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1. INTRODUCTION

For the Hardy-Littlewood maximal operator M, Calderén-Zygmund operator T’
and fractional integral operator I,,, 0 < o < n, it is well known that

M:L'R") - L, (R"), M:L°(R")— [’(R"), 1<p< oo,
T:L}R") = L} (R™), T:IP(R") = LP(R®), 1<p< oo,
l<p<g<oo,
—n/p+a= _n/q)

These boundedness extended to several function spaces which are generalizations of

Iy: LMR™ = LY R"), I, : LP(R*) — LY(R™, {

LP-spaces, for example, Orlicz spaces, Morrey spaces, Lorentz spaces, Herz spaces,
etc.

For boundedness of M on Orlicz spaces L?(R"), Kita [10] (1997) proved a nec-
essary and sufficient condition on ¢ and ¥ for

M : L*(R") — L¥(R™).
Cianchi [3] (1999) proved necessary and sufficient conditions on ® and ¥ for
M,T, I, : L*(R") = LY. (R™),
M,T, I, : L*(R™) — L¥(R").
For boundedness of I, on Morrey spaces L»*(R™), see Peetre (Spanne) [18] (1969)

Adams [1], 1975 Chiarenza and Frasca [2] (1987), Nakai (1995). Chiarenza and
Frasca showed

M,T : IP*(R™) —» LP(R"),
I : LPM(R™) — LY (R").
The author studied boundedness of genaralized fractional integral operators on

Orlicz-Morrey spaces in [17]. Orlicz-Morrey spaces are useful to estimate genar-
alized fractional integral operators. In this paper we investigate boundedness and




weak boundedness of the Hardy-Littlewood maximal operator, singular integtral
operators and generalized fractional integral operators. We refine on the results in
[17].

2. DEFNITIONS

A function 6 : (0,400) — (0,+00) is said to be almost increasing (almost de-
creasing) if there exists a constant C' > 0 such that
6(r) < CO(s) (8(r) > CO(s)) for r<s.
A function 6 : (0, +00) — (0, +00) is said to satisfy the doubling condition if there

exists a constant C > 0 such that

- 6(r) 1

le /1« =

Cc—< 8 = C for 5

For functions 6, : (0,+00) = (0,+00), we denote 8(r) ~ (r) (8(r) = (r)) if
there exists a constant C > 0 such that

C'9(r) < k(r) < CO(r) (8(C'r) < K(r) < 6(Cr)) for 7> 0.

<l<a
S

Let Y be the set of all convex functions & : [0, +-00) — [0, +-00) such that &(r) > 0
for r > 0. If ® € ), then & is increasing, absolutely continuous and bijective.

For a measurable set 2 C R™, we denote the characteristic function of by xa
and the Lebsgue measure of Q2 by |Q|. For a measuralbe set Q@ C R, a measuralbe
function f and ¢ > 0, let

m(Q, f,t) = {z € Q: |f(z)] > t}].
In the case Q = R", we shortly denote it by m(f, t).
Definition 2.1 (Orlicz space). For & € Y let
L¥(R™) = {f € Lioc(R™) : [|fllze <+o00},

Hﬂhw=hﬂ{A>0:/;¢(U§dix51},
Lios(R) = {f € Lbe(R") : |fllzg,,, <+00},

Ifllze, , = inf {)\ >0: sup<I>(t)rﬂ(§,t> < 1} :

£>0
If &(r) =77, 1 < p < oo, then L*(R") = LP(R") and L2, (R") = L? .. (R™).
If &(r) < ¥(Cr), then L*(R™) > L¥Y(R") and ||f|lze < C||f|lv. If ® ~ ¥, then
L*(R™) = L¥(R") and ||f||ze ~ [|flLv.
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Let B(a,r) be the ball {z € R": |z — a| < r} with center a and of radius 7 > 0.

