4.2.3 as that in the Chapter 3, and hence the Hessian matrix

of the augmented Lagrangian function is a constant matrix.

The global convergences of such

methods have also been established under some standard conditions. The numerical results for the

l1 regularized logistic regression problem are given to show the feasibility and effectiveness of the

proposed algorithms.






Chapter 5

Alternating Direction Method of
Multipliers with Variable Metric
Indefinite Proximal Terms for Convex

Optimization

5.1 Introduction

We consider the following convex composite optimization problem in this Chapter:
min {f(m)—i—g(y) | Ar 4+ By =b, € R, yeR”}, (5.1.1)

where f: R — RU{oo} and g: R" — R U {co} are proper convex functions, A € R™*! B € R™*"
and b € R™. Various practical problems of science and engineering, such as machine learning [115],
total variation denoising [102] and statistics [59] can be formulated as problem (5.1.1).

The augmented Lagrangian function L5: R! x R" x R™ — R U {00} of (5.1.1) is defined as

Ls(x,y,\) = f(x)+g(y) — (N, Az + By — b) + gHAac + By — b))%, (5.1.2)

where A € R™ is the Lagrange multiplier for the linear constraints Az + By = b in (5.1.1), and
B is a positive scalar. For a vector z € R" and a positive semidefinite matrix G, the norm || - ||
is defined by |z|l¢ = V2T Gz. In this chapter, even if G € R™*™ is not positive semidefinite, we
denote ||z||% = 2T Gz for simplicity.

As discussed in the previous Chapters, how to choose the proximal term is also one of the
important research topics for ADMM. The popular proximal term is always chosen as a constant
matrix. He et al. [60] extended the work to allow the parameters [, proximal terms 7" and S to
be replaced by some bounded sequences of positive definite matrices {T}} and {Sk}. The resulting
ADMM is a variable metric proximal ADMM, which is also closely related to the inexact ADMM
[38]. The convergences of such methods have been studied in [53, 82] but a better selection of the

sequence {7} } has not been provided.
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In Chapter 3, we constructed a variable positive semidefinite sequence {T}} with T, = By —
V2,.Ls(z,y,\) when f is quadratic. Note that M = V2 Lg(z,y,\) is a constant matrix. They
generated By, via the BFGS update with respect to M at every iteration. In Chapter 4, we further
extended such a proximal ADMM for more general convex optimization problems with the proximal
term generated by the Broyden family update. In these ADMMs, the proximal terms 7T} contain
some second order information on the augmented Lagrangian function. Chapters 3 and 4 report
some numerical results for LASSO and [; regularized logistic regression. The results show that the
algorithms can get a solution faster than the general indefinite proximal ADMM whose proximal
matrix 7" is fixed. Another interesting numerical result in Chapters 3 and 4 is that a variable
indefinite sequence via the BFGS update also shows a good performance.

Inspired by the variable metric semi-proximal ADMM in Chapters 3, 4 and the indefinite
proximal ADMM [63], it is worth considering ADMM with a sequence of indefinite proximal
matrices. We call the resulting ADMM a variable metric indefinite proximal ADMM (VMIP-
ADMM). Throughout our discussion, we always choose the stepsize « for the dual update to be 1
as that in [63], which is good enough for such methods in practice and simple for the convergence
analysis.

We now introduce the whole update scheme of the VMIP-ADMM:

1
o = argmin La(e,y" ) + 3o — F2, (5.1.30)
T
) 1
yk+1 = arg Inyln 'C,B(xk+17y7 )‘k) + §||y - yk”%ka (513b)
AL \E L g(AZRHL 4 Byt p), (5.1.3¢)

where S is a fixed positive semi-definite and T} is possibly indefinite. Note that the proximal matrix
S in z-subproblems could also be variable indefinite sequence { S} with further conditions as {7} },
and penalty parameter 3 could also be a positive sequence {3k} which shown in previously research
[60]. However, for the sake of simplicity, we only consider the fixed matrix S and parameter 3.
Note also that the VMIP-ADMM can unify the several existing ADMMs.

e Let S=0, T, =0, VMIP-ADMM reduces to the classical ADMM;

e Let S and Ty, = T be positive semidefinite matrices, VMIP-ADMM turns to be the semi-
proximal ADMM;

e Let {T}} be a positive semidefinite sequence, that is, T, = 0 for all k. VMIP-ADMM becomes
the variable semi-proximal ADMM,;

e Let S =0, T, = T be an indefinite matrix, VMIP-ADMM covers the indefinite-proximal
ADMM proposed in [63].

We present sufficient conditions on {T}} for the global convergence of VMIP-ADMM. The
analysis technique of the proof is to split the indefinite matrix “T}” into two positive semidefinite
parts as T, = T_]ﬁ —T_. Moreover, we provide a construction of the indefinite term T}, via the BFGS

update. We extend a useful theorem in Chapter 3 for a special case when y-subproblems (5.1.3b)
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are unconstrained quadratic programming problems. We construct the Ty with Ty, = By — M,
where M is the Hessian matrix of the augmented Lagrangian function (5.1.2) and By, is generated
by the BFGS update with respect to M, 7 < 1. We also show that this construction of T} satisfies
the above conditions for the global convergence property when 7 € (0.75,1). We use Table 5.1 to

compare the conditions for global convergence with some existing methods.

Table 5.1: Comparisons among existing methods

method S, T o T

Classical ADMM [46, 49] S=T=0 (0,(1++/5)/2) -
Semi-proximal ADMM [40] fixed positive semidefinite matrices | (0, (14 v/5)/2) | (1, +oc)
Variable semi-proximal ADMM | variable positive semidefinite matrices 1 (1, +00)
Indefinite proximal ADMM [63] fixed indefinite matrices 1 (0.75,1)
Proposed method variable indefinite matrices 1 (0.75,1)

The remaining parts of the chapter are organized as follows. We first give notations and some
preliminaries that will be useful for subsequent analysis in Section 5.2. Then we present sufficient
conditions on the proximal matrices {7} for the global convergence. In Section 5.3, we discuss
the choices of proximal matrix T} that guarantees the global convergence. We also show how to
determine the value of 7. We conduct experiments on several real-world datasets and synthetic
datasets for Lasso problem to validate our proposed algorithm in Section 5.4. Some conclusions

and future works are given in Section 5.5.

5.2 Global convergence of the variable metric indefi-
nite proximal ADMM

In this section, we show the global convergence of the variable metric indefinite proximal ADMM
(5.1.3) (VMIP-ADMM) for problem (5.1.1). To this end, we first present optimality conditions of
problem (5.1.1) and some useful properties which will be frequently used in our analysis. Then we
give sufficient conditions on {7} under which VMIP-ADMM converges globally.

5.2.1 Optimality conditions for problem (5.1.1)

Let Q = R! x R® x R™. The KKT conditions of problem (5.1.1) are written as

& —ATX\ =0, (5.2.1a)
& - BTN =0, (5.2.1b)
Az* 4+ By* —b =0, (5.2.1¢c)
£ € 0f(x%), &, € 0g(y™). (5.2.1d)

Let Q* be a set of (z*,y*, \*) satisfying the KKT conditions (5.2.1).

Throughout this chapter, we make the following assumption.
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Assumption 5.2.1. The set Q* of KKT points is non-empty.

The optimality conditions of subproblems (5.1.3a) and (5.1.3b) can be obtained respectively
that for all z € R,

(z — 25T (£J;+1 —ATOE 4 BAT (AzhH 4 Byk — b) + S(aht! — xk)) >0,
and for all Vy € R™,
(y — yk+1)T ( ’;+1 _BTAF 4 BBT(Aka + Byft! - b) + Tk(yk—H _ yk:)> >0,

where &5T1 € 9f(aM) and it € ag(yF ).
Since A*+1 = \F — B(AzF*! + Bykt! — b), we have

_AT)\k + ,BAT(Al'kJrl _ b) — _AT)\k—‘rl _ 5ATByk+1

and
—BT)\k + ﬁBT(Axk+1 + Byk+1 o b) — _BT)\IC"Fl'

Then the above optimality conditions of (5.1.3a) and (5.1.3b) can be written as, for all z € R,
(z — 28T <§I;+1 CATNHL L BATB(yF — oF 1) 4 Sk - xk)) >0, (5.2.2)
and for all Vy € R",

(y—y™H7 ( kL BTARH Ty (yP ! - y’“)) > 0. (5.2.3)

5.2.2 Notations and conditions on {7}}

We use the following notations throughout this chapter:

X

X
uz<>7w: y
Y A

Since the subdifferential mappings of the closed proper convex functions f and g are maximal
monotone, there exist two positive semidefinite matrices X and X, such that

(@ —=2) (& — &) > o —2]3,, Vo,2 €R', & € 0f(x), and &, € f(2), (5.2.4)

and
(y—9)" (& - éy) > ly - ?3”2297 Vy,§ € R", & € dg(y), and éy € d9(7)- (5.2.5)

Let ¥ € RUH)*(41) denote
w29
0%,

We first give the conditions for S and the indefinite proximal sequence {T}} to guarantee the

global convergence.
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Condition 5.2.1. The matriz S in (5.1.3a) satisfies
(a) S+35%;=0;
(b) S+Xp+BATA=0.

Moreover, for sequence {T}} generated in (5.1.3), there exists a non-negative sequence {v;} and

positive semidefinite sequences {T%} and {T_} such that

(¢) Tp=TF—T_ forallk;

(d) Tk+Eg+BBTB>O for all k;

[o@)
(e) lJrl,Yka < Tfﬂ“ =< (1 +’yk)Tf for all k, > v < oo;
k=0

(f)  Ti1+Xy+BB B = (1+y)(Tk+X,+BB"B) forall k;

(9) € (0,05), T+ 3%, — 211k o7 + (3 - Lo)8BTB =0 for all k.

Conditions (a) and (b) indicate that the proximal matrix S is allowed to be slight indefinite but
no less than —%E ¢. Condition (c) decomposes the indefinite matrix 7}, to two positive semidefinite
parts. For any fixed T, it can be written as T' = T4 — T—. When T is positive semidefinite, we
can set 7. =T and T = 0. If T is indefinite, for instance, a possible choice is T, = 0,7_ = —T.
For the indefinite sequence {T}}, it could be written as T} = Tf_ — T* generally. The variable
positive semidefinite sequence {7} may relax the Condition 5.2.1 (g), which is under our future
consideration. Note that we require the second part T_ be fixed. An example will be given in
next section. This condition will play an important role in the main analysis. Condition (d) allows
Ty to be indefinite. Conditions (e) and (f) are the boundness for positive semi-definite part 77
and indefinite T}, respectively. Condition (g) is a requirement for global convergence and also an
important condition for us to discuss the range of the indefiniteness.

For simplicity, we further define the following matrices. For all &,

S0 S 0 0
Plc:( >,Dk= 0T, 0 [,

0 Ty )
00 3l
and
S+ Zf 0 0
Gy = 0 Tp+%,+B8B"B 0 |, (5.2.6)
0 0 51

where S, T}, and § are given in (5.1.3).
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Moreover, we also define the following matrices

Ty =TF +T- forall k, (5.2.7a)

Ay = —%Tjﬁ — 2T+ %, forall k, (5.2.7b)
_ 1

A =T+ gzg - %Tf _oT + (2 - §c)ﬁBTB for all k, (5.2.7¢)

where {7x} is a sequence satisfying Condition 5.2.1. Note that I'y, = 0 for all .

5.2.3 Technical lemmas for convergence analysis of the VMIP-

ADMM

In order to show that the sequence generated by VMIP-ADMM converges to a solution of (5.1.1)
globally, we first give some properties for the sequence {wy} = {(z*,4*, \F)} generated by (5.1.3).

Lemma 5.2.1. Let {w*} be generated by (5.1.3). Then, for given w* = (z*,y*, \*) € Q*, we have

(wk+1 . w*)TDk(warl . wk) + Huk+1 _ U*H%

< B(AzFTL — Az*)T(By*! — Byb). (5.2.8)

Proof. By taking z = z* and y = y* in the optimality conditions (5.2.2) and (5.2.3),
respectively, we have

(xk:-i—l - x*)T(dZ‘H o AT)\k—i-l + BATB(yk o yk—i—l) + S(:L'k+1 o xk)) < O,

and
(yk+1 _ y*)T(é-lnyrl — BTkt + Tk(ykJrl _ yk)) <0,

where ¢8 € 9 f(aMF1) and ¢ € ag(yh ).

The inequalities are further rearranged as

(J,‘k+1 _ x*)TS(JJk+1 _ $k) + (:EIH_I . ZE*)T( 5—}-1 . AT)\k—l—l)

< B(AzFHE — Az*)T(By* ! — By) (5.2.9)

and
W =) T — R + T =) T = BTAMT) <o, (5.2.10)

Moreover, from (5.2.4)-(5.2.5) with z = 2**!, y = y*+1 & = 2* and § = y*, we have
(@ =) (G = &) > [l = 2R, (5.2.11)

and
(g — y*)T(glyﬂ-f—l —&) > yFtt — y*||22g7 (5.2.12)

where &§; € 0f (z*) and & € dg(y*) satisfy the KKT conditions (5.2.1a) and (5.2.1b), respectively.



