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Hydrostatic limit for exclusion process with slow
boundary revisited

By

Kenkichi TsuNODA *

Abstract

We revisit in this short article the hydrostatic limit for the exclusion process with slow
boundary. The original proof of this result relies on estimates of the correlation functions. We
achieve the same result based on analysis of two different time scales, which do not need any
information about the correlation functions.

§1. Introduction

We study in this article the limiting behavior of the empirical measure under the
stationary state, called hydrostatic limait, for the exclusion process with slow boundary.
This model has been introduced in R. Baldasso, O. Menezes, A. Neumann and R. R.
Souza [1], and can be described as follows. Let N € N be a scaling parameter. Each
particle in the bulk {1,..., N — 1} behaves as an independent simple random walk with
exclusive constraints. The terminology slow boundary means that particles are created
or annihilated at the boundary, at a rate proportional to N~ for some # > 0. It has
been established in Baldasso et al. [1] that the following phase transition occurs: the
boundary condition of the hydrodynamic equation is governed by Dirichlet boundary if
f < 1, Robin boundary if § = 1 and Neumann boundary if § > 1, respectively. We omit
to introduce more detailed description and a historical background of this model here,
see Baldasso et al. [1] and references therein.

The purpose of this article is to introduce another proof of the hydrostatic limit,
stated in Theorem 2.2. Tt is worth mentioning that our proof does not use any informa-

tion about the correlation functions, while the original one strongly relies on estimates of
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the correlation functions. Although our proof can be applied to other particle systems,
we concentrate on the exclusion process with slow boundary in this article to make the
presentation simplest.

The original method we follow in this article has been introduced in Farfan, Landim
and Mourragui [3], to show the hydrostatic limit for the boundary gradient driven
symmetric exclusion process. This method has been generalized to the case of the
reaction-diffusion model in Landim and Tsunoda [10]. In fact, Landim and Tsunoda’s
method is robust enough to imply Theorem 2.2 for § < 1, see Section 3. However, the
result established in Section 3 is not enough to deduce Theorem 2.2 for # > 1. This issue
will be examined in the first paragraph of Section 4. To complete the proof of Theorem
2.2, we further develop Landim and Tsunoda’s method in the case # > 1, where the
boundary condition of the hydrodynamic equation is governed by Neumann boundary
conditions. The method developed in Section 4, which is a main contribution of this
article, seems somewhat new and may be of interest in other contexts.

We remark on several papers related to this work, but only on papers published after
Baldasso et al. [1]. The main motivation of this work is based on recent developments on
stationary nonequilibrium states. See Bertini et al [2] for this subject. The equilibrium
and non-equilibrium fluctuations for the exclusion process with slow boundary and
related models have been investigated in a series of studies by T. Franco, P. Gongalves
and A. Neumann and their collaborators: [5, 4, 7]. The large deviation for the exclusion
process with a slow bond is examined in T. Franco and A. Neumann [6].

This article is organized as follows. In Section 2, we introduce the exclusion process
with slow boundary precisely. We also examine results on the hydrodynamic and hydro-
static limit, established in Baldasso et al. [1], in Subsections 2.2, 2.3, respectively. The
original proof of the hydrostatic limit is also examined in Subsection 2.3. In Sections
3, 4, we study the diffusive time scale or a certain sub-diffusive time scale, and deduce
Theorem 2.2 for § < 1 and for § > 1, respectively.

8§2. Model and main result

We introduce in this section the exclusion process with slow boundary and state
the hydrodynamic and hydrostatic limit for this particle system. We constantly refer
the reader to Baldasso et al. [1] as most of the statements in this section borrow from
the ones of Baldasso et al. [1].

§2.1. Exclusion process with slow boundary

For each N € N, let Iy be the one-dimensional discrete interval {1,..., N — 1}.
Elements of I are represented by the letters x,y and z, while an element of the con-
tinuum interval [0, 1] is represented by the letter u. Denote the configuration space by
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Qn = {0,1}~ and its element, called configuration, by n = {n(x) : * € Ix}. For
each z € Iy, n(x) represents the number of particles sitting at site z, in other words,
n(z) = 1 if there is a particle at site x, n(z) = 0 otherwise. For a configuration n € Qy,
let n*Y and n* be the configurations obtained from 7 by exchanging the occupation
variables n(x) and 7n(y), by flipping the occupation variable n(z), respectively:

n(y) ifz=u=x,
n"Y(z) = {nx) ifz=y, 0%z =

n(z) otherwise,

1—n(z) ifz==x,
n(z) if z#£x.

