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Classical weight one forms in Hida families: Hilbert

modular case (research announcement)

By

Tomomi Ozawa∗

Abstract

This is an announcement of the original paper [7] and the erratum [8] to [7]. In [7], we

investigated classical weight one specializations of a non-CM ordinary Λ-adic form of parallel

weight Hilbert cusp forms and through this study we also gave an explicit upper bound on the

number of such a specialization.

§ 1. Introduction

The aim of this article is to explain, according to the original paper [7], a general-

ization of Dimitrov and Ghate’s study [2] on classical weight one forms inside a Hida

family (which we will refer to an ordinary Λ-adic form in this article) of elliptic cusp

forms to the case of Hilbert modular forms with parallel weights. Let F be a totally

real field and p an odd prime. We consider a primitive ordinary Λ-adic cusp form F of

parallel weight Hilbert cusp forms defined over F . It is proved by Hida in [5] that the

specialization of F at any arithmetic point of weight greater than or equal to two is a

classical (holomorphic) Hilbert cusp form. Contrary to the higher weight specializations,

understanding of weight one specializations is much less satisfactory.

In the case of F = Q, Ghate and Vatsal [3] showed that a primitive ordinary Λ-adic

cusp form admits infinitely many classical weight one specializations if and only if it is

a CM family (namely, constructed from a Hecke character of an imaginary quadratic

field). Their work was motivated by a question of Greenberg [3, Question 1] on the local
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indecomposability of the p-adic Galois representation attached to an elliptic cuspidal

eigenform of weight at least two. They solved a similar question for Λ-adic forms in [3,

Theorem 3]. It was in the course of their proof of [3, Theorem 3] that the aforementioned

characterization of a CM family was shown (as a byproduct). Further, the number of

classical weight one forms inside a non-CM family is bounded by an explicit constant

due to Dimitrov and Ghate in [2]. The result in [3] was generalized to the case of totally

real fields by Balasubramanyam, Ghate and Vatsal in [1], which contains an outline of

a proof even for nearly ordinary Λ-adic forms with not necessarily parallel weights.

Motivated by these works, in the original paper [7], we pursued a generalization of

the results of Dimitrov and Ghate to the case of Hilbert modular forms with parallel

weights, and gave an explicit estimate on the number of classical weight one specializa-

tions obtained from a non-CM primitive ordinary Λ-adic cusp form.

We now review the main results in [7]. Let GF be the absolute Galois group

Gal(F/F ) of a totally real field F and n0 an integral ideal of F prime to p. In this article,

we adopt Wiles’ convention of Λ-adic forms in [11] as we did in [7]. Let F be a primitive

p-ordinary cuspidal Hida family of tame level n0, ρF : GF → GL2(Frac(ΛL)) the Galois

representation attached to F where ΛL is a finite integral extension of the Iwasawa

algebra Λ ∼= O[[X]]. We take a GF -stable ΛL-lattice L in Frac(ΛL)
2 and consider the

reduction ρ̄F : GF → GL2(F) of ρF modulo the maximal ideal of ΛL. Here F is a finite

field of characteristic p. The reduction ρ̄F may depend on the choice of a lattice L
but its semi-simplification ρ̄ssF : GF → GL2(F) does not ([7, Section 2.3]). By Ohta [6],

Rogawski-Tunnell [9] and Wiles [11], any classical weight one Hilbert cuspidal eigenform

f gives rise to an irreducible totally odd Artin representation ρf : GF → GL2(C). In

[7], we gave an upper bound on the number of classical weight one specializations inside

F by counting the number of Artin representations attached to such specializations. By

the classification of finite subgroups of PGL2(C) (see [10, Section 3.3] for example), we

know that the projective image of ρf in PGL2(C) is either

• dihedral, namely, a dihedral group D2n of order 2n for some integer n ≥ 2; or

• exceptional, namely, the symmetric group S4, or the alternative groups A4 or A5.

As explained in [7, Section 3.3], if F admits a classical weight one specialization f ,

then the projective image of ρ̄ssF in PGL2(F) has to be of the same type as that of

ρf , and hence ρ̄F = ρ̄ssF is irreducible and unique up to isomorphism. If F is a CM

family, then the projective image of ρ̄F in PGL2(F) is dihedral. According to the above

classification, we will distinguish the arguments in the proof of the main theorems.

