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Transitions of generalised Bessel kernels related to
biorthogonal ensembles

By

KAWAMOTO Yosuke *

Abstract

Biorthogonal ensembles are generalisations of classical orthogonal ensembles such as the
Laguerre or the Hermite ensembles. Local fluctuation of these ensembles at the origin has been
studied, and determinantal kernels in the limit are described by the Wright generalised Bessel
functions. The limit kernels are one parameter deformations of the Bessel kernel and the sine
kernel for the Laguerre weight and the Hermite weight, respectively. We study transitions from
these generalised Bessel kernels to the sine kernel under appropriate scaling limits in common
with classical kernels.

§1. Introduction and main results

§1.1. Biorthogonal ensembles

We consider random point fields on an underlying space I C R. For 6 > 0, we
focus on biorothogonal ensembles with N particles, which are described by the following
probability density functions on IV

N
(1.1) pN(zy,... zn) = L H (xi—a:j)(xf—ac?)Hw(mk).
k=1

A
N 1<i<j<N

Here Zy is the normalization constant and w : I — (0,00) is a weight function of a
certain class.
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When 6 = 1, (1.1) corresponds the classical orthogonal ensembles, which include
eigenvalue distributions of Gaussian random matrices with symmetry. The classical
ensembles play a fundamental role in random matrix theory, and a lot of results have
been established (see for example [3, 9, 14, 18]). Muttalib introduced (1.1) for general
6 to describe appropriate models of disordered conductors in the metallic regime [15].

The biorthogonal ensembles have determinantal structure in common with classical
ensembles. We define the n-correlation function p™ as

n N!
p (xl,...,a:n):m/].../IpN(xl,...,xN)dmn+1...de.

A random point field is called determinantal if there exists a function K : I x I — C
such that its correlation functions satisfy

P (T, Tn) = det[K (w4, 25)]1<i j<n

for each 1 < n < N. Asymptotic behaviour of determinantal random point fields hence
boils down to asymptotic analysis for determinantal kernels.

For the biorthogonal ensembles (1.1), determinantal kernels K~ are expressed in
terms of biorthogonal polynomials with respect to weight w. Assume that there exist
families of polynomials {p;(x)};coyun and {g;() }icoyun such that deg(p;) = deg(q;) =
¢ and that these satisfy biorthogonal relation

/I pi(@)g; (2" w() dz = 6,;.

The polynomials of course depend on 6 and w, but we suppress the dependence from

the notations. Such families exist uniquely if matrix

( / % () dx)
1 4,j=0,...,n—1

is non-singular for each n. Then a determinantal kernel K~ for (1.1) is explicitly given
by

N—-1

(1.2) KN (z,y) = Vu(z)w(y) Y pi(@)a ).

i=0
In the present paper, we focus on the following two classical weights:

(Biorthogonal Laguerre ensemble) I = (0,00),w(z) = x%e~? for a > —1.
(Biorthogonal Hermite ensemble) I = R, w(z) = |z|*e~* for o > —1.

The determinantal kernels (1.2) for the biorthogonal Laguerre and Hermite ensem-

bles are denoted by KCI;an’N and KS?’N, respectively.
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§1.2. Local statistics and generalised Bessel kernels

Local statistics at the origin for the biorthogonal Laguerre and Hermite ensembles
have been studied, and limit kernels are given explicitly [4]. Both kernels are described
by the Wright generalised Bessel functions. The special function was introduced by
Wright [20], which is the entire function given by

Jap(z) = Z B )

4= mil'(a + bm)

where a € C and b € (0,00). Then we set

(1.3) Lo o(x,y) :9/0 Jai1 1 () Jas10((yt)?)t dt.

1
0 0

We see the Laguerre case first. Define the biorthogonal Bessel kernel Ky, , 4 :
(0,00) x (0,00) — R as

(1.4) Kpe,a,0(t,y) = 2%La,p(2,y).

Then it was obtained as hard-edge scaling limit in [4] that

. 1 Lag, N[ & Y
1.5 1 Kl ( —>:K ).
( ) NE)I}X, N7 a0 Né N3o Be,a,e(‘r y)

We remark that the limit kernel is one parametrisation of the Bessel kernel Kge o, which
is given by
Jo(VT) VY Ia (V) — Vadi(VE) Ja(V/Y)

2(z —y) ’

where J, is the Bessel function of order ar. The Bessel kernel is arising from the hard-

Kpeo(z,y) =

edge scaling limit of the Laguerre unitary ensembles [8, 19]. When 6 = 1, we see that
the biorthogonal Bessel kernel corresponds to the Bessel kernel as expected.