Definition 2.2 (Morrey space). For 1 < p < oo and 0 < A < n, let

LPA(Rn) = {f € Lloc( n) : ”f”LP* < +OO},
Iflzws = _sup ( /wavm)w
Le Be ’

Lz\;r’eak(Rn) = {f € Lloc(Rn) : ”f“L‘v’v':u.k < +OO} 3

*m(B, f,1)
A = sup Ssup———-.
Iz, = 5w sup =5

If A = 0, then LP*(R") = LP(R") and L?}, (R*) = L% (R™). If A = n, then
LPA(R™) = L®(R"™).

Let G be the set of all functions ¢ : (0,+00) — (0, +00) such that ¢ is almost
decreasing and ¢(r)r™ is almost increasing. If ¢ € G then ¢ satisfies doubling
condition.

Definition 2.3. For 1 < p < oo and a function ¢ € G,

L(p¢)(Rn) = {f € Lloc( n) : ||f“L(P¢) < +OO},

1/p
pe) = SU z)|Pdz ,
oo = sw2 (15557 [ 15@IP os)

LEA®™) = {f € LL(R™) : |Iflljgsy < +00},
t?Ym(B, f,t)
pd) = SUP SUPp ————— ",
Il = 500 520 TB[50)

If ¢(r) = 7™, 0 < A < n, then LPH(R") = [P*(R") and L&Y (R") =
Lp: a‘k(]:R’II.)

If p < g, then L®H(R™) > LA )R and ||f|lLee < |Ifl Lase/ry M (1) <
Cy(r), then LEA(R") c LE¥)(R™) and ||f||zee) = C~VP||fllLew)- If ¢ ~ 1, then
LEA(R") = LEA(R") and || f]l e ~ [|fllzow-

For ® € ), a function ¢ € G and a ball B = B(a,r), let

||fl|<b,¢,a—1nf{>\>0 |B|¢(r)/ (‘f( )da:Sl},

”f”q’,qb B,weak — = inf {)\ >0: S;l;g) (I)(t) IB(l.g,(f)//\,t) < 1} ‘




We note that

sup &(t)m(Q, f,t) = suptm(Q, f, &7 (t)) = supt m(Q, &(|f]), ?).
t>0 t>0 t>0

Definition 2.4 (Orlicz-Morrey space). For ® € Y and a function ¢ € G, let
L®OR") = {f € Ljoo(R") : [|fllzeer <+00},

| fll ey = sup | fll2,6,B;

LED®) = {f € L (B : |[fll gy <+0},

11l 000 = sup | f || 2,6,B,weak-

If & ~ ¥ and ¢ ~ ¢, then L®9(R") = L¥¥)(R™).
If &(r) = r?, then L(®9)(R") = L&H)(R") and L% (Rr) = LEA(Rn). If ¢(r) =
r~", then L®P(R") = L2(R") and L>%(R") = L2 _ (R"). If ¢(r) = 1, then

L@ (R") = L®(R"). If ®(r) = r? and ¢(r) = r*", then L(®¥)(R") = LPA(R").
A function ® € ) is said to satisfy the A,-condition, denoted ® € A,, if

®(2r) < C®(r), r2>0,
for some C > 0.
A function ® € Y is said to satisfy the V,-condition, denoted & € V,, if
1
< — >
o(r) < 2k<I>(Icr), r >0,

for some k£ > 1.
Let Y* be the set of all ® € Y with [ ®(t)t~2dt < +00. For & € Y+, let

Tt
<I>+(r)=r/0 _Z(Eldt’ r > 0.

Then &+ € Y and ®(r) < ®*(2r). If ® satisfies the V,-condition, then & € Y+
and ¢t ~ .

Example 2.1. Fore > 0and § > 0, let ® € Y with
o(r) = r(log(1/r))~<! for small r > 0,
~ | r(logr)? for large r > 0.
Then ® € Y+ and

r(log(1/r))~¢ for small r > 0,
r(log r)o+! for large r > 0.

Ot (r) ~ {
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Example 2.2. For l<p<oo,e € Rand d € R, let ® € Y with

o(r) = rP(log(1/r))~¢ for small r > 0,
~ | r*(logr)? for large 7 > 0.

Then & € V5 and 1 ~ .

