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Cluster algebra and ¢-Painlevé equations: higher
order generalization and degeneration structure

By

Takao SuzuUKI*and Naoto OKUBO™*

Abstract

In this article we give a birational representation of an extended affine Weyl group of type
(Amn—1+ Am-1 + Am_l)(l) with the aid of a cluster mutation. This group provides several
higher order generalizations of the g-Painlevé VI equation (¢-Py1) as translations. We also
discuss a confluence of vertices of a quiver which can be applied to a degeneration structure of
the ¢g-Painlevé equations.

§1. Introduction

The cluster algebra was introduced by Fomin and Zelevinsky in [2, 3]. Tt is a
variety of commutative ring described in terms of cluster variables and coefficients.
Its generating set is defined by an operation called a mutation which transforms a seed
consisting of cluster variables, coefficients and a quiver. Then new cluster variables (reps.
coefficients) are rational in original cluster variables and coefficients (reps. coefficients).
Hence we can obtain various discrete integrable systems from mutation-periodic quivers
([13]) as relations satisfied by cluster variables and coefficients.

In the previous work [15] the ¢-Painlevé VI equation ([6]) was derived from the
mutation-periodic quiver with 8 vertices; see Figure 4 in Section 3. As its extension, we
consider the quiver an(Ai,}b)_l)*l; see Figure 1. This quiver is invariant under some
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Figure 2. Confluence of quiver (example)

compositions of mutations and permutations of vertices of quivers. Those operations
generate a group of birational transformations which is isomorphic to an extended affine
Weyl group of type (Amn—1 + Am—1 + Am_l)(l)*g. And this group provides several
generalized ¢-Pyy’s as translations. In the previous work [16] we investigated the case
m = 2 and derived three types of systems. In this article we review it quickly and give
an additional explanation about the ¢g-hypergeometric solution of the generalized ¢-Pyr;
see Section 2.

Our another aim is to propose a confluence of vertices of a quiver; see Figure 2.
We define a confluence of vertices of a quiver i« — j by replacing two vertices 7, j and an
arrow between them with one vertex j. In this article we only consider a confluence of
two vertices which are connected by arrows directly. At the level of the corresponding
skew-symmetric matrix, the confluence can be interpreted as the following operation.

*2This fact is first obtained in [12] as an extension of the previous work [9, 10] in which the binational
representation of the affine Weyl group of type (Am—1 + Anfl)(l) is formulated.
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1. Add the ¢-th row to the j-th row.
2. Add the i-th column to the j-th column.
3. Delete the i-th row and the ¢-th column.

The confluence of skew-symmetric matrix corresponding to the one of Figure 2 is de-
scribed as follows.

0 —1—-1 1
1 0 -11 0-20
- 4—1
20 —1
1 1 0 -1
01 0
~1-11 0

It can be applied to the degeneration structure of the g-Painlevé equations ([18]), which
is described as follows.

Eél) Eél) Eél) Dél) AELI) E,?()l) Eél) Agl) E(()l)
O 7 M 0 0 0 T 0 7 0 T O )
AO Al A2 A3 A4 A5 AG A? AS

In this table numerators and denominators stand for symmetry and surface types respec-

tively. Following [11], we use the symbols Eél) = (Ay+ A1) and Eél) =(A+ A D
|a|2=14

for the sake of simplicity. The type Dél) / A:(gl) corresponds to ¢g- Py1. In the previous work
[15] we derived 4 types of ¢g-Painlevé equations containing ¢-Py; from some mutation-
periodic quivers. At that time we gave the quivers by using the operation called a
flattening which corresponds to the reduction of the discrete integrable system. Af-
terward, 9 equations below the one of type Eél) /Aél) were derived in [1] by using a
correspondence between quivers and Newton polygons. We obtain those quivers again
with the aid of a confluence of vertices of a quiver; see Section 3.

§ 2. Extended affine Weyl group and Generalized ¢- Py

§2.1. Cluster mutation

Let Q = an_l(Af;),l) (m,n > 2) be the quiver given in Figure 1. We define a

mutation p; ;) at the vertex [j,4] as follows.

ji
1. If there are k; arrows from [j1,41] to [j,i] and ks arrows from [j, ] to [j2, 2], then
we add k1ke arrows from [j1,71] to [j2, 2]
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2. If 2-cycles appear via the operation 1, then we remove all of them.

3. We reverse the direction of all arrows touching [, i].

Let]—{[Ja |O<z<m—1 0<j<mn—1} be a vertex set. We define a skew-

symmetric matrix A = corresponding to a quiver () as fol-

(A[Jl 711]:[327%2]) [j1,i1],[ja i) €T
lows.