Borodin also showed that the biorthogonal Bessel kernel appeared as hard-edge
scaling limit of biorthogonal Jacobi ensemble, that is, the case that the weight is given
by w(x) = z“ on I = (0,1).

To see local statistics for the Hermite case, define the biorthogonal sine kernel
Kin,a,e :RXxR— R as

S

Ksin,aﬁ(xﬂy) = |I|Q{LQT_1,9($27?J2) + meyLo‘TH,B(a"vaQ)}'

Then it was shown in [4] that

b oHer 2.\ 4
lim (_>29KS,9 JV((N) 29$7 (N)29y> = Ksin,aﬁ(x’y)'
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The limit kernel K; , 4 is a generalisation of the sine kernel
sinm(z — y)
m(z —y)

which appears as the bulk scaling limit of the Gaussian or Laguerre unitary ensembles.

Ksin(xv y) =

Actually when o = 0 and 6 = 1, it is not difficult to see

2 2 2
Kgin0,1(7,y) = ;Ksin (;90, ;?J)

Recently, more and more studies on the biorthogonal Laguerre ensembles have been
done. Random matrix models related to the biorthogonal ensembles were found [6, 11].
They gave specific random matrices whose eigenvalue distributions are given by the
biorthogonal Laguerre ensembles.

Furthermore, it has been found intimate relations between the biorthogonal La-
guerre ensembles and the products of non-Hermitian random matrices. The Ginibre
matrices are square random matrices with no symmetry whose entries are independent
complex Gaussian distributions. It was shown that the squared singular values of M
products of independent Ginibre matrices were determinantal random point fields, and
its kernels were written in terms of Meijer G-functions [2]. This result was extended to
the case of products of rectangle Ginibre matrices [1]. For § = M or § = 1/M, these
kernels and the limit kernel of hard-edge scaling limit are related to K 2;&]\] and K, , o,
respectively [13, 21].

The global density of the biorthogonal Laguerre ensembles was studied in [7, 10, 11].

Z1 IN
NN

(1,...,zN) are particles under the biorthogonal Laguerre ensemble, is given by the

The limiting distribution of the empirical distribution of ( ) as N — oo, where
associated equilibrium measure.

Furthermore, the global density is specified by the Fuss-Catalan distribution under
suitable scaling. Let py be the probability density function which is uniquely determined
such that the s-th moment is the Fuss-Catalan number

o 1 Os + s
s dr = .
/0 v pol) du 98+1( 5 )

Then py determines a probability measure on [0, (146)17%/6%], which is called the Fuss-

Catalan distribution. After change of variables s, = (%)% for (z1,...,2n) under the
biorthogonal Laguerre ensemble, we get that the empirical distribution of (s1,...,sx)

converges to the Fuss-Catalan distribution as N to infinity.
The density function of the Fuss-Catalan distribution is explicitly described by

using the following parametrisation. We consider

_ (sin((1+)p))1+

T
f T
sin p(sin(6p))? ori<e<

1486’
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and this gives a one-to-one correspondence between (0,7/(1+6)) and (0, (1+60)*+?/6%).
The density function in terms of this parametrisation is given by

1 sin((1 + 6)p) sin _ sin(0p)? =1 (sin ¢)?
T sin(6y) msin((0 + 1)¢p)?

f0r0<<,0<L

Local statistics of the biorhogonal Laguerre ensembles other than the origin was also
shown [21]. For any a and 6, let 2o be a point in the bulk region x¢ € (0, (1+6)*¢/69),
then we have

1—6

G
(1.6)  Jim emcet @(w—y)%ffjjgg“ <N9 <x0 +

= Ksin<m7 y)7

=

§,N9<1‘0+ m)

)

N pj(¢)>

uniformly for  and y in any compact subset in R. At the soft-edge zq = (1+6)'¢ /67,
the Airy kernel was obtained as an appropriate scaling limit [21].

One of the most important topic in random matrix theory is the universality for
random matrices in the following sense: limit kernels such as the Bessel, the sine, and
the Airy kernels, which are obtained as local fluctuation of classical Gaussian ensembles,
are reobtained from eigenvalue distributions of a quite wide class of random matrices, or
log-gases with a quite wide class of weight functions. It is reasonable to believe that the
biorthogonal Bessel kernel and the birothogonal sine kernel are also universal. In fact,
when 6 = %, the universality of the biorthogonal Bessel kernel was shown for general
Laguerre type weight [12].