For a function 6 : (0, +o00) — (0, +00), let

e*(r)=/0r@dt, 0*(r)=/r+°° 08) gz,

If 0 satisfies the doubling condition, then 8(r) < C#*(r) and 8(r) < CO.(r). If
6(r)r—¢ is almost increasing for some € > 0, then 8*(r) < CO(r). If 8(r)re is almost
dereasing for some € > 0, then 8,(r) < C4(r).

If $ € G and [ ¢(t)dt < +o0, then ¢* € G. If ¢ € G and [[*™ ¢(t) dt < o0,
then ¢, € G.

3. MAIN RESULTS

The Hardy-Littlewood maximal function of f € L] (R") is defined by

Mf@) = s [ 1wl

where the supremum is taken over all balls B containing z.
The following are our main results.

Theorem 3.1. Let ¢ € G and & € ). Then
M : L®O(R") - Lo (R™).
If ® € Y*, then
| M : LEY (R - LE(RM).
If ® € V,, then
M : L®DR") - LED(R").
Next let T' be a singular integral operator with a kernel K (z,y) which satisfies

(3.1) |K (z,y)| <

and, for f € Cg, (R™),

(52) 74@)= [ K@u)i@dy, aes¢sppf

m’ x,yER“,x:,éy,
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Theorem 3.2. Let ® € Ay, ¢, € G and f (6(¢))/tdt < +o00. Assume that
there exists a constant A > 0 such that

® (27" 0 ¢)u(r)) < AY(r), r>0.
(i) If T : L*(R™) — L2, (R"), then
T . [(2:9) (R™) - st‘z;f‘) (R™).
(i) If T : L*(R") — L®(R™), then
T : L®9(R") — L&¥)(R").
Remark 3.1. Since @' o ¢ satisfies doubling condition, ¢(r) = ®(®~! o ¢(r)) <
S(C(®7" 0 4)4(r)) < C'y(r) for all r > 0.
For a function p : (0, +00) — (0, +00), let

_ pllz yl)
Lf(z) = R"f( y) E YU e y|,,

We consider the following conditions on p:

(3.3) / p()dt<+

< Pls) 1 _s
(34) | 1 p(T) < A]_ for 5 < ,-r— < 2,
(3.5) _p;(:_) < Azilfz for s<r.

If p(r) = r*, 0 < @ < n, then I, is the fractional integral denoted by I,.

Theorem 3.3. Let ¢ € G, B,V € V. Assume that ¢ is bijective. If there ezists a
constant A > 0 such that

1 0 §(r)o"(r) + (0~ 0 $)p)u(r)
v ( A )

<¢(r), r>0,
then
I, : LOAR") - LD (R™).
If ® € Y* and there ezists a constant A > 0 such that
+3y-1 * +)-1
o (@O (@000 ¢y, 5

A
then
I,: L(®%9) (R™) — LY9)(R™).
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Moreover, if ® € V3, then
I, : L®9(R") —» LR,

Example 3.1. Let 0 < a<n,1<p<g<oo, ~1/p+a/(n— ) =-1/q,

p(r) =1,
O(r)=rP, Y(r)=r9,
3r) =,

Then ® € V, and
3L 0 ¢(r)p*(r) + (87" 0 §)p)u(r) ~ rO—M/pte = LO-mg,
We have
I IPA(RY) = LART),
This is the result of Adams [1] (1975).

Example 3.2. Let £: (0, +00) = (0, +00) satisfy the doubling condition and
or) = (log 1/7”)_1 for small r > 0,
B logr for large r > 0.

For 8 > 0, let
(r) = (log1/r)™?' for small r > 0,
= (logr)?-! for large r > 0.

Then p satisfies (3.3)-(3.5) and
(1) =/ @dt ~ ().
0

Let
®(r) =77 (1 < p <o), U(r) = rPeA(r),
and ¢(r) = r*" (0 < XA < n). Then we have
I : LP(R") = LO9(R") —» L) (RY),
I, : IPXR™) = LEO(R") — LV9(R™),
1<p<ox.