§ 1.1. Dihedral case

Suppose first that the projective image of ρ̄F in PGL2(F) is a dihedral group. Then

there exist a quadratic extension K of F and a character φ̄ : GK = Gal(F/K) → F×
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so that ρ̄F is isomorphic to the induced representation IndFK(φ̄) by φ̄. We consider the

following property of F :

(P) F has a classical weight one specialization f such that the associated representation

ρf : GF → GL2(O) (O is a suitable finite integral extension of Zp) has the property

that ρf (Ip) has order at least three
1 for each prime ideal p of F lying over p. Here

Ip ⊂ GF is the inertia group at p.

It follows from (P) that ρf is isomorphic to the induced representation IndFK(φ) for

a finite order character φ : GK → O× which is a lift of φ̄ ([7, Lemma 4.2]). The

property (P) further implies that for any prime ideal p of F lying over p, p splits in

K, say pOK = PPσ, and the character φ is ramified at exactly one of P and Pσ

([7, Lemma 4.3]). We assume that φ is ramified at P and unramified at Pσ. We

let Q =
∏

p|p P and consider the projective limit ClK(n0Q∞) = lim←−r≥1
ClK(n0Qr) of

narrow ray class groups ClK(n0Qr) of K of modulus n0Qr. For each P, we denote by

UK,P the principal unit group of the completion of K at P and by UK the closure of the

image of UK =
{
u ∈ O×

K | u ≡ 1 mod Q
}
in
∏

p|p UK,P . By virtue of class field theory,

the group ClK(n0Q∞) is of finite order if and only if (
∏

p|p UK,P)/UK is a finite group

(see [7, Section 4.2]). We put

M ′ = |ClK | ·

∣∣∣∣∣∣
∏

p|p

UK,P

 /UK

∣∣∣∣∣∣ ·
∏
l|n0

split in K

(ql − 1) ·
∏
l|n0

inert in K

(ql + 1)

and M(F ,K, f) = pordp(M
′), provided that ClK(n0Q∞) is of finite order. Here ClK is

the ideal class group of K, ql is the cardinality of the residue field at a prime ideal l

of F and ordp is the p-adic valuation normalized so that ordp(p) = 1. The first main

result in the dihedral case is

Theorem 1.1 (cf. Theorem 1.1 in [7]). Let F be a primitive ordinary Λ-adic

cusp form of tame level n0 which has the property (P). Then the following two statements

hold:

(1) Assume further that Leopoldt’s conjecture for F and p is true. If ClK(n0Q∞) is an

infinite group, then there exists a primitive ordinary Λ-adic cusp form G of tame

level n0 which has CM by K and whose residual representation ρ̄G is isomorphic to

that of F . In particular, K/F is a totally imaginary extension.

1From the assumption that the order of ρf (Ip) being at least three (combined with the ordinariness
of ρf at p), we deduce that the projective image of ρf in PGL2(C) is D2n for n ≥ 3 and the
projective image of ρf (Ip) is contained in the unique cyclic group Cn of order n in D2n. Therefore
Ip is contained in GK and p is unramified in K (cf. [7, Lemma 4.3]).
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(2) If ClK(n0Q∞) is of finite order, then F is not a CM family and the number of

classical weight one specializations of F is bounded by M(F ,K, f).

Remark. In the statement of [7, Theorem 1.1 (1)], the assumption on Leopoldt’s

conjecture for F and p was not imposed. However, in order that the proof of Theorem

1.1 (1) works properly, it would seem that one has to assume that the Zp-rank of

ClK(n0Q∞) is equal to 1 + δ. Here δ is the defect in Leopoldt’s conjecture for F and

p. We will explain the reason why this assumption is necessary in Section 4.2. We note

that if Leopoldt’s conjecture is true (i.e., if δ = 0), then the Zp-rank of ClK(n0Q∞) is

either 0 or 1. The first case is excluded as we assume that ClK(n0Q∞) is infinite. Thus

the Zp-rank of ClK(n0Q∞) is 1 and the proof works.

Remark. Here we summarize what we can say about the group ClK(n0Q∞),

regardless of Leopoldt’s conjecture for F and p. If we assume that Leopoldt’s conjecture

for K and p is true, then ClK(n0Q∞) is an infinite group if and only if K is a CM field.