5.2 Global convergence of the variable metric indefinite proximal ADMM 77

It then follows from (5.2.1a) and (5.2.11) that
(xk—i-l o m*)T(ﬁk—H o ATAk—H)
— (karl o x*) ( k+1 gz) ( k+1 x*)T(g; _ AT)\kJrl)
> ||$k+1 —r H%f + (Axk—l-l . A:C*)T()\* o )\k—l-l)'

Combining this inequality and (5.2.9), we have

(xk‘—i-l _ l'*)TS(xk—H _ xk) + (A.Tk+1 _ Am*)T()\* _ )\k-{-l) + ”xkz—&-l _ x*H%f
< B(AzF+ — Ax*)T By — Byb). (5.2.13)

In a similar way, we have from (5.2.1b), (5.2.10) and (5.2.12) that
W =) T = ") + By = By) T = A T —gt)3, <00 (5.2.14)

Rearranging (5.1.3c), we have AzFt! 4+ Byf+l —p = % (A¥ — A¥F1) | It then follows from (5.2.1c)

that

1
A:UkJrl + Byk+1 — Agp* — By* — B()\k _ )\kJrl)‘

Adding (5.2.13) and (5.2.14), and recalling the definition of Dy and ¥, it holds that
(wk—l—l . w*)TDk(wk"'l . wk) + ||uk+1 . u>s<H2E
_ (:L,k—I—l o l,*)TS(:L,k—H _ l’k) + (yk—I—l - y*)TTk(yk-i-l _ yk)
1

+ B(}\k—l—l _ )\k)T(}\k—i—l _ )\*) + ||uk+1 _ U*HQE
— (:L,k—I—l o l,*)TS(:L,k—H _ l‘k) + (yk—I—l o y*)TTk(yk-i-l _ yk)

+ (A2 4 Byt — Aa” = By")T (A = A (| -
< ﬂ(Awarl —Aw*)T(B k+1 By )

which completes the proof. [ ]

The inequality (5.2.8) in Lemma 5.2.1 is further rearranged as follows.
Lemma 5.2.2. Let {w*} be generated by (5.1.3). Then, for given w* = (x*,y*, \*) € Q*, we have

(wk—l-l _ w*)TDk(wk+1 _ wk)
< 2(Byk+1 _ Byk)"l'()\k _ )\k-‘rl) o 25(3 k+1 By ) (B k+1 By )
— 2|ttt —wr||E. (5.2.15)

Proof. Noting that Az* + By* — b = 0, the twice of the right hand of (5.2.8) is written as

2[3(A:ck+1 _ A:C*)T(Byk+1 _ Byk)
= 2B(A$k+1 + By* —b+ ByFtl — BykJrl)T(B k+1 _ Byk )
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— 2,8(Axk+1+Byk+1—b)T(Byk+1_Byk)— 2B(Byk+1 _By*)T(Byk+1_Byk)
— 2(Byk+1 _ Byk)T(Ak . )\k—l-l) . 2B(Byk+1 o By*)T(Byk—i-l . Byk),

where the last equality follows from (5.1.3c). Then the assertion is directly obtained from (5.2.8).
(]

Next we give a simple but important lemma.

Lemma 5.2.3. For vectors a,b € R", and symmetric positive semidefinite matrices M1, My €

R™ "™ we have that
a' Myb—a' Myb < %J(Ml + My)a + %bT(Ml + My)b. (5.2.16)
Proof. For a positive semidefinite matrix M7, we have
0< %Ha — b3, = %aTMla + %bTMlb —a' Myb,

which implies

1 1
a' Mib < 5aTMla + QbTMlb. (5.2.17)
In a similar way for My, we have
T L LT
—a' Myb < ia Msa + §b Mob. (5.2.18)
The assertion immediately follows by adding (5.2.17) and (5.2.18). [

In order to bound (w**! — w*)T Dy (w*+1 — wk) further, we now give two technical lemmas to
estimate upper-bounds for the crossing term (By**! — ByF)T(A\* — A1) in (5.2.15).

Lemma 5.2.4. Let {w*} be generated by the scheme (5.1.3). Suppose that the prozimal sequence
{Ty} satisfies Condition 5.2.1. Then it holds that

(By*H = By)T(AF = AkH)
1 - k 1 k k k
< Sl = ylIE = Sl = IR — T =PI, (5.2.19)

where Ty, and Ay, are defined in (5.2.7).

Proof. From the optimality condition (5.2.3) for y**!, we can easily derive the optimality

condition for y* as
—y") (- BN+ Ty —y") >0, vyeRr™ (5.2.20)
Choosing y = y* in (5.2.3), we have

0< (yk _ yk+1)T(§l;+1 — BTk +Tk(yk+l _ yk:))
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= (=BT (= ’;H + BTORHL T (yF L k), (5.2.21)
Moreover, letting y = y**! in (5.2.20), we have

0< @ =M1 — BTN +Tia (" — 1)), (5.2.22)
Summing inequalities (5.2.21) and (5.2.22), we obtain that

(Byk—i-l _ By’“)T()\k _ )\k‘—f—l)
< =g = F Il + T =) T 0 = ) = T = R, (5.2.23)

Recall that Tj,_; = Tf_l —T_ from (c) in Condition 5.2.1 and Tf_;_l, T_ > 0. Then we have

(yk+1 . yk)TTk_1(yk . yk—l)

— (yk-i-l _ yk)TTJlifl(yk _ yk—l) _ (yk—H _ yk)TT, (yk _ yk—l)
S L LAt I (5.2.24)

where the inequality follows from (5.2.16) with a = (y**! — yk) b= (y* —y* 1), My = Tk U and
My =T_.

We then have from (5.2.23) that
(Byk-i-l _ Byk)T()\k _ Ak-i—l)

<= =g+ T =) T (0 =D = T =R,
1 1
< —lly* = F 15 + ST -y HTk R [(TAR IITk -
+ 2 2
k k
— [ly* = yF113,
1
k+1 k12 k+1
<=My =9l g + 51T = Y G, bt §||y —y IITk L
— Iy = FI3,
_ 1 k—1 k+1 2 k+1 k12
=5ly ™~y IITk 1 —*Ily AL FETV R At TSV
1ok Lokl kg2 k1 k
=5y T —5lly —ytE = T =R,

where the second inequality follows from T = T f — T_ and (5.2.24), the third inequality follows
from Condition 5.2.1 (d), and the last equality is from the definitions (5.2.7a) and (5.2.7b). Then
it shows the assertion (5.2.19). ]

Besides Lemma 5.2.4, we can derive another estimation for the term (By*+1— ByF) T (A\F - \F+1),

which is the result in [63, Lemma 4.4].

Lemma 5.2.5. Let {wF} be generated by the scheme (5.1.3). Then, for any c € (0,0.5), it holds
that

1 1
(B = By O =01 < (4 o) BB - By

1
+(1— C)BWH — )2 (5.2.25)
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Proof. See [63, Lemma 4.4]. (]

Based on the above two lemmas for (By**! — By®)T (A\F — A*+1) we can further bound (w**+' —
w*) " Dy, (wk*! — wk) in (5.2.15) of Lemma 5.2.2.

Lemma 5.2.6. Let {w*} be generated by (5.1.3). Suppose that the prozimal sequence {Ty} satisfies
Condition 5.2.1. Then, for given w* = (z*,y*, \*) € Q*, we have

2(wk+1 . w*)TDk(wk—l-l _ wk)

1. 1
< —lyF Tt = yFIE - SR = FIE, - IR - R,

-2 2
1 1 1—-c¢
T L R R &
1732 3
—28(By**! = By) "(By"! — By") — 2|u — 3. (5.2.26)

Proof.  The term 2(By**! — By*)T(A\¥ — A*1) in inequality (5.2.15) can be bounded by
the above lemmas (5.2.19) and (5.2.25), and then the assertion is obtained. [

5.2.4 Global Convergence of the VMIP-ADMM

In this subsection we show the global convergence based on the results in the previous subsection
and Condition 5.2.1. Firstly, we obtain the following contractive result, which will play a key role

in proving the convergence of (5.1.3).

Lemma 5.2.7. Let w* = (x*,y*,\*) € Q, and let {w*} be generated by the scheme (5.1.3).
Suppose that the prorimal sequence {Ty} satisfies Condition 5.2.1. Then we have

2
[INEFL— A2 (5.2.27)

1 1
k k— k k k k
lw® = wli, + 5 ly" " = y"lIF, ., - (Ilw e wg, Sl -y \%k>
Cc

s

> [l = aF G 0y, + I =oAL+

Ty
where I'y, and Ay are given in (5.2.7).
Proof. By the identity ||a + b||%> = ||a]|®> — ||b]|®> 4 2(a 4 b) Tb, we get
[t —w*||B, + BIIBy* Tt — By*|*
= ot — w3, + BBy — By |2~ (It = wh}, + 8By — ByH|?)

+ 2(wF T — w*) T Dy (wPT — w®) + 28(By* Tt — By*) T (By*tt — By). (5.2.28)

Since the term 2(w**! — w*) T Dy (w*T! — w*) in equality (5.2.28) can be bounded by (5.2.26) in

Lemma 5.2.6, we can rearrange (5.2.28) as
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[+t — w3, + B||By*t! — By*||?
< [Jw* —w*|%, + BBy — By*||* — [0t —w||3, — Bl By — ByF|?

T a1V AV 3
+ (G 5) BIBAT = By LSS A 2 R
= ¥ — w[h, + BBy — By
= b, — (3 o) SIS - By - G - A
Fo I IR gl R AR 2t R (5.2.29)

where the last equality follows from the definitions of Py and Dy in (5.2.6). Rearranging (5.2.29)

further, we have
ok, + BIBY By I+ Sl o IR,
< ok — 0", + BBy — Byl + g IR, — 2t
= (I = U 4 I A 1 sy
that is,
ok~ + BBy — By + g I~ IR+ I el
= (=l BB = By P+ Gl I+ - )
> [ =l SIN =X I =R s ypems
b = B~ = a3 2t (5230

From the definition of Gy in (5.2.6), inequality (5.2.30) can be written as

1 1
k * k— k k * k k
o = 0l + gt =1 — (R 0l + gl -1,

C
> [luf T — kB + EH)\I{H — AP g - kaiH(g—%cmBTB
+ b — w1 T =
(&
> [luftt — k| B+ BH)\HI — AP gt - ka?\kJr(g—%c)BBTB

1
e |

C
= [l =M% s+ Iy =R FINE = AR,
2

+
T+A+(3-£)8BTB+ZL T 3

where the second inequality follows from the well-known inequality [|a||3, +[|b]|3, > &[la —b[3, with
M=%, a=uF—u* and b=uFt1 — u*.
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From the definitions (5.2.7b) and (5.2.7¢c), we have that

1 3 1

Thus the proof is completed. ]

k+1_a$H§+%E
Rt — kazAk > 0 for all k. Therefore, T in (5.2.27) is always nonnegative, which indicates the

Condition 5.2.1 (a) implies ||z ; > 0 for all k. Moreover, Condition 5.2.1 (g) implies

contraction of the sequence {wy}.

It follows from the definition of {Gy} and Condition 5.2.1 (a), (¢) and (e) that 0 <X Griq =<
(1 4+ 7%)Gy, for all k. We define two constants Cs and C, as follows:

Cs: :Z'yk and Cp: :H(1+7k).
k=0 k=0

From the assumption Zgo Y < 0o and 7y, > 0, we have 0 < (5 < 00 and 1 < €, < co. Moreover,
we can easily get
0=<G = CpGQ, Vk >0,

which means that the sequences {Gy} is bounded.

Now we give the main convergent theorem of this subsection.

Theorem 5.2.1. Let w* = (z*,y*,\*) € QF, and let {w"} be a sequence generated by (5.1.3).
Suppose that {Ty} is a sequence satisfying Condition 5.2.1. Then the sequence {w*} converges to
a point w* € QF.

Proof. First we show that the sequence {w"} is bounded. Since 0 < Gj11 = (14 %)Gg, we

have

Hwk'H <(1+ ’yk)HwkH — w*H%;k (5.2.31)

— g, <

Combining the inequality (5.2.31) with (5.2.27) in Lemma 5.2.7, we have

1
k+1 * (12 k+1 k2
[w" —w 1Gys + §Hy oy I,
(5.2.31) 1
k * k k
< 1) (b =l + - R,
(5.2.27)

* -
< ) (It = By 51 = o) - (kT
* 1 —
< ) (o = ol + I =R ) - T (5:2.32)

It then follows that for all k,

k

1 1
= |, Sl = g, < (Hu - m) (1 =l + 515”51, )
=0
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. 1
<G (Hwo —w'llg, + 51y - ylllﬁ) : (5.2.33)

Note that

1
e T e e [ i S 51 TP (5.2.34)
where (T, + %, + BB'B) is positive definite from Condition 5.2.1, and
Cp (lw® — w*||3, + lly° — y'|If,) is a constant. It then follows from (5.2.33) that {y*} and {\*}
are bounded. We now show that {2} is also bounded.

From (5.2.32) and (5.2.33), we have

k k k k Civk k
Ty = [ -z I@%Ef + Iy = MR, + BHA L F?

k 2 k1
< Jlw” —w'llg, —llw

1

1
k k k k— k
AT R (Rl AT TV T

. Lo k
SR P S (7t Tl [

wk—i—l

1
k k— k
<l = wfi&, = ot = wE,,, + Sl = IR,

1 . 1
= 5t =9+ Gy (0 — 0l + 510~ 1, )

Summing up the inequalities, we obtain

o0

(&
5 (41 = M, + I =1, + SN - A4P)
k=1

; 1 > \ 1
<l w3, + 2150~ o', + (Z%) Gy (I = I + 510" - o', )
k=0
1
<06y (100 = wly, + 5 = 0117, ).
Since (1 + CsCp) ([[w® — w*||%;O + 3ly° - y1||%0) is a finite constant, we have
. k41 ky2 k41 k2 Clvk+l k2 _
R e R e A Y L Bl
which indicates that
lim AP — X\E|| = lim B]|Az**t 4+ ByFtL — || = 0. (5.2.35)
k—o00 k—o00
Note that Axz* + By* —b =0, and

|AzF T — Ax*| = ||A2" T 4 By — b — ByFT — )|
< [[Az* ! + ByFt —b|| + | B(y* ! -y
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It then follows from (5.2.35) that ||A(z*+1 — 2*)|| is bounded. Moreover, inequalities (5.2.33) and

(5.2.34) imply ||zF ! — ar*H%Jrzf is bounded. Therefore ||z**+! — x*|]§+2f+ﬂATA is bounded since
k k k
454 = 212 a = I0FH = 0" By, + BIAGH — o) 2.

From the positive definiteness of S+ X + 8A" A in Condition 5.2.1 (b), it shows that {z*} is also
bounded. Consequently, the sequence {w*} is bounded.

