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Abstract

The notion of Frobenius-splitting height which quantifies the notion of Frobenius-splitting

was introduced in [Y]. In this paper, we will show some basic properties on Frobenius-splitting

height and quasi-Frobenius-splitting schemes. We compute the Frobenius-splitting height of

Enriques surfaces.

§ 1. Introduction

Let k be an algebraically closed field of characteristic p > 0. Let X be a scheme

over k and F the absolute Frobenius of X. In [MR], Mehta and Ramanathan defined

that X is Frobenius-splitting if

F : OX → F∗OX
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splits as OX -modules. They showed that the Schubert varieties of a semi-simple alge-

braic group over k are Frobenius-splitting. The same notion is also studied in singularity

theory in positive characteristic ([HR], [HH]) and in such an area, it is also called F -pure.

In [Y], the author introduced a notion of Frobenius-splitting height which quantifies

the notion of Frobenius-splitting (see Definition 3.1). This takes a value in positive

integers or ∞ and Frobenius-splitting is the same as the Frobenius-splitting height

being one. Furthermore, a scheme over k is defined to be quasi-Frobenius-splitting if its

Frobenius-splitting height is finite.

The motivation is the following: There exist Calabi-Yau threefolds over a field of

positive characteristic which can not be lifted to characteristic zero ([H], [Schr], [HIS07],

[HIS08], [Scho], [CS]), though every K3 surfaces can be lifted. Let X be a Calabi-Yau

variety over k of dimension n. The functor from the category of Artin local k-algebras

with residue field k to the category of abelian groups defined by

ΦX : A 7→ ker(Hn
et(X ⊗k A,Gm)→ Hn

et(X,Gm))

is pro-represented by a one dimensional formal group. This is called the Artin-Mazur

formal group and the Artin-Mazur height of X is defined to be the height of ΦX . It

is well known that, for Calabi-Yau varieties, the Frobenius-splitting is the same as the

Artin-Mazur height being one ([GK, Theorem 2.1] and [MS, Lemma 1.1]). Furthermore,

the Artin-Mazur height of non-liftable Calabi-Yau threefolds in [H], [Schr], [HIS07],

[HIS08], [Scho] are ∞. For examples in [CS], see Remark 1.2. The main result of [Y] is

the following.

Theorem 1.1. [Y, Theorem 4.4 and 4.5] The following statements hold:

(1) For Calabi-Yau varieties, the Frobenius-splitting height is equal to the Artin-Mazur

height.

(2) Every smooth quasi-Frobenius-splitting scheme over k can be lifted toW2(k). Here

W2(k) denotes the ring of Witt vectors of length two of k.

Remark 1.2. The referee kindly pointed out that it is not mentioned in [CS]

that the non-liftable examples found by S. Cynk and D. van Straten have height ∞.

Assuming Theorem 1.1, we know that their non-liftable example in p = 3 (resp. p = 5)

has height ∞ since it admits no liftings to modulo 9 (resp. 25). For this fact, see the

last line of Section 5.1 (resp. Section 5.2) in [CS].

Now some natural questions arise:

(1) Which property that holds for Frobenius-splitting schemes is also valid for quasi-

Frobenius-splitting schemes?
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(2) What is the Frobenius-splitting height of schemes except Calabi-Yau varieties?

In this paper, we treat the following topics:

(1) In [MR], Mehta and Ramanathan show that if X is a projective Frobenius-splitting

variety and if i is a positive integer, then Hi(X,L) = 0 for any ample line bundle

on X. They use this property for Schubert varieties (hence Frobenius-splitting) to

deduce some applications in representation theory. In this paper, we will show that

the same holds for quasi-Frobenius-splitting schemes:

Theorem 1.3 (= Theorem 4.1). LetX be a projective quasi-Frobenius-splitting

scheme over k and L an ample line bundle on X. Then, we have

Hi(X,L) = 0

for any i > 0.

(2) We will compute the Frobenius-splitting height hts(X) of an Enriques surface X.