= k and

o If there are k arrows from [ji,41] to [ja,42], then we set X[

Ay k.

J1 7i1]7[j27i2]

2,82],[d1,%1] —

e If there is no arrow connecting two vertices [j1,41] and [jo, 2] directly, then we set
)\[jlyil]a[jZaiQ] = )‘[j27i2]7[j17i1] = 0.

Also let y = (y[m])[j’i]el be a m?n-tuple of coefficients. Then the mutation Hij) -

(A,y) = (A, y) is given by

(—Xjs,in] i sia] (1, 41] = [4,4] V [z, 32] = [4,1])
Njsiahzvial = 9 Afjrinl iz dz] T Alnia ] Al lzvdz) Alinial il > O A Al [auia] > 0)
A sl sial = M sl 5] Ml zoia) Ain il < OA Ml avia] < 0)
RTRARRN (otherwise)
and
¥ i = [G:)

(

y[j1 1] (1 + y[ ])A[“ bl (A[]ly ,19,4] < 0)

Yigin) (L4 ygg,) 0l (N g > 0)
(

otherwise)

/
Yjr,ia) =

\ Ylj1,ia]

Note that we don’t consider cluster variables in this article. We denote a transposition
of vertices [j1,41] and [j2, 2] by ([j1,71], [J2,2]). It act on coefficients as

Ylja,iz) ([j7 Z] = [jlvil])
([71: 1], G2y i2)) (Wiga) = < Ypgin) (05 4] = [das i2]) -
Yij,i) (otherwise)

In the following we use a notation of periodicity

Yli,q) = Ylji+m] = Yj+mn,i]-
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§2.2. Birational representation of affine Weyl group

We introduce parameters corresponding to the simple roots of the affine root system

as
m—1
Q= H Y[j.i) (j=0,....,mn—1),
1=0
mn—1 mn—1
= H Ylj,i]s ﬁ;: H Ylj,i+4] (1=0,...,m—1),
j=0 =0
with
mn—1 m—1 m—1mn—1
H aj:Hﬂi— Hﬂ;_ H H Ylji =
j=0 1=0 i=0 j=0
Note that

& = Qjrmn, Bi = Bitm> Bi = Bitm-
Definition 2.1.  We define birational transformations m, 7', p, called Dynkin dia-
gram automorphisms, by
= ([0,0],[1,1],...,[m —1,m —1],[m,0],...,[mn —1,m —1])
x ([0,1],[L,2],...,[m —1,0],[m,1],...,[mn — 1,0])
X ..
x ([0,m —1],[1,0],...,[m —1,m = 2], [m,m — 1],...,[mn — 1,m — 2]),
= ([0,0],[1,0],...,[m — 1,0],[m,0],..., [mn —1,0])
x ([0,1],[L,1],...,[m —1,1],[m,1],...,[mn —1,1])

x ([0,m—1],[1,m—1],...,[m —1,m —1],[m,m —1],...,[mn —1,m — 1]),
p = ([1,0],[mn —1,m — 1])([1,1],[mn — 1,0]) ... ([L,m — 1], [mn — 1,m — 2])
x ([2,0], [mn —2,m — 2])([2, 1], [mn — 2,m —1])...([2,m — 1], [mn — 2,m — 3])
X ([m—1,0], [mn—m+1,1])([m—1,1], [ mn—m+1,2])...([m—1,m—1], [mn—m+1,0])
x ([m, 0], [mn —m,0])([m, 1], [mn —m,1])...([m,m — 1], [mn — m,m — 1])

x ([N, 0], [mn — N,0]) ([N, 1], [mn — N,1])...([N,m — 1], [mn — N,m — 1]),
where

(g1, d1], [G2s32]s - - o ks i]) = (G, 1), 2, 42]) (G2, i2)s [, 43]) - - - ([Tk=1, tk—=1], [Tk, ik))



58 TAKAO SUZUKI AND NAOTO OKUBO

stands for a cyclic permutation and N = ["*|. Here we define a composition of two
operations pu1, pi2 by (p1p2)(y) = p(p2(y))-

These transformations act on the coefficients and the parameters as
7T<y[j,i]) = Ylj+1,i+1]s

T (Y1) = Y1)
PYliamtinil) = Ypmn—ism—insi—jr] (J1=0,...,m—1; joa=0,...,n—1).

and
m(a;) = ajp1,  w(Bi) = Birr, 7(B) =B,
m'(aj) = aji1, ©(B) =B, 7 (Bi) = Bi_1,
p(a]) = Omn—j, p(ﬁl) - /87{? :0(/6);) = ﬁi?
fori=0,....m—1and j=0,...,mn—1.