Next we should show that any cluster point of the sequence {w*} is an optimal solution of
(5.1.1) and the sequence {w"} has only one cluster point. This can be done in a way similar to
the proof of that in Chapter 3. |

5.3 VMIP-ADMM with the BFGS update

As shown in Chapters 3 and 4, a special variable metric proximal term via the BFGS update can
get a solution faster on the iteration and CPU time than the proximal ADMM [40, 63] with a fixed
proximal matrix 7. Moreover, in their experiments, a slightly indefinite variable also performs
well without the theoretical analysis. Note that this choice should have an assumption that the
y-subproblems (5.1.3b) should be unconstrained quadratic programming problems. Based on the
analysis above and the previous studies, we propose indefinite proximal terms {7} } updated by the
BFGS update, and show that {T}} satisfies Condition 5.2.1.

5.3.1 Construction of the indefinite proximal matrix 7} via the
BFGS update

Inspired by the semidefinite proximal ADMM with the BFGS update in Chapters 3 and 4, we
construct the indefinite matrix 7T by the BFGS update.

We first explain the pure BFGS update for the following unconstrained quadratic optimization:
15
min ix Mz,

where M € R™™ is a positive definite matrix. Let s € R” and | = Ms. Note that s'l > 0 when

s # 0. The BFGS update generates a sequence of approximate matrices { By} of M, and its inverse

H, = Bk_l. For a given matrix By, the BFGS update generates BE_EIGS and H}?ffs with s and [ as
follows: T ToT
i Bpss' B
B =B+ — - ————& 3.1
k1 BT, sTBps (5.3.1)
I Is" ss '
HPFGS — (12 Vg (r-2 )+ 2 5.3.2
k+1 STl k STl + STl ( )

Note that BE};GS and H,]fflGS are positive definite whenever By, Hy, > 0 since s'l > 0. Note also
that HPFPS1 = s = M.
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We now explain how to construct T} via the BFGS update. Throughout this section we suppose
that ¢ in the objective function (5.1.1) is a convex quadratic function. Then y-subproblems (5.1.3b)
are unconstrained quadratic programming problems, and the Hessian matrix of the augmented

Lagrangian function (5.1.2) is a constant matrix given as
Y T
M: = szﬁg(:v,y,)\) =M+ 3B ' B,

where M: = ngg(y). Note that M is always positive semidefinite since M > 0.

We consider a perturbed matrix M?%: = M + 6] = 0 with a sufficiently small § > 0, and
construct an approximate matrix By, of M? via the BFGS update (5.3.1). Let s, = zFt! — 2,
where {z*} is a sequence generated by (5.1.3). We propose that {B}} is generated as

ikfr Bysis, B
Bjy1 =By +cp | =5 — k) (5.3.3)
l;—Sk S;Bksk

~ oo
where I, = Msy, + s, = MOsy,, and {cy} is a sequence such that ¢, € [0,1], and > ¢, < oo. We
k=0
can rewrite the update formula (5.3.3) as

Bj41 = B + Ck(BEESS — By),

where BE_E?S is updated by the pure BFGS update (5.3.1) with respect to M? at every iteration.

Note that Biy1 = BEEIGS when ¢ = 1.

We then propose the following construction of T} via the BFGS update.

Construction of T}, via the BFGS update
1 Let § € (0,00), 7 € (3,1) and By = 7M;

[e.e]
2 Let ¢ be a sequence such that ¢; € [0, 1] and ) ¢, < oc;
k=0

If s, # 0, then set lNk, = M?°s;, and update By, via

w

lNkl? BksksgB,;r
Byy1 = B + — — ;
k+1 k CL <l;8k S;—Bksk

4 Otherwise
By = By;

5 Construct Ty, as
Ty41 = Bry1 — M.

As shown in Chapter 3, § = 0 also works well in the experiment results. However, the positive

requirement is necessary for the convergence analysis.
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5.3.2 Discussion on the Condition 5.2.1 for the indefinite matrix
T,

We now consider matrices {Tf} and T_ such that T}, = Tf -T_, Tff =0, T_ > 0 in Condition
5.2.1 (c). Let
TF =B, —7M and T = (1—7)M, with 7€ [0,1).

Note that T, = T f —T_=Bip—M and T_ > 0. Thus we only show that Tf is positive semidefinite.

To this end, we give an extension result related to Theorem 3.2.1 in Chapter 3.

Lemma 5.3.1. Let M € R™ "™ be a positive definite matriz. Let s € R™ such that s # 0, and let
| = Ms. If a given matriz H, € R™" satisfies H, < 71 M~' with 7 > 1, then HEEIGS which is
generated by the BFGS update (5.3.2) with respect to M also satisfies H,]S’fles < T M1

Proof. Let v be an arbitrary nonzero vector in R, and ¥ = {z € R" | s" 2 = 0}. As shown
in 3.2.1, there exist ¢ € R and z € ¥ such that v = ¢l + 2. Together with H}>’ FGSZ =s=M"" and
s'z =0, we can obtain that for any 71 > 1,

v HE_EIGSU = (cl+ Z)THE_ElGS(cl +2)
=l s +2cs 2+ ZTHE_EFS

ATM N 4 2T HPESS:

= CQZTM_ll—i—zTsz—Qz < ol Hk>z+z <SZTHklsT>z @
Tl sTI " sTl

=AM+ 2T Hyz

AT M U+ 2T M,

= (c+2)" M Yl + 2z) — 2rel "M~z

IN

’UTTlM_l’U,

where the forth equality follows from (5.3.2), and the inequality follows from the positive definiteness
of M~! and the assumption that Hj < 7 M ~!. Since v is arbitrary, we have HEEIGS <M1

Lemma 5.3.1 implies that BE}:IGS = 7M?° when By » TM?° with 7 = % < 1, and hence
By = (1 —Ck)Bk—i-CkBkFGS >~ TM(;

That is, if By = 7M? and 7 < 1, we have By, = 7M? for all k, and hence Tf > 0 for all k. When
7 =1, it is reduced to the variable metric semi-proximal ADMM in Chapter 3.

For instance, we can choose the initial matrix By as
By = &I, with € = TApax(M?), 7€ (0,1).

It is easy to see that By = 7M?.
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Next we show that the Tj, 7% and T_ satisfy Condition 5.2.1 (d)-(g). We suppose that By =
TM? and T € (3,1).

First we show Condition 5.2.1 (e). Note that sgBksk > ngM‘;sk > 76| sk ||?, l;rsk = ngsk +
S|lsk]|> > 6||sk||?>, and M is a constant matrix. Therefore, we can suppose that HBE}:P’S — By
is bounded above by some constant Q > 0, that is, —QI < BPFSS — B < QI. Moreover,

k+1
Tf =B —7M = 7M?% —7M > 76I. Then we can obtain that

TPt = By — M
= By + (BRI — By) — ™M
= T + ep(BRLTS — By)

jT’“r’“—Q 51
CkQ
s

(1+%) v

< TH 4 =2Th

On the other hand, we have

T =Ty — ep(BEIYS — By)
< ThH 4 —C’“Q 781

< Tfﬂ n CkQTf_H

)
k@t
=(1+ —)Tfr :
Let v, = Q 5Ck- Then we have
1
Ty TF <X TF < (1 + )T} forall k. (5.3.4)
k

Note that M = V3, g(y) = £4. Then
Ty +%y+ BB 'B=By,—M+3%,+ BB =By~ 0,

which shows that Condition (d) holds.
Next we show Condition (f). Since (5.3.4) implies that

Bip1 — M =T < (14 95)TF = (14 ) (B — TM),
and M is positive semidefinite, then we have
Bit1 2 (1+%) By — ™M =2 (14 k) By
Obviously,

Ths1 + %y + BB "B =B < (14+)Br = (1 +v)(Tk + =, + BB B).
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Finally, we show Condition (g). From the definition of M, we have

3 Ve—1 ik 3 1 T
T+ %, — *=Lpk o 4 (S~ ~)BB'B
k+2 g 5 1+ +(4 20)5
3 - V-1 3 1 T
=By~ M+ 5M — 2B~ M) = 2(1 = 7)M + (] - 5¢)8B" B
_ 3 _ 31
:(1—M>Bk—i—fM—M—i—MTM—Q(l—T)M—I—(f—fc)BBTB
2 2 2 12
_ 3 _ 301
t(1—M)TM+7M—M+MTM—Z(l—T)M—I—(f—fc)ﬁBTB
2 2 2 12
. 3.3 1
= (37 —3)(M + 3B"B) + M+ (5 - §c),BBTB

- 3, 9 1. . -+
= (37 2)M—|—(37’ 1 2c),@’B B,

where the matrix inequality follows from By = 7M O = 7M + 761 = 7M. Note that there exist k
such that v, < 1 for all £k > k. Without loss of generality, we assume k = 0 and thus (1 — %) >0
for all k.

Let ¢ = 2(7 — 2). It is easy to see that ¢ € (0,1). Moreover, 3r — 2 > 0 and 37 — § — 3¢ =
21 — % > 0.

As a conclusion of the above discussion, the indefinite proximal term T}, generated via the BFGS
update can satisfy Condition 5.2.1. Obviously, the VMIP-ADMM can cover the general indefinite
proximal ADMM as the following remark.

Remark 5.3.1. When {I}} be a constant sequence for all k, that is, Ty, = T, then we can write
T =Ty —T_, where T{,T_ > 0. It is easy to check that the boundness conditions (e) and (f)
immediately hold when v, = 0. Let Ty = 7(rl — BB'B) = 0 and T = (1 — 7)3B"B = 0, we
choose

T=T,—-T =7rl —BB"B, with r> g||BTB|.

Condition (d) holds. For r € (0.75,1), taking ¢ = 2(7 — 2), then Condition (g) turns to be

3 301 +
T+2%,—2T_ + (5 —=¢)3B"B
3 1
~78B"B—3B"B—-2(1-71)3B'B+ (- 5C)BBTB
9 1
= (37' - Z - 50)/8BTB
- 0.

It is reduced to the indefinite prozimal ADMM in [63].

5.4 Numerical results

In this section, we evaluate our VMIP-ADMM using several datasets. Effectiveness, efficiency

and convergence properties of the proposed algorithm are compared with some existing methods.
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All experiments are conducted on 64-bit Windows with Intel(R) Core(TM) i7-8680U CPU. We
implement all the algorithms by Matlab R2018b.

5.4.1 Experiment setup

We consider the Lasso problem:
in 1Az~ b[3 + plla] (5.4.)
min —||Ax — x 4.
zeR” 2 2 P b

where A € R™*" ig a given data matrix; z € R" is a vector of feature coefficients to be estimated;
b € R™ is an observation vector and p € R is a positive regularization parameter; m is the number
of data points, and n is the number of features. The Lasso model provides a sparse estimation of
x when there are more features than data points (i.e., n > m).

By introducing an auxiliary variable y € R™, we reformulate problem (5.4.1) as

1 2
min — + pl|lx t. Az —b=uy. 5.4.2
xER”,lyER" 2||y||2 H Hl > y ( )

Data

In this experiment, two simple real-world datasets are firstly used for performance evaluations:
Boston house prices! and California housing?. Besides, we also test the proposed algorithm with

several synthetic data.

1. Boston house prices is a small standard dataset, which is useful to quickly illustrate the
behaviors of the various algorithms. It includes 506 instances and 13 attributes. It was
firstly created by Harrison, D. and Rubinfeld, D.L. [58].

2. California housing dataset is a larger dataset consisting of 20,640 samples and 8 features.
This dataset was derived from the 1990 U.S. census [95].

3. We randomly generate A and b with several larger sizes.

Settings

Now we specify the settings for the synthetic data. Firstly, we random generate the sizes m and n.
Let xg € R™ be a random vector normally distributed with sparsity 0.1; a matrix A is drawn from
standard normal A/ (0, 1) distribution. Then the vector b is generated by b = Axg + o, where g is a
noise under A(0,1073) distribution, and the regularization parameter is set to be p = 0.1|A"b| s
[73].

We always choose S = 0 in (5.1.3b). We set the initial points as 20 = ¢y = 0 and A\’ = 0. The

maximum iterations are set to be 20000 in all experiments. We adopt the same stopping criterion

'UCT ML housing dataset. https://archive.ics.uci.edu/ml/machine-learning-databases/housing/
2This dataset was obtained from the StatLib repository. http://lib.stat.cmu.edu/datasets/
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as in [13] for all the numerical experiments, that is, the primal and dual residuals * and ¢* should
satisfy
Il < " and [lo®]l2 < €™, (5.4.3)

and e”™ > 0 and €1"@ > (0 are chosen using an absolute tolerance €2P® > 0 and relative tolerance

¢l > 0 from the suggestion in [13].The stopping criterions are shown in experiments tables.

Comparison Methods

As we known that the classical ADMM always can get a solution with tens of iterations by choosing
a suitable parameter 8, but sometimes it is time-consuming for large scale problems. We chose the
classical ADMM as the baseline. Since this chapter focuses on the proximal ADMM, we compare
it with several state-of-the-art proximal ADMMSs. All the parameters are chosen as above. The

comparison methods are described as follows.

1.ADMM: the classical ADMM [46, 49] applied for problem (5.4.2). The computation of the

inverse matrix follows the Cholesky factorization shown in Chapter 3.

2.SPADM: the semi-proximal ADMM [40] with a semidefinite proximal matrix 7" where 7 = 1.01.

The computation of the maximum eigenvalues follows that in Chapter 3.

3.IPADM: the indefinite proximal ADMM ([77, 63] with an indefinite proximal matrix 7' that
T=0.8.

4TADMB: the indefinite proximal ADMM with the BFGS update for problem (5.4.2) with an

indefinite proximal matrix sequence {7 }. The 7 is chosen as 7 = 0.8,

5.PADML: the semi-proximal ADMM with Limited memory BFGS (LBFGS) update in Chapter
3 with a semidefinite proximal matrix sequence {T}} where 7 = 1.01. The memory can be
set to a positive value in range [3,00). We chose the memory to be 5 for the smaller real

datasets and 10 for the larger synthetic data.