Although Enriques surfaces and K3 surfaces are closely related, the Artin-Mazur

formal group of an Enriques surface is trivial if p ̸= 2. Therefore, Artin-Mazur

height has no information for Enriques surfaces. Nevertheless, we will prove that

the Frobenius-splitting height of an Enriques surface in characteristic p ̸= 2 is the

same as the one of its K3 covering:

Theorem 1.4 (= Theorem 5.3). Assume p > 2. Let X be an Enriques surface

over k and

π : X̃ → X

the canonical K3 covering of X. Then, we have hts(X) = hts(X̃). In particular,

hts(X) is equal to the Artin-Mazur height of X̃.

Furthermore, we compute the Frobenius-spitting height of Enriques surfaces in char-

acteristic 2:

Theorem 1.5 (= Theorem 5.8). Let X be an Enriques surface in characteristic

2. Then, we have

hts(X) =


∞ if X is classical,

1 if X is singular,

∞ if X is supersingular.

For the definition of classical, singular and supersingular Enriques surfaces, see

Definition 5.2.
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Notations

Throughout this paper, k denotes an algebraically closed field of characteristic p > 0

and Wm(k) (resp. W =W (k)) is the ring of Witt vectors of length m (resp. ∞) of k.

For any OX -module F on a scheme X, we denote F∨ = HomOX
(F ,OX). If X is

proper over k, we denote χ(F) =
∑
i(−1)i dimkH

i(X,F).
For any smooth scheme X over k, ΩX denotes the sheaf of one forms on X over k

and ωX := ∧dimXΩX denotes the canonical bundle of X.

§ 2. Preliminaries

Let X be a scheme over k and WmOX the sheaf of Witt vectors of length m on X.

This is a sheaf of rings on X and a local section of WmOX is expressed as an m-tuple

of regular functions on X. Note that W1OX is equal to OX . We have three operators

F : WmOX →WmOX ; (f0, . . . , fm−1) 7→ (fp0 , . . . , f
p
m−1),

V : WmOX →Wm+1OX ; (f0, . . . , fm−1) 7→ (0, f0, . . . , fm−1),

R : Wm+1OX →WmOX ; (f0, . . . , fm) 7→ (f0, . . . , fm−1)

and induced operators F and V on WOX = lim←−RWmOX .

We denote byWmX the scheme whose underlying topological space is the same asX

and its structure sheaf isWmOX . For any morphism f : X → Y , defineWm(f) : WmX →
WmY to be the morphism induced by f .

For eachm, we define BmΩX to be the cokernel of F : WmOX → F∗WmOX and the

“Cartier operator” C : Bm+1ΩX → BmΩX to be the one induced by the natural pro-

jection R : F∗Wm+1OX → F∗WmOX . By definition, BmΩX is a module over WmOX .

Moreover, it is easy to check that the action of the subsheaf VWm−1OX ⊂ WmOX on

BmΩX is zero and we may regard BmΩX as an OX -module. Furthermore, we see that

the Cartier operator C is a morphism of OX -modules. When X is reduced, there exists

an exact sequence

0→WmOX
F−→ F∗WmOX → BmΩX → 0.(2.1)

Furthermore, we have an exact sequence of OX -modules

0→ F∗Bm−1ΩX → BmΩX
Cm−1

−−−−→ B1ΩX → 0,(2.2)

which will be used in the proof of Theorem 4.1.

IfX is smooth over k, we have the “usual” Cartier operator C : Z1ΩX → ΩX , where

Z1ΩX is the sheaf of closed one forms on X. In [Il], Illusie defined abelian subsheaves

BmΩX (called Illusie sheaves) of ΩX inductively by Bm+1ΩX := C−1(BmΩX) and
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B1ΩX to be the sheaf of exact one forms on X. Note that the usual Cartier operator

C induces a morphism C : Bm+1ΩX → BmΩX . The Illusie sheaf BmΩX is related to

WmOX via the following exact sequence, due to Serre [Se, §7, Lemme 2]:

0→WmOX
F−→ F∗WmOX

Dm−−→ BmΩX → 0.

Here Dm is defined by the formula

Dm : (f0, . . . , fm−1) 7→ dfm−1 + fp−1
m−2dfm−2 + · · ·+ fp

m−1−1
0 df0.

From this, BmΩX in our definition is isomorphic to the Illusie sheaf via Dm. Further-

more, since the Illusie sheaves fit into the following commutative diagram

F∗Wm+1OX

R

��

Dm+1 // Bm+1ΩX

C

��
F∗WmOX

Dm // BmΩX ,

our definition of the Cartier operator C : Bm+1ΩX → BmΩX is compatible with the

usual one.