Definition 2.2.  We define birational transformations rq, called a simple reflection,
by
0 = [1[0,0] #[0,1] - - - Ho,m—2) ([0, — 2], [0,m — 1]) faj0,m—21 - - - K[0,1] H[0,0]-
We also define birational transformations r1,...,7r,,_1 by using w,ry as
ri=7triam (j=1,...,mn—1).
The transformation ry acts on the coefficients and the parameters as

k1—1
Zkl =0 Hk; =0 y 0 7«+k2] Zk}l O Hk}2 =0 y 0 Z-’-kg}
;o ro(Yp,g) = = L.
Zk1 =0 Hkg 0 y[o 7/+k72+1] Zkl =0 Hk2 =0 y 0 Z+k}2]
Zk)l 0 Hk}g 0 y[O 74+k52+1]
ki—1
Ekl =0 Hk; 0 Y[0,i+ko+1)

fori=0,...,m—1 and

70(Y[0,i]) =

70(Ypmn—1,1)) = Yimn—1,>  ToWya) =Yg (G #0,1,mn—1),

1
ro(ao) = o’ ro(ar)=agar, 70(Qmn—1)=00 mn—1, To(ar)=ax (k#0,1,mn—1),
ro(B:) = Bi, ro(B) =8 (i=0,...,m—1),

Definition 2.3.  We define birational transformations sg, called a simple reflection,
by

80 = [4[0,0] H[1,0] - - - K{mn—2,0] ([mn — 2,0, [mn — 1,0]) fimn—2,0] - - - £4[1,0] H[0,0]-
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We also define birational transformations s1, ..., Sy,—1 and sg, ..., s, _; by using 7, p, so
as
=l =1 1
s;=m siam (i=1,...,m—1),
and

si=psip (i=0,...,m—1).

In the case m = 2, the transformation 7y acts on the coefficients and the parameters

as
mn—1 ki1—1 mn—1
so(y[ 0}) Zklzo sz 0 Ylj+k2,0] So(y['u) . Zklzo le 0 Ylj+ka+1,0] YLi.0l Vi
J mn—1 ’ 7 - mn—1 yrk1—1 J 2,1
Zklzo HkQ:o Ylj+k2+41,0] Zklzo Hk2 0 Y[j+k2,0]
for j=0,...,mn—1 and
so(ay) =a; (j=0,...,mn—1),
1 )
so(Bo) = o’ so(f1) = 53 B, so(B) =06 (i=0,...,m—1).
In the case m > 3, the action of rq is described as
mn—1 ki1—1 mn—1
So(y[‘o]) . Zklzo sz2 0 Ylj+k2,0] (y[ 1]) Zklzo Hk2 0 Y[j+k2,0] Yl
Js - mn—1 ’ 7 mn—1 y1k1—1 7,1
Zklzo Hk2 =0 Y[j+k2+41,0] Zklzo Hk;2 =0 Y[j+k2,0]
Zzn:ol Hk2 =0 Y[j+k2+1,0] .
S0 (Ym 1)) = =0 Yim—1)s So(ypa) =y (07 0,1,m—1),
Zklzo Hk2 0 Y[j+ko+1,0]
for j=0,...,mn —1 and

so(aj) =0a; (j=0,...,mn—1),

s0(Bo) = %7 s0(B1) = Bo b1,  S0(Bm—-1) = BoBm-1, s0(Bx) =Br (kK#0,1,m—1),

so(B) =B; (i=0,...,m—1).

Fact 2.4 (][5, 12, 16]).  The birational transformations defined in the above satisfy

the fundamental relations of the extended affine Weyl group of type (Amn—1 + Am—1 +
Amq)(l)

(rjrie1)’ = (sisiv1)” = (sjsi1)* =1,
(rjurs,)? = (8i,8:,)% = (321512)2 =1 (i1 #ig,i0£1; j1 # Jo,j2 £ 1),
(

rjsi)’ = (r;js;)? = (Si1322)2 =1,



60 TAKAO SUZUKI AND NAOTO OKUBO

and
/ / / / / —
=1, (@Y™ =1, p*=1, wr' =ar 7" =("", wp=prt
_ ., / _
mry =Tji17T, TT; =Tj_17T, pPTj=Tmn—jpP,
/ / / / !/ / / /
TS = S;-1 T, ™S, = S, T, ™S = 8; T, 7T8i:SH_17T, PSi = S; P,
for i,i1,i0 =0,...,m —1and j =0,...,mn — 1, where

. . o . !
T =Tjtmns Si= Sitms S; = Sitm-

§2.3. Example (case m = 2)

This case has already been considered in our previous work.