In particular, in the case where F = Q and K is a real quadratic field, the case (2)

always happens. In [2], the case where K is a real quadratic field is referred to as

“residually of RM type”, which is what Theorem 1.1 (2) generalizes. If we did not

assume Leopoldt’s conjecture for K and p, we would not know whether or not the

infiniteness of ClK(n0Q∞) implies that K is a CM field (as mentioned in [7, Remark 4.5

(1)], the converse implication holds true unconditionally). To avoid assuming Leopoldt’s

conjecture for K and p, we adopt Wiles’ convention of Λ-adic forms and construct a

Λ-adic form G as in Theorem 1.1 (1) to conclude that K/F is totally imaginary.

In view of Theorem 1.1 (1), an estimate on the number of classical weight one

specializations inside a non-CM Λ-adic cusp form F in the case where K/F is a totally

imaginary extension remains to be accomplished. In this case one can give an upper

bound as follows. Since F is non-CM, there is at least one prime ideal l in F that

is inert in K, prime to n0p and the trace of ρF (Frobl) is non-zero. Here Frobl is an

arithmetic Frobenius at l. Otherwise we have ρF ∼= εK/F⊗ρF where εK/F : GF → {±1}
is the quadratic character corresponding to K/F and hence F has CM by K (cf. the

proof of [7, Theorem 3.3]). Let λF,l be the number of height one prime ideals of ΛL

which contain TrρF (Frobl) and sit above prime ideals of Λ corresponding to weight one

specializations. This number is finite because ΛL is of Krull dimension two and thus an

intersection of infinitely many height one prime ideals in ΛL is zero. We put

λF = min {λF,l | l is inert in K and prime to n0p} .

The following proposition is the second main result in the dihedral case.

Proposition 1.2. Let F be a non-CM primitive ordinary Λ-adic cusp form

whose residual representation ρ̄F is isomorphic to the induced representation IndFK(φ̄)
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for some totally imaginary quadratic extension K of F and a character φ̄ : GK → F×.

Then the number of classical weight one specializations of F is bounded by λF .

This proposition is identical to [7, Proposition 1.2] which extends [2, Lemma 6.5]

to the case of totally real fields.

§ 1.2. Exceptional case

Secondly we consider the exceptional case. As the projective image of the Artin

representation ρf in PGL2(C) for any classical weight one form f in F has bounded

order, say 24, 12 or 60, our analysis in this case is simpler than the dihedral case. Let

pr be the p-part of the class number of F and t the number of the prime ideals of F

lying over p.

Theorem 1.3 (Theorem 1.3 in [7]). Let F be a non-CM primitive ordinary Λ-

adic cusp form whose residual representation ρ̄F : GF → GL2(F) is of exceptional type.
Then F has at most b classical weight one specializations, where

• b = pr, except p = 3 or 5, in which case b = 2t · pr.

This theorem is a generalization of [2, Theorem 5.1] to the case of totally real fields.

§ 1.3. Organization

This article is organized as follows. In Section 2, we will briefly recall the notion

of ordinary Λ-adic forms of Hilbert cusp forms which was invented by Wiles in [11]

and Galois representations attached to them. In Section 3, we discuss specializations

(including in weight one) of CM and non-CM Λ-adic cusp forms and then state the

finiteness result for non-CM families in [1] alluded to in the second paragraph of the

introduction. In the last section, we will outline the proof of Theorem 1.1 while taking

the corrections made in [8] into account.

§ 1.4. Notation

Here we summarize symbols which will be frequently used in this article.

For an algebraic number field E, we denote by OE the ring of integers in E and

by ClE (resp. by Cl+E) the ideal class group (resp. the narrow ideal class group) of E.

For a non-zero ideal a ⊂ OE , we denote by ClE(a) the narrow ray class group of E of

modulus a. In particular, Cl+E is equal to ClE(OE). For a prime ideal l of E, let El be

the completion of E at l. We denote by OE,l, UE,l and Fl the ring of integers, the group

of principal units and the residue field of El, respectively.

Let F be a totally real field, GF = Gal(F/F ) the absolute Galois group of F and

p an odd prime. Throughout the article, we fix embeddings ιp : Q ↪→ Qp, ι : Qp ↪→ C
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and regard Q as a subfield of C via ι∞ = ι ◦ ιp. We denote by δ the defect in Leopoldt’s

conjecture for F and p.

§ 2. Ordinary Λ-adic forms and their Galois representations

In this section, we briefly recall basic notion and properties concerning ordinary

Λ-adic forms of Hilbert modular forms of parallel weight and the associated Galois

representations. We refer to [11] for the details.