6.JADML: the indefinite proximal ADMM with the LBFGS update with 7 = 0.8.

5.4.2 Experimental results

In this subsection, experimental results of the proposed VMIP-ADMM algorithm are presented
against comparison methods. All the results are averaged over 10 trials to reduce the computer
errors.

Notations in tables: (CPU time is recorded in seconds)

e Iter.: the iteration steps for each algorithm;
e T-LU: the CPU time for the Cholesky factorization and the calculation of AAT or AT A;
e T-ME: the CPU time of computing for the maximum eigenvalue;

o T-A: the CPU time for the algorithm proceed without T-LU or T-ME;
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Real Data

Firstly, we show the performances of our proposed algorithm and other existing methods in Table
5.2 of the real datasets. Figure 5.1 shows the curves of the objective function values with respect to
iterations. Since the sizes of these two datasets are small, the computations of the inverse matrix
and maximum eigenvalues could be ignored. Except for the classical ADMM, the best iteration of
all is colored with red, and the shortest time is colored with blue. Overall, the proposed IJADMB
outperforms most proximal ADMMSs except the classical ADMM on the iterations for both Boston
and California datasets. The iterations of IJADMB and IADML are close to those of classical
ADMM. The CPU time of IPADM is shorter than that of IADMB for the Boston dataset, while
the California dataset is the opposite.

Table 5.2: Results for real datasets

Datasots Tolerance 3 ADMM SPADM IPADM IADMB IADML
Iter. T-A(s) | Iter. T-A(s) | Tter. T-A(s) | Iter. T-A(s) | Iter. T-A(s)
Boston- | €' =10"2 | 100 | 22.0 0.0010 | 70.0 0.0015 | 48.0 0.0013 | 26.0 0.0015 | 25.0 0.0018
house e =10"2| 300 | 9.0 0.0010 | 37.0 0.0013 | 32.0 0.0012 | 20.0 0.0015 | 21.0  0.0016
m = 506 500 | 11.0 0.0010 | 29.0 0.0012 | 26.0 0.0011 | 20.0 0.0012 | 19.0 0.0014
n =13 € =1073| 300 | 16.0 0.0010 | 69.0 0.0014 | 60.0 0.0013 | 29.0 0.0014 | 34.0 0.0017
€ =10"*| 500 | 18.0 0.0011 | 75.0 0.0015 | 65.0 0.0014 | 28.0 0.0015 | 30.0 0.0016
700 | 25.0 0.0010 | 86.0 0.0017 | 75.0 0.0015 | 36.0 0.0017 | 36.0 0.0017
California- | € =107 | 1000 | 36.0 0.0014 | 89.0 0.0069 | 77.0 0.0064 | 38.0 0.0022 | 38.0 0.0054
housing | € =107% | 1500 | 24.0 0.0012 | 73.0 0.0057 | 64.0 0.0056 | 26.0 0.0022 | 27.0 0.0050
m = 20640 1700 | 21.0 0.0013 | 67.0 0.0056 | 59.0 0.0049 | 24.0 0.0018 | 24.0 0.0041
n=_8 e =1072 | 5000 | 23.0 0.0013 | 55.0 0.0046 | 49.0 0.0044 | 28.0 0.0020 | 28.0  0.0048
€ =107* | 5300 | 22.0 0.0014 | 53.0 0.0045 | 47.0 0.0043 | 27.0 0.0023 | 27.0 0.0042
5500 | 22.0 0.0012 | 52.0 0.0041 | 47.0 0.0042 | 26.0 0.0018 | 26.0 0.0036

Synthetic Data

In this subsection, the performances of all the methods for synthetic datasets are explored. We
randomly generate four different sizes of the data matrix A. For the larger size matrix, the IADMB
spends tens or hundreds times longer than the IADM update every step, and thus we replace it
by PADML. The computational results for the four datasets are shown in Table 5.3. Also, Figure
5.2 shows the objective function values with respect to iterations with 5 = 500,500, 1000, 1000,
respectably.

Firstly, focusing on the iteration steps, PADML and IADML use nearly the same iterations as
the classical one and almost half of those of general proximal ADMMs for ordinary 5. They always
outperform the SPADM and IPADM, and the IADML performs better than PADML slightly. The

best iteration is colored with red except the classical ADMM.



92 Chapter 5 ADMM with Variable Metric Indefinite Proximal Terms

Figure 5.1: Evolution of the objective function values with respect to iterations on real
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Secondly, paying attention to the CPU time, we see that the averages CPU time of all the
algorithms processing are almost the same. The shortest time T-A is colored with blue except the
classical ADMM. The CPU time comparison on T-A is given in the left figure of Figure 5.3. The
‘1-500’ in the label means the result of the first randomly generated matrix with g = 500, and the
others mean the same as this. As the matrix size increases, the CPU time T-LU which is for the
classical ADMM is quite longer than T-ME that for all the proximal ADMMs. The total time also

makes a huge difference, which can be seen from the right figure in Figure 5.3.

Table 5.3: Results for Synthetic datasets (¢! = 1072, ¢?bs = 1073)

ADMM SPADM IPADM PADML IADML
Iter. T-A(s) | Iter. T-A(s) | Iter. T-A(s) | Iter. T-A(s) | Iter. T-A(s)
m = 2664 | T-LU = 10.315s | 300 | 30.7 0.5069 | 75.2 0.5898 | 66.9 0.5286 | 36.3 0.2987 | 34.1 0.2784
n=2778 | T-ME =1.980s | 500 | 17.9 0.3010 | 49.9 0.4102 | 42.5 0.3555 | 26.5 0.2260 | 24.5 0.2034
800 | 11.5 0.1888 | 36.0 0.2854 | 31.7 0.2539 | 20.1 0.1695 | 18.3 0.1507
1000 | 10.3 0.1716 | 31.6 0.2537 | 27.3 0.2232 | 184 0.1578 | 17.1 0.1437

Data T-LU/ME B

m = 3580 | T-LU = 28.516s | 300 | 44.9 1.4417 | 111.5 1.9481 | 959 1.6807 | 50.2 0.9149 | 47.8 0.8656
n =4620 | T-ME =5.378 | 500 | 27.9 0.9129 | 73.1 1.2882 | 62.1 1.0911 | 36.0 0.6608 | 33.7 0.6198
800 | 17.9 0.5888 | 53.2 0.9468 | 42.5 0.7578 | 27.9 0.5178 | 25.4 0.4786
1000 | 14.3 0.4787 | 41.1 0.7307 | 35.1 0.6266 | 24.6 0.4576 | 22.9 0.4221

m = 7498 | T-LU = 118.826s | 500 | 46.8 1.7680 | 86.9 4.0866 | 67.2 3.1514 | 47.2 2.2569 | 47.0 2.2453
n = 5633 | T-ME = 16.141s | 1000 | 24.3 0.9105 | 51.0 2.3636 | 45.0 2.0981 | 27.6 1.3902 | 26.1 1.2590
1500 | 16.1 0.6303 | 40.9 1.9333 | 36.0 1.6943 | 20.7 0.9949 | 19.5 0.9493
2000 | 12.1 0.4829 | 289 1.3641 | 259 1.2279 | 18.8 0.9107 | 17.0 0.8338

m = 4774 | T-LU = 158.214s | 500 | 48.0 4.7976 | 134.3 8.7370 | 116.7 7.6785 | 61.6 4.1815 | 59.7 3.9039
n = 10368 | T-ME = 24.249s | 1000 | 23.4 2.3597 | 80.7 5.3301 | 70.8 5.7369 | 41.6 3.6014 | 38.1 2.6846
1500 | 17.4 1.4561 | 55.7 3.0283 | 49.0 2.6745 | 31.4 1.7645 | 29.1 1.6197
2000 | 13.7 1.1631 | 47.0 2.6077 | 41.2 2.2898 | 29.1 1.6362 | 26.3  1.4693

5.5 Conclusions

In this chapter, we proposed a variable metric indefinite proximal ADMM whose indefinite proximal
term can be chosen differently at every iterative step. We proved the global convergence of the
proposed method under some requirements by applying an analysis technique which split the
proximal matrix T to two parts. Moreover, for a special problem whose y-subproblems are
unconstrained quadratic programming problem, we proposed to construct the indefinite term 7T}, via
the BFGS update. We showed that such construction can satisfy the general convergent conditions.
We apply our algorithm for a Lasso problem on two real Boston house prices and California housing
datasets, along with four synthetic datasets. Experimental results demonstrate the effectiveness of
the proposed indefinite proximal ADMM with BFGS or LBFGS update.
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Figure 5.2: Evolution of the objective function values with respect to iterations on synthetic

datasets
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How to choose an adjusted proximal term is important to design a more efficient algorithm.
The BFGS update provides better performance for some special problems whose y-subproblem is
quadratic problem. It is worth developing some efficient proximal term for a general nonlinear

subproblem.






Chapter 6

An indefinite-proximal-based strictly
contractive Peaceman-Rachford

splitting method

6.1 Introduction

In this Chapter, we consider the convex minimization problem with linear constraints and a

separable objective function
min 0;(x) +02(y), st. Ar+By=0b e X, ye), (6.1.1)

where 6; : R™ — R and 03 : R™ — R are continuous closed convex (could be nonsmooth)
functions; A € R™*™ and B € R™*™ are given matrices; b € R™ is a given vector; X and )
are nonempty closed convex subsets of R™ and R"2, respectively. Throughout, the solution set
of (6.1.1) is assumed to be nonempty; and X and ) are assumed to be simple in the sense that
it is easy to compute the projections under the Euclidean norm onto them (e.g., positive orthant,
spheroidal or box areas).

As discussed in Introduction 1.2.4, the Peaceman-Rachford operator splitting method (PRSM)
(1.2.12) was proposed, and two different step sizes o and 7 adding to (1.2.12b) and (1.2.12d) was
also proposed [54, 62]. The convergence results, including global convergence and the worst-case
O(1/t) convergence rate in the ergodic and nonergodic sense, have been established in [54].

Considering that in many cases the subproblem in the ADMM and PRSM schemes might be
difficult to solve and that in some applications 61 or 6, is a convex quadratic function, we gave the
semi-proximal ADMM scheme (1.2.7) in the previous Chapters. The semidefinite requirements of
the proximal terms have also been relaxed to be indefiniteness [63, 77]. The numerical results in
[77] showed that the (majorized) ADMM with an indefinite proximal term always performs better
than that with semidefinite proximal terms. He et al. [63] obtained a linearized ADMM with an

optimal indefinite proximal term. In their method, S = 0 and T is chosen by

T =7rl,, — BB'B with > B|B"B|, 7€ (0.75,1). (6.1.2)
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Note that they require that the dual stepsize v = 1 in (1.2.7). The small value 7 € (0.75,1) can
ensure that the proximal term has less weight for the y-subproblem (1.2.7b), and thus allows for a
larger step.

It is natural to extend the proximal ADMM to the proximal Peaceman-Rachford splitting
method. For convenience, we first introduce the whole update scheme of the indefinite-prozimal-

based strictly contractive Peaceman-Rachford splitting method (iPSPR):

¢ 1
o = argmin La(r,y" N) + Slle — a5, (6.1.3a)
\EFE R aB(Az"+ + ByF —b), (6.1.3b)
1
yF 1 = argmin Lg(2",y, )\’H%) + =lly =" 17 (6.1.3¢)
yey 2
L AL = NS (ARt 4 Byktt b, (6.1.3d)

where S and T are symmetric and possibly indefinite. Gao et al. [47] considered the generalized

ADMM with indefinite proximal term, which corresponds to (6.1.3) with S = 0 and v = 1. The

o?—a+4
a?—2a+5"

[72] considered the same generalized ADMM as in [47], but they give an optimal bound of 7 as
T € (342 1). For other related works one can refer to [78, 103].

proximal term 7' takes a similar formulation as (6.1.2) but with 7 € | ). Jiang et al.

In this chapter, we focus on (6.1.3) with indefinite S and 7. Our main contributions are
two-fold. Firstly, motivated by the nice analysis techniques in [61] and [114], we prove the global
convergence of iPSPR under some assumptions on S and 7', see (6.3.32) and (6.3.33), in which the

stepsizes a and ~ are in the range

L—a+/(1+a)2+4(1-a?)
2

(a,'y)6D:z{(a,7):0§a<1,0§7< ,a—l—'y>0}. (6.1.4)

With some additional mild requirements, see (6.4.6), we prove that the iPSPR is o(1/t) sublinearly
convergent in the nonergodic sense. Secondly, our proposed requirements on the proximal T can
cover some existing results, such as the special linearized choice (6.1.2) in [63, 72]. More importantly,
our proposed requirements on the proximal 1" employ both the Hessian information of the objective
function and the information of S8BT B for the first time. Note that He et al. [63] only uses the
information of BT B, while Li et al. [77] only considers the Hessian information of the objective
function.

The rest of this chapter is organized as follows. In section 6.2, we give the optimality condition
of (6.1.1) by using the variational inequality and also list some assertions which will be used in
later analysis. In section 6.3, we first give the contraction analysis of iPSPR (6.1.3), and then
establish the global convergence. We will discuss how to choose T' in the end of section 6.3. The
detailed formulae will be given for the different ranges of the parameters a and v. We discuss
the nonergodic sublinear convergence rate in section 6.4. In section 6.5, we test the [; regularized
least square problem to show the efficiency of the proposed iPSPR (6.1.3). Finally, we make some

conclusions in section 6.6.
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6.2 Preliminaries

In this section, we give the optimality condition of (6.1.1) and some notations or relations which
will be frequently used in our analysis. Denote 2 = X x )Y x R™. Let S be the feasible set of
(6.1.1), namely, S = {(z,y) : Az + By = b,z € X,y € Y} and denote D = S x R™. Throughout

this chapter, we make the following assumption.

Assumption 6.2.1. Let Q* C D be the set whose elements are the optimal solutions of (6.1.1) and

the associating dual solutions of (6.1.1). Throughout the chapter, we assume that Q* is non-empty.