Fact 2.5 ([16]).  Let

T, = 8’1 S 7r’7r71,
N2
TQZ (7‘07‘1...Tn_QTnTn_|_1...T‘2n_27T) s
!/
T3:T1T2...T’2n_18171',

T4 = (TO o9 ...Top—2 7'('/)2.

Then they provides three types of g-Painlevé systems as follows™

e T3 provides the g-Painlevé system ¢-F, ) arising from the ¢-DS hierarchy given in
[20, 21].

e 75 provides the ¢-Garnier system given in [19].

e T, provides the g-Painlevé system arising from the ¢-LUC hierarchy given in §3.4
of [23].

In this section we focus on the translation 77 and investigate a particular solution in

terms of the basic hypergeometric function ,,¢,,_1. The actions of T} on the parameters
are described as

Ti(a))=a; (j=0,....2n—1), Ti(Bo) = qBo, Tl(Bl):%,

TV(B) =qBy Ti(B) = %

*3We conjecture that T3 provides the variation of the g-Garnier system Ta_]\}ﬁ_ch_l1 given in §3.2.4 of
[14].



CLUSTER ALGEBRA AND ¢-PAINLEVE EQUATIONS 61

Recall that

oz~:y[j0] [5,1] (jZO ...,2n—1),
2n—1

H Ylj,i)» 5 = H Y[24,4] Y[25+1,i+1] (Z = 071),

and
Yl = Y2 = Ym0 = Qton, Bi = Bis, B =Bips.
The actions of T1 on the coefficients yjo,o], - - -, Y2n—1,0] are described as
S% Sit1
T (y[2j,0]) = Q25 2541 Y[25,0] S SJ/ )
(21) I / /
Iy ) 14 yj2j42,0] ) S Sii1 + @241 Y2500 95 Sj+1
1W[25+1,00)) = 7 Y[2j+3,0 )
[27+1,0] 1+ Y[2,0] [27+3,0] Sj+1 S’ j42 + Q2543 Y[25+2,0] Sj—|—1 Sj+2
for j =0,...,n —1, where
n—1 k—1 7j—1 k+n—1
S; = (1 + Y2k 0 H Y[21,0] Y[21+1,0] T Z 1 + Y2k o H Y12t,01 Y121+1,0)
k=j l=j k=0 =0
(22) n—1 7j—1 k4+n—1
S;-: (1+y >Hy 21+11+Z(1+y[2k0) H y210]y2l+11]
k=j k=0

Lemma 2.6.  1If, in system (2.1), we assume that

Yi2j+1,1] = -1 (j=0,...,n—-1),

then the coefficients yo,01, ¥j2,0], - - - » Y2n—2,0) satisfy
Sj+1 .
(2-3) Tl(y[Qj,O]) = Q25 02541 Y[25,0] g (] =0,...,n— 1)7
J

where

j+n—2 k—1 k H Qo n—1

2k+1
S;=1+ Z (1 — agpgr) Ha2z+1 Hyzzo] + (=)™t "’ag 1 + Hy[gk’o].
=3 I=j = k=0

Proof. Substituting

Y2j+1,00 = —Q2i41, Ypj+1)=—1 (j=0,...,n—1),
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into (2.2), we obtain

Jj+n—2 k—1 k Hn—l Qg1 n—1
S; =1+ Z (1 — agrar) H Q2141 Hyzlo] + (=1t k;éo, i H Y[2k,0]5
j 1=j I=j - k=0
-1 n—1
S;- =14+ #)
ITi=o Y[2k,0]
and
n—1
Si + azjr1 Y120 Si+1 = (1 +ypj0) (1 + (-1t H Q2k+1 y[%,o}) ;
k=0
for j =0,...,n — 1. Then system (2.1) implies (2.3). We also obtain
Ty (Yp2j41,0) = Y2j+3,00 (G =0,...,n—1),
namely the assumption of this lemma is consistent with system (2.1). 0

Thanks to this lemma, we can show the following theorem easily by a direct calcu-
lation.

