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Norm Inequalities and
Geometry of Banach Spaces

PRSI AEIR T 2ER  mA&3Ri (Yasuji Takahashi)

Department of System Engineering, Okayama Prefectural University

We consider some generalizations of Clarkson type inequalities in the general Banach
space setting, and investigate several geometrical properties of Banach spaces in terms
of these inequalities. The obtained results complement, unify and generalize several
classical and some recent results of this type.

INF o NZER DA OFSIEIE, J.A.Clarkson (7] 12k B—t&kiEDOBERITE
TS, L, 22 O—iFMEDS Clarkson REREANWTIEHA SN 1T, =M ORTE
KMEOZ I/ VAAREREANWTEERENS. £D%, M.M.Day [11], R.C.James
[20,21] 72 T & DR A IR EMEEINEA SN, N5 QRO CHE DRRL
ENERITHE I NS (e.g.,¢f[2,6,12,14,34,35,36,39,43,49,68]). /NF v NZEE] DERMIE
MR DIRZEIT, AT ZORRA IR EICB W TEARN BB CER 2Bt LICHE® S
LEETHS. #h, 7 NVERREROMSE (KREO®ER, FOEBREHES) I
BEE L CTEA INHEETH 2 Beck DIt Rademacher (or stable) type-cotype 72 &
1, NN EORERRIEDIFFEEDAIR 5T, NFuNERO—BEROWFRICHNT
HAAIRDBE & 755 TS (cf.[2,3,34,37,44,48)). 1973 4, P.Enflo [13] I LERIOHEE
(approximation property) % % 7=/2 WA 72N F w NEHOFEERL, Grothendieck
48 & Banach ORIRE%E (BENC) FRIR LA, O, EROEIZEHMELIOEE
2HDOEDILINFTuNGERNE, type-cotype DEAMN SBED 2 LMD T EIL)L MZ2R]
ITIEWEE 2 D I EAVRENT (cf Szankowski [52]). BIETIX, W.T.Gowers(1998 4
74—V AEZE) ITX ONFuNERFRO—EORELARME EEALESHEE, 8
SETHRSRE, Schroeder-Bernstein FRE, 8/\NF v/ \ZEHEIRESS) Mk S N, INFwN\Z2
Rz ORI 2 X T 7 (cf [58,59]). &2 AT, Clarkson A%\ (CI) DAFFEIZ
13, EERRIEERE S A0, (CL) 23RALY 5 BAN BT OF 25 2 L5738
DBEMST=h, —DINF 9 NZER X IZBWT (CL) 2L, EN% type-cotype
FRER & ORE THZE L 7~ DI1E M. Milman [39] SRFIO LS TH 3. (Cl) 2EARH
BOEE s S Bk T 2 R D Littlewood 175D J IV AFHMETH 0, £ T 5 2SR O
SRR (—RRIEE) NEMAND. £, (Cl) 2RERHBNE M SHDNIT 2 ERD
type-cotype FERTH D, £ I 5 ZEHE D type-cotype WE NS, /M@ T, —
MEDINTF N2 X IZHB T Clarkson RET (CI) ZETYELL, BREONTA—-FIT
95 (CI) D—bDBE, TS ORFRNEHW/NT v /NZER] X ORAZAEE
DRV, R, X OFMEE D Lebesgue-Bochner 28 L, (X) NDi#{GIER &2 4EM
35 (cf.[26,28,29,30,53,54,56,57,63]). F/z, L, ZMITHISN TS Clarkson A%
3\ (Kato [23]), Random Clarkson %X, (Tonge [67]), type-cotype AER/Z EAY, —#KR
DNF I NERNTBNWT (Cl) NEENMND Z L ERT. INSOERIZLD, BEKR
RE%(Z=M (Sobolev 22/, Besov ZEf#, Triebel-Sobolev Z¢fH%; e.g., cf.[9,10]) THISNT
NWDKRZ IR R —BNTENN D &3R1T, BRA R RIHNEE O 7= R SO AE
5, EEEOHEOBEBRBHLMNIR K. 2B, I TR HEROKREF I
FEREEC (UNTEEKRSE) LOREMRICLDIBDTHS.
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1. Clarkson inequalities Let 1 <p <2and1/p+1/p'=1. Then for X = L,
or Ly the following inequalities hold:

T ' z — gyl \ P

(1) (“ *y“p;f“ l ) < (lefr + wiPy vz, ye X,
T p T —1 p 1/11 ’ / /

2) (BB ™ s (ol + iy vayex

Clarkson [7] OF U P FIVIERERIIANT E8DHBA, Wihd LD 2 DDOFR
EXNSEMND. (1) 5 X O—RREFEEIENMN, (2) 15 X O—RMENENN S
DTHBH, Fid, (1) & (2)IBEETHS. LHLENS, 215 2 DORERIIEBRD
type-cotype RENEDBIR T, ENTHOEKREDLDEEZ SND. —RODINF v /\2%2
F X IZ8BWT, (1) Z (p,p')-Clarkson FEREE S, FiZp=2DEE, (2,2)-Clarkson
AERIPREE ERETH D, TN B DT EIL)) RZEEICRR S (cf.[22]). 72
B, p=1D&ZE, (1)IEBD/INF NI TRILT 3.

PR, X3 1Rl EDNFuNZEREL, X132 DR 22/ (dual space) 2T
BODOETSD. X OBENIRE SRRk ZE

Sx ={z € X;|lzll =1}, Bx = {z € X;||e| < 1)

TR, X ORTEIMEENL, Sx HDWI By OFIRTREENS. £, 1<p,q,71,... <
o iU, 1/p+1/p=1/¢g+1/¢d =1/r+1/r"=.=1&TF5.

%79, (p,p')-Clarkson RERDFRILT B/NF wNER X It L, FDIZE™ X*,
Lebesgue-Bochner 28 L, (X) TRIERDAEREZEEE T 5 (cf.[29,54]).

2. Proposition Letl <p <2 andl/p+1/p' =1. Then, (p,p')-Clarkson inequality
holds in X if and only if it holds in X*.

ZDFERMS L, ZZENC BT S Clarkson FERUT, 1< p\ < 2 DBFITOHFEHATH
kN &0 5.

3. Theorem Letl <p <2 andletl <r < oo. If (p,p')-Clarkson inequality
holds in X, then (t,t')-Clarkson inequality holds in any Lebesque-Bochner space L.(X),
where t = min{p,r,r'}.

4. Corollary Let 1 <t<p <2, andletp <r <yp'. If (p,p')-Clarkson inequality
holds in X, then (t,t')-Clarkson inequality holds in any Lebesgue-Bochner space L, (X).

N5 DERNDS, Ly, ZEH, Sobolev 22 W)(Q), Besov ZEfH] B, 4, Triebel-Sobolev
25 Frq, Ly M8 L, 250 L,y (L) 72 ETH 5TV S Clarkson RERITIH—HNCEMI NS
(cf.[7,9,10,40]). RIT, n BRNDOHIETH B type-cotype FrERZ BT 5.

5. Type p and cotype ¢ inequalities Let 1 <p<2and 1/p+1/¢=1.

n a\ /¢
Z Gja;,- )

n l/p
B (53 < M(Tlalp) Vo mex
0,‘::1:1 j=1 =1
1 ng o\ l/p 1 n l/q
(4) (—2-;; Z Zﬂjz‘j ) > —M(Z ||:c,||‘1) Viy, - -, 2, € X.
gjzj:]_ j:l j-_-]-
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X is called of type p, resp., cotype ¢ if there is M > 0 suct that (3), resp., (4)
holds in X. It is known that if (3) holds in X, then (4) holds in X*, but in general the
converse is not true. It is also known that if X is B-convex, then X is of type p if and
only if X* is of cotype q (cf.[2,34,44,48]). Note that any Banach space is of type 1 with
M =1, and X is B-convex if and only if it is of type r for some r > 1.

6. Theorem Letl <p<2andl/p+1/p =1. If (p,p')-Clarkson inequality
holds in X, then type p and cotype q inequalities (3), (4) holds in X with M = 1, where
qg=7p'. (In this case, (8) and (4) are eguivalent.)

FHE6EZLOKBIZEDE, M=1,¢g=p DEE, (1)05 (3) N&Ehh, (2) 0
5 (4) BNEMND. ZOTEHEEAND &, BARRRBIREEM PRI ZER/2 £ T type p,
cotype g (type-cotype EHK 1) ZRL7=NWE &L, Clarkson FEXZIEHTNEI N
T2, BARREIRZRi0S | 2= THE X /s type-cotype IZBET 5% < DRER
13 Clarkson AERN SENND T LITARD.