6.2.1 Optimality condition of (6.1.1)

Owing to the convexity of 01(-) and 6a(-), there exist two positive semidefinite matrices ¥; and o
such that for all z, 2’ € R™ and &, € 001(x), &, € 061 (2'),

(x—a' & — &) > |z — 2|3, (6.2.1)
and for all y,y € R"?, &, € 062(y), &, € 002(y'),

y—v.& &) =2 lly—yl3, (6.2.2)

x
x

Denote u = ( ) , V= (i) and w = |y |. For given w, and some specific subgradients
Y

A
& — AT
& € 001(x) and & € 00y(x), we define F(w,&;,&y) = &y — BT . Due to the convexity
Ax+ By —b

of 61(-) and 6a(-), it is easy to show that the operator F'(-) is monotonic. Specifically, for any

w,w’ € D, we have

(w—w', F(w,&,&) — Fw',&,€)) = < (x - x,) ; <§x - 5?) > > flu— /3, (6.2.3)
y—y Sy — &y

b

0
where ¥ = ( 0 ) and the inequality is due to (6.2.1) and (6.2.2).

b))
Following Theorem 3.1.24 in [90], we say that w* € Q* if and only if there exists £ € 061 (z*)

and & € 00,(y*) such that (z — 2", &) + (y — y*, ;) > 0, which is further equivalent to

<w - w*,F(w*,§;,§;)> >0, YweD, (6.2.4)

since (w —w*, F(w*,€5,€)) = (& —2*,&) + {y - y°.&) > 0, Yw € D.
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6.2.2 Some notations

We use the symbol 0 to denote a zero matrix, whose size can be always easily identified form the
context. We use || - || to denote the 2-norm of a vector. We denote [|z||Z, = 2"Gz for z € R®
and G € R™"™. For a real symmetric matrix Z, we mark Z > 0 (resp. Z > 0) if Z is positive

semidefinite (resp. positive definite). For any given symmetric matrix 7', we decompose it as
T=T,—-T_ with T, >0 and T_ >0.

To make the analysis more elegantly, we use ¥ = Az* + By* — b for short. Similarly, for any
w € Q, we denote r(w) = Az + By — b. Obviously, there holds that r(w) = 0 for any w € D. For

ease of the analysis, we define

1 - B'B —aBT
H= (a+y=a7)f “ (6.2.5)
o+ —aB %Im
and
- T+3%50 T+ %9+ 22=9gBTR — 2 BT
H::( . 20>+H:< 2_5%5 ) (6.2.6)
aty (aty)B=m
S0
Denote P = and define
0T
PO 00 5 0 .
G = + =|0T+2t2-ppTp o BT (6.2.7)
00 0 H o o
0 —55B Gple
and
20 S ! ! S+%1 0
. _ at+y—a T o T o 1
0 —_o B 1 7
a+y (at+y)B=™
It follows from (6.2.7) and (6.2.8) that for any w,w’ € Q
lw —w'E = llu =/l + [lv =13 (6.2.9)
and
o = w'|I% = llu = w'[I% + lw — w'llE = llz = 2" 845, + o= VI3 (6.2.10)
With the update schemes (6.1.3b) and (6.1.3d), it is easy to have
M= N (o ) Brf T aBB(yF — oM. (6.2.11)
With (6.2.5) and (6.2.11), we thus have
[oF =" E = (1= @)BIBY* = y* 7 + (a+ )l 2. (6.2.12)

Finally, it is easy to have the following proposition.

Proposition 6.2.1. If0 < a <1 andy >0, then H > 0. If T+ Xy + (1 —a)BB" B = 0, then
H=0. IfT+ %4 (1—a)BB"B =0 and S+ %1 = 0, then G = 0.
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6.3 Convergence of iPSPR

In this section, we first show that a sequence related to {wy} generated by iPSPR (6.1.3) is strictly
contractive in section 6.3.1 and then establish the global convergence of the method in section 6.3.2,
and discuss the choices of the proximal terms in section 6.3.3. Note that the contraction property

is also helpful to establish the convergence rate in the nonergodic sense.

6.3.1 Contraction analysis

To establish the strictly contractive property of the sequence {®% (w*)} (see (6.3.21) for the

definition), we first give a rough estimation of ||w® — w* ||2§ — ||k tt

conditions of (6.1.3a) and (6.1.3c).

—w* ||2@ based on the optimality

Lemma 6.3.1. Let the sequence {w*} be generated by iPSPR (6.1.3). If we choose (a,v) € D,
then there holds that

w® = w [ = ™t = w'llf = o = G+ =y T s, + (= )BIBGS — g

4 (2 —a— ’7)5”7“k+1H2 + 2( . Oz)ﬁ <7"k+1,B(yk - yk+1)>
(6.3.1)

and

k H k+1

[ — w5 = [l — w*||
?(1-79)+7*(1-a)
(a+7)?
2—a— ko yk+l 2(y —a) B k) gk kel
Sl H/\ A\ H oy <B(y ), AE ) > (6.3.2)

Proof.  The proof of (6.3.1) consists of three steps.

k k; k k k k
> flak = 2, = g, + BB — g+

I). We give a rough lower bound estimation of the term ||w* — w||2é — [Jwktt

from the first equality of (6.2.10), we have

- w||2é Following

k+1 ”wk+1

k k k k
lw® = w]|Z = [lw" = wl|f = [lw® - w|E - —wllg + [[u” =l — [~ (6.3.3)

k+1 k+1H2

The Cauchy-Schwartz inequality tells ||u* — u|/% + |lu 5. Thus, we have

—ull} = 3l —u

”uk+1

1
k k k k
lu® =l ~ —ullf > llu” —u S = 20—l (6.3.4)

Using the identity ||a||% — |62 = |la — b||% + 20T G(a — b) with a = w — w* and b = w — Wk we

have

ok — wlg — b = w]Z = ok — wF G + 2w - wf TG - wh). (6.3.5)

Substituting (6.3.4) and (6.3.5) into (6.3.3), and using (6.2.9) and (6.2.12), we have that for any
w € ),

k k
lw" —wlf = ™ —wllF
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k_ ok k ko k k
> [l = 2Ly, + ly* — Y 7sas, + (L= BB =y I + (a4 )8l

+2(w — WP TG (k! — wh) — 2|+ — w2 (6.3.6)

IT). We focus on the estimation of (w — w*+1)TG(w*+! — w*). From the optimality conditions
of (6.1.3a) and (6.1.3c), we know that there exist £5+1 € 96, (zF+!) and £8+! € 965(y*™) such that

<a: — gL SR Ry gkl AT AR 4 BAT (AghH 4 By — b)> >0, VredX

and
<y — gL TR - k) b - BT ,BBTr’““> >0, Vye. (6.3.7)

Substituting (6.2.11) into (6.3.7) and noting that r*+1 = Az¥*+1 + Bykt1 — b, we have

<x — Pt Skt gy bt AT (1 o - ) BATHRHL (1 — @) BAT B(y k+1)> >0,

Ve € X.
(6.3.8)

Substituting AR+ = 2R vBr¥+1 into (6.3.7), we have
<y YT — )+ T - BT (1 7)5BTrk+1> >0, Vyel. (6.3.9)
Rewrite (6.2.11) to be
k+1 @ k+1 k 1
rtt — ——By" =y ——
ara ! T

Combing (6.3.8), (6.3.9) and (6.3.10) in a suitable way, and recalling the definitions of w and F(-),
for any w € € there holds that

(AP APy = 0. (6.3.10)

S( k+1 xk 0

o k+1 k k+1 k
0 *mB(y -y )er()\ —AY)

AT
> <wk+l—w, BT | [(1=a =98+ (1 - a)sB(" k+1>}>

0
+ <wk+1 —w, Fw* g, 5’;+1>> : (6.3.11)
With the assertion (6.3.10), we have o3BT ¥+ (1—a)BBT B(y* ! —¢*) = C“JZQWMBBTB( kel
y*) — a‘j‘rvBT()\’““ M), Using the definition (6.2.5) of H, the definition (6.2.7) of G and the
definition of 7**1 and r(w), we can rewrite (6.3.11) as
(’UJ _ wk+1)TG(wk+1 _ wk) > <7,k+1 _ r(w), (1 —a— ’Y)BTkJrl ( ),BB( k+1)>

+ <wk+1 —w, Fwh !, ehtt, ’;+1)> (6.3.12)
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Noting that r(w) = 0 for any w € D, we have from (6.3.12) that for any w € D
(w — W) TG — wh) > (1 — o — B2 + (1 — )8 <Tk+1’ Bl — yk+1)>
+ <wk+1 —w, F(wk+1,£’;+1,£’;+1)> : (6.3.13)

III). Plugging (6.3.13) into (6.3.6), we have for any w € D

k k
ok — w] — ekt
k k k k k k
> ok — g I =y, + (- @)BIBGE — )

+2— o= B + 20 - )8 (P BE - o)) 4 AWM ), (63.14)

—wll%

where A(w*! w) = 2 (WM —w, Fw", €)= 2f|uf T — wl}. Taking w = w*! and
w' = w* in (6.2.3), we have from (6.2.3) that

<wk+1 - w*,F(wkH, ]gz-‘—l7 /;+1)> > <wk+1 - W*,F(W*,f;,55)> + ||uk+1 - U*”% > Huk+1 o U*H%’

where &§; € 001(x"), &, € 002(y*) and the second inequality is due to the optimality condition
(6.2.4) of w*. This further means that A(w**! w*) > 0. Setting w = w* in (6.3.14), we have
(6.3.1).

The proof of (6.3.2) follows directly from (6.3.1) and r*+1 = af‘r,yB(ka—yk)—

(at+7)B ()‘kﬂ _/\k)

which comes from (6.3.10). The proof is completed.

We now need to give a careful estimation of the intersection term <rk+1, B(y* — yk+1)>, which
is useful to establish the strictly contractive property of {(I”gw(w*)} when (a,7) € Dy U Do (see
(6.3.20) for the definition).

Lemma 6.3.2. Let the sequence {w"*} be generated by iPSPR (6.1.3). If a > 0 and v > 0, then
there holds that

<rk+1’ B(yk _ yk+1)>

L=/ & ko, k+1 kg 1, & S
> — B — kTt >_7 B +1 +1(2
> 1+a<r, (y" —y") 1JFOZH (" =" o 5\@ [
1 1 k k+1 k—1 k12
a5 W = e — I =y ) (6.3.15)

Proof. From the optimality conditions of (6.1.3c) with k := k — 1, we know that there exists
f”y“ € 002 (y*) such that

(y=v" T =)+ g = BN+ (1=9)8BTr") =0, wye. (6.3.16)

k+1

Choosing ¥ to be y* and y**! in (6.3.9) and (6.3.16) and then rearranging the obtained inequalities

suitably, respectively, we have that

(B! =y 1), =X 4 (L= y)Br ) 2 gh = g G = (V- ) (6:37)
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and

(B! =y )2 = (1= )8rt) = = (yf =T b)) + (V- eh) . (6.3.18)
Summing (6.3.17) and (6.3.18) over the both sides yields

(B =y A = M) 4 (1= )8 (Bl" = ), = (1= )8 (BWF - ), )

> [ly* — yF 12 — <yk Y (e yk)> I <yk — L gk - l;+1> . (6.3.19)
Recalling that T'= T} — T_, we know from the Cauchy-Schwarz inequality that
_ <yk (o yk>> _ <yk Y N N (T yk)> i <yk Y N (T yk)>
> — ol o B — I — R

which with (6.2.2) implies that

1 B
RHS of (6.3.19) > 5 (Hy’“ — " N — Il - y’“!\%++T_) 0y = P o s,

This with relations (6.2.11) and (6.3.19) implies that (6.3.15). The proof is completed. [

We now decompose the domain D (see (6.1.4) for its definition) as D = Dy UDy UD3 U D, with

1—a+\/(1+a)2—|—4(1—a2)}
5 :

Dlz{(a,fy):oga<1<fy<

Dy ={(a,7):0<a<l,y=1}, D3={(,7):0<a<1,0<y<L,a+vy>0,a#7},

(6.3.20)
and
Dy ={(e,7): 0<a=vy<1}.
For a given w € D, we define @’;W(w) as
O (w) = [[w® —wlZ + oy = g1 + 027 Bl (6.3.21)
where the constants
me (e )i (a,7) €D
e (ita) ; 1
AT = st (7) €Dy, pyY = q e (6.3.22)
0 (Oé,’)’)EDQUDgUDz;,
0 (a,v) € D3 U Dy,

in which the constant ¢®7 is defined as

1—o2+a—(a—1)y—~2
MY € (0’ (27a7'y)(1+;/) . ) (OQ’Y) € Dy,

(0,1) (a,y) € Dy UDs.

We are now ready to have the following theorem.
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Theorem 6.3.1. Given w* € Q*, let the sequence {w*} be generated by iPSPR (6.1.3). If we

choose (a,7y) € D, then there holds that
k k k k k k
@k () — @5 () 2 ok — S e
Ky
+ STH)‘k _ )\k+1”2 +/€Z[7’YH7ﬂk+1H2,

where the constants

( co‘"y(l—Oé)2 (a ~
2(1—« 14+a )
(H-a) (@, 7) € Dy, 7 (1—a)(3—a) (.
oy —a oy 414« )
sl =5 (@) ey, R W (0 y
0 (o, 7) € D3 UDy, e 7
Ta (OL,’}/
and
0 (oz,’y) €D UDso,
Y (1—c*M)(A-a)(1—7)(2—a—7)
= e -a i e (7)€ Ds,
=g (a,7) € Dy,
and
—1)2
2—06—7—% (o, ) € Dy,
ayy _ 1—c*7)(1—a)(3—a)
Ry = (§+a)+(%(_ca,~3)(3_a) (a,7) € Do,
0 (a,7y) € D3 UDy.
Proof. We consider four cases.