§ 2.1. Weights and characters

Let F∞ be the cyclotomic Zp-extension of F and G the Galois group Gal(F∞/F ).

This G will parametrize the weights and exponents of p in the levels of a p-adic family

of Hilbert cusp forms. Let O be the p-adic integer ring of a finite extension of Qp and

Λ = O[[G]] the completed group algebra. We fix a topological generator γ of G. Then

Λ can be identified with the power series ring O[[X]] of one-variable by sending γ to

1 +X. Let F (µp∞) be the Galois extension of F obtained by adjoining all the p-power

roots of unity to F . Then we have an isomorphism Gal(F (µp∞)/F ) ∼= G×∆, where ∆

is a subgroup of the group µp−1 of (p− 1)-st roots of unity in Z×
p . Let

χp : GF → Gal(F (µp∞)/F ) ↪→ Z×
p

be the p-adic cyclotomic character of GF . Namely, we have

a(ζ) = ζχp(a) (a ∈ GF )

for any p-power root of unity ζ ∈ F . We may and do regard χp as a character of G via

the isomorphism Gal(F (µp∞)/F ) ∼= G×∆. Let

ω = lim
n→∞

χpn

p : GF → Z×
p → µp−1

be the Teichmüller character. For an integer k and a character ε : G→ Q×
p of p-power

order, let φk,ε : Λ → Qp be the ring homomorphism induced by a 7→ ε(a)χp(a)
k−1 on

G. Note that the character a 7→ ε(a)χp(a)
k−1 on G is of finite order if and only if

k = 1.

Let L be a finite extension of the field of fractions of Λ and ΛL the integral closure

of Λ in L.

Definition 2.1. Let k ≥ 1 be an integer. We say that an O-algebra homomor-

phism P : ΛL → Qp is a weight k specialization if P restricts to φk,ε for some finite

order character ε : G → Q×
p on Λ. If k ≥ 2, a weight k specialization is said to be an

arithmetic point of ΛL.
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Let χΛ : GF → Λ× be the Λ-adic cyclotomic character obtained by composing the

canonical surjection GF → G with the map G→ Λ× taking γ to 1 +X.

§ 2.2. Ordinary Λ-adic forms

Let n0 be an integral ideal in OF prime to p and ψ : GF → Q×
p a totally odd finite

order character of conductor dividing n0p that is tamely ramified at all prime ideals p

of F lying over p.

Definition 2.2. An ordinary Λ-adic cusp form F of tame level n0 and nebentype

ψ is a collection {c(m,F)}m of elements in ΛL indexed by the set of non-zero integral

ideals m in OF , such that for each arithmetic point P of ΛL with P |Λ = φk,ε, the series∑
m

ι(P (c(m,F)))Nm−s

is the Dirichlet series associated with a classical p-ordinary Hilbert cusp form fP of

parallel weight k, level n0p
r+1 where pr is the order of ε and nebentype (χ1−k

p ψχΛ) mod

P = ψεω1−k. Here Nm is the cardinality of OF /m. We call fP the specialization of F
at P .

The space of ordinary Λ-adic cusp forms of tame level n0 and nebentype ψ is finitely

generated over ΛL ([11, Proposition 1.2.2]). Moreover, this space is equipped with Hecke

operators Tl, Up and diamond operators S(l) for prime ideals l ∤ n0p and p | n0p so that

the action is compatible with specializations.

Definition 2.3 (cf. p. 552 of [11]). A primitive ordinary Λ-adic form F of tame

level n0 and nebentype ψ is an eigenform for the Hecke operators Tl, Up and S(l) such

that for every arithmetic point P of ΛL, the specialization fP is a p-ordinary, p-stabilized

newform of level divisible by n0 (see [11, p. 538] for the notion of p-stabilized newforms).

For such a Λ-adic cusp form F , the eigenvalue of S(l) is ψ(l) for each prime ideal l

prime to n0p, and the nebentype ψ is referred to as “the central character of F” in [2].

In the rest of this paper, we will only deal with primitive ordinary Λ-adic cusp forms

and denote by ψF the nebentype of such a form F .