7. Theorem (Clarkson-Boas-Koskela type inequality) Let1 <p <2 and
let 1 <r,s <oo. If (p,p)-Clarkson inequality holds in X, then for all z,y € X

(CBKx) (lz +yll” + llz = y[I*)* < 220D (|lz|” + JylI")"
holds, where
1/r+1/s=1/p if (i) p<r<oo,1<s<yp,
c(r,s;p) =4 1/s if (ii)1<r<p 1<s<r,
1/r if (iii) 8 <7 <00, p' <5< 0.
EH 713 Clarkson RERD/XT A—FIHTLH—RETHS. X =Lyor Ly (1<
p <2)DEE, BOMNKERIL Boas [5], LILOMRIT Koskela [32] AVRL . Fz,
N5 A—F IS B H 25 —R{LA Maligranda-Persson [35] IC K DESNTNWS. —

BONFwNEMIIBNT, NITA-FDERDLZ—RILDFRETH S (cf. Kato-Persson-
Takahashi [26]).

8. Definition Let A, = {&;;} be the Littlewood matrices, that is,
1 1 A, A,
Al‘(1 —1)’ A"“_(An —An)'

9. Theorem (Generalized Clarkson’s inequality) Let1l < p < 2andl <
r,8 < oo. If (p,p')-Clarkson inequality holds in X, then for any positive integer n and
forall x1,25,...,29n € X,

1/r

on on s ]./S gn
(S Semf} <o {Sper} .
i=1 =1 j=1

where c(r, s; p) is the same as in Theorem 7.
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T 913 Clarkson RERD/NT A —¥ ROBEZRKICH T 58O — LT, —K&
Clarkson R (GCI) EIFENTWS. n=10D&E, (GCI) I (CBKy) &FAETH 3.
X=LyorLy (1<p<2)D&&E, (GCI)IdKato [23] ITL>TrIN/i. EHIIZIE
KRB n ICBIT DIRME TSI N, (r,5) = (p,p)) DEEDVAREKTH S (cf.[26]).

EHE I, 1T8IDT 2V IVED /) )V LFHIZEE S 2 ROERMN 5 HEFA X5 (cf Takahashi-
Kato [61]).

10. Theorem Let X be any Banach space and 1 < p < q¢ < oo. Then for any
m X n matriz A and r X s matriz B

|46 B: () - 67 (X)) < 1A : £(X) = X)IB : £(X) - (X))
Here A ® B is a tensor product of matrices A and B, that is,

anB v alnB
A®B = : : (mr x ns fT5)
amB - am,B

G. Bennett [4] 1ZAHS5—+ r—AOBPEITEHE 10 Z3EA L7z, FH 10 iZ Littlewood
THIEERAT 5 EFEEINFHATES.

11. Theorem (Random Clarkson inequality) Letl1 <p<2andl <r, s < oo.
Let n be any positive integer and let A = (a;;) be an n X n matriz whose coefficients
are independent identically distributed random variables taking the values £1 with equal
probability. If (p,p')-Clarkson inequality holds in X, then for all z1,Zy, ..., TpinX

n n s /s n r
E(S]Swn]) <non (Shar)
i=1 j=1 ji=1

where c(r, s;p) is the same as in Theorem 7.

FH 11I13EHE 6 2R W TAH X NS (cf.Takahashi-Kato [53], see also [26]). X = L,
or Ly (1 <p<2)D&E, BEUOKREMN Tonge [67] ITK> TRENZA, £TOIERAIC
1Z Bennett [4] DR E R W2 DRE O ERNE EN TN TAZEZRHDTH >
fo. BEETIE, X0—BRONFUNEETREDEREZRLZ. 728, X 2itypep D
{REDHT, Tonge [67] LFEKRDERERYT Z LNAIRETH 5.

