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An explicit Shimura canonical model for the
quaternion algebra of discriminant 6

By

HIRONORI SHIGA*

Abstract

According to K. Takeuchi ([Tkul], [Tku2]), all the arithmetic triangle groups are listed
up (1977). They are classified in 19 commensurable classes (Table 2.1 below). It corresponds a
quaternion algebra for each class. (a) The first class is of non-compact type, and it induces the
usual elliptic modular function. (b) Among 18 remained classes, in 16 cases we have triangle
unit groups. (c) For the rest 2 cases (the class IT and XII) it appears quadrangle unit groups.

Already we reported the result about the case (b) in the RIMS workshop of the previous
year. There, we showed how to determine the Shimura canonical model modular function for
them. As an application we exposed several defining equations of the Hilbert class fields of
CM fields of higher degree.

In this survey article we explain how to obtain the exact Shimura canonical model for the

class II quadrangle case (that is for the quaternion algebra <%)) using the modular function

coming from the Appell’s hypergeometric differential equation. We state only the framework of
the argument together with several back grounds. Detailed proofs will be published elesewhere.
This Shimura curve is studied by many mathematicians. See [Elk] for it.

8§1. Recall the Picard modular function 1883 — 1988

In 1883 E. Picard ([Pcd]) made a study about a modular function for a special family
of curves of genus 3 which induces an analogue of the elliptic A-function in two variables.
Later in 1988, the author ([Shg]) obtained an exact theta constants representation for
it. We use it for our present study.

Received March 9, 2017. Revised January 31, 2018.
2010 Mathematics Subject Classification(s): 32G,14K22, 14K25 1F41, 33C05
Key Words: Hilbert class field, Complex multiplication, Hypergeometric functions, Theta func-
tions.
This work is supported by Grant-in-Aid for Scientific Research (No. 15K04807) Japan Society for
the Promotion of Science.
*Chiba University, Chiba 263-8522, Japan.
e-mail: shiga@math.s.chiba-u.ac.jp

(© 2020 Research Institute for Mathematical Sciences, Kyoto University. All rights reserved.



128 SHIGA

Period map. We set the complex two dimensional hyper ball

2 ={[n) = [no,m.ne) € P*: 'nHY < 0},

010
here we put H = | 100 | . We set the Picard modular group
001

I'= {g € GLg(Z[w]) : tgﬂg — H} withw = 627Ti/3.

It acts on Z. For our study of the Shimura curve, we use the hyperball ¥ together with
the group I' or its congruence subgroup. Our domain & is the period domain of the
family of Picard curves:

(1.1) ~ WP = 2(z — &) (2 — &) (2 — &).
Set
A={A= (1, ) €C?%: MM —1)(ha — 1)(A\1 — A2) # 0}
= {[€0,61.&2] € P*(C) : &o€162(&1 — €0)(&2 — §0) (61 — &2) # 0}
with \; = % Ay = %2) For A € A, C()\) is a curve of genus three and is a three sheeted

branched covering over the complex z plane. The Jacobian variety Jac(C(\)) of C()\)
has a generalized complex multiplication by v/—3 of type (2,1). In fact, we have a basis
system of holomorphic differentials given by

dz dz zdz
90:(;01:_7 QOQZEa 903:

R
For the moment, we assume 0 < A\; < Ay < 1. Under this condition we choose the
symplectic basis {41,...,Bs} of Hi(C()\),Z) described in Figure 1.1, that is already
used in [Shg|. Here we put cut lines starting from branch points in the lower half z-plane
to get simply connected sheets. The real line (resp. dotted line, chained line) indicates
an arc on the first sheet (resp. second sheet, third sheet).
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o3
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Figure 1.1. homology basis

Setting p(z,w) = (z,ww), it holds
Bs =p(B1), As=—p*(A1), Bz =—p*(As).