§ 2.3. Galois representations attached to ordinary Λ-adic cusp forms

To each primitive ordinary Λ-adic cusp form F of tame level n0 and nebentype ψF ,

Wiles associated a continuous irreducible Galois representation

ρF : GF → GL2(L)
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which is unramified outside n0p and such that

Tr(ρF )(Frobl) = c(l,F), det(ρF )(Frobl) = ψF (l)χΛ(Frobl)(2.1)

for each prime ideal l ∤ n0p ([11, Theorem 2.2.1]). Here Frobl is an arithmetic Frobenius

at l. In the case of F = Q, this is due to Hida [4]. Note that by Definition 2.2 the

values in (2.1) belong to ΛL. In particular, by applying Chebotarev density theorem this

tells us det(ρF ) = ψFχΛ. Specializing the determinant at φk,ε, we obtain a character

ψFεω
1−kχk−1

p . If the weight k specialization fP with P |Λ = φk,ε is a classical cusp

form, its nebentype is ψFεω
1−k which is in accordance with Definition 2.2. Note that

if k = 1, φ1,ε(det(ρF )) = ψFε is a finite order character.

Let m = mΛL
be the maximal ideal of the local ring ΛL and F = ΛL/m the residue

field of ΛL which is a finite field of characteristic p. As explained in [7, Section 2.3],

one can define the residual representation ρ̄ssF : GF → GL2(F) of F . This is a unique

semi-simple representation whose trace and determinant are characterized by

Tr(ρ̄ssF )(Frobl) = c(l,F) mod m, det(ρ̄ssF )(Frobl) = ψF (l) mod m.

We also know that ρF is ordinary, that is, for each prime p sitting above p, the

restriction of ρF to the decomposition group Dp at p is of the shape

ρF |Dp
∼=

(
Ep ∗
0 Dp

)

where Ep,Dp : Dp → Λ×
L are characters with Dp unramified and Dp(Frobp) = c(p,F)

([11, Theorem 2.2.2]). This in particular implies that Ep = det(ρF ) on the inertia group

Ip at p.

§ 3. Weight one specializations of a Λ-adic form

In this section, we firstly discuss specializations of CM and non-CM Λ-adic cusp

forms, and secondly recall the finiteness result for non-CM Λ-adic cusp forms in [1].

§ 3.1. CM and non-CM Λ-adic forms

Definition 3.1. A primitive ordinary Λ-adic cusp form F is of CM type (or a

CM family) if there exists a totally imaginary quadratic extension K of F such that

ρF ∼= ρF ⊗ εK/F , where εK/F : GF → {±1} is the quadratic character corresponding to

K/F . We also say that F has CM by K. A primitive ordinary Λ-adic cusp form F is

said to be non-CM if F is not of CM type.
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A Λ-adic cusp form of CM type is explicitly constructed by a Λ-adic Hecke character

of K. We refer the reader to [1, Section 4] for the construction. We note that a

CM family has infinitely many classical specializations including in weight one, and all

of them have CM in the classical sense. It should also be noticed that the residual

representation ρ̄ssF : GF → GL2(F) of a CM family F is irreducible, and its image in

PGL2(F) is isomorphic to a dihedral group.

Hida’s control theorem [5, Theorem 3] tells us that if f is an ordinary p-stabilized

newform of weight k ≥ 2, then there is a unique primitive ordinary Λ-adic cusp form F
specializing to f . In addition, if f has CM in the classical sense, one can explicitly con-

struct a Λ-adic cusp form of CM type passing f , and the uniqueness ensured by Hida’s

control theorem implies that this CM family is the only Λ-adic cusp form specializing

to f . Therefore, any arithmetic specialization of a non-CM Λ-adic cusp form does not

have CM in the classical sense.

Remark. If f is of weight 1, Wiles showed in [11, Theorem 3] the existence of a

primitive ordinary Λ-adic cusp form F specializing to f as well. However, contrary to

the case of weight at least two, the uniqueness of F is not guaranteed.

§ 3.2. Finiteness result for non-CM families

By definition, a primitive ordinary Λ-adic cusp form F admits infinitely many clas-

sical specializations of weight at least two. If F is of CM type, then F contains infinitely

many classical weight one specializations as well. The proof of Balasubramanyam, Ghate

and Vatsal’s [1, Theorem 3] implies the following finiteness result.

Theorem 3.2 (Theorem 3.3 of [7]). A primitive ordinary Λ-adic cusp form F
admits infinitely many classical weight one specializations if and only if F is of CM

type.