Assume thatX is proper over k. CohomologiesHi(X,WmOX) andHi(X,F∗WmOX)

are of finite length over W and we define as

χ(WmOX) :=
∑
i

(−1)ilengthWHi(X,WmOX),

χ(F∗WmOX) :=
∑
i

(−1)ilengthWHi(X,F∗WmOX).

Since we are assuming X is proper, in particular X is of finite type over k, F : X → X

is finite. By [LZ, Proposition A.2], we see that F : WmX →WmX is a finite morphism.

Therefore, Hi(X,WmOX) and Hi(X,F∗WmOX) are isomorphic; hence, χ(WmOX) =

χ(F∗WmOX).

Proposition 2.1. Let X be a reduced proper scheme over k. Then, we have

(1) χ(WmOX) = mχ(OX),

(2) χ(BmΩX) = 0.

for any m.

Proof. The exact sequence

0→WmOX
V−→Wm+1OX

Rm

−−→ OX → 0
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induces χ(Wm+1OX) = χ(WmOX) + χ(OX); hence, by induction on m, (1) follows.

The exact sequence (2.1) induces an equality χ(F∗WmOX) = χ(WmOX) + χ(BmΩX)

and (2) follows.

§ 3. Definition and basic properties of Frobenius-splitting height

We first recall the definition of Frobenius-splitting height and quasi-Frobenius-

splitting following [Y]. Let X be a scheme over k. For each m > 0, consider the

following morphisms between WmOX -modules:

WmOX

Rm−1

��

F // F∗WmOX

OX .

Definition 3.1. We define the Frobenius-splitting height hts(X) of X by the

minimum integer m > 0 such that there exists a WmOX -linear homomorphism

ϕ : F∗WmOX → OX

satisfying ϕ ◦ F = Rm−1. If such an m does not exist, then hts(X) is ∞. A scheme X

is said to be quasi-Frobenius-splitting if hts(X) <∞.

Remark 3.2. A schemeX over k is Frobenius-splitting if and only if hts(X) = 1.

Example 3.3. As an example, we give a scheme which is quasi-Frobenius split-

ting but not Frobenius-splitting following J.-D. Yu and N. Yui [YY]. Consider the

following K3 surface Xλ in P3
k defined by

Xλ : T 4
1 + T1T

3
2 + T 4

3 + T 4
4 − 12λT1T2T3T4 = 0

for λ ∈ k. Let λ̂ ∈ W (k) be a lift of λ ∈ k and Xλ̂ be the K3 surface over W (k)

defined by the same equation using λ̂ instead of λ. Then Xλ̂ is a lift of Xλ to W (k). In

[YY, (4.8.1)], the authors compute the logarithm of the Artin-Mazur formal group of

Xλ̂ based on the work of Stienstra [St]. In particular, they conclude that, when p = 13,

for those λ ∈ k such that (21036λ12)−1 = 9, the Artin-Mazur height of K3 surface Xλ

is two. By Theorem 1.1, we see that the Frobenius-splitting height of Xλ is two.

Assume that X is reduced. Consider the exact sequence (2.1):

0→WmOX
F−→ F∗WmOX → BmΩX → 0.
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For each m > 0, define a sheaf of WmOX -modules FmOX by the pushout

FmOX := F∗WmOX ×WmOX
OX

of two morphisms F : WmOX → F∗WmOX and Rm−1 : WmOX → OX . Then, this sheaf

fits into the lower middle of the following diagram with exact rows

0 // WmOX
F //

Rm−1

��

F∗WmOX

��

// BmΩX // 0

0 // OX // FmOX // BmΩX // 0.

We denote the lower exact sequence by Em. Therefore, the existence of ϕ as in Definition

3.1 is equivalent to the splitting of the exact sequence Em and the Frobenius-splitting

height is characterized as

hts(X) = min{m > 0; Em splits}.(3.1)

Furthermore, since the diagram

F∗Wm+1OX

R

��

// Bm+1ΩX

C

��
F∗WmOX // BmΩX

commutes by definition, the exact sequence Em is obtained from the exact sequence

0→ OX → F∗OX → B1ΩX → 0

by pulling back along BmΩX
Cm−1

−−−−→ B1ΩX , i.e., we have a morphism of complexes

0 // OX // FmOX //

��

BmΩX //

Cm−1

��

0 Em

0 // OX // F∗OX // B1ΩX // 0 E1.