We have the intersections A4; - B; = §;; (4,75 € {1,2,3}). Put

(1.2) noz/ v, mz—/ v, 772:/ ©.
Aq B3 Ao

By the analytic continuation, they are multivalued analytic functions on the domain A.
It holds

No f2A1 $1 fA1 Pi —w fAs ©i

(1.3) m|=|-"Jge |, [~wlpei|=| —Je,v | (=23)
"2 ng ¥l ng wi —w f32 Pi

Set

le(/A_soi), Qz=(/Br_<,oi), (1<ij<3).

The normalized period matrix of C(¢) is given by Q = Q7'Qy. By the relations of
periods (1.3) together with the symmetricity ‘Q = Q, we can rewrite

2 2 2 2
u“ 42w v w2u wu—w v
1 1—w 1—w
(1.4) Q=070 = wu  —w? u ,
wu’—w3v U w2u2+2w2fu
1—w 1—w

here we put u = Z—i, v = Z—; So we set Q = Q(u,v). The Riemann period relation
I(Q) > 0 induces the defining inequality 2% (v) + |u|? < 0 of 2. So, we define our period

map ¢ : A - Z by

O (A1, A2) = [10, 11, 12]-
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Setting the Picard modular group I' = {g € GL3(Zw]) : ‘gHg = H}, the element

P11
g= |p2gara | €I acts on Z by
P343T3
(15) o(u,v) = (pg + q3v +1r3u p —i—q2v—i—r2u)
' ’ pi+qu+riu’ pr+qutriu)

Let us denote the congruence subgroup {g € T' : ¢ = I3 mod /—3} by I'(v/—3). Set
' =T/(-w?) and set I'(v/=3) = I'(v/=3)/{w). We have '/T'(v/—3) = S, the symmetric
group of degree 4.

Theta representation of the modular function. Using the Riemann theta con-
stant on &3 with a characteristic (a,b) € (Q3)?:

0, [a] Q) = Z exp[mit(n 4+ a)Q(n + a) + 27w *(n + a)b],

neZz3
we set

0 1/6 0

(1.6) i (u,v) =10 [k:/?) 1/6 k/ﬁ’)} (0, Q2(u,v)).

Apparently it holds ¥y (u,v) = Vx4+3(u,v), so k runs over {0,1,2} = Z/3Z.
The following properties are established.

Proposition 1.1.

(i) ( [Shg] p.349) The period map ¢ induces a biholomorphic isomorphism from ¢&-
space P?(C) to the Satake compactification 2/I'(v/=3) of 2/T'(/=3). This com-
pactification is obtained by atatching 4 boundary points corresponding to 4 points

[EO? 517 52] = [05 Oa 1]7 [07 ]-7 0]7 [17 07 0]7 [17 17 1]

(ii) ( [Shg] p.327) The map © : 2 — P? defined by
(1'7) @([7707 M, 772]) = [190 (u7 'U)B’ 191(’(1,, v)g’ U2 (uv U)g]
gives the inverse of the period map ®.

(iii) ([Shg] p.329) The group I'(1/—3) is the projective monodromy group of the multival-
ued map ® : A — Z. It has a system of explicit generator system {¢1, g2, 93, 94, g5 }-

(iv) ([Shg] p.346) We have the automorphic property:

(1.8) 91 (g(u,v))® = (p1 + quv + m110)3 95 (u, v)?
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pigq17

for g = | pagara | € T(v/—3). The sytem {9x(g(u,v))3}r=0.12 is a basis of the
b3 4373

vector space of automorphic forms with the property (1.8).

(v) The system of periods {ng,n1,m2} is a basis of the space of solutions for the Appel
hypergeometric differential equation Ey(a,b,t,c) with (a,b,b’,c) = (%, %, %, 1):

r(l—-z)z+pc—Q+a+b)z)—bgy+s(l—x)y—abz=0
Ei(a,b,b’,c) :

—Wpx)+sz(1l—y)+t(1—y)y+qc—(1+a+?b)y)—ab z=0,

with 7 = 242,8 = 24y, t = 2yy, P = 22,9 = 2. It has singularities along P? — A.
I'(v/—3) is the projective monodromy group of El(%, %, %, 1) also. Here we used
(x,y) in stead of (A1, A\2).