I). (a,y) € Dy. By combining (6.3.15) and (6.3.1), we derive

N l—a, ,_ . 1
(1 I + Tt = P e ) = (It = w4 1

1+« t+a
2(1 — «)
k k+1)12 k k+1)12 k k+112
2 2 = 2" gy s, H Y =" gy, + I — T R s,
(1—a)? ko kt1y2 k12 l—a,/ g
T BIB(yF — T 92— — 12 9y — 1)—— < B
T BIB(y" = y" )" + (2 = a—)Blr" " =2(y )1—1—046 ™, B(y

1—a?+a—(a—1)y—+>2
Z—a—)(1+a)

Note that in this case 0 < ¢®7 <

have

(—2T_+%2)+k5"BBTB

(6.3.23)

(6.3.24)

(6.3.25)

(6.3.26)

—
Loy yk+1rr%++T_)

E k:+1)> _
(6.3.27)

< 1, with the Cauchy-Schwarz inequality, we

“2(P B - ) 2 - D P - G g e

1—a)(l—cv) v—1

Plugging the above inequality into (6.3.27), we obtain (6.3.23) in this case.
II). (a,y) € Dy. For this case, (6.3.15) reduces to
k yk+1 ||

k1 ko kil o ko kbly )2 1
r* 1 B(yF — >2—7B - +—
(L BOE =y 2 = T IBO P
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1
214+ a)p

On the other hand, by the Cauchy-Schwartz inequality, we have

+ (Hyk — "G — Y - y’f\l%ﬁﬂ) . (6.3.28)

(P44 BOF ) 2 0BG — ) — (6.3.29)
where 0 = (1+a)+1§1—f2’;)(3_a). Combing (6.3.28) and (6.3.29), and using (6.3.1), we have
(1 = 0+ gl = B ) = (b =0l g sl = o )
> [l* = "Gy am, + 0" =0 Ty, + ij!lyk — " 27 s,
C O gt -+ f SO e (6330)

This means (6.3.23) holds in this case.

. L —a)?
IMI). («,7y) € D3. Noting that ¢*? € (0,1) and letting ¢ = (7_a)2+(1_cag)(?za)(l_,y)(a+w)2, we

have from the Cauchy-Schwarz inequality that
) (27— a)
A~ — o <B k k+17)\k_/\k+1>2_~(0‘ 7)°8 B(yF — F+1 2_0( AE AR 2,
(v—a) (B —y") C(Qi,yia)ll (y" =y ) 3 | |

which with (6.3.2) and the equality [a?(1—7)+72(1—a)](2—a—7) = (y—a)?+(1—a)(1—7)(a+7)?
implies that (6.3.23) holds in this case.
IV). (a,7y) € Dy4. Note that a = v in this case. It is easy to see from (6.3.2) that

k * k *
lw® — w*||F — | — |
l-«a -« 2
k_ k k_ ok k_ ok k_ \k

> ot = 2 g, + 0y, 5 BIBO g I+ g N X

(6.3.31)
which means that (6.3.23) holds in this case.
The proof is completed. ]

6.3.2 Global convergence

Theorem 6.3.2. Let the sequence {w*} be generated by iPSPR (6.1.3). If the stepsizes (a,y) € D

and the proximal terms S, T are chosen such that
S + %21 =0, S+ %21 +BATA=0 (6.3.32)
and
T+ +(1-a)BB"B=0, T+ %22 + K(=2T- + %9) + k57BBTB = 0, (6.3.33)

then {w*} converges to an optimal solution of (6.1.1).
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Proof. The first conditions in (6.3.32) and (6.3.33) guarantee G = 0 and H > 0, see
Proposition 6.2.1. We divide the proof into three steps.

I) We show that the sequences {w*} is bounded.

It is straightforward to see from (6.3.23), (6.3.32) and (6.3.33) that @Zﬁ(w*) is monotone
decreasing. This with 7,7 = 0 and the definition (6.3.21) means that ||w* — w*Hé is bounded.
With the second equality of (6.2.10), we have ||w* — w*H%v = |lz* — 2|} 5, + [I0F — U*HE, which
means that ||z¥ — 2*||s45, and ||oF — v*| ;5 are all bounded. Besides, with the positiveness of H,
we know that the sequences {\*} and {y*} are bounded. Following from (6.3.23), (6.3.32) and
(6.3.33), we also have

Q,

Jim K%WH)\’“ — N2 g rR 12 = 0, (6.3.34)
Noting that x57 + k7 > 0, with (6.2.11) and (6.3.34) and the boundness of y*, we can see that
{r*} is bounded. With the definition of r* we know that ||Az* — Az*|| = ||7¥ — B(y* — v*)|| <
7% ||+ || B(y* —v*) ||, which with the boundness of ¥ and y* implies that ||z* — 2" gaT 4 is bounded.
Recalling that S + 331 + AT A = 0 and ||z* — 2*||s;x, is bounded, it is safe to say that {z*} is

also bounded.
IT) We argue that any cluster point of the sequence {w*} is an optimal solution of (6.1.1).
Let {w"} be a subsequence of the sequence {w*} and lim w* = w*>. Following from (6.3.23),

ki—ﬂ)O
(6.3.32) and (6.3.33), we have
. k k+1 . k k+1
Jim |z —z Misgrs, = Jm |y —y Tl 1y ae (21 50y 4agpETB = 0- (6.3.35)
With the second condition on 7" in (6.3.33), we know from the second equality in (6.3.35) that
lim ||y* — " =0. (6.3.36)
k—o0
Again using k37 + k3”7 > 0, with (6.2.11) and (6.3.34), it is easy to see that
lim |7*]| = lim ||[A* — A*FL = 0. (6.3.37)
k—o0 k—o0

On the other hand, with the definition of 7*, we have A(z% — zF+1) = ¢k — Pkl _ B(yF — ok +1),
Therefore, we know from (6.3.36) and (6.3.37) that klim | A(z* — 2**+1)|| = 0, which with the first
—00
equality in (6.3.35) implies kli)rgo l|lz* — xk+1Hs+%21+ﬁATA = 0. This with the second condition on
S in (6.3.32) implies
lim [|z% — 2" = 0. (6.3.38)
k—o0

Since the graphs of 96, (-) and 065(-) are both closed, taking the limit with respect k; — oo on both
sides of (6.3.11) and by using (6.3.36), (6.3.37) and (6.3.38), we know that there exists £2° and £;°
such that

(w— wm)TF(wOO,ggo,gf) >0, VweD,

which means that w™ is an optimal solution of (6.1.1).
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III) We finally prove that the sequence {w*} has only one cluster point. We first replace w*
with w™ in the analysis of Steps I) and II). It follows from lim w* = w> and (6.3.36), (6.3.37)

ki—>oo
that klim @’é",y(woo) = 0. Owing to the decreasing monotonicity of the sequence ®¥ L (W), we can
i —> 00 ’ ’

see that

Jim @F  (w™) =0.

This together with 7, 7_ = 0 and ||w* —wOOHQa = ||zF — 2|3, 5, + 0" —v°°||]2q and H > 0 shows
that

Tim % - a®lspn, = lim [y -] = lim |3 - ). (6.3.39)
With (6.2.12), we further have limy_,o [|[7¥|| = 0. Using again the inequality ||Az* — Ax*| =
|7* — B(y* — y>=)|| < ||7%]| + | B(y* — °°)||, which with (6.3.39) and (6.3.37) implies

lim [|A(zF — 2*)| = 0. (6.3.40)
k—o0

Combing (6.3.39) and (6.3.40), and using that S + 51 + BATA > 0, we immediately have

lim wk = w™.

k—o0

The proof is completed. u

Remark 6.3.1. If the condition (6.3.32) is replaced by S > 0, we can have from klim |z* —
—00

$k+1‘|5+%zl =0 that kli_)m S(xF — 2*+1) = 0. Using the similar analysis to the above proof, we can

* x*
show that {vk} converges to some v* = (i*) , where w* = ( *> is an optimal solution of problem
v

(6.1.1).

6.3.3 Choices of proximal terms

When the proximal terms S and T satisfy conditions (6.3.32) and (6.3.33), it is easy to see that
the objective functions of subproblems (6.1.3a) and (6.1.3c) are strongly convex, which make the
corresponding problems much easier to solve. Note that by allowing S or 7' indefinite, we can
always take a larger step on updating the variable = or y. Besides, we next show that for some
special cases, with particularly chosen proximal term 7', the subproblem (6.1.3c) is easy to solve
or even takes a closed form solution. Note that the discussion for the proximal term S is omitted
since it is similar.

We consider to choose T as

1
T=rl- (22 + 5BTB) with 7 = Amax (222 + TBBTB> : (6.3.41)

where 7 € (0,1]. We decompose T' = T} — T_ with T}, = rI — (332 + 78B'B) and T =
%22 +(1- T)BBTB. Note that Ty, 7_ > 0. By some direct calculations, we have

T+%+(1-a)s8B'B=r]—-aBB'B (6.3.42)
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and
1 1
T—|—§Eg+n?’7(—2T_+Eg)—|—/@§’75BTB =rl— (222 + (1426871 —7) — nS’”)BBTB> . (6.3.43)

For given («,v) € D and a fixed ¢*?, by (6.3.42) and (6.3.43), we know that if we choose 7 > «
a, a7y

lfgﬁ, then (6.3.33) must hold. Note that the number 1 — H?T is decreasing with

respect to ¢®7 which is defined over an open interval. Hence, we can argue that if

K;’W
> i A R—
1_T>max{a,é£i;{l 14_2&!11/7}}7

and 7 >1—

namely,
(1- (1 -2ty (o) ey,
1>7>71% = E (@,7) € D, (6.3.44)
21:;(]7 (o, ) € D3,
H7a (a,7y) € Dy,

then (6.3.33) must hold.

Consider the case when 6(y) = %yTM y + h(y), where M is symmetric positive semidefinite
and the nonsmooth convex function h(y) is simple in the sense that minyey h(y) + 5|y —d||* is easy
to compute. Here d € R™ is a given vector. In this case, we have X9 = M and the subproblem
(6.1.3b) with T" chosen according to (6.3.41) and (6.3.44) takes the following form

_ 1
y* = argmin h(y) + < [ly — d"||?
yey 2

with d* = Ty* + BT (A’H% — B(Azkt b)).

To end this subsection, some comments are listed in order. Firstly, if « = 0,y =1 and X9 = 0,
(6.3.44) becomes 0.75 < 7 < 1, which recovers the optimal bound of 7 for the linearized ADMM in
[63]; if « € (0,1),7y =1 and X3 = 0, (6.3.44) becomes (3 + «)/4 < 7 < 1, which partially recovers
the optimal bound of 7 for the linearized version of the generalized ADMM in [72]. Note that in [72],
they allowed a € (—1,1). Secondly, if (a,7) € Do U Dg, it is easy to see that 21__;‘_77 > 2+i‘+'7 and
the equality holds if and only if & = v, namely, (o, ) € D4. Thirdly, when the subproblem (6.1.3c)

does not take a closed form solution, as done in [40, 77, 118], we can consider the majorized version
of iPSPR. The techniques for constructing the indefinite proximal T in [22, 77] can be explored to

construct T. We leave this for future investigation.

6.4 Sublinear convergence of iPSPR

The rate of convergence of an algorithm can help us have a deeper understanding of the algorithm.
In this section, motivated by [29, 77], we establish the o(1/¢) sublinear rate of convergence of iPSPR
in the nonergodic sense.

We first give a new optimality condition of (6.1.1) as follows.
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Lemma 6.4.1. Let the sequence {w*} be generated by iPSPR (6.1.3). We choose (a,y) € D and
the prozimal terms S, T are chosen such that (6.3.32) and (6.3.33) hold. Then w**' € Q*, namely,
whtl is one optimal solution of (6.1.1), if

k-—?uk+1H

[lw a=0.

Proof. The proof is similar to the second part of the proof of Theorem 6.3.2, we omit the

details here. m

Following from (6.2.6), (6.2.10) and (6.2.12), we have

I‘k+1 yk+1

k k k
Jw = fla* — 2By, + I9F — 0 Ry s ey T (@ DBIPP.

k wk+1 ||2é
Hence, Lemma 6.4.1 provides a practical stopping condition for iPSPR (6.1.3), which is shown as

I’k+1

k k k k
max{||z" — H?S“-&-Ela ly" —y +1||%“+22+(1_a)ﬂBTB>B”T +1H2} < tol, (6.4.1)

where tol is some tolerance.

Theorem 6.4.1. Let the sequence {w*} be generated by iPSPR (6.1.3) with (o, ) € D. Suppose
that the proximal terms S, T are chosen such that (6.3.32), (6.3.33) and

1 1
S+ 2% = zeXy (6.4.2)
2 2
hold, where c is a positive constant. We have that

- i yitl2
f%lgt”w w5 = o(1/t). (6.4.3)

Proof. With conditions (6.4.2) on S, we know that S+ < (1+¢71)(S + $%;). With the

condition (6.3.33) on T', we know that there exists a positive constant ¢; such that

H =< 0 ,—{?w

. T+ 3% + &77(—2T- + o) + k57BBTB 0
C )
1 . I

which with (6.2.8) implies that

S+ 3% 0 0
G<max{l+c ' e} 0 T+ 3%+ w77(—2T- + 59) + k57BBTB 0
R
0 51
This with (6.3.23) implies that
1
k * k417, * k k41,2

Summing (6.4.4) over k =1,...,+oc leads to

1 =
= >t —wklL < @ (w). (6.4.5)
k=1
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Using Lemma 3 in [77], we have (6.4.3). ]

Now we show that if (a,7y) € De UD3 UDy and some additional requirement is made on T,
we can have a stronger result than (6.4.3). We first show that the sequence {|jw® — wkHHz@} is

non-increasing.

Lemma 6.4.2. Let the sequence {w*} be generated by iPSPR (6.1.3). If (a,7) € Dy UD3UDy and
the proximal terms S, T are chosen such that (6.3.32), (6.3.33) and

1 1—a)(l—
74 iy, GoVA=Ngprp . (6.4.6)
2 2—a—v

hold then there holds that
ok — YL > [ttt — k2, (6.4.7)

Proof. Note that (6.3.12) also holds with k := k + 1, then we have
(w = wF*) TG b ) = (52 = r(w), (1 - a = 7)8r2 4 (1 - a)BB! —yH42))

I <wk+2 _ w,F(wk+27 l;+27 ch+2)>’ (6.4.8)

where €872 € 90, (2#+?) and §];+2 € 86,(y*2).