We prove some properties of Frobenius-splitting height.

Proposition 3.4. Let f : X → Y be a morphism between schemes over k.

(1) If the morphism OY → f∗OX splits as OY -modules, then hts(X) ≥ hts(Y ).

(2) If f is étale, then we have hts(X) ≤ hts(Y ).
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Proof. (1) We may assume that hts(X) = m < ∞. Let ψ : f∗OX → OY be a

splitting section. Consider the following diagram.

WmOY
F //

��

F∗WmOY

��
f∗WmOX

F //

Rm−1

��

f∗F∗WmOX

ww
f∗OX
ψ

��
OY .

By the assumption, we have the dotted arrow and hts(Y ) ≤ m.

(2) Again we may assume hts(Y ) = m <∞. Then, we have a commutative diagram

of WmOY -modules

WmOY
F //

Rm−1

��

F∗WmOY

xxqqq
qqq

qqq
q

OY .

It is known that if f is étale, then Wm(f) is also étale (for example see [LZ, Proposition

A.8]). Pulling back the above diagram along Wm(f), we get a commutative diagram of

WmOX -modules

WmOX //

��

Wm(f)∗F∗WmOY

vvlll
lll

lll
lll

l

Wm(f)∗OY .

Since f is étale, by [LZ, Corollary A.11], we know that

Wm(f)∗F∗WmOY ≃ F∗WmOX

as WmOX -modules. Furthermore, by [LZ, Proposition A.8], we have Wm(f)∗OY ≃ OX
and the above diagram gives a splitting for X.

LetX be a smooth scheme over k of dimension n. Consider the short exact sequence

0→ ωX → FmOX ⊗ ωX → BmΩX ⊗ ωX → 0

defined as Em⊗OX
ωX . Let δm : Hn−1(X,BmΩX⊗ωX)→ Hn(X,ωX) be the connecting

homomorphism induced by the above exact sequence.
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Proposition 3.5. Let X be a connected smooth projective scheme over k of

dimension n. Then, hts(X) ≤ m if and only if δm is zero.

Proof. By (3.1), hts(X) ≤ m if and only if the short exact sequence Em splits.

This means that H0(X, (FmOX)∨)→ H0(X,OX) is nonzero. By the Serre duality, this

is equivalent to Hn(X,ωX)→ Hn(X,FmOX ⊗ ωX) being nonzero. This morphism fits

into the following exact sequence

Hn−1(X,BmΩX ⊗ ωX)
δm−−→ Hn(X,ωX)→ Hn(X,FmOX ⊗ ωX).

Since Hn(X,ωX) is one dimensional, the assertion holds.

Remark 3.6. Since F1OX = F∗OX , the proof of the previous proposition shows

that X is Frobenius-splitting if and only if Hn(X,ωX) → Hn(X,F∗OX ⊗ ωX) ≃
Hn(X,ω⊗p

X ) is nonzero. This is proved in [MR, Proposition 9].

§ 4. Vanishing theorem

Let X be a projective Frobenius-splitting scheme over k and L an ample line bundle

on X. Consider the following split exact sequence

0→ L → F∗OX ⊗ L → B1ΩX ⊗ L → 0.(4.1)

By the projection formula, we have

F∗OX ⊗ L ≃ F∗(OX ⊗ F ∗L) ≃ F∗L⊗p.

Therefore, the exact sequence (4.1) induces an injection

Hi(X,L) ↪→ Hi(X,L⊗p)

for any i. By the Serre vanishing theorem, we see that Hi(X,L⊗pN ) = 0 for N ≫ 0

and i > 0. In summary, if L is an ample line bundle on a Frobenius-splitting scheme

X, then Hi(X,L) = 0 for any i > 0. This is a main property of Frobenius-splitting

schemes in [MR].

A purpose of this section is to prove that the same property holds for quasi-

Frobenius-splitting schemes.