§ 2. Shimura’s Complex Multiplication Theorem
Let F be a totally real number field. Set a quaternion algebra B = (a—b) over F.

Let O = Op be a fixed maximal order. We assume

a,be F:a<0,b>0
(Cd) :

all their conjugates other than a, b are negative.

By them we set a quaternion algebra B = (%b) = F+ Fa+ F3+ Faf ,pa =
—af,a? =a, B? =b. With

10 0a Vb 0
M, = M, = My, = M, = M, M,,

B~F M, +F M, +F M, +F M. C My(R).

we have

Definition 2.1.  The unit group of B is defined by

I'"(B,0) (Takeuchi Notation) =T (0,1) (Shimura Notation)
={y € O:det(y) € Ep}.

Where Ej is the group of totally positive units in F'.

Note that, by (Cd), I'(O, 1) is a discrete group acting on H, and H/I'(O,1) is a
compact curve.
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Shimura’s Main theorem of CM (Existence of the canonical model according
to [Smr]). Take above mentioned F' and B. Suppose a CM field M over F. Assume
an embedding f : M — B satisfying f(Op;) C Op, where Oy stands for the ring of
integers of M. Then there is a pair (1, V') of a complex algebraic curve V' and a modular

map ¢(z) on H with respect to I'(O, 1) satisfying the following condition:

(1) ¥(z) induces a biholomorphic correspondence H /T'(O,1) 2V,

(2) V is defined over C(F') (the Hilbert class field of F),

(3) for a regular fixed point (that is explained below) zg € H of M, it holds
M((z0)) - C(F) = C(M), where C(M) stands for the Hilbert class field of M.

Hilbert Class F.:  C(M) = M(¢(2)) - C(F)

CM field/F: M = F(a)  (a€ Oy), f: M < B with (Cd)

Tot. real F.: F

(1, V): 3! the Shimura canonical model

V: Shimura curve, ¥ :modular function for I'(O, 1)

Diagram 2.1: Scheme of the Shimura complex multiplication theorem

[Regular fixed point zy € H of M]. Recall the embedding f : M — B. We can
put M = F(a),a € Oys. The linear transformation g = f(«) has unique fixed point in
H (note that (tr(a))? — 4det(a) < 0). That gives our regular fixed point.

Definition 2.2.  The above pair (1, V) is called a canonical model for H/I'(O, 1).

Remark.  The canonical model is unique up to Aute(gy (V). (see [Smr] Theorem
3.3).
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Class F Disc. I'(B,0) (a,b)
I Q (1) (2,3,00) (—3,4)
11 Q (2)(3) (0;2,2,3,3) (—3,2)
111 Q(?2) p2 (3,3,4) (—3,4cos’(Z)(—3 +4cos*(%)))
v Q(V3) P2 (2,3,12) (=3,1+3)
Vv Q(V3) p3 (2,4,12) (—4,6 + 4/3)
VI Q(\/g) P2 (27 57 5) (_47 1+ \/5)
VII Q(V5) p3 (3,5,5) (—3(5+V5),3(2+ v5))
VIII Q(V5) s (3,3,5) (—3,/5)
IX Q(\/é) P2 (3747 6) (_476(2 =+ \/6))
X Q(COS(%)) (1) (2,3,7) (—3,4COSQ(§)(—3 + 4cosg($)))
X1 Q(cos(%)) (1) (2,3,9) (—3,40052(3)(—3 + 40052(%)))
XII  Q(cos(%))  paps  (0;2,2,9,9) (—4,8cos®(&)(—2+ 4cos®* (%))
XIII Q(cos(g)) po (3,3,8) (-3, 4(:052(116()(—3\;—_31 0082(116)))
. —1(5+V5),
V@) GO (g (g v seor(5)
" -3,
XV Q(COS( 12)) p2 (27 37 24) 4C082(i)((—3 _i_\;l_(;OSQ(i)))
. —1(56+V5),
W QesE) w2530 (s e s sy
XVII  Q(cos(q%)) ps (2,3,30) (-3, 4c032(%<)(—3\j—_4 cos2(%)))
—1(5+V5),
VI QWEVS) @59 (35 By (o4 v+ co(5)
XIX  Q(cos(#)) (1) (2,3,11) (—3,4 cos? (&) (=3 + 4cos®(&)))