Theorem 2.7.  Let n-tuple (xq,...,z,—1) be a solution of a system of linear ¢-
difference equations

(2.4)
2j—1 2k—2
Tl(xj) = (H oq) Z j + Z ( k —i= 1(1 — Oégk_l) H Oél> Tl
2k—2 2j—2
+Z( k Jj— 1+n(1—a2k,1) H >qﬂ0xk+< n 1Hal> qﬁox]7
1=0 1=0
for 7 =0,...,n— 1. We also set
Tjt+1 . Zo
Yi25,0] = Q2; L (j=0,...,n—2), Ylon—2,00 = Q2n—2 B
Zj Tn—1

Then y(0,0], Y[2,0] - - - » Y[2n—2,0] Satisfy system (2.3).

System (2.4) is equivalent to the one given in [20] whose solution is described in
terms of the basic hypergeometric function ,,¢,,—1. Here the parameter 3 plays the role

of the independent variable.

8§ 3. Degeneration structure of ¢g-Painlevé equations

In this section we start with the quiver Qg = Q4(A§1)) and consider confluences
of vertices of quivers. These procedures give the degeneration scheme of ¢-Painlevé
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Qa1
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Qa3
v
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Figure 4. Qg

equations below the one of type Dél) /Agl).

quivers in Figure 3 and the g-Painlevé equations below .

For the sake of simplicity, we rename the vertices of Q4(A;

Qs Q7 Qo2 Q52 Qa4 Qa5 Q33
T O (T (1 e T T e T
T S TR P r QL T
a|?=8
§3.1. Quiver Qg

(1)

) as
[1,1] =5,
3,1] = 7.

63

@31

Q32

Q33

We list a correspondence between the

*4 Among the other 7 quivers, Q41 and Q31 are ones of finite type. We expect that the rest 5 quivers
correspond to the g-hypergeometric functions for the following reasons. The assumption of Lemma
2.6 turns into y5 = y7 = —1 in the quiver Qg. On the other hand, if we remove two vertices 5,7 and
all arrows touching 5,7 from the quiver Qg, then we obtain the one Qs1. Besides, the degeneration
scheme below Qg1 is similar to the one of g-hypergeometric functions.
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Then we obtain the quiver (Jg; see Figure 4. The skew-symmetric matrix Ag corre-
sponding to Qg is given by

0 00 0-111-1
0 00 0 1-1-11
0 00 0 1-1-11
0 00 0-111-1
Ag =
1 -1-11 0 0 0 O
-11 1 -10 0 0 O
-11 1 -10 0 0 O
1-1-11 0 0 0 O

In the following we denote a mutation at the vertex ¢ by u; and a transposition of
vertices i1,i2 by (i1,12).

The quiver Qg is invariant under compositions of mutations and permutations of
vertices of quivers

To = (174)7 = (273)7 ro = U1 (172) H1i, T3 = U5 (576) M5, T4 = (578)7 rs = (67 7)7
o= (1,5,2,6)(4,8,3,7), = (1,2)(3,4)(5,6)(7,8).

Their actions on the coefficients y = (y1,...,ys) generate a group of birational trans-
formations which is isomorphic to an extended affine Weyl group of type Dél)*5. The
parameters corresponding to the simple roots of the affine root system are given by

_Ya Y3 o . Y8 Y7
@y = —, Q1= —, Q2=1UY1Y2, CQ3=1Ys5Ys, Q4= —, Q5= —.
N Y2 Ys Ye

The transformations 7, mo act on the parameters as

7-‘—1((0507 a1, 2, 03,04, a5)) = (064, a5, 3, 02, 0, a0)7

7T2(<0507 aq, 0, a3, 04, 045)) = (0517 Qg, G2, O3, 05, 064).
A translation of this Weyl group provides ¢-Pyr; see [24].

§3.2. Quiver Q7

Thanks to a symmetry of the quiver Q)g, it is enough to investigate the following
confluences.

8§—=1, 8—2,

*5The formulations of the extended affine Weyl groups in this section were given systematically in
the previous work [1].
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4€«——5

Figure 5. Q7

from which we obtain the quiver J7;. To be precise, we have to take a permutation
(1,2,6)(3,7,4,5) after the confluence 8 — 2. In the following we omit permutations
after confluence procedures.

The quiver ()7 is invariant under compositions of mutations and permutations

ro = p1 p2 (2,6) g p1, 11 =1(2,3), T2 =p2(2,4)p2, 13=p5(56)pus, r4=(6,7),
w1 = (1,5,3,7,4)(2,6) .

Their actions on the coefficients generate a group of birational transformations which is
isomorphic to an extended affine Weyl group of type Afll). The parameters correspond-
ing to the simple roots are given by

Ys yr
Qg =Y1Y2Ys, OC1 = —, Q2 =1"Y2Y4, Q3 =7Y5Ys, O4 = —.
Y2 Yo

The transformation 71 acts on the parameters as
71'1((0[07 Qaq, G2, (3, O{4)) = (Oé3, a4, 0, A1, 042).