Theorem 4.1. Let X be a projective quasi-Frobenius-splitting scheme over k

and L an ample line bundle on X. Then, we have

Hi(X,L) = 0

for any i > 0.
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Proof. Assume that hts(X) = m < ∞. We first check that OX is reduced. Sup-

pose that a local section f ∈ OX satisfies fp = 0. Consider its Teichmüller representative

[f ] ∈WmOX . Let ϕ : F∗WmOX → OX be a morphism satisfying Rm−1 = ϕ ◦ F . Then,
we compute as f = Rm−1([f ]) = ϕ(F ([f ])) = ϕ([fp]) = 0, and we see that X is reduced.

Consider the following diagram:

0 0

0 // OX // F∗OX //

OO

B1ΩX //

OO

0

0 // OX // FmOX //

OO

BmΩX //
Cm−1
OO

0

F∗Bm−1ΩX

OO

F∗Bm−1ΩX

OO

0

OO

0.

OO

Here, if m = 1, we put that Bm−1ΩX is zero and Cm−1 is the identity. The two horizon-

tal sequences are E1 and Em, and these two are exact. The right vertical sequence is the

exact sequence (2.2), and the kernel of FmOX → F∗OX is isomorphic to F∗Bm−1ΩX

by the snake lemma. If we apply the functor Hi(X,−⊗L) to this diagram, we get the

following diagram with exact horizontals and verticals

Hi+1(F∗Bm−1ΩX ⊗ L) Hi+1(F∗Bm−1ΩX ⊗ L)

Hi(L) // Hi(F∗OX ⊗ L) //

OO

Hi(B1ΩX ⊗ L) //

OO

Hi+1(L)

0 // Hi(L) // Hi(FmOX ⊗ L) //

OO

Hi(BmΩX ⊗ L) //

OO

0

Hi(F∗Bm−1ΩX ⊗ L)

OO

Hi(F∗Bm−1ΩX ⊗ L)

OO

(4.2)

because Em splits. Using the projection formula, one has

Hi(F∗OX ⊗ L) ≃ Hi(L⊗p),

Hi(F∗Bm−1ΩX ⊗ L) ≃ Hi(Bm−1ΩX ⊗ L⊗p).

Consider the following statement (VN ) indexed by N ≥ 0:

Hi(L⊗pn) = Hi(B1ΩX ⊗ L⊗pn) = Hi(Bm−1ΩX ⊗ L⊗pn) = Hi(BmΩX ⊗ L⊗pn) = 0

for any n ≥ N and i > 0.

Lemma 4.2 below says that (VN+1) implies (VN ) and, by the Serre vanishing theorem,

(VN ) holds for N ≫ 0. Therefore, we see that (V0) is true; in particular, Hi(L) = 0 for

any i > 0.
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Lemma 4.2. Let L be a line bundle on X. We have the following statements:

(1) If Hi(L⊗p) = Hi(Bm−1ΩX ⊗ L⊗p) = 0 for any i > 0, then one has

Hi(L) = Hi(BmΩX ⊗ L) = Hi(B1ΩX ⊗ L) = 0

for any i > 0.

(2) If Hi(BmΩX ⊗ L) = Hi(B1ΩX ⊗ L⊗pm−1

) = 0 for any i > 0, then one has

Hi(Bm−1ΩX ⊗ L) = 0

for any i > 0.

Proof. (1). The assumption and the diagram (4.2) imply that Hi(FmOX ⊗ L)
vanishes for every i > 0. Since Hi(L) (resp. Hi(BmΩX ⊗ L)) is a submodule (resp. a

quotient) of Hi(FmOX ⊗L), it also vanishes. Again by the same diagram, we see that

Hi(B1ΩX ⊗ L) = 0.

(2). The following exact sequence

0→ Fm−1
∗ B1ΩX → BmΩX

C−→ Bm−1ΩX → 0

gives an exact sequence

Hi(BmΩX ⊗ L)→ Hi(Bm−1ΩX ⊗ L)→ Hi+1(Fm−1
∗ B1ΩX ⊗ L)

≃ Hi+1(B1ΩX ⊗ L⊗pm−1

)

and this proves the statement.

§ 5. Frobenius-splitting height of Enriques surfaces

In this section we compute the Frobenius-splitting height of Enriques surfaces. Let

us recall the definition of Enriques surfaces and their basic properties following [BM].

Definition 5.1. A smooth projective surface X over k is an Enriques surface if

ωX is numerically equivalent to zero and b2(X) = 10. Here b2(X) := dimQl
H2

et(X,Ql)
for a prime l ̸= p.