Remark. In [7] we adopted Wiles’ convention of Λ-adic forms with the weight

space parametrized by one (cyclotomic) variable. On the other hand, in [1] they adopted

the definition of Λ-adic forms in (1 + δ)-variables. This convention was introduced by

Hida in [5], and it is identical to Wiles’ one when δ = 0. In Hida’s convention, Λ is

isomorphic to a power series ring of (1+ δ)-variables, and [1, Theorem 3] says that F is

a CM family if and only if the set

{ker(P ) | fP is a weight one specialization of F that is classical}

is Zariski dense in Spec(ΛL). If δ = 0, this set is Zariski dense in Spec(ΛL) if and only

if F admits infinitely many classical weight one specializations, so Theorem 3.2 follows

from [1, Theorem 3]. However, when δ is positive the Krull dimension of Λ is more than
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two and F having infinitely many classical weight one specializations would not suffice

to conclude that this is a Zariski dense subset of Spec(ΛL). This is why we chose Wiles’

convention of Λ-adic forms in [7].

§ 4. Main ideas of the proof in the dihedral case

In this section, we will give a brief account of main ideas how to prove Theorem

1.1. As mentioned in the remark just after Theorem 1.1, the proof of [7, Theorem 1.1

(1)] contains some errors. An appropriate correction according to the erratum [8] to [7]

will be explained in Section 4.2.

Let F be a primitive ordinary Λ-adic cusp form of tame level n0 and nebentype ψF

whose residual representation ρ̄F is of dihedral type, as in Section 1.1. In particular, F
has the property (P) in the subsection. Recall that (P) guarantees the existence of a

classical weight one specialization f of F and let ρf ∼= IndFK(φ) be the associated Artin

representation.

§ 4.1. Basic strategy of the proof

As declared in Section 1, what we will actually count is the number of Artin repre-

sentations attached to classical weight one specializations obtained from F . To be more

precise, let f ′ be a classical weight one specialization of F distinct from f (if any) and

ρf ′ ∼= IndFK(φ′) its Artin representation. Our strategy is, as proposed in Dimitrov and

Ghate’s preceding work [2], counting the number of characters ξ = φ/φ′.

We verified in [7, Lemmas 4.6 and 4.7] that via class field theory each such ξ can

be regarded as a p-power order character ξ : ClK(n0Q∞) → Q×
p whose restriction to

(
∏

p|pO
×
K,P)/O

×
K factors through(

∏
p|p

UK,P)/UK

× ∏
l|n0

split in K

F×
l ×

∏
l|n0

inert in K

F×
lOK

/F×
l .(4.1)

If ClK(n0Q∞) is a finite group, so is the above group (4.1). Therefore, by taking the

p-part of the order of (4.1) we complete the proof of Theorem 1.1 (2).

Secondly we shall show Theorem 1.1 (1). Suppose that ClK(n0Q∞) is an infinite

group. Then ClK(Q∞) = lim←−r≥1
ClK(Qr) is also an infinite group. Roughly speaking,

we proceed the above argument backward. To be more precise, we take a p-power order

character ξ : ClK(Q∞)→ Q×
p and consider the induced representation ρξ = IndFK(φξ).

By [7, Lemmas 4.9 and 4.10], there exists a classical weight one Hilbert cusp form fξ

defined over F of level n0p
r (for some integer r ≥ 0 depending on each ξ) so that the

associated Artin representation ρfξ is isomorphic to ρξ. Furthermore, by applying [11,
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Theorem 3], we see in [7, Proposition 4.11] that there exists a primitive ordinary Λ-adic

cusp form Fξ of tame level n0 which specializes to the p-stabilization(s) of fξ. Finally,

to conclude that there exists a primitive ordinary Λ-adic cusp form G of tame level n0

which specializes to infinitely many of fξ, we use the fact [11, Theorem 1.2.2] that the

space of ordinary Λ-adic cusp forms of fixed tame level and fixed nebentype is finitely

generated over Λ. It is at this point that the author made a mistake in [7].

§ 4.2. Nebentype of classical weight one forms and Λ-adic forms

The problem in the proof of [7, Theorem 1.1 (1)] is that it is not clear whether there

exist infinitely many fξ of weight one whose nebentype are of the shape ψε for some

fixed character ψ : GF → Q×
p of conductor dividing n0p which is tamely ramified at any

prime ideal p of F lying over p and (varying) p-power order characters ε : G→ Q×
p . A

Λ-adic cusp form G as in Theorem 1.1 (1) of CM type specializing to infinitely many of

fξ always satisfies this property.