Example 3.3. Let £ and p be as in Example 3.2. For p > 0, let

e,(r) = 1/exp(1/r?) for small r > 0,
PY77 Y exp(r?) for large r > 0.
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Let
D(r) = ep(r), U(r) = e,(r),
-1/p+B=-1/g<0,
p(r)=r"*, 0<p<n

Then we have
I, : L®DR") - LEDRM).

Example 3.4. Let £ and p be as in Example 3.2. For ¢ >0, § > 0 and 8 > 0, let

&(r) = r(log(1/r))~¢' for small r > 0,
| r(Qlogr)? for large r > 0,

O(r) = r(log(1/r))~¢=# for small r > 0,
r(logr)®+1+A for large r > 0,

p(ry=r*, 0<p<n.

Then
r(log(1/r))~¢ for small r > 0,

ot (r) ~
(") {r(log r)%*1  for large r > 0.

Then we have
I,: L(‘I’+’¢)(R") — LYA(R™).

4. PROOFS

Lemma 4.1. For B = B(a,r),
| 1@)a(a) ds < 21B16(r) lls ol 5

Proof. By Holder’s inequality for the Orlicz spaces L%®(B,dz/(|Bl¢(r))) and
L*(B, dz/(|B|¢(r))), we have
dz
/B f (w)g(w)w-(—r—) < 2l fllze(z.az/q 81090 1911 23 8,02/ B1080 1)

=2||flle,Bll9llz g O

Lemma 4.2. If a Young function ® is bijective and B = B(a,7), then ||1{|5 5, <

@7H(¢(r))/o(r).
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Proof. By ®(t)s/t — ®(s) < ®(t) for s < t and ®(t)s/t — &(s) < 0 for s > ¢, we
have ®(®(¢)/t) < ®(t). Let ®(t) = ¢(r) and A = t/®(t) = ®7'(¢(r))/¢(r). Then

|B|/ ()dﬂ«"— ()<<1>(t>— 8(r). O

Lemma 4.3. If f € L(®%)(R") and supp f N B(a,2r) = 0. Then
Mf(z) < €O (@) lsew for z € Bla,r).

Proof. For all balls B = B(b,s), if s < r/2 then [, |f(z)|dz = 0, and, if s > r/2,
then ' .

fB ()] dz < 26(5) 1 lloss1115.0.5

< 2¢(3)| fllLce.r @1 (6(s))/9(s)
< 227 Hd()IF || o
< CeHo(M)Ifllzew. O

Theorem 4.4 (see [3, 10, 12]). Let ® € Y. Then
sup ®(t)m(f,t) < 01/R ®(c;|f(z)|) dz.

t>0

If® € Y7, then

/ S(Mf(c))dz < o1 / & (c1|£(@)]) de-
Rn Rn
If ® € V,, then
f S(Mf(z))dz < / 3 (c1|f(2)]) da.
Rn ]Rn

Proof of Theorem &.1. For all balls B = B(a,r), let f = fi + f2, fi = fxe2p- For
f1, applying Theorem 4.4, we have

sup B(£)m(B, fi/\ ) < c1 / B(erlful@)/N) dz, D€V,
t>0 R™

f S(M fy(x)/N) dz < ¢, f 8+ (e lfi(@)|/N) dz, i ® € V.
B R"

We may assume that ¢; > 1. Let ¢, > 1 be a constant such that ¢(r) < c.¢(s) for
r > 5. Let A = 2"c,c?|| f|| ,@» in the cases & € }. Then we have

01/ (c1lf(x) |/)\)da:=c1/ B(calf(2)]/2) da
Rﬂ
2707 [ @@ luow) de < 277, 2BI(r) < IBIO().
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Let A = 2"¢,c2|| f|| o+.4) in the case ® € Y+. Then we have in the same wey

o [ #@lf@)/) do < |Bloe).
For f,, applying Lemma 4.3, we have, for z € B,
Mfa(z) £ ;@ H o) fllrewr, HPED,
Mhy(z) < e GO |yore, 2 EDT.