12. p-uniformly smooth and ¢-uniformly convex spaces

A Banach space X is called g-uniformly convezr (2 < g < o) if there is C > 0 such
that dx(€) > Ce? for all 0 < € < 2. X is called p-uniformly smooth (1 < p < 2) if there
is K > 0 such that px(7) < K7P for all 7 > 0. It is well-known that X is p-uniformly
smooth if and only if X* is g-uniformly conver, where 1 < p < 2 and 1/p+1/¢g = 1.
Note that any Banach space is 1-uniformly smooth with K = 1. X is called uniformly
convez if §x(€) > 0 for all 0 < € < 2, uniformly smooth if px(r)/7 = 0 as 7 — 0, and
uniformly non-square if 6x(g) > 0 for some 0 < € < 2. Here, 6x(€) resp. px(7) is the
modulus of convexity, resp., smoothness of X, that is,
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Sx(e) =1inf{l —|l(z +9)/2l;; |z -yl >¢, 2, ye Bx} (0<e<2)
px(r)i=sup {3l +all + o =)~ 5 el =1, Il <7} (7> 0)

13. Theorem (p-uniform smoothness) Letl <p<2andl <s < . The
following are equivalent.

(1) X 1is p-uniformly smooth.

(ii) There exists K > 1 such that

o+ ulls + o — ulls\ /® 1
) (el e msl) ™ < (aip+ iacupys vo, e x

If p < s < 00, in addition:
(i) There exists K > 1 such that

(6) (51; > i:aﬂ'j

g,=+11 j=1

i/p

s\ L/s n
) < (nwluuZan,-np) Von,- e o € X,
j=2

Note that if (5) holds in X with K > 1, then (6) holds in X with the same constant
K>1.

FHE13IZBWT, s=p' £T5L(5) & (6)IIACER K THRILT S Z &ITRD, &
WK =108%4, (5)1d(p,p)-Clarkson RERXTH D, (6) i type p AEIX (type B
1) THB. 2B, 1<s<p TH2>TH (i) & (ii)) (XABETH 24, TOEE (i) D
E K LR T HD LIRS 720 (cf. Takahashi-Hashimoto-Kato [63]).

14. Corollary Let 1 <p < 2. If (p,p')-Clarkson inequality holds in X, then (3)
holds in X with M = 1, that is, X is of type p with type p constant 1.

15. Theorem (g-uniform convexity) Let2 < g < oo andl <t < co. The
following are equivalent.

(i) X is g-uniformly conves.

(i1) There exists 0 < C < 1 such that

z+yllt + llz — yllt\ Yt ‘
@ (e =vB) ™ g+ hoine va,ve x.

If1 <t <gq, in addition:
(iii) There exists 0 < C <1 such that

(8) (2% > 2": 0z;

g;=%1" j=1

/e

t\ 1/t n 1
) > (nxlnq +ch%-uq) Vor, g € X,
j=2

Note that if (7) holds in X with 0 < C < 1, then (8) holds in X with the same
constant 0 < C < 1.
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FEISIZBNT, t=p,1/p+1/g=1&T2&(7) & ®)IZRICER C TRILT S
CEITRD, HITC =108, (7)13(2) LFEETHD, (8)idcotype ¢ A (cotype
ERL) TH3. 2B, t>q TH>Th (i) & (i) 1IFFETH 228, D& =13 (i) D
FERC ERUHDENIRR 5720 (cf.[63]).

16. Corollary Let 1 <p < 2. If (p,p')-Clarkson inequality holds in X, then (4)
holds in X with M = 1, where ¢ = p', that is, X is of cotype q with cotype q constant 1.

17. Theorem (p-uniform smoothness and g-uniform convexity for L,(X))
(i) Let 1 <p <2 and p <1 < s. Then p-uniform smoothness inequality

(9) (Hﬂynu = - yil*

1/s .
! ) < Ul + Ky v yex

holds in X if and only if it holds in L.(X) with the same constant K > 1.
(1t) Let 2 < g < oo and 1 <t < r < q. Then q-uniform convezity inequality

(10)

Om+yW+Hw—MP
2

1/t
) > (2|7 + [yl Vo, y e X

holds in X if and only if it holds in L,.(X) with the same constant 0 < C < 1.

FEHITIZBANT, s=p,K=1&F%&, (i) (p,p')-Clarkson RERD Lebesgue-
Bochner Z#f] L, (X) NOBEHEERT (cf. % 4). ]

18. Theorem (duality) Let1<p<2,1<s<ooandl/p+1/g=1/s+1/t=1.
Let 1 < K < o00. Then

1 0 s\ 1l/s n 1/p
(11) <§—T: Z Z(r’jwj ) < (1|w1||p+ZI|Ka;ij> for X
9;==£1" j=1 j=2
implies
1 n t\ 1/¢ n . i/yq
(12) (2— PRI ) > (nx:uuZuK- x;nq) for X
95::*:1 7j=1 j=2

If p < 5 < 0o the converse is true.