A translation of this Weyl group provides g-Painlevé V equation; see [17, 22].

In the confluence 8 — 1 a degeneration of the coefficients is given by a replacement
y1 — y1/e, ys — € and taking a limit ¢ — 0. This limiting procedure induces a
degeneration of the simple reflections as follows.

Qs|rarar3raTe = 1 U8 42 (276)N2M8N1 1|0 T2 T0|T3|T5
Q7 70 ri| T2 |r3|ra

For example, the action ro 7y 7374 72(y1 ys) in Qg is reduced to the one r(y;) in Q7 as
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4 \
T —>»6
5«€—2
\ )

Figure 6. Qg1 Figure 7. Qs2

follows.

A+yi+vive +v1Y6y2)(1+ys +ys Y1 + yYs y1 Ys)
yive (1 +y2+y2ys + y2ys y1)(1 + y6 + Y6 Y2 + Y6 Y2 ys)

y1—y1/e

s e (e+y1+vyi1ys +y1y6y2)(l + &+ y1 + Y1 Ys)
y1Ye (1 +y2+y2e+y2y1) (1 +ys +vs Y2 + Ys y2€)
es0 14y +y19e
"o (L+y2 +y251)

=10(y1)-

ToT4T374 7“2(% ys) =

Note that, throughout this section, we haven’t clarified degenerations of mutations or
transformations denoted by 7, w9 yet. It is a future problem.
§3.3. Quiver with 6 vertices

For the quiver 07, it is enough to investigate the following confluences.
7T—1, 7T—2, T7T—4 5—1, 5—2 5b—4 4—-1, 3—1.

Then we obtain the quivers Qg1 and Qgs2.

3.3.1. Qg1
The quiver Qg1 is obtained via the following confluences.

Qr —>Qs: 7T—1, 5—4, 3—1.

To be precise, the quiver obtained after the confluence 5 — 4 is different from the one
Qe1- We have to take a mutation u; after the confluence procedure in order to obtain

Qe1-
The quiver Qg1 is invariant under compositions of mutations and permutations
r1=ps (5,6) s, 1o =1 (1,2)p1, r3=(1,4), ra=(2,3),
m = (1,5,4,6) 1 pus, w2 = (1,2)(3,4)(5,6).
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The actions of simple reflections r1,...,74 on the coefficients generate a group of bira-
tional transformations which is isomorphic to the Weyl group of type D4. The param-
eters corresponding to the simple roots are given by

Ya Y3
a1 =YsYs, CQ2=1Y1Y2, Q3= —, Q4= —.
Y1 Y2

The transformations 71, w2 act on the parameters as
7T1((Oé17a2,0437044)) = (CY3,0627C¥1,CY4), 7T2((041,042,0437&4)) = (a1>a27a4,043)~

Note that 7 is not an involution unlike 7o because 72 (y;) # y; for any i.

In this case the simple reflections aren’t obtained via a limiting procedure. They are
derived from the simple reflections of the quiver Qs. A set of the coefficients {y1,...,ys}
is closed under actions of rq,...,r3 in Q)g. Moreover, the quiver Qg1 is obtained by
removing two vertices 7,8 and all arrows touching 7,8 from ()g. These facts induce the
following degeneration.

Qs |r3|ra|ro|r

Qe1|r1|ra|rs|ra

3.3.2. Qg
The quiver Qg2 is obtained via the following confluences.

Q7 = Qg2: T7T—2, 7T—4, 5—1, 52, 4—1.

Similarly as (g1, we have to take mutations po and u7 after the confluences 7 — 4 and
5 — 2 respectively. We also have to take us and p7 in this order after 5 — 1 or 4 — 1.
The quiver Qg2 is invariant under compositions of mutations and permutations

ro=p1(1,2) 1, 71 =p3(3,4)us, r2=ps5(56)us, m =(1,3,6)(2,4,5),
so = p1 p3(3,6) 3 py, S1 = pio pra (4,5) pra pro, ™ = (1,2)(3,4)(5,6).

Their actions on the coefficients generate a group of birational transformations which
is isomorphic to an extended affine Weyl group of type (As + Al)(l). The parameters
corresponding to the simple roots are given by

apg = Y1 Y2, Q1 =Y3Ys, Q2=Ys5Ys, Bo=Y1Y3Ys, B1="Y2YaYs.
The transformations 7, Ty act on the parameters as
7T1((060,CY1,062750;51)):(0417(12,040,50,51), 772((a07051;052750751)):(05%0417O‘27517ﬁ0)-

Translations of this Weyl group provide ¢-Painlevé III and IV equations; see [7, 8, 22].
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In the confluence 7 — 2 a degeneration of the coefficients is given by a replacement
Y2 — y2/e, y7 — ¢ and taking a limit ¢ — 0. This limiting procedure induces a

degeneration of the simple reflections as follows.