§1.3. Transition of generalised Bessel kernels

For the classical case 6 = 1, there exist transition relations between three universal
kernels, that is, the Bessel, the sine, and the Airy kernels [5, 8]. We focus on hard-edge
to bulk transition in the sense that the distribution at the hard-edge tends to the bulk
distribution at large distance from the hard-edge of the system up to scaling. More
precisely the scaled Bessel kernel converges to the sine kernel: for any a@ > —1,

lim 7v/cKpe.olc+ mv/cx, ¢+ m/cy) = Kain(z,y).
c—r 00

Local statistics on the bulk (1.6) indicates that hard-edge to bulk transition also holds
for general #, and the main aim of the present paper is to show the transition. Let

p}geﬂ’e be the one-correlation function with respect to Ky that is, pllge’a,g(x,x) =

e,a,0?

Kg, , ¢(x,z). Taking into account of asymptotics

1
f1+e sin( -2
p]13ea 9('/“1:) ~ (1+9_)1'_119 as r — 09,
) bl 7-(
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we set the scaled biorthogonal Bessel kernel

(17) K]%e,a,@(x’y) = 1

weite 71'614%9
= )
91 o SIH(L) )

sz sin( 3
Then we have the following hard-edge to bulk transitions for the biorthogonal Bessel
kernels.

Theorem 1.1.  For any a > —1 and 6 > 0, we have

(18) lim U EVEE (2, y) = Kaa(e, y).

c— 00

uniformly for x and y in compact subsets.

Remark.  The factor ™' (¥55)(#=%) in the left hand side of (1.8) is not essen-
tial, because K(z,y) and %K (z,y) define the same determinantal kernel for a non-

vanishing function f. We choose the factor in Theorem 1.1 such that the limit form is
Ksin-

Theorem 1.1 is lifted to the convergence of associated random point fields. Determi-
nantal random point fields associated with Hermitian kernels are studied in [16, 17]. Al-
though K Be.o,0 is non-Hermitian, there exists determinantal random point field pige o6
associated with Kp, , 5, because (1.5) holds also in compact uniform sense [11, 21].
Furthermore, compact uniform convergence of kernels implies weak convergence of the
associated determinantal random point fields. (See e.g. [16, Proposition 3.11] for Her-
mitian kernels. The same claim holds for the non-Hermitian case.) We then conclude
the following as a corollary of Theorem 1.1.

Corollary 1.2.  Let PBe.a,p be the determinantal random point field associated
with Kg
point field associated with Kg,. Then we have

e.a,0° Let gy be the sine random point field, that is, the determinantal random

lim pge o9 = Msin ~ weakly.
c— 00

In contrast to the biorthogonal Laguerre ensembles, studies on the biorthogonal
Hermite ensembles has not made much progress. To our best knowledge, the global
density for the biorthogonal Hermite ensembles is not known precisely, and especially,
bulk region has not been found. Accordingly, local statistics on bulk except for the
origin has not been shown. On the other hand, computation for Theorem 1.1 also yields
a transition of the biorthogonal sine kernels, that is, the biorthogonal sine kernels are
approximately the sine kernel at large distance from the origin. This fact supports the
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intuition that local statistics on bulk except for the origin is given by the sine kernel.
Remark that

1

207T+0 sin( %) _

Phin () ~ (T9) 25 o o] = o,
9 bl 7-(-

where piin’a’ ¢ 1s the one-correlation function with respect to K

ol
sin,a,0 that 18, psin,a,@ (.77) =
K n.o0(T, ). We then set

1—6 1—6 1—6
metto mei+o mei+o
c
sinae(xvy) = 1 Ksina9(0+ 1 z,c+ 1 y)
) bl — . 7'r b bl —_— . 7"' —_— . Tr
29 146 SIH(H—Q) 29 146 SIH(F) 29 146 Sln(m)

Theorem 1.3.  For any a > —1 and 0 > 0, we have

lim e cot(ie)(z—v) e (z,y) = Kgn(z,v),

sin,a,0
c—00 (.

uniformly for x and y in compact subsets.

Remark. It the determinantal random point field associated with K, , , exists,
then we immediately see that Theorem 1.3 derives convergence of the associated random
point fields same as Corollary 1.2. However, we cannot show the existence using the
results in [16, 17] directly, since K, o is not Hermitian kernel. Compact uniform
convergence of (1.6) yields the existence, whilst (1.6) has been proven only pointwise
convergence currently unlike the case of the biorthogonal Bessel kernel.

§ 2. Proof of the main results

§2.1. Asymptotics of the Wright generalised Bessel functions

In this subsection we prepare asymptotics of the Wright generalised Bessel func-
tions. Remarking that our definition of the Wright generalised Bessel functions is dif-
ferent to that in [20], we quote the following asymptotic result.