Note that for the quaternion algebra B = ( )

Table 2.1: Table of 19 commensurable classes according to K. Takeuchi

ﬁ), its unit group is given by

the quadrangle group [J(0;2,2,3,3). Moreover, according to A. Kurihara [Krh] the

corresponding Shimura curve is given by the conic KC : X2 + Y2 + 3Z? = 0 defined

over Q .

§ 3.

The result of Petkova-Shiga and shifting to the canonical model

Here we summarize the results in [P-S].

§3.1.

Another Shimura curve

Set De = {(u,v) € Z:v=—-1},T.={gel':9(D.) =D.}/{geTl:gp, =idp.}.
According to Petkova and Holzapfel ([Pet], [Hol]) we know that D./T'. is the Shimura

curve for

with Disc(B) = 6 in the following sense. (We have Disc(B) = ][ _5) —

)

()

1 p=2-3=6.



134 SHIGA

Theorem 3.1.  Set a complex line Lo = {\ + \a = 1} in (A1, \2) space P2,
Then we have
O(D.) = Le.

Hence, the Shimura curve is realized as a hyperplane section in the projective plane of
the Picard modular forms generated by the homogeneous coordinates (93,93,93).

A2

1 “Le A1

Figure 3.1: Figure of the Shimura curve L.

Theorem 3.2.  For a Picard curve C()\) : w3 = z(z — 1)(z — M\1)(z — X2) with
A1+ Ao =1, we have a decomposition

Jac(C(N\)) =2 & x A'(N)  (up to isogeny ),

where & = C/(wZ + Z) and A’ () is a 2-dimentional abelian variety. And generically
we have
Endy(4'(N\)) = B.

Let

y M +n)(%7m)(%7n)

(1,m + n)m!n!

1
AL A) =14 ) &

m—+n>0

F1(>\1,)\2):F1( )\":rln)\g

W =

Y

W =

Y

W =

be the Appell hypergeometric series that is a solution of El(%, %, %, 1).

Theorem 3.3.  Let f(s) = Fi(3(1+s), (1 —s)) be the restriction of Fy on Le.
Then f(s) is an even function of s. So we put f(s) = g(t) with t = s. In this situation
g(t) satisfies the Gauss hypergeometric differential equation:

9t —5 1

)g’(t) LTI

(3.1) 9" (t) + Gt —1)

g(t) =0.

Remark.  We can show (3.1) is the Gauss hypergeometric differential equation

E (%, %, %), and its monodromy group is the triangle group A(3,6,6) which is commen-

surable with (J(0; 2, 2, 3, 3).
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§3.2. Period map and the monodromy matrices.

By restricting ® on this hyperplane L., we have a Schwarz map F : L. — D with
D= {lul <V2} cC,

Remark. Because L. is parametrized by the variable s = 2\; — 1, the inverse of F

gives a single valued function s(u) on D. By putting ¢(u) = s(u)?, we obtain the inverse

115y

of the Schwarz map of the Gauss hypergeometric differential equation E(g, 3, §)-

Set F(s) = m2/mo(1E2, 15%), and set G(t) = F(s).
We can define the branch of G(¢) on the real interval [0, 1] to stay on the real in-

terval [0,1]. Then, we make an analytic continuation of G(¢) on the lower half plane
H _. By observing the Riemann scheme, we know that G(H_) becomes to be a hyper-
bolic triangle with angles %, %, & corresponding to the singularities ¢ = 0,1, 00 in this
order. So, we denote the triangle G(H_) by V(3,6,6). It is described by the triangle
V(Py, P|, P,) in Fig. 3.2. We denote the Schwarz reflection of V(3,6,6) with respect

to the edge PyP,, by V'(3,6,6).