We introduce the exclusion process with slow boundary, which is a Markov process
on 2y whose generator is given by

Ly = Lyo+ Ly, + LY, ,

with some fixed «, 5 € (0,1). In the previous formula, Ly stands for the generator of
the symmetric simple exclusion process in I, that is, Ly o acts on functions f : Qny — R
as

N-2

Lyof(n) = Y [f0r=+) = 1) -
rx=1
On the other hand, L% , and L%b correspond to the dynamics at the left and right
boundary, respectively, which act functions f : Qny — R as

YufMm) = eN"ra(n) [f(n") — f()] .
LY o f(n) = eN"rg(n) [N =Y) = f(n)]

where

ra(n) = a[l =n1)]+ 1 —a)n(1),
rg(n) = BL—n(N =1+ (1 -pn(N -1),

with some fixed ¢ > 0 and 6 > 0.

Denote by V/ﬁv the product Bernoulli measure on Qy with density p € [0,1]. It is
well known that I/Z,V is symmetric with respect to Ly o for any p € [0,1]. Since r, and rg
are chosen to satisfy the detailed balance conditions with respect to vY and uév , these
measures are symmetric with respect to LY, and Ljﬁvyb, respectively. However, it is also
well known that the Bernoulli measures are not invariant with respect to Ly unless
a = (. Since the cardinality of the state space 2y is finite and the Markov process
corresponding to Ly is irreducible, there exists a unique stationary state, denoted by
i, which is invariant under the dynamics.
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§2.2. Hydrodynamic limit

It has been investigated in Baldasso et al. [1] that the boundary condition of the
hydrodynamic equation depends on the parameter 6. More precisely, the hydrodynamic
behavior of the exclusion process with slow boundary is described as follows. Assume
for a while that the macroscopic density at time 0 is given by a measurable function
po : [0,1] — [0,1]. For any 6 > 0, the system in the bulk evolves according to the heat

equation in (0, 1):

atp(tvu) = 3p(t,u),
p(0,u) = po(u),

where p(t,u) stands for the macroscopic density at time ¢ > 0 and position v € [0,1]. In
the case 6 < 1, the boundary condition is governed by Dirichlet boundary conditions:

p(t,O) = &,
p(t,l) = 0.

In the case § = 1, the boundary condition is governed by Robin boundary conditions:

dup(t,0) = clp(t,0) —a] ,
Oup(t,1) = c[B—p(t,1)] .

In the case 6 > 1, the boundary condition is governed by Neumann boundary conditions:

Oup(t,0) = 0,
Oup(t,1) = 0.

We do not review precise definitions of weak solutions to these Cauchy problems here,
see [1, Subsection 2.3] for them. For each # > 0, denote these Cauchy problems by
(HDE),.

For each N € N, denote by {S» : ¢ > 0} the semigroup associated to the Markov
process generated by N2Ly and by pux a given initial distribution. Note that the
distribution of the process at time t is given by uy S .

The following result has been established in Baldasso et al. [1].

Theorem 2.1 (Hydrodynamic limit).  Assume that the initial distribution py is
associated to a measurable function po : [0,1] — [0,1]. Namely, it holds for any 6 > 0
and continuous function H : [0,1] — R that

- 5) 0.

lim o (?7: o1 2 Ha/Nne) — [ Hm(u)d

N—o0
:I:EIN
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Then, for any t >0, 6 > 0 and continuous function H : [0,1] — R, we have

>g 0.

where p = p(0) : [0,00) x [0,1] — [0,1] stands for the unique weak solution to (HDE),.

Nhinoowsgv(n —ZHx/N /H p(t, u)du

xelnN

§2.3. Hydrostatic limit

We examine in this subsection the hydrostatic limit established in Baldasso et al.
[1] and outline their proof to clarify the difference between their approach and ours. The
hydrodynamic limit describes the dynamical behavior of the empirical measure while
the hydrostatic limit states the law of large numbers for the empirical measure under

the stationary state p37.
For each 6 > 0, let py : [0,1] — [0, 1] be the function defined by

po() = (B—a)u+a, 6 <1,

_ c(B-a) f-a
po(u) = { pr(u) = e u+a+2+c, itg=1,
pn(u) = 5‘;04, itg>1.

Note that, for each § > 0, pg is a stationary solution to (HDE),.
The following result has been established in Baldasso et al. [1].