T
k+2 k+1

By choosing w to be w"** and w"**, respectively, in (6.3.12) and (6.4.8), we have

(wh*? — W T Gkt — k) > <rk+1 k2 (1o — )B4 (1— a)BB(yF — yk+1)>

i <wk+1 _ wk+2,F(wk+17 I;Jrl’ I;+1>>. (6.4.9)

and
(warl _ wk+2)TG(wk+2 _ wk+1) > <Tk+2 _ kL 1-a- 7)51”’”2 r(1- a)ﬂB(yk+1 _ yk+2)>
+ <wk+2 - w’f“,F(wk“,sﬁ”,g’;“)} : (6.4.10)

Adding (6.4.9) and (6.4.10) and noting from (6.2.3) that

(w2 — whtl P(uh2, hH2, gh2) - P(ubtl gt gb)) > [ubt2 — b2, we obtain that

(wk+2 _ wk+1)TG (wk+1 _ wk) _ (wk+2 _ wk+1)}
> (1= a =Bl =212 (1= )8 (B |(oF — ) — (5 = yh 72| et ko)
4l T2 — P (6.4.11)
Following the deriving process of (6.2.9) and (6.2.12), we have that
”(wk o ,wk+1) o (wk+1 o wk+2)H%‘
= [ — ) — )R 4 (1 )8 Bt - ) - )

+ (a+ 'y)BHTkH — TkJFQHQ. (6.4.12)
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Thus we conclude that

[
= (w® — "G + lu = HE) = (= w2+ =R

_ 2(wk+2 _ wk+l)TG [(wk+1 _ wk) o (wk+2 _ warl)} + H(warl _ wk) - (wk+2 _ wk+l)H%

k wk+1H2@ - ”wk-‘rl _ wk+2H2§

[ — R — [t — b
> (2= a =Bt = 2P 201 a)B (B |(yF - ) = (- )] ke

2
+ (1= @)B||BI* = 1) = (= g |t - ) - @ )
+ Huk - k+1H2 + ”ukJrl . k+2H%

S (1—-a)(1-

2
—as DBt — o) - )t - ) - a

*H( — ) — (WM = dM)

k k k k k k k
= @ =) = @ = I =) = I

> 0. (6.4.13)

where the first inequality is due to (6.4.11) and (6.4.12), the second inequality follows from the
S0
Cauchy-Schwarz inequality and the last inequality is due to P = 0Tl S + %21 > 0 and

(6.4.6). The proof is completed. [

Theorem 6.4.2. Let the sequence {w*} be generated by iPSPR (6.1.3) with (a, ) € Dy UD3 UDy.
Suppose that the proximal term S is chosen according to (6.3.32) and (6.4.2) and the proximal term
T is chosen according to (6.3.33) and (6.4.6). We have

lwt — w2 = o(1/1). (6.4.14)

Proof.  If follows from Theorem 6.4.1 that minj<;<; [jw® — w”lH% = o(1/t), which with
(6.4.7) implies (6.4.14). The proof is completed. [

6.5 Numerical results

In this section, we demonstrate the potential efficiency of our method iPSPR (6.1.3) by solving the

following [; regularized least square problem

1
min _[|Qy —l* + pllylh, st By <b, (6.5.1)

where y € R™",c € RP, Q € RP*™ and B € R™*™. Problem (6.5.1) is an constrained extension of

the ordinary unconstrained [; regularized least square problem and it was considered in [77]. By
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introducing an auxiliary variable x € R™, we rewrite (6.5.1) as
1 2
min J|Qy—cl? + plylh. st x+By=b x>0 (6.5.2)

which is a special instance of (6.1.1).
For our method iPSPR (6.1.3), we set S = 0 and choose T according to (6.3.41), namely,

T=rl—(Q'Q+ BB B) with 7= Ayax <;QTQ + T/;’BTB> (6.5.3)

with 7 = 1.0017*7, where 7%7 is defined in (6.3.44). Our method iPSPR (6.1.3) for solving (6.5.2)

is then given as

/

2 = p, [b_Byk _’_)\k/ﬁ} ’
Motz — \F aﬂ(mkH + By — b),
1 1
y=S,, |:yk - (BT (W =B+ By 1)) + QT (e ka))],

AEHL — \ktg 75($k+1 + Byk—i-l —b),

(6.5.4)

where the projection operator Py(z) = max(z,0) and the shrinkage operator S,(z) = sgn(z) ®
max{|z| — v,0}. Note that for problem (6.5.2), the majorized indefinite proximal ADMM in [77]
coincides with our iPSPR (6.5.4) with o = 0 and (v, y) € Dy since the smooth part of the objective
function is quadratic with respect to y. If the proximal parameter 7 = 1.001\ax(QTQ + BB B),
iPSPR becomes the semidefinite proximal-based strictly contractive Peaceman-Rachford splitting
method (sPSPR). To make a fair comparison, as done in (85) of [77], we stop iPSPR or sPSPR
when the KKT residual is less than 1075,

All the experiments are preformed in Ubuntu 16.04 LTS a Dell workstation with a 3.5 GHz
Intel Xeon E3-1240 v5 processor with access to 32 GB of RAM. All the methods are implemented
in MATLAB (R2016b). Given m and n, as done in [77], we set p = 0.1n, p = 5y/n and generate
the data as

sprandn(m, n, 0.2); yy = randn(n, 1); b =B * yy + max(randn(m,1), 0);

Q = sprandn(p, n, 0.1); c =Q * yy.

In our tests, we set m = 2000 and n = 1000, 2000, 4000, 8000. For each m and n, we use the
above scheme to generate 50 groups of instances and will always report the average performance
for methods iPSPR and sPSPR. For each instance, we fix the sum o + v to be {1.9,1.8,1.618,1}
and always choose the special cases with @ = v, @« = 0 or v = 1. In total, we have nine groups of
choices of a and ~. In our tests, the penalty parameter (3 is fixed during the iterations. Generally,
choosing the best penalty parameter /3 is not easy and it might be problem dependent [61]. We
spent some efforts to choose the penalty parameter 5 from a large number of candidates. For each
given m,n and «,~y, we report the performance of iPSPR or sPSPR with four choices of 3. Note

that in our tests, the second choice is the best in the candidates for a4+~ = 1.9 and almost the best
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Table 6.1: The results for m = 2000, n = 1000 over 50 runs. The CPU time is in seconds.

B =0.50 B =1.50 B =3.00 B =5.00

(o, ) method iter rot(s) iter rot(s) iter T t(s) iter T t(s)
(0.950, 0.950) iPSPR | 8769.0 5.23¢2 4.9 | 4750.1 1.56e3 2.7 | 5876.0 3.11e3 3.3 |8576.2 5.18e3 4.8
(0.950, 0.950) sPSPR | 8877.3 5.47¢2 5.0 | 4815.4 1.60e3 2.7 | 6000.3 3.19¢3 3.4 |8810.7 5.31e3 5.0
(0.900, 1.000) iPSPR | 8769.8 5.23¢2 5.0 | 4752.9 1.56e3 2.7 | 5878.7 3.11e3 3.4 |8579.8 5.183 4.9
(0.900, 1.000) sPSPR | 88784 5.47e2 5.0 |4817.9 1.60e3 28| 6001.5 3.19¢3 3.4 |8811.9 5.31le3 5.0
(0.900, 0.900) iPSPR | 9090.5 5.10e2 5.1 | 4884.2 1.52e3 2.8 | 5815.1 3.03e3 3.3 | 8375.5 5.04e3 4.7
(0.900, 0.900) sPSPR | 9252.9 5.47e2 5.2 |4982.8 1.60e3 2.8 | 60752 3.19¢3 3.4 |8880.5 5.31e3 5.0
(0.800, 1.000) iPSPR | 9094.7 5.10e2 5.2 | 4887.6 1.52e3 2.8 | 5823.3 3.03e3 3.3 | 8405.3 5.04e3 4.8
(0.800, 1.000) sPSPR | 9256.5 5.47e2 5.2 |4985.6 1.60e3 2.8 | 6079.5 3.19¢e3 3.5 |8894.2 5.31e3 5.0
(0.809, 0.809) iPSPR | 9706.1 4.86e2 5.5 |5250.0 1.44e3 3.0 | 5667.2 2.88¢3 3.2 | 8094.9 4.80e3 4.6
(0.809, 0.809) sPSPR | 10058.7 5.47e2 5.7 | 5388.7 1.60e3 3.1 | 6240.7 3.19¢3 3.6 | 8960.9 5.31e3 5.1
(0.618, 1.000) iPSPR | 9722.5 4.86e2 5.5 |5245.5 1.44e3 3.0 | 56944 2.88¢3 3.2 | 8124.6 4.80e3 4.6
(0.618, 1.000) sPSPR | 10074.1 547e2 5.7 | 5392.1 1.60e3 3.1 | 6261.2 3.19e3 3.6 | 9007.0 5.31e3 5.1
(0.000, 1.618) iPSPR | 10216.2 5.37¢2 5.8 | 5511.2 1.60e3 3.1 | 6602.8 3.19e3 3.8 | 9583.0 5.31e3 5.4
(0.000, 1.618) sPSPR | 10264.2 547¢2 5.8 | 5517.4 1.60e3 3.1 | 6605.5 3.19e3 3.8 | 9583.1 5.31e3 54
(0.000, 1.000) iPSPR | 13521.7 4.05e¢2 7.6 | 7761.5 1.20e3 4.4 | 5967.7 2.39e3 3.4 |7667.3 3.98¢e3 4.3
(0.000, 1.000) sPSPR | 14513.1 547¢2 8.2 | 8041.4 1.60e3 4.6 | 7311.9 3.19e3 4.2 |9930.7 b5.31e3 5.6
(0.500, 0.500) iPSPR | 13308.9 4.05e2 7.5 | 7724.5 1.20e3 4.4 |5728.7 2.3%3 3.3|7265.2 3.98¢e3 4.1
(0.500, 0.500) sPSPR | 14336.6 5.47¢2 8.1 | 7964.6 1.60e3 4.5 | 7097.4 3.19e3 4.0 | 9540.8 5.31e3 54

Table 6.2: The results for m = 2000, n = 2000 over 50

runs. The CPU time is in seconds.

£ =0.10 £ =0.30 B =10.50 B =1.00

(o, ) method iter r o t(s) iter r o t(s) iter r o t(s) iter r o t(s)
(0.950, 0.950) iPSPR | 21924 2.18¢2 3.2 | 1012.0 4.43e2 1.5 | 1240.6 7.22¢2 1.8 2328.8 1.43e3 34
(0.950, 0.950) sPSPR | 2357.0 3.83¢2 3.4 |1121.2 5.22¢2 1.7 | 1309.0 7.66e2 1.9 | 24174 1.48e3 3.5
(0.900, 1.000) iPSPR | 2192.8 2.18¢2 3.2 | 1012.2 4.43e2 1.5 | 12409 7.22¢2 1.9 2329.3 1.43e3 34
(0.900, 1.000) sPSPR | 2357.3 3.83¢2 3.4 |1121.4 5.22¢2 1.7 | 1309.2 7.66e2 2.0 | 2417.9 1.483 3.5
(0.900, 0.900) iPSPR | 2294.6 2.17e2 3.3 | 1028.0 4.32¢2 1.5 | 1226.5 7.04e2 1.8 | 22741 1.39e3 3.3
(0.900, 0.900) sPSPR | 2474.9 3.83¢2 3.6 | 1146.1 5.22¢2 1.7 | 13245 7.66e2 2.0 | 2423.7 1.483 3.5
(0.800, 1.000) iPSPR | 2295.3 2.17¢2 3.4|1028.4 4.322 1.6 | 1227.1 7.04e2 1.8 |2276.1 1.39e3 3.3
(0.800, 1.000) sPSPR | 2475.5 3.83¢2 3.6 | 1146.8 5.22¢2 1.7 | 1325.2 7.66e2 2.0 | 2425.9 1.48e3 3.5
(0.809, 0.809) iPSPR | 2509.4 2.14e2 3.6 | 1074.5 4.13¢2 1.6 | 1201.1 6.7le2 1.8 |2170.0 1.33e3 3.2
(0.809, 0.809) sPSPR | 27224 3.83¢2 3.9|1201.1 5.22¢2 1.8 | 1351.8 7.66e2 2.0 | 2437.7 1.48e3 3.5
(0.618, 1.000) iPSPR | 2511.7 2.14e2 3.6 | 1075.4 4.13¢2 1.6 | 1204.1 6.71e2 1.8 | 2177.7 1.33e3 3.2
(0.618, 1.000) sPSPR | 2724.1 3.83¢2 3.9 | 1202.5 5.22¢2 1.8 | 1354.7 7.66e2 2.0 | 2445.8 1.48e3 3.6
(0.000, 1.618) iPSPR | 2541.2 2.20e2 3.7 | 1138.7 4.53¢2 1.7 | 1366.0 7.40e2 2.0 | 2547.4 1.47e3 3.7
(0.000, 1.618) sPSPR | 2733.0 3.83¢2 3.9 | 1228.7 5.22¢2 1.8 | 1406.8 7.66¢2 2.1 | 2571.5 1.48e3 3.7
(0.000, 1.000) iPSPR | 3737.8 2.05¢2 5.4 | 1551.7 3.50e2 2.3 | 1242.2 5.60e2 1.8 | 1910.1 1.10e3 2.8
(0.000, 1.000) sPSPR | 4152.4 3.83e¢2 5.9 | 1649.0 5.22¢2 2.4 | 1542.5 7.66e2 2.3 | 2559.0 1.48e3 3.7
(0.500, 0.500) iPSPR | 3716.2 2.05¢2 5.3 | 1546.0 3.50e2 2.3 | 1213.4 5.60e2 1.8 | 1831.6 1.10e3 2.7
(0.500, 0.500) sPSPR | 4137.3 3.83¢2 5.9 | 1637.5 5.22¢2 24 |1509.1 7.66e2 2.2 | 2481.4 1.48e3 3.6
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Table 6.3: The results for m = 2000, n = 4000 over 50 runs. The CPU time is in seconds.