Let A = c3||f||Le.») in the case @ € Y, or A = c3|f|| o+.4) In the case & € Y.
Then we have

up @(t)m(B, fo/70) < [ S(M1u(a)/3) da < |BIO(r).
This shows the norm inequations. O

Let ® € Y and T is a operator on L*(R™) which satisfies [T'(cf)| = |cTf|. If
there exists a constant ¢ > 0 such that

@ [ e(ri@hdsse [ edi@has fert®,

then there exists a constant C > 0 such that

(4.2) ITfllze < Cllfllze, fe€L*(R"), ie T:L*(R")— L*(R").
If there exists a constant ¢ > 0 such that .

(43) sup@(ym(Tf,1) <c [ ®(clf(@)ds, feL®)

then there exists a constant C > 0 such that

(44)  ITflze,, < Clifllze, feL*R"), ie T:L*(R")— Lyeu(R").

weak

If & € Ay, then (4.1) and (4.3) are equivalent to (4.2) and (4.4), respectively. If
T:LY(R") - L., (R") and T : LP(R") — LP(R"), 1 < p < oo, then (4.1) holds

weak

for @ € Ay N V3 and (4.3) holds for ® € A,.

Proof of Theorem 8.2. For f € L(®%)(R") and r € R*, we choose a ball B such
that z € B, and let

Tfe) =Thi)+ [ K@yh@dy f=h+hy fi=

We show that T'f(z) is finite a.e.z and independent of the choice of B. Since
f1 € L*@R"), Tf, is in L2(R") or L&, (R"). Let B = B(a,r) and B, = B(a, 2*r),
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k=1,2,---. Then

/ K (2, %) foly)] dy = 2 / K@) fa0)
< gm/m |f2(v)] dy.

By Lemmas 4.1 and 4.2 we have

|791,T| [ 15l dy < 26 e L5 .5
< 26(247) £l ponr @1 (6(251)) /8(247)
= 207 1(¢(2")) || fll Lo
Hence
(4.5) / K () fal0) dy < O3 8 ($@0) o
k=2
<C/ ot t"ldtHf“L(om

Ifze BC B and f=fi+ fo=fi+ fo, fi = fxeB, fi = fxep, then
Tf() =TH@E)+ | K@n)fw)d
=T(h+ - )@ + | K@nfio)dy
~T(h)@) +T(f - 1)@ + [ K@)
~T(R)@)+ [ K@i - i)+ [ Kenhwd
=T fi(z) /Rn K(z,y)f2(y) dy.

Now we show the boundedness. For every ball B = B(a,r),let f=fi+ f2, i =

fxz2p. For z € B we write
Tf(s) =Thiz) + Th@) Tho)= [ K@) d.

Then, in the case (i), by (4.3) we have

T, TH O\ (@)
2(tym (B’ CIIfHL_w.w’t) < 2(t)m (C||fnL<'; .»’t) SO Lt (Il_fHLw»)) dz,



and, in the case (ii), by (4.1) we have

Tf,(z) ) ( 7)) ) ( ()] )
/B‘I’<0||fum.¢> d‘”S/Rn‘I’ CMilzen ) = Jon ® s )

By the almost decreasingness of ¢ and Remark 3.1 we have

L. (nlfuw)) ww=[ o (n%ﬁi&) &

< |2B|¢(2r) < C|B|4(r) < C|Bl¢(r),

Hence

T fillep,Bweak < C|If|lLe., in the case (i)
”Tf;l“q;,,p,g S C”f||L(¢,¢), in the case (ii).

By (4.5) we have
/B o (Elﬁlflcﬁ%) iz < /B o ( / ” q>-1(¢(t))t-1dt) dz. < |Blo(r),

T fallew,Bweak < |T follo.p,8 < Cllifllpes. O

Proof of Theorem 3.3. Using the pointwise estimate in the proof of Theorem 2.2 in

i.e.

[17];
|1,/ ()] ) ( Mf(z) )
V(" | <O —F—"—,
(ClllfHL(@.«a) ~  \Gollfllzes
and Theorem 3.1 we have the norm inequalities. ‘ (I
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