Fundamental regions. Let A(3,6,6) be the triangle group generated by even times
of the Schwarz reflection procedures of V(3,6,6). Let us denote o9 = V(3,6,6) U
V’(3,6,6). It becomes to be a fundamental region of A(3,6,6). The function #(u) is
given as the inverse of G(¢). It is a modular function with respect to A(3,6,6).

Mo

Fig. 3.2. Fundamental region V(P,, P{, P,,) of the Schwarz map of E(, 3,2) on D
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Remark.  According to Fact 2.1, it holds

V1 (u,v) 3 Vo (u,v) 3
3.2 A = —= A = (=27
(3:2) 1(u,v) (190(u,v)) o Az(uv) Yo (u,v)
By its restriction on the disc D, observing Remark 3.2 we obtain an explicit de-

scription :

(3.3) t(u) = (2\(u) — 1), with A(u) = Ay (u, —1).

Commensurable arithmetic groups. Besides V(3,6,6), we set a triangle V(2,6,6) =
V(Py, P|, M) and a quadrangle

(3.4) 0(0;2,2,3,3) = o(Py, M}, Pl, My).

They generate corresponding triangle group A(2, 6, 6) and quadrangle group [J(0; 2,2, 3, 3)
, respectively. By observing Fig.3.2 we know the relation of these commensurable groups:

(0;2,2,3,3) C A(2,6,6) D A(3,6,6)

with
[A(2,6,6) : A(3,6,6)] = [A(2,6,6) : [0(0;2,2,3,3)] = 2.
Set
o (tuw) —1)?
(3.5) 5(u) = (t(u) n 1) :

It gives the double cover D/A(3,6,6) — D/A(2,6,6) ramifying at P; and My, namely
t=1(1) and t71(—1). Then it becomes a modular function for V(2,6,6), because of
the fact V(P{, Py, P,,) = V(Py, Py, My) U V(P{, My, P,,). Note that we have t(My) =
3—2v2,4Q) =3+ 2v2,5(My) = 3(Q) = 3.

Next, we consider a double cover D/[1(2,2,3,3) — D/A(2,6,6) caused by the
folding of V(Py, P, My) and V(Py, P, M/)) along the side PyP; , it is the real segment
[0,1]. It is realized by the map

(7‘—1)2.

(3.6) s=

We have the following table of the values at possible angular points of the modular
functions, the angular points are designated by the brackets indexed with corresponding
angular parameters. In the table it appears several equality symbols. They mean
the coincidences of the images of the corresponding angular points by the indicated
functions:
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function  P| P P, Mo My My Q
t(u) (1) (0)6 (006 -1 =-1 3-2V2 3+2V2
(00)2 = (00)2 5 = 3

S(w) O (e =(1)
1

T s (s =15 (e 0h VI /T

Table 3.1: Angular points and the values of modular functions

By considering the order of verteces on the quadrangle o(P;, Q, My, M), we may

assume 7(My) = /—1,7(Q) = —/—1.

Remark. By construction, 7(u) is a modular function for the quadrangle group
[0(2,2,3,3). The quadrangle o(Py, M{, P, M) is mapped to the lower half complex
plane by 7(u) (see Fig. 3.2). So, a fundamental region of 7(u) is given by the pentagon
Pent(Py, M{, P{, Py, M{/) in Fig.3.2.

Proposition 3.4.  The inverse of the Schwarz map of the following differential
equation gives T(u) :

144(1 — 7372 frr — 487(57% = 1) f, — T(r* = 1)f = 0.

We define the cross ratio of 4 points on Py (C) by (z1, 22, 23,24) = (21 — 23)(22 —
24)/((z1 — 24)(22 — 23)). From Table 4.1 we have:

Proposition 3.5.

), T(Pr), T(M{), 7(My)) = —1,
T ) —

(P1),7( (
), T(P1), 7(Ma), 7(Mo1)) = —1,

(3.7 (r(Pv).
0), T(My), 7(Mg), 7(Mp1)) = —1.