Theorem 2.2 (Hydrostatic limit).  For any 6 > 0 and continuous function H :
[0,1] — R, we have
> 5> -

hm,u (

We here outline the proof given in Baldasso et al. [1]. Their proof is summarized
as follows. For x,y € Iy, let p™ (z) and ¢ (x,y) be the mean of n(z) and the two-point
correlation function of n(x),n(y) under the stationary state p5%’, respectively:

/H )po(u)du

QZGIN

PN = [ ntemsian)
Qn
) = [ Ta) = @) [nn) =0 )] )
N
Since p is invariant with respect to Ly, for each x € Iy, we have

/ Lan(@)uii(dn) = 0.
Qn
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Computing the left-hand side, we can obtain a system of linear equations for {p" (z) :
x € In}, see the proof of [1, Lemma 3.1] for this system. Since this system is linear, it
is not difficult to obtain the explicit formula

(2.1) pN(x) = anz+by, z€ly,

where

(8 — o)
2N9 + ¢(N — 2)

NG
aN = and bN:a+aN<——1>.
c
A similar computation for [n(z) — p™ (z)] [n(y) — p™ (y)] together with some cou-
pling argument permits us to obtain the estimate

C

N
(2.2) max “P (ac,y)| < ]\F"—-l—N’

O0<z<y<N
for some constant C' > 0. Theorem 2.2 easily follows from (2.1), (2.2) and standard
arguments based on the Chebyshev inequality.

We conclude this subsection mentioning a few comments on the proof. For 6 < 1,
note that the function py is the unique stationary solution to (HDE),. This fact together
with Proposition 3.1 below implies Theorem 2.2 immediately. However, for # > 1, the set
of stationary solutions to (HDE), is not a singleton, since the corresponding Neumann
Laplacian on [0, 1] has the eigenvalue 0 in its spectrum. Therefore, the concentration
result, given in Proposition 3.1, does not imply Theorem 2.2 for 6 > 1. To overcome
this difficulty, besides Proposition 3.1, we need another characterization of the density
(o + B)/2 amoung [0, 1], which is a limiting density in the case # > 1. Indeed, we will
see that (a + (3)/2 can be characterized as a unique attractor of the integral equation
(4.4). This is what we will investigate in Section 4.

An approach based on the estimates for the correlation functions is very useful for
several problems if available, see for instance [5, 4, 7]. However, this approach can not be
applied to almost all interacting systems, even so-called gradient systems. Compared to
this approach, the method developed in this paper is robust enough to be applicable to
a gradient particle system (should be possible for a non-gradient system). For instance,
one can obtain similar results for the setting of Farfan et al. [3] with slow boundary.

§3. The diffusive time scale N?

We investigate in this section the diffusive time scale, to analyze the empirical
measure under p3;. As examined in Section 1, we shall follow the method developed
in Landim and Tsunoda [10], to prove some concentration result, stated in Proposition
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3.1. As a direct consequence of Proposition 3.1, which is a main result of this section,
we shall prove Theorem 2.2 for 6 < 1.

Let My be the set of all Borel measures on [0, 1], whose total mass is bounded
above by 1. M is endowed with the weak topology, which is metrizable and becomes
a compact Polish space. Denote its metric by d, see for instance [10, Subsection 2.2]
for the definition of d. For a masure 7 € My and a function H : [0,1] — R, denote
by (m, H) the integral of H with respect to m whenever it has a meaning. For functions
Hi,Hy : [0,1] — R, we also denote by (H7, Hy) the L?-inner product with respect to
the Lebesgue measure du whenever it has a meaning.

For a configuration n € 2y, define the empirical measure by

my(du) = w(du) = g S 0@y (du)
rzelN

where ¢, stands for the point mass at u € [0,1]. Recall the definition of the stationary
state p%/, introduced at the last paragraph of Subsection 2.1. Define the probability
measure Py on M by

Py =piio(mn) .

For each 6 > 0, let & be the set of all measures 7(du) = p(u)du in M, whose
density is a stationary solution to (HDE),. It is easy to see that & coincides with
{pp(u)du} for 8 < 1, {pr(u)du} for 8 =1 and {pdu : ¢ € [0,1]} for 6 > 1, respectively.