Lemma 2.1 ([20]). Assume a > —1 and 6 > 0. We assume arg(z) =&, [£| <,
and set

Zy = (02)Foe 5, 2, = (0)z]) el

Then we have
Ja0(2) = H(Z1) + H(Z),
where H(z) satisfies

M m
_ L i-a (146712 (=D™am ~M-1
H(z)=2z2"% { E m + O(]#] )}, as |z| — oo

m=0

for any M. Here {ay}ren are constants which depend on « and 6.
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We note that {aj}ren are explicitly given in [20], and especially ag = (27 (1+6))=.
For simplifying notations we put

1+6

e

Then Lemma 2.1 yields the following key estimates.

(2.1) 0=

Lemma 2.2.

(1) For x > 0 we have

(2.2) Jao(2) = Jae(x)(1 + Oz~ 7)),
where
= 2 1)1 _ 1 ™
(2 3) Ja’e(f]ﬁ') = m(efﬁ) 2 )1+9 exp {(1 + 0 1)(0.’17) 1+6 CcOS (1 T 9>}
1 us 1 o, T
X COS ((5 — a)m + (1 +60"7)(0x)T+ sm(1 +0)>.
(2) We have
- - 914%6 0-20—2 _ 6(1420) . T e
JaTJrl,%(l’)Ja-s-l,e(y ):mx 2(1+0) ¢y~ 2040 exp {9C03(1+9)(—x109 _|_y199)}
0—4a—3 A T 0 o
X {COS (mﬂ-i—Osm(m)(x 7 4y 0)>
— AL m 0 0
+C0$<mﬂ'+081n<1+9)(;{j 9—y +9)>}.

Proof. 'We use Lemma 2.1 for M = 0. Then we see (2.2) from direct computation.
It is not difficult to see (2) from (2.3) and trigonometric formulae. O
§2.2. Proof of Theorem 1.1

We give a proof of Theorem 1.1 in this subsection using the asymptotic results in
the previous subsection. To simplify notations we use

1
TCl+0 TCl+0
T, Ye=Cc+-—/F/——" Y.

(2.4) Te=c+—F—"——
07+ sin(175) 079 sin(<7—)

Then from (1.3), (1.4), and (1.7) we have

(
g1+o 1
K]%e,a,e(x7y) = .—Wcllel‘?/ Jat1
0

(2.5) = ——— 1 + I2),
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where we set
1

Ii(z,y) 20”1933?/ Ja+1

c—llogc

L cfllogc
Iy(x,y) :clﬂ?xg‘/ Jat1
0

1
0 0

(zet) Jarre((yet)’ )t dt,

(zet) Jas1.0((yet)?)t? dt.

Let us analyse I; first, which turns out to be a main term. Because O((xct)_l}r*e) =
O((logc)_lﬁ) and (’)(((yct)e)_ﬂlrie) = (’)((logc)_l%e) as ¢ to infinity uniformly for
t > ¢ llogc and z,y in compact subsets, we obtain from Lemma 2.2 (1) that

1
Li(z,y) = clﬂ%@x? / JQTH %(xct)Ja+1,9((yct)9)ta dt(l + O((log c)*min{ﬁvl%})),
c~llogec ’
where the error term is uniform for z,y in compact subsets. Then Lemma 2.2 (2) yields
oo ~ —min{L, £}
(26) Il(x7y) = —(Il(x7y) + I2(x’y))(1 + O((IOgC) M ITe T+e ))7
m(1+0)
where
B 1 1 0—2a—2 79(14‘20&) 1 ~ T _0 _6 2]
Il(a:,y) ZCWl‘g/ 117c2(1+9) Ye 2(1+0) t~1+0 exp {QCOS( )(_a,:cl 0 _|_y61 e)tm}
c~llogc 146
0—4a—3 A T 0 £ 9
X COS (mﬂ' + 0 sin (m)(xcl+9 + ycl 9)t1 9) dt,
- 1 1 0—2a—2 _ 6(1+2c) 1 R T 6 6 o
Iy(z,y) :cwxg‘/ z M ye 20D 17T exp {6 cos (1 9)(—:85 P pyltOTe
c~llogc +

0—1 A 0 0
X COS (mﬂ'—l—HSin (ﬁ)(xé 0 _ycl e)t&ﬁ)dt

Here 6 is given by (2.1) as before.