Q7 7“47“07“4:M7N2(172)M2M7T1T2T17“37“17“07“17“27“47“37“47“2=M2H7/~L4(475)M4H7M2

Qe2 o r1 2| So 51

§3.4. Quiver with 5 vertices

For the quivers Qg1 and Qg2, it is enough to investigate the following confluences.

Qﬁll 6—1, 6— 2.
QRe2: 6—1, 62 6—3, 6—4, 4—1, 4—2

Then we obtain the quivers 51 and Q5s.

3.4.1. Qs
The quiver )51 is obtained via the following confluences.

Qs1 —>Qs51: 6—1, 6—2.
Qe2 = Qs1: 6—1, 63, 4—2.

It is invariant under compositions of mutations and permutations

T = U1 p2 (2> 5) M2 g1, T2 = (174>7 T3 = 1 (173) Hi, T1 = (27375) 2.

The actions of simple reflections r1, 73,73 on the coefficients generate a group of bira-
tional transformations which is isomorphic to the Weyl group of type As. The param-
eters corresponding to the simple roots are given by

Y4
a1 =Y1Y2Ys, Q2= y_’ a3 = Y1 Ys.
1
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Note that the transformation 7y is not an involution due to the same reason as g1,
although it acts on the parameters as

7T1((041,042,043)) = (063,042,061)-

In the confluence 6 — 2 (Qg1 — @s51) a degeneration of the coefficients is given by
a replacement yo — ya/e, y¢ — € and taking a limit ¢ — 0. This limiting procedure
induces a degeneration of the simple reflections as follows.

Qe1|r2 1 T2 = p11 pi6 ph2 (2,5) po pe pa|ra|rare ra
Q51 1 T2l T3

3.4.2. Qs
The quiver Q)52 is obtained via the following confluences.

Qo > Qs2: 6—2, 6—4, 4—1.

It is invariant under compositions of mutations and permutations

ro = p1 p2 (2,5) po 1, 1= p3(3,4)ps, ™ =(1,3,2,4,5) p1.

The actions of simple reflections ry, r; on the coefficients generate a group of birational
transformations which is isomorphic to the affine Weyl group of type Agl). The param-
eters corresponding to the simple roots are given by

Qo =Y1Y2Ys, Q1 =Y3Y4.

The transformation m; is not an involution due to the same reason as (Jg1, although it
acts on the parameters as

m1((ao, 1)) = (a1, 0).
Therefore the group (rg,r1,m1) is not an extended affine Weyl group of type Agl).
Nevertheless those transformations provide the ¢-Painlevé II equation and another g-
Painlevé equation; see [1, 15].
In the confluence 6 — 2 a degeneration of the coefficients is given by a replacement
Y2 — y2/e, y¢ — ¢ and taking a limit ¢ — 0. This limiting procedure induces a
degeneration of the simple reflections as follows.

Qealro T2 0 = 1 e p2 (2,5) pa e 1|1
Q52 70 1
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§3.5. Quiver with 4 vertices
For the quivers Q51 and @59, it is enough to investigate the following confluences.

Qs1: H—1, 5—=3, 4—2 3—2.
QRs2: H—1, 5—-2 5—=3, 5H—4 4—1, 4—-2 3—-1 3—-2, 2-—1.

Then we obtain the quivers Q41, Q42, Q43, Q44 and Q45. Note that, in the quiver @51,

all of arrows are removed via the confluence 5 — 2.

3.5.1. Qu
The quiver Q41 is obtained via the following confluences.

Q51—>Q412 5—)1, 4 — 2.
Q52—>Q411 5—)2, 2 — 1.

It is invariant under compositions of mutations and permutations
= U (1,2)”1, 7"2:,&3(3,4),u3, 7T1:(1,4,2,3).

Since the fundamental relation (71 72)3 = 1 is satisfied, the actions of simple reflections
r1, 79 on the coefficients generate a group of birational transformations which is isomor-
phic to the Weyl group of type As. The parameters corresponding to the simple roots
are given by

a1 =Y1Yy2, O&2=Y3Ys.
The transformation 7w, acts on the parameters as
771((0417042)) = (az,al)-

In the confluence 5 — 1 (@51 — Q41) a degeneration of the coefficients is given by
a replacement y; — y1/¢, y5 — € and taking a limit ¢ — 0. This limiting procedure
induces a degeneration of the simple reflections as follows.