Following the proof of [10, Theorem 2.2], we can prove the following proposition:

Proposition 3.1.  The sequence of measures {Pn}nen asymptotically concen-
trates on the set Ey. Namely, for any § > 0, we have

TEEy

lim Py <7T€M+: inf d(m,7) 25) =0.
N—o00

The proof of this proposition is consisting of two main ingredients, as examined in
the first paragraph of [10, Section 3]: the macroscopic density of the system is described
by a hydrodynamic limit, and for any initial profile the solution of the hydrodynamic
equation converges to some stationary solution as time goes to infinity. Indeed, the
exclusion process with slow boundary and its hydrodynamic equation satisfy these two
properties for any 6 > 0. Invoking these properties, the proof of Proposition 3.1 is
completely same as the one of [10, Theorem 2.2] and thus is omitted.

Note that & is a singleton for each 0 < 1: & = {pp(u)du} or {pr(u)du}. Theorem
2.2 for 8 <1 follows from Proposition 3.1 immediately.

Proof of Theorem 2.2 for 6 < 1. From Proposition 3.1 and the fact that & is
a singleton for each § < 1, the empirical measure my under p%’ converges to pg(u)du
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as N — oo in probability. Therefore, for any continuous function H : [0,1] — R, the
random variable (my, H) under p% converges to (pg, H) as N — oo in probability,
which completes the proof of Theorem 2.2 for < 1. U

§4. The sub-diffusive time scale N9

In the rest of this paper, we always treat with the case > 1. Since the solution
to the heat equation with 0-Neumann boundary conditions conserves the total mass,
the total number of particles in Iy can not evolve under the diffusive time scale. This
is exactly caused by the presence of slow boundary. However, at the process level, we
can observe exchange of particles at a rate proportional to N~ through the boundary.
Therefore, to observe the correct evolution of the total number of particles in Iy, we
need to introduce another time scale, which should be longer than the diffusive time
scale. As understood in the computations below, the correct speeded up factor (or the
time scale) is given by N'? which is in fact longer than the diffusive time scale in the
case 6 > 1.

For the sake of the previous paragraph, let {n/¥ : ¢ > 0} be the Markov process
generated by N'*Y Ly with the initial distribution u$. For each t > 0, dente by m
the averaged density defined by

By the reason examined in the previous paragraph, m¥ does not evolve under the diffu-
sive time scale N2. On the other hand, as we will see later, m? evolves macroscopically
under the time scale N11+9,

For each T' > 0, let D([0,T],R) be the set of all cadlag trajectories m. : [0,T] — R,
endowed with the Skorokhod topology. For each N € N, let Qn = QN be the
distribution of {m~} on D([0,T],R).

Our approach to study the sequence {Qn }nen is based on a standard machinery
used in the study of hydrodynamic limit. We first show the relative compactness of
the sequence {Qn}nen and characterize its all limit points. This is the content of
Propositions 4.1, 4.4 below, respectively.

We start with the relative compactness of the sequence {Qn }nen-

Proposition 4.1.  The sequence {m } nen is relatively compact in D([0,T], R).

Proof. Fix T > 0. It is enough to show that the sequence {m} yen is relatively
compact in D([0,7],R). For this purpose, introduce the function Gy (n) = G(n) =



HYDROSTATIC LIMIT FOR EXCLUSION PROCESS WITH SLOW BOUNDARY REVISITED 157

(N —1)""> ;. n(zx) and the corresponding Dynkin’s martingale:

(4.1) MY = G(niv)—G(név)—N”e/:(LNG)(néV)ds, t>0.

It follows from the definition of m{¥ that G(n") = m{. Since the total number of
particles in Iy is conserved by Ly o, we have Ly oG = 0. One the other hand, as L‘j{,yb
and L’?\, , act only at the left and right boundary, respectively, we have

(L + LRG0 = gy —5 {ran) (1 = 20(1)] + ra() [1 = 20N = 1)]}

m[aﬂLﬁ—ﬁ(l)—n(N—l)] -

Therefore (4.1) can be rewritten as

cN t
N-1J,

(4.2) my = my + M+ [a+ 8 =0 (1) =0y (N —1)] ds

t
— w4 MY e [ ot B n(1) ~n¥ (N - 1)] ds + OV,
0

where big O notation stands for the Bachman-Landu notation.

Note that the sequence {m? }nyen is relatively compact since m{) takes values in
[0,1] for any N € N. On the other hand, in view of Aldous’s criterion, cf. [8, page
51, Proposition 4.1.6], we can obtain the relative compactness of the integral term in
the last line of (4.2). Therefore, to conclude the proof, it is enough to show that the
sequence { MY} yey is relatively compact in D([0, T], R).