B =0.08 B =0.15 B =0.25 B =0.50

(a,7) method iter rot(s) iter r o t(s) iter root(s) iter r o t(s)
(0.950, 0.950) iPSPR | 905.6 3.71e2 3.0 | 672.0 4.24e2 2.3 831.3 5.65e¢2 2.8 | 1657.8 1.06e3 5.4
(0.950, 0.950) sPSPR | 1207.2 7.03e2 4.0 | 1103.8 7.39e2 3.7 | 1233.3 8.09¢2 4.1 | 1813.6 1.15e3 5.9
(0.900, 1.000) iPSPR | 905.7 3.71e2 3.0 | 672.0 4.24e2 2.3 831.4 5.65e2 2.8 |1657.9 1.06e3 5.4
(0.900, 1.000) sPSPR | 1207.2 7.03e2 4.0 | 1103.9 7.39e2 3.7 | 1233.3 8.09¢2 4.1 | 1813.7 1.15e3 5.9
(0.900, 0.900) iPSPR | 943.5 3.70¢2 3.2 | 681.6 4.21e2 2.3 812.2 5.54e2 2.8 ]1615.6 1.03e3 5.3
(0.900, 0.900) sPSPR | 1234.3 7.03e2 4.1 | 1103.9 7.39¢2 3.7 | 1231.0 8.09¢2 4.1 | 18153 1.15e3 6.0
(0.800, 1.000) iPSPR | 943.7 3.70e2 3.2 | 681.7 4.21e2 2.3 812.3 5.54e2 2.8 ]1616.2 1.03e3 5.3
(0.800, 1.000) sPSPR | 1234.5 7.03¢2 4.1 |1104.4 7.39¢2 3.7 | 1231.3 8.09¢2 4.1 | 1816.0 1.15e3 6.0
(0.809, 0.809) iPSPR | 1029.0 3.68¢2 3.4 | 706.1 4.14e2 24 779.1 5.34e2 2.7 | 1537.7 9.86e2 5.1
(0.809, 0.809) sPSPR | 1294.0 7.03¢2 4.3 |1108.9 7.39e2 3.7 | 1226.0 8.09¢2 4.1 | 1817.5 1.15e3 6.0
(0.618, 1.000) iPSPR | 1029.6 3.68¢2 3.4 | 706.8 4.14e2 24 780.9 5.34e2 2.7 | 1540.7 9.86e2 5.1
(0.618, 1.000) sPSPR | 1294.5 7.03¢2 4.3 |1109.9 7.39¢2 3.7 | 1227.7 8.09¢2 4.1 |1820.4 1.15e3 6.0
(0.000, 1.618) iPSPR | 1035.6 3.73e2 3.5 | 731.1 4.28¢2 2.5 876.7 5.77e2 3.0 | 1764.3 1.09e3 5.8
(0.000, 1.618) sPSPR | 1300.3 7.03e2 4.3 | 1125.7 7.39e2 3.7 | 1256.0 8.09¢2 4.2 | 1876.5 1.15e3 6.2
(0.000, 1.000) iPSPR | 1594.1 3.61e2 5.2 927.6 3.95e2 3.1 | 759.7 4.74e2 2.6 | 1300.8 8.25e2 4.3
(0.000, 1.000) sPSPR | 1727.8 7.03¢2 5.7 | 1232.1 7.39e2 4.1 | 1223.3 8.09¢2 4.1 | 1847.1 1.15e3 6.1
(0.500, 0.500) iPSPR | 1589.2 3.6le2 5.2 922.7 3.95e2 3.1 | T47.5 4.74e2 2.6 | 12644 8.25e2 4.2
(0.500, 0.500) sPSPR | 1724.1 7.03e2 5.7 | 1224.8 7.39e2 4.1 | 1205.5 8.09¢2 4.0 | 1810.6 1.15e3 6.0

Table 6.4: The results for m = 2000, n = 8000 over

50 runs. The CPU time is in seconds.

5= 0.04 5 =007 B =015 5 =0.30

(o, ) method iter root(s) iter r t(s) iter root(s) iter root(s)
(0.950, 0.950) iPSPR 889.6 6.80e2 6.6 | 759.9 6.95¢2 5.7 | 861.4 7.55e2 6.4 |1236.9 1.05e3 9.1
(0.950, 0.950) sPSPR | 1487.6 1.34e3 10.7 | 1556.1 1.36e3 11.2 | 1658.1 1.40e3 11.9 | 1819.2 1.52¢3 13.1
(0.900, 1.000) iPSPR 889.7 6.80e2 6.6 | 760.0 6.95¢2 5.7 | 861.5 7.55e2 6.4 |1236.9 1.05¢3 9.1
(0.900, 1.000) sPSPR | 1487.6 1.34e3 10.7 | 1556.2 1.36e3 11.2 | 1658.1 1.40e3 11.9 | 1819.2 1.52e3 13.1
(0.900, 0.900) iPSPR 9139 6.80e2 6.9| 761.9 6.94e2 5.7 | 854.8 7.5le2 6.4 | 1210.7 1.03e3 8.9
(0.900, 0.900) sPSPR | 1488.1 1.34e3 10.9 | 1550.8 1.36e3 11.2 | 1655.9 1.40e3 11.9 | 1819.2 1.52e3 13.1
(0.800, 1.000) iPSPR 9139 6.80e2 6.9 | 762.0 6.94e2 58| 8549 7.5le2 6.4 | 1211.0 1.03e3 9.0
(0.800, 1.000) sPSPR | 1488.3 1.34e3 10.9 | 1550.9 1.36e3 11.3 | 1656.0 1.40e3 12.0 | 1819.6 1.52e3 13.2
(0.809, 0.809) iPSPR 968.8 6.79¢2 7.2 | 770.7 6.93e2 58| 842.1 T7.44e2 6.3 | 1164.0 9.89e¢2 8.7
(0.809, 0.809) sPSPR | 1497.5 1.34e3 10.8 | 1539.4 1.36e3 11.2 | 1650.8 1.40e3 12.0 | 1819.0 1.52e¢3 13.2
(0.618, 1.000) iPSPR 969.2 6.79¢2 74| 771.2 6.93¢2 58| 8429 T744e2 6.3 | 11654 9.89¢2 8.6
(0.618, 1.000) sPSPR | 1497.7 1.34e3 10.2 | 1539.8 1.36e3 11.2 | 1651.7 1.40e3 12.0 | 1820.6 1.52¢3 13.2
(0.000, 1.618) iPSPR 972.6 6.8le2 73| T779.9 6.96e2 59 | 8739 7.5%2 6.6 | 1289.3 1.07e3 9.5
(0.000, 1.618) sPSPR | 1501.2 1.34e3 11.0 | 1546.2 1.36e3 11.2 | 1664.1 1.40e3 12.0 | 1845.1 1.52e3 134
(0.000, 1.000) iPSPR | 1406.3 6.76e2 10.9 922.8 6.87¢2 6.9 799.3 7.25¢2 6.1 |1030.0 8.76e2 7.7
(0.000, 1.000) sPSPR | 1732.8 1.34e3 13.2 | 1500.3 1.36e3 11.0 | 1625.9 1.40e3 11.8 | 1825.7 1.52e3 13.3
(0.500, 0.500) iPSPR | 1403.0 6.76e2 11.0 919.9 6.87¢2 6.9 | 790.6 7.25e2 6.0 | 1014.0 8.76e2 7.6
(0.500, 0.500) sPSPR | 1730.7 1.34e3 13.3|1496.1 1.36e3 10.9 | 1617.5 1.40e3 11.8 | 1809.7 1.52e3 13.1
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choice in the candidates for a + v € {1.618,1.8}; the third choice of 3 is the best in the candidates
fora+v=1.

The numerical results are presented in Tables 6.1 - 6.4. In the tables, “iter” means the averaged
iteration numbers, “r” denotes the proximal parameter in (6.5.4), and “t” means the CPU time in
seconds. From the tables, we can make the following observations. Firstly, iPSPR always performs
better than sPSPR. In particular, for n = 4000, 8 = 0.15 and n = 8000, 8 = 0.07, iPSPR can bring
about a 40% to 50% reduction in the number of iterations and the CPU time over the sPSPR. For
n = 1000 and 2000, iPSPR with large sum a+~ performs only slightly better than sPSPR with the
same o« and 7. This might be because 3BT B takes a major part in computing r and the parameter
7 of iPSPR is near to 1 in this case. Secondly, iPSPR (resp. sPSPR) with o = v performs slightly
better among the choices of a and 7 with a fixed sum. Thirdly, a large a++ sum (near to 2) always
performs better than a small sum for a relatively small 3, while a small sum works better than a
large sum for a relatively large 8. However, if we choose the best 5 (the corresponding results are
marked in bold in each table) for each v and ~y, we can see that iPSPR (resp. sPSPR) a large av+
sum always performs better than iPSPR (resp. sPSPR) with a small sum.

6.6 Conclusions

In this chapter, we proposed a modification of the Peaceman-Rachford splitting method by
introducing two different parameters a and = in updating the dual variable, and by introducing
indefinite proximal terms to the subproblems in updating the primal variables. We established
the relationship between the two parameters o and v and proved the global convergence of the
algorithm under some requirements on the proximal matrices S and T. Moreover, we provided
a specific construction of the proximal matrix 7" and discussed the detailed performance for the
variant parameters « and 7, which can unify several existing results. We also analyzed the o(1/t)
sublinear rate convergence in the nonergodic sense. Finally, we reported some preliminary numerical

results, indicating the efficiency of the proposed algorithm.



Chapter 7
Conclusion

In this thesis, we have proposed two proximal type splitting methods for the structured convex
optimization problems with linear constraints. One is the alternating direction methods of
multipliers (ADMM), and the other is the Peaceman-Rachford splitting methods (PRSM).

The results obtained in this thesis are summarized as follows.

(a) In Chapter 3, we have proposed a proximal ADMM whose regularized matrix in the proximal
term is generated by the BFGS update (or limited memory BFGS) at every iteration. This
method turned out to be the variable metric semi-proximal ADMM (VMSP-ADMM). We
have shown that the update formula for the positive semidefinite proximal matrices follows
Ty = B,—M, where M = V2 _Ls(z,y,)\) and By, is generated via the BFGS update. We have
proved that By = M for global convergence, which also means T}, to be positive semidefinite.
These types of matrices use second-order information of the objective function, which can
speed up the convergence compared with the classical proximal ADMM on the numerical

view .

(b) In Chapter 4, for solving more general optimization problems, we have extended the proposed
proximal ADMM in Chapter 3 for two general convex problems and further extended the
proximal terms by the Broyden family update. For the generic variable metric semi-proximal
ADMM, we have also shown the global convergence under the standard assumptions on the
proximal matrices. In the numerical experiment, we have implemented the standard ADMM

and proximal ADMM and then observed good performance of the proposed method.

(c) In Chapter 5, we have considered a variable metric indefinite proximal ADMM (VMIP-
ADMM) which can allow a larger stepsize and can unify several existing ADMMSs. We have
presented sufficient conditions on the indefinite proximal matrices for the global convergence.
Moreover, motivated by the previous two chapters, we have provided a construction of the
indefinite term via the BFGS update as T, = By — M, where By, is generated by the BFGS
update with respect to 7M, 7 < 1. We have also shown that this construction of the proximal
term satisfies the above conditions for the global convergence property when 7 € (0.75,1).

Finally, we have examined the behavior of the proposed method by the numerical experiments



118

Chapter 7. Conclusion

on real-world datasets and synthetic datasets. The results all demonstrated that our proposed
variable metric indefinite proximal ADMM outperforms most of the comparison proximal
ADMMs.

In Chapter 6, we have focused on another splitting method for minimizing a convex
optimization problem with a separable objective function and linear constraints, which is
called the Peaceman-Rachford splitting method (PRSM). We have extended the strictly
contractive Peaceman-Rachford splitting method by using two different relaxation factors.
Besides, motivated by the recent advances on the ADMM type method with indefinite
proximal terms, we have employed the indefinite proximal term in the strictly contractive
Peaceman-Rachford splitting method. We have shown that the proposed indefinite-proximal
strictly contractive Peaceman-Rachford splitting method is convergent and also proved the
o(1/t) convergence rate in the nonergodic sense. The numerical tests on the [ regularized

least square problem have demonstrated the efficiency of the proposed method.

As we summarized above, we have made several contributions to the splitting methods for

the separable optimization problems. However, there are many problems that remain unknown.

Finally, we discuss some future research topics based on our current achievements.

Regarding the separability of the objective functions which ADMM can be used, the advantages

of ADMM are numerous: 1. it allows a linear scaling as the data is processed in parallel progress;

2. it does not need gradients steps; 3. it is resistant to poor conditioning. However, there are still

several challenges that should be overcome to spread the uses of ADMM.

(a)

Considering that the main task in the splitting methods is to solve the x- or y-optimization
problem, solving them in an inexact manner may improve the efficiency of the algorithm.
The approximate version with practical accuracy criteria is one of our future research topics.
On the other hand, the parameters of the primal and dual problems are essential to the
efficiency of the algorithm, which should be variable along with the iteration. Allowing the
parameters varying with the process of the iterate may give us the freedom to choose them

in a self-adaptive manner. It is interesting to study such suitable updating rules.

In this thesis, some variants of ADMM for the convex optimization problems have been
studied to improve the implantations. Considering the good performance of the ADMM in
many machine learning applications, efficient ADMM-based methods are desired. A typical
machine learning problem consists of a combination of linear and nonlinear constraints, which
make the optimization problem be nonconvex. The general analysis of convex functions is
not enough. For a nonconvex problem, classical ADMM could be used. Some additional
assumptions should be included to guarantee its global convergence. Developing an improved

and efficient ADMM with better global convergent conditions is a challenging topic.
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