=3 F

§4. The Shimura canonical model for B = <%>

§4.1. General tactics.

According to Shimura’s complex multiplication theorem, there exists a pair (1, V)
that is the canonical model for H /T'(O, 1), where I'(O, 1) is the unit group J(0; 2, 2, 3, 3)

for B = <%> According to Kurihara, V' is given by the affine equation KC' :

22 4+ y2 4+ 3 = 0 as an algebraic variety over Q. We are looking for an exact expression
of 1.

Already, we have the modular function 7(u) defined on D. That is also a modular
function for (J(0; 2,2, 3,3) , where [J(0; 2, 2, 3, 3) is the quadrangle group on D. We are
requested to get the relation between these two modular functions.
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We have the following Diagram 4.1.

We can obtain the exact modular map ¢ by knowing the isomorphism gq.

D T , S=P!

NV

h D/O q

i

H/O

Diagram 4.1FThe canonical model modular function ¢

§4.2. Conclusion.

Let KC : X2 +Y? + 3272 = 0 be the Kurihara conic defined over Q described in
the homogeneous coordinate [X,Y, Z]. Let J[2,2,3, 3] be the quadrangle group acting
on the disc D which is generated by the quadrangle (P, M), P{, Mg). The modular
function 7(u) maps o(Py, M}, P{, Mg) to the lower half complex plane. We have a theta

representation of 7(u) via (11) and (12), (14), (15).

Theorem 4.1.  Looking at Fig. 3.2 and the definition of elliptic points in section

3.4, It holds
(qor(Py) = q(-1) = [V=3,0,1],
qo7(P])=q(1) = [-V/=3,0,1](= g o 7(P1)),
(4.1) qoT(Mpy) = g(o0) = [V-1,1,0],

go7(Mg) = q(0) = [-V~1,1,0],

qo T(Md) = Q(V _1) = [07 17 @]’
(a0 7(Mor) = g(—v=1) = 0,1, %],
This is the equality up to Autg(KC).

Set a Q(+/—3) isomorphism 7 : KC — ¥ = P! by
m([a,1,¢]) = a— /=3¢
m([v=3,0,1]) =0
m([-v—=3,0,1]) = o0
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Theorem 4.2.  The canonical model modular function is given by

2A(u) — 1
2(A%(u) — A(u))

§4.3. Procedures to obtain the Main result .

moqoT =

1) The 6 elliptic points on D are regular fixed points in the sense of Shimura. So,
the coordinates of v values are restricted. ... Due to Shimura’s complex multiplication
theorem.

2) Suppose an element p € Gal(Q/Q) acts on KC. For an elliptic point ( € H, it
holds ¥(¢)? = ¥(3¢’), for some elliptic point (’.... Due to the Shimura riciprocity law.

3) Because KC does have no real point, the 6 elliptic points are pairwise complex
conjugates on KC.

4) By observing the values of the modular function 7(u), we can calculate the cross
ratios of them, --- Proposition 3.2.

5) The group Autg(KC) acts on the set of Q(v/—3)-rational points on KC' in a
transitive way. Same for Q(y/—1)-rational points and Q(v/2, v/—3)-rational points.

6) Computer calculation of the coordinates of the values of ) = g o7 o h on these

elliptic points brings the required result.

§5. Numerical Examples

(i) Q(v/-3)-point wu; = ﬁ_\/‘gé € D is a regular fixed point for Q(v/—3) that
corresponds to the linear transformation z — (3(—1 + z2))/(3 + z) acting on H. By
making approximate calculation up to 60 digits, we know that it holds Togo7T o (uy) =
B e ¥(=n(KC)).

(ii) Q(v—19)-point us = 3(—2v2+iv/19) € D is a regular fixed point for Q(v/—19)
that corresponds to the linear transformation z — % acting on H. By making
approximate calculation up to 70 digits, we know that it holds 77! o go 7o (u3) =

0 4219 . ¢, 58 | 133\/—19] c KC.

[_%_ 211 - 379 400
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