Indeed, it follows from a straightforward computation that the quadratic variation
of M} is given by
(4.3)

ﬁ/@ 7Y (1) = af + [n) (N = 1) = 8ds = O(NT").

This formula together with the standard argument as in the proof of [8, page 55, Theo-
rem 4.2.1] gives the relative compactness for the sequence { MV} yen, which completes
the proof of Proposition 4.1. O

It follows from (4.3) that the martingale term MY vanishes in the limit N — oo.
Therefore, if we can replace n¥ (1) + nN(N — 1) by 2mY in (4.2), we can obtain the
following integral equation in the limit:

t
(4.4) mt:m0+c/ [+ B —2ms]ds, t>0.
0

This replacement can not be achieved in the diffusive time scale since the relaxation
time, which is the inverse of the spectral gap, of the exclusion process inside a box with
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side length ¢ is of order £2. However, such a replacement should be achieved in the time
scale N7 This is the idea hidden in the proof of Lemma 4.2, so-called replacement
lemma.

Before starting the proof of the replacement lemma, we introduce some notation
and estimates, which will be used in the proof of the replacement lemma.

For two probability measures u, v on Qp, let Hy(u|v) be the relative entropy of p
with respect to v:

Hy(plv) = Sup{ fdn—log/ ede} :
f Qn QN
where the supremum is carried over all functions f : Qxy — R. It is well known that

du du
H = — log—d
sy = [ Frog L.

if p is absolutely continuous with respect to v, Hy(u|v) = 0o, otherwise. Since there is
at most one particle per site, there exists a constant Cy = Cy(«) > 0 such that

(4.5) Hy(plvy) < GoN

for any probability measure p on Q.
A function f: Qn — [0,00) is said to be a density if [ fdv) = 1. For any density
f, define the Dirichlet form with respect to vy by

Dno(fivy) = %NZ_Q/Q [\/ f(n“’@“)—\/mrdvg-

It has been established in the proof of [1, Lemma 5.9] that there exists a constant
Ca,p > 0 such that

(1.6 (EnVFNDa < ~Drolfird) + 522
for any density f, where (-, ), stands for the L?-inner product with respect to v/2Y. Since
the actual value of the density of the reference measure is not important, we always fix
it to be a.

From the observation examined after the proof of Proposition 4.1, introduce the
function V' = Vi given by V(n) = n(1)+n(N —1)—2G(n), where G has been introduced
in the proof of Proposition 4.1.

We are ready to prove the replacement lemma.

Lemma 4.2 (Replacement lemma).  For any t > 0, we have
t
(4.7) lim EN { / V(n)N)ds } =0,
N —o0 0

where EN stands for expectation with respect to the process n™ .
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Proof. For any v > 0, from the entropy inequality and (4.5), we have
t t
N N
/ V(ns )ds / Vi(ng )ds H ,
0 0

where £, stands for expectation with respect to the process starting from the product

(4.8) EN { St

1
} < @+—logEa {exp {7N

measure v . One can get rid of the absolute value in the right-hand side of (4.8) by the
elementary inequality el®! < e®4+e~?. Therefore, the estimate for the second term in the
right-hand side of (4.8) is reduced to the one without the absolute value. Furthermore,
from [1, Lemma 7.3], to conclude the proof, it is enough to show that the following
variational expression vanishes as N — oo and v — oo:

(4.9) sup {7_1N9<LN\/7, \/?>a +(V, f)a} ,

f

where the supremum is carried over all densities f.
From (4.6) and Lemma 4.3 below, the supremum (4.9) is bounded above by

C. _
(4.10) TB + Sl;P {—7 'N’Dyo(f;vd) + 4N1/2DN,0(f; Vév)l/Q} -

The previous supremum is easily computed and is bounded above by 4yN!'~¢. Since 6
is larger than 1, the expression (4.10) vanishes as N — oo and v — oo, which completes
the proof of Lemma 4.2. O

The following lemma in fact has been proved in the proof of [9, Lemma 3.1]. How-

ever, we give the proof for reader’s convenience.
Lemma 4.3 (Moving particle lemma).  For any density f, we have

(4.11) (V, fla < 4NV2Dyo(f;vN)V2
Proof. Fix a density f. The left-hand side in (4.11) can be written as

@12 e X[ ) @]+ Y = 1) = (e} e ).