Lemma 2.3.  We have the following compact uniform convergence for x and y:

(14 6)sin(Z5)
9 L6 Ksin(xay)v

: r _ : r _ _mwcot(+55)(—z+y)
(2.7) Clggo Ii(z,y) =0, Cli)rgo Iy(z,y) =e 40

and in particular,

n sin(+2+)
(2.8) lim I (z,y) = e™cotlmia)(maty) A0 oo (2 ).
c— 00 gmﬂ.
1 0—20—2 _ 6(1+2a)
Proof. Note that lim._,oo c#0 %2, """ y. ***" =1 since z. and y. are given

as (2.4). Furthermore, we see

0 0
(2.9) 27 4yl = 2eT0 4+ O(1),
e 196 _ T B — 0
(2.10) Te ye T = = (x —y)+O(c” 149),
0 sin ﬁ
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as c¢ to infinity, where the error terms are uniform for x,y in compact subsets. Because
of (2.9) and 6 sin(135) > 0, cosine in the integrand of I, oscillates. Therefore integration
by parts yields that

1 0

lim fl (QL‘,y) — lim t_il-}-e eﬂcot(—lie)(—x—ky)t +0
€0 €0 c—lloge
0 — 4o — 3 .
X COS (2<1—ji9)7r + fsin (%)(20119 + O(l))t%> dt
=0.

On the other hand, (2.10) and straightforward calculation yield

i - : L -1
lim Ir(z,y) = / t~ 0 o7 ot (CE R (o (—2 T+ m(x — y)tlio) dt
0

1 ! .
= %9 ; e™ cot(ig) (—2+y)t g (1 j_ 0 m(x — y)t) dt
_ reot(Ep)(—aty) (LT O)SI0(T) sinm(z — y)
0 m(z —y)
Finally (2.8) follows from (2.6) and (2.7). O

Lemma 2.4. We have
lim Iy(x,y) =0,
CcC—> 00
uniformly for x and y in compact subsets.
Proof. By change of variables we get

o log c
I(w,y) = 77 (22) / ot
0

1
15 o 0

(¢ aot) Jor1.0((c tyct)?)te dt.

Fix a compact set K C [0,00). Then from Lemma 2.2 (1), there exist positive
constants m and c¢; which are independent of ¢,x,y such that for any ¢ > m and
z,y € K,

6

_0 _0 _0
)7 ()]

o | =+

— _ 0\, A ™
\JQTH,%(C Y2et) Joa1.0((c tyet)?)t®| < cpexp {Ocos(1+9)(

Combining this with (2.10) we have

logec

(2.11) lim sup )C_lie<&>a/ Jat1

1
=00 4 yEK 15 m o 0

(Y ot) Jasro((c Lyet))te dt‘ —0.

Since the Wright generalised Bessel functions are analytic, then there exists a pos-
itive constant ¢ such that
€T [e%
)

G (c—lxct)JaHﬁ((c—lyct)e)ta( < ¢,
ceN,te|0,m|, z,y€
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which yields
(2.12) lim sup ’0_%9 (—) / Jar1 1 (¢ wet) Jorro((c tyet)?)t™ dt
C_moa:,yeK 0 ' 0

) _ 6
< lim mege™ T+ = 0.
CcC— 00

We then conclude the lemma from (2.11) and (2.12). O

Proof of Theorem 1.1
Theorem 1.1 immediately follows from (2.5), Lemma 2.3 and Lemma 2.4. O

§2.3. Proof of Theorem 1.3

We can prove Theorem 1.3 by similar calculation as in the proof of Theorem 1.1.

For simplicity we set

1—6 1-6
~ TCci+e 5 TCci¥e
Te=cCc+ 1 - T, Ye=cC+ 1 - Yy
201+0 SIH(F) 201+0 SIH(F)

Then

(213) Kgin,aﬁ(x’y) =

T+
Lemma 2.5. We have
(214) Clggloclw |IE ’ LO‘ 1 6'( c?yc) - grgocpre'x |a cycLO‘+9 0( 37:&2)

97+ sin(-Z. =
( 140 ) e cot( 35 )(—z+y) Ksin(xv y)7

T
uniformly for x and y in compact subsets.
Proof. Following the proof in Section 2.2, we divide the integral into two parts as

follows:

(215) €T [T Lozt o(22,52)

1o - logc 1 N
- 961+9|560|°‘{/ +/ }JLH V(720 Jops o (520))E°F dt.
0

c=2logc 2000
Using Lemma 2.2 and the fact that

20 20 i 26
Tt =gt = e (x —y) + O(c T47),
0 sin( 7 T Trg)
we get that the second integral of the right hand side of (2.15) converges to the most
right hand side of (2.14), and the first integral vanishes. The calculations are the same
manner as in Lemma 2.3 and Lemma 2.4 respectively, we then omit it.

Furthermore, we can obtain the second equality in (2.14) by the same way. O
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Proof of Theorem 1.3

Theorem 1.3 immediately follows from (2.13) and Lemma 2.5. O
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