For an Enriques surface X, we know that χ(OX) = 1. Then, either of the following

holds.

(1) dimH1(X,OX) = dimH2(X,OX) = 0; hence, ωX is non-trivial,
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(2) dimH1(X,OX) = dimH2(X,OX) = 1; hence, ωX is trivial.

In the first case, by Castelnuovo’s theorem, we see that H0(X,ω⊗2
X ) ̸= 0, and

ω⊗2
X ≃ OX . Furthermore, the case ωX ≃ OX only occurs in characteristic p = 2.

One divides Enriques surfaces into three types according to the Frobenius action

F on H1(X,OX).

Definition 5.2. An Enriques surface X is said to be

(1) classical if dimH1(X,OX) = 0,

(2) singular if dimH1(X,OX) = 1 and F is bijective on H1(X,OX),

(3) supersingular if dimH1(X,OX) = 1 and F is zero on H1(X,OX).

Let p > 2 and let X be an Enriques surface over k. Then, X has a canonical K3

covering

π : X̃ → X

by a smooth K3 surface X̃.

Theorem 5.3. Using the above notation, we have hts(X) = hts(X̃).

Proof. This follows from Proposition 3.4.

Next we assume that p = 2. We first study the higher Bockstein operators and the

Frobenius action on Hi(X,WmOX). Let

βm : H1(X,OX)→ H2(X,WmOX)

be the connecting homomorphism induced by the short exact sequence

0→WmOX
V−→Wm+1OX

Rm

−−→ OX → 0.

Lemma 5.4. Let X be a non-classical Enriques surface andm a positive integer.

Then, βm is nonzero. In particular,

H1(X,WmOX)
V−→ H1(X,Wm+1OX),

H2(X,Wm+1OX)
Rm

−−→ H2(X,OX)

are isomorphisms for any m.
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Proof. First assume that m = 1. It is known that the first Bockstein operator is

nonzero by [BM, §3, Lemma 1]. Form > 1, consider the following commutative diagram

0 // WmOX
V //

Rm−1

��

Wm+1OX
Rm

//

Rm−1

��

OX // 0

0 // OX
V // W2OX

R // OX // 0.

This induces a commutative diagram

H1(X,OX)
βm // H2(X,WmOX)

Rm−1

��
H1(X,OX)

β1 // H2(X,OX)

and βm is nonzero since β1 is so.

For the remaining statements, we see that the morphism V : H1(X,WmOX) →
H1(X,Wm+1OX) is an isomorphism since this is always injective and ker(βm) = 0 by

the first statement of this lemma. From this, we see that the rank of H1(X,WmOX)

is equal to the dimension of H1(X,OX). By Proposition 2.1, we know χ(WmOX) = m

and lengthWH
0(X,WmOX) = lengthWWm(k) = m and the length of H2(X,WmOX)

is one. Therefore, βm is an isomorphism and Rm : H2(X,Wm+1OX) → H2(X,OX) is

an isomorphism.

Lemma 5.5. Let X be a non-classical Enriques surface andm a positive integer.

Then, the following conditions are equivalent:

(1) X is supersingular,

(2) F acts on H1(X,WmOX) as zero,

(3) F acts on H2(X,WmOX) as zero.

Proof. First assume m = 1. The equivalence between (1) and (2) is the defini-

tion of supersingular Enriques surfaces and the equivalence between (1) and (3) is a

consequence of [Il, Proposition 7.3.2].

For m > 1, the morphisms

V m : H1(X,OX)→ H1(X,WmOX),

Rm−1 : H2(X,WmOX)→ H2(X,OX)

are clearly F -equivariant and isomorphic by Lemma 5.4. Therefore, the statement

follows from the m = 1 case.
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Proposition 5.6. Let X be an Enriques surface over k of characteristic 2 and

m a positive integer. If X is classical, then Hi(X,WmOX) = 0 for every i > 0. If X is

non-classical, then lengthWH
i(X,WmOX) = 1 for i = 1, 2.

Proof. The exact sequence

0→Wm−1OX
V−→WmOX

Rm−1

−−−−→ OX → 0

induces an exact sequence

Hi(X,Wm−1OX)
V−→ Hi(X,WmOX)

Rm−1

−−−−→ Hi(X,OX)

for any i. Therefore, if X is classical, we see that Hi(X,WmOX) = 0 by induction on

m for i > 0. The non-classical case directly follows from Lemma 5.4.