Let us look this problem more closely. As fξ corresponds to the induced represen-

tation IndFK(φξ), we see that

det(ρfξ) = εK/F · ((φξ) ◦ verK/F )= det(ρf ) · (ξ ◦ verK/F ),(4.2)

where εK/F : GF → {±1} is the character corresponding to the quadratic extension

K/F and verK/F : Gab
F → Gab

K is the transfer map on the maximal abelian quotients.

On the other hand, since Fξ specializes to fξ, we know that det(ρfξ) is equal to ψFξ
εξ

for some p-power order character εξ : G → Q×
p . In [7], it remained to be shown that

any p-power order character ε : G→ Q×
p occurs as a wildly ramified part of ξ ◦ verK/F

for some ξ : ClK(Q∞)→ Q×
p .

Recall that via class field theory, the transfer map verK/F : Gab
F → Gab

K corresponds

to a canonical map A×
F /F

× → A×
K/K

× of idele class groups induced by the inclusion

F ↪→ K. We put ClF (p
∞) = lim←−r≥1

ClF (p
r). As explained in the erratum [8], we have

a commutative diagram

1 −−−−→ (
∏
p|p

O×
K,P)/O

×
K −−−−→ ClK(Q∞) −−−−→ ClK −−−−→ 1xverK/F

xverK/F

xverK/F

1 −−−−→ (
∏
p|p

O×
F,p)/O

×
F −−−−→ ClF (p

∞) −−−−→ Cl+F −−−−→ 1

(4.3)

whose horizontal lines are exact. We know that the Zp-rank of ClF (p
∞) (and thus of

(
∏

p|pO
×
F,p)/O

×
F ) is 1+ δ. Since each prime ideal p of F splits in K, the unit group O×

F,p

is identical to O×
K,P and hence the left vertical map in (4.3) is surjective. Therefore, by
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taking into consideration our assumption that ClK(n0Q∞) being infinite, we see that

the Zp-rank of ClK(Q∞) is 1 + t where t is an integer such that 0 ≤ t ≤ δ.
It is this gap of Zp-ranks between ClK(Q∞) and ClF (p

∞) that causes the afore-

mentioned problem concerning the proof of Theorem 1.1 (1). Let F̃∞ be the composite

of the Zp-extensions of F , G′ the Galois group Gal(F̃∞/F ) and Λ′ = O[[G′]]. Then

G′ is isomorphic to (1 + δ)-copies of Zp and this Λ′ is the Iwasawa algebra which is

adopted in Hida’s convention of Hida families in [5]. Moreover, G′ is a direct summand

of (
∏

p|pO
×
F,p)/O

×
F , and we have ClF (p

∞) ∼= G′ ×∆′ where ∆′ is a finite group.

As shown in [8, Lemma 0.3], any character ε : G′ → Q×
p is of the shape ξ ◦ verK/F

on G′ for some p-power order character ξ : ClK(Q∞)→ Q×
p if and only if the Zp-rank

of ClK(Q∞) is equal to 1 + δ. In particular, if the Zp-rank of ClK(Q∞) is equal to

1 + δ, then any character ε : G→ Q×
p occurs as a wildly ramified part of ξ ◦ verK/F for

some p-power order character ξ : ClK(Q∞) → Q×
p . Therefore, we can find a character

ψ : GF → Q×
p of conductor dividing n0p which is tamely ramified at any prime ideal

p of F lying over p with the following property: for any character ε : G → Q×
p , ψε is

realized as the nebentype of some fξ. Since there are finitely many primitive ordinary

Λ-adic cusp forms of fixed tame level and fixed nebentype (namely, of n0 and ψ), among

such forms we can find G which specializes to infinitely many of fξ. With Theorem 3.2

in mind, this G has CM by K and thus K/F is a totally imaginary quadratic extension.

This completes the proof of Theorem 1.1 (1).

Remark. Under the assumption that the Zp-rank of ClK(Q∞) is 1 + δ, one can

actually construct a Λ-adic cusp form G̃ of CM type in the sense of Hida [5] such that

the weight one specializations P̃ξ of (a finite extension of) Λ′ at which G̃ specializes to

fξ form a dense subset
{
Ker(P̃ξ)

}
of Spec(Λ′). Let G be the image of G̃ under the

O-algebra homomorphism Λ′ → Λ induced by the canonical restriction G′ → G. Then

this G is a Λ-adic cusp form of CM type in the sense of Wiles and satisfies the assertion

in Theorem 1.1 (1).
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