FEI1BIZHBNT, p<s<oonid(11), (12) SRUEHK K TRETHS. ¥,
n=2D&EEp>sTHo>TH, (11), (1) IXEACEK K TRETHS. 28, (11)
I X @ p-uniform smoothness, (12) {& X* @ g-uniform convexity Z5H O 5 AEXT
H5.

19. B-convexity and B,-convexity X is said to be uniformly non-¢} (or B,-
convez) provided there exists € (0 < € < 1) such that for all zy,...,z, € Bx there exist
g; (ej = £1) satisfying

llerzy + ... + ezl < n(l —¢),

where Bx denotes the closed unit ball of X. X is called B-conver if X is Bp-convex for
some n. It is well-known that X is B-convez if and only if it is of type p for some p > 1.
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20. Theorem Let R, be a 2" x n Rademacher matriz and 1 < p < co. For a
Banach space X the following are equivalent:

(i) X is By-conver.

(i) [|Rn: £2(X) = £7(X)]| < 2¢/Pnt/?.

(iii) For any (resp. some) r and s with1 <r < oo, 1 <5 < o0
IRy : £4(X) — £27 (X)) < 2nt/".

Here R, is defined by

R, = ( _i ) , Rn+1 = —%——-—' (TZ: 1,2...).

)

21. J-convexity, J,-convexity and super-reflexivity X is called J,-convez
provided there exists ¢ (0 < € < 1) such that for all z;,...,z, € Bx there exists k
(1 < k < n) satisfying

||(.L1 + ... -{-.’L'k) — (wk—l-l =+ ... +.’L‘n)H < n(l — E)

X is called J-convez if X is J,-convex for some n. It is clear that X is wuniformly
non-squre if and only if it is Jy-conver (By-convez). It is known that X is J-convez if
and only if it is super-reflexive (James [21]). It is also known that X is super-reflezive
if and only if X is uniformly convezifiable, that is, it admits an equivalent uniformly
convex norm (cf. Enflo [12]). Recall that X is super-reflerive provided every Banach
space Y which is finitely representable in X is reflexive. Here, Y is said to be finitely
representable (f.r.) in X if for any A > 1 and for each finite dimensional subspace Y; of
Y, there exists an isomorphism T of Y] into X for which

Azl < 1Tzl < Mlzl] Vzel
holds.

22. Theorem Let A, be an nxn admissible matriz and 1 < p < o0o. For u Banach
space X the following are equivalent:

(i) X is J,-convez.

(i) [[An: G(X) = GX)] <n.

(iii) For any (resp. some) r and s with1 <r < oo, 1 <s< 00

| An : £(X) = E(X)|| < nMot,
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Here A, is defined by

1 -1 ~1 - -1

1 ...
\1 -+ 1 1 1 )

23. Theorem Let X be a Banach space and 1 < r < p < s < 0co. Then for any
Lebesgue- Bochner space L,(X) and for any m X n matriz A = (a;;), it holds

14+ E(Lp(X)) = L3 (L (X)) < A2 £2(X) = £H(X))].

TEH 23 13N T w N2 X ORFAIEAIEE D Lebesgue-Bochner 28] L, (X)) ~\Diffn
MEBRITIREO THRATHS. TH20, TH2EZANTROBENELNS.

24. Corollary Letl < p < oo. Then:

(i) The Lebesgue-Bochner space L,(X) is uniformly non-square if and only if X 1s.
(i) Lp(X) is By-convez if and only if X is.

(iil) Lp(X) is Jn-convez if and only if X is.

(iv) Ly(X) is B-convez if and only if X is.

(v) Lp(X) is super-reflezive if and only if X is .

Z TR U 72#ERIE, Clarkson BIRERD—{b &2 S 2R/ N\ZE[H]
DORMAEFEE O/ OTICET2HDOTH 2. B, NEERHEE OUNTERS), =7
BEBK HRKD) , RBEWRK (LK) FLoHFEPFETIE, Hanner BAZER
D—(b &Z 5 % F 7= 2o OB DR OV}, von Neumann-Jordan &3,
James FEH, Schiffer T/ ED—{L & FN 5 2 W= BRI ORAFHEE OO
v, BIiZid, Hlawka RERDO—MMLS° absolute norm 72 EICBAT ML BIT o> TS,
INSITRIOEE TR I B TWEEE N CCHIBR) .
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