Qs1|r1 = s 1 (1,2) pq ps|ra 7372
Qa1 1 o
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3.5.2. Qo
The quiver )42 is obtained via the following confluences.

Q51—>Q421 5—)3, 3 — 2.
Q52—>Q422 5—)4, 3 — 1.

It is invariant under compositions of mutations and permutations
T = (1,4), T = (2,3)#2

The action of a simple reflection r; on the coefficients generates a group of birational
transformations which is isomorphic to the Weyl group of type A;. The parameter
corresponding to the simple root is given by

_ Y
Q] = —,

hn
which is invariant under the action of 7.
In the confluence 5 — 3 (@51 — Q42) a degeneration of the coefficients is given by
a replacement y3 — y3/e, y5 — € and taking a limit ¢ — 0. This limiting procedure
induces a degeneration of the simple reflections as follows.

Q51 T2
Q42 r1

3.5.3.  Qus
The quiver )43 is obtained via the following confluences.

Q52—>Q432 4—)2, 3 — 2.
It is invariant under a composition of a mutation and a permutation
m = (1,4,3) 1.

3.5.4. Qu
The quiver )44 is obtained via the following confluence.

Q52—)Q441 5 — 1.

It is invariant under compositions of mutations and permutations

To = U1 (1,2)#1, T = U3 (3,4)#3, T 2(1,4,2,3).
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Their actions on the coefficients generate a group of birational transformations which is
isomorphic to an extended affine Weyl group of type Agl). The parameters correspond-
ing to the simple roots are given by

Qg =Y1Y2, Q1 =17Y3Ya.

The transformation 7, acts on the parameters as

71 ((ao, 1)) = (a1, ap).

A translation of this Weyl group provides a ¢-Painlevé equation; see [1].

In the confluence 5 — 1 a degeneration of the coefficients is given by a replacement
y1 — y1/e, y5 — ¢ and taking a limit ¢ — 0. This limiting procedure induces a
degeneration of the simple reflections as follows.

Qs2|ro = ps pa (1,2) py ps|ry
Q44 To ™

3.5.5. Q5
The quiver Q45 is obtained via the following confluences.

Q52—>Q451 5—)3, 4 — 1.

It is invariant under a composition of a mutation and a permutation

T = (17 27374) M1,

which provides the ¢-Painlevé I equation; see [15].
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§3.6. Quiver with 3 vertices

For the quiver Q41, Q42, Q43, Q44 and (45, it is enough to investigate the following
confluences.

Qiu1: 4-—1.

Quo: 4—2, 4—3.

Qu3: 4—1, 4—3, 3—2, 2—1.

Qu: 4—1.

Qu: 4—1, 4—-2 4—-3 3—-1, 3—-2 21

Then we obtain the quivers (Y31, @32 and (Q33. Note that, in the quiver Q4o and (43,
all of arrows are removed via the confluence 3 — 2 and 3 — 1 respectively.

3.6.1. Qs
The quiver ()37 is obtained via the following confluences.

Qa1 — Q31 4—1.

Qu—Q31: 4—2, 43
Quzs = Q31: 3—=2, 2—1.
Qus = Q31: 4—3, 352 2-1.

It is invariant under compositions of mutations and permutations
r1o= pyp2 (2,3) po 1, m o= (1,2,3).

The action of 1 on the coefficients generates a group of birational transformations which
is isomorphic to the Weyl group of type A;. The parameter corresponding to the simple
root is given by

a1 = Y1 Y2Ys3.

which is invariant under the action of .

In the confluence 4 — 1 (Q41 — Q31) a degeneration of the coefficients is given by
a replacement y; — ¢, y4 — y1/¢ and taking a limit ¢ — 0. This limiting procedure
induces a degeneration of the simple reflections as follows.

Qua1|rirary = 1 pa p2 (2, 3) po fa 11
Q31 (]

3.6.2. Qs



74 TAKAO SUZUKI AND NAOTO OKUBO

The quiver ()32 is obtained via the following confluences.

Q43—>Q321 4—)1, 4 — 3.

Q44—>Q32: 4 — 1.
Qus = Q30: 4—2, 3—1.

It is invariant under compositions of mutations and permutations

1 :(2,3)u1, 7'('2:(1,2,3).

3.6.3. Qi3
The quiver ()33 is obtained via the following confluence.

Q45—>Q332 4 — 1.

It is invariant under a permutation
™ = (1, 2, 3) .
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