JZGIN

In the following argument, we give an estimate for the sum involving 7(1) — n(x) only
since the other sum is similar.

For each = € Iy, by the change of variables n — 7%, the sum involving n(1) —n(x)
in (4.12) can be rewritten as

s 3 ) ] 1) — ) v
~ = 2 [, ) =@ [VE@ + VI [V - VIG] v )
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Since there is at most one particle per each site and f is a density, applying the Schwartz
inequality, the last expression is bounded above by

(4.13) o S [V - Vi) )

JZGIN

For each z,y € Iy, consider the transformation %Y on 2y defined by o%¥Yn =
%Y, n € Q. Clearly, 0®¥ is v -measure preserving and satisfies the relation

1,z 1,2 2,3 r—2,x—1

ol — SL2045236.. . 04 1 gz—la—2 3,2 2,1

oo™ oo cr00”f 00t

for any x € Iy, where the symbol o stands for the composition of transformations. By
adding and subtracting the terms by this sequence into the brackets in (4.13), from the
Cauchy-Schwarz inequality, we have

/Q [\/f(n) - \/f(??lw)r l/,iv(dn) < 4N Dy o(f; V(iv) 7

which in turn implies the conclusion of Lemma 4.3. Note that the constant 4 in (4.11)
comes from the contribution of the sum involving n(N — 1) — n(x) in (4.12). O

We summarize the previous computations as a single proposition, which plays a
fundamental role in the proof of Theorem 2.2. However, as the proof follows from the
formula (4.2) and Lemma 4.2 easily, we omit the proof.

Proposition 4.4.  Let A be the set of all trajectories {my : t > 0} in D([0,T],R)
satisfying the integral equation (4.4) with the initial value mq in [0,1]. Then, any limit
point Q. of the sequence {Q N} nen is concentrated on A, namely, Q. (A) = 1.

The following lemma states that (a+3)/2 can be characterized as a unique attractor
of the integral equation (4.4).

Proposition 4.5.  The solution of the integral equation (4.4) is given by

Oé—;—ﬁ) 6—2Ct.

o+
my = 26—1—(7”0—

In particular, my converges to (a+ 8)/2 as t — oo, uniformly in initial values in [0, 1].

The proof of this proposition is elementary, and left to the reader.
We have now all the ingredients to prove Theorem 2.2 for 6 > 1.

Proof of Theorem 2.2 for § > 1. Since M is compact, the sequence {Px} nen is
relatively compact. Let Py, Q. be any limit point of the sequence {Py }ven, {Qn } ven,
respectively. Take a subsequence Ny, if necessary, so that the sequences {Pn, }ren, {@n, }ren
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converge to Py, Q., respectively. Note that Proposition 3.1 shows that P.(Ep) = 1. Re-
call the definition of the function py: py(u) = (o + 8)/2,u € [0,1]. To conclude the
proof, it is enough to show that

(4.14) P. {pn(w)du}) = 1.
Fix § > 0. Denote by Os the subset of [0, 1] given by

a+5_
2

a—+p
2

Os = [0,1]\ 0, +4|

and by Ojs the closure of Os. From the stationarity of u33, we have
(4.15) Py (m:(m,1) € Os) = pN(n:G(n) € Os) = Qn (m. : my € Oy)

for any ¢t > 0, where 1 stands for the constant function 1(u) = 1,u € [0, 1].
Since the application m — (7, 1) is continuous with respect to the weak topology,
and Py, , Qn, converge to P, Q. weakly, respectively, we have
P (m:(m,1) € Og5) < likmianNk (m: (m,1) € Ogs)
— 00

= liminf Qn, (M. : my € Oa;)
k—r o0

< limsup @Qn, (m. My € 0_5)

k— o0

< Q. (m.:my € Os) .

We used (4.15) to obtain the second equality and the monotonicity of Qu, the third
inequality. For the last inequality, one should pay an attention since the application
m. — my is not continuous with respect to the Skorokhod topology. However, one can
justify this inequality by the fact that @), is concentrated on continuous trajectories,
see the proof of [10, Theorem 2.2] for a similar argument. Since Os does not contain
(o + B)/2, it follows from Propositions 4.4, 4.5 that Q. (m. tmy € 0_5) vanishes if ¢ is
larger than —(2¢)~!logd. Thus, (4.14) has been shown. This completes the proof of
Theorem 2.2 for 6 > 1. O
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