Proposition 5.7. Let X be an Enriques surface over k of characteristic 2 and

m a positive integer. If X is classical or singular, then Hi(X,BmΩX) = 0 for any i ≥ 0.

If X is supersingular, then

dimHi(X,BmΩX) =


1 if i = 0,

2 if i = 1,

1 if i = 2.

Proof. From the exact sequence (2.1), we get a long exact sequence

0→ H0(BmΩX)→ H1(WmOX)
F−→ H1(WmOX)

Dm−−→ H1(BmΩX)

→ H2(WmOX)
F−→ H2(WmOX)

Dm−−→ H2(BmΩX)→ 0.

If X is classical, then all Hi(X,BmΩX) vanishes by Proposition 5.6. If X is singular, by

Lemma 5.5 and Proposition 5.6, we see that the Frobenius action F on Hi(X,WmOX)

is bijective. By the above exact sequence, it follows that Hi(X,BmΩX) = 0. Finally,

assume that X is supersingular. Then, the statement follows from Lemma 5.5 and

Proposition 5.6.

Theorem 5.8. Let X be an Enriques surface in characteristic 2. Then, we have

hts(X) =


∞ if X is classical,

1 if X is singular,

∞ if X is supersingular.
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Proof. First, assume that X is classical. The exact sequence (2.2)

0→ F∗Bm−1ΩX → BmΩX
Cm−1

−−−−→ B1ΩX → 0

gives the following exact sequence:

Ext0(F∗Bm−1ΩX ,OX)→ Ext1(B1ΩX ,OX)
(Cm−1)∗−−−−−−→ Ext1(BmΩX ,OX)

→ Ext1(F∗Bm−1ΩX ,OX).

We compute as

Exti(F∗Bm−1ΩX ,OX) ≃ H2−i(F∗Bm−1ΩX ⊗ ωX)∨

≃ H2−i(F∗(Bm−1ΩX ⊗ F ∗ωX))∨

≃ H2−i(Bm−1ΩX)∨ = 0.

In the third equality we used that F ∗ωX ≃ ω⊗2
X ≃ OX and in the last equality we used

Proposition 5.7. Therefore, the Cartier operator induces an isomorphism

Ext1(B1ΩX ,OX)
(Cm−1)∗−−−−−−→ Ext1(BmΩX ,OX)

for any m. This means that hts(X) ∈ {1,∞} by (3.1). Hence, it suffices to show that

X is not Frobenius-splitting. If the exact sequence

0→ OX
F−→ F∗OX

d−→ B1ΩX → 0

splits, then its dual

0→ (B1ΩX)∨ → (F∗OX)∨ → OX → 0

also splits. Using the Grothendieck duality, since X is classical in p = 2, we see

that (F∗OX)∨ ≃ F∗ω
⊗1−p
X ≃ F∗ωX . Therefore, we get a surjection H0(X,F∗ωX) →

H0(X,OX), but this cannot happen because H0(X,ωX) = 0.

Now assume that X is non-classical and hence ωX ≃ OX . According to Proposition

3.5, we have to determine for which m the connecting homomorphism

δm : H1(X,BmΩX)→ H2(X,OX)

induced by the short exact sequence Em is zero. Since Em fits into the following com-

mutative diagram

0 // WmOX
F //

Rm−1

��

F∗WmOX
Dm //

��

BmΩX // 0

0 // OX // F∗OX // BmΩX // 0 Em,
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our δm factors as the composite of

H1(X,BmΩX)
αm−−→ H2(X,WmOX)

Rm−1

−−−−→ H2(X,OX).

Here αm denotes the connecting homomorphism induced by the upper exact sequence

of the diagram. If X is singular, then H1(X,BmΩX) is zero by Proposition 5.7 for any

m. In particular, δ1 is zero, and we see that hts(X) = 1.

If X is supersingular, we know that αm is surjective since F acts on H2(X,WmOX)

as zero by Lemma 5.5 and Rm−1 : H2(X,WmOX)→ H2(X,OX) is an isomorphism by

Lemma 5.4. Therefore, δm is surjective and hence, nonzero for any m. This says

hts(X) =∞.
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