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A note on random strings with values in a bounded

convex domain

By

Bin Xie∗

Abstract

In this note, the ergodic properties of the Markov semigroup associated with the ran-

dom string in a bounded convex domain are mainly studied. Under proper assumptions, the

Markov property, the existence and uniqueness of invariant measures are shown by using the

approximating system of stochastic partial differential equations.

§ 1. Introduction

Let (B(t))t≥0 be aK-dimensional Brownian motion on a complete probability space

(Ω,F ,P) with the filtration (Ft)t≥0 satisfying usual conditions, and let the mappings

b : Rd → Rd and σ : Rd → Rd⊗RK be Borel measurable. Let us denote by O a smooth,

bounded convex domain in Rd. Moreover, without loss of generality, we suppose the

origin point 0 is in the domain O. In this note, we mainly study some ergodic properties

of the following system of the stochastic partial differential equation with reflection in

O: 

du(t, x) ={κ∆u(t, x) + b(u(t, x))}dt
+ σ(u(t, x))dB(t) + η(dtdx), t > 0, x ∈ (0, 1),

u(t, 0) =u(t, 1) = 0, t ≥ 0,

u(0, x) =ξ(x), x ∈ [0, 1],

u(t, x) ∈Ō, t > 0, x ∈ [0, 1],

(1.1)
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where κ > 0 is a constant, Ō denotes the closure of O, u : [0, 1] → Rd denotes a

d-dimensional function taking values in Ō, ∆u(x) = (u′′1(x), · · · , u′′d(x))t denotes the

Laplace operator on [0, 1] satisfying homogeneous Dirichlet boundary conditions, the

initial value ξ is a continuous function defined on [0, 1] such that ξ(x) ∈ Ō for all

x ∈ [0, 1], and satisfying the compatibility condition ξ(0) = ξ(1) = 0, and η denotes

a d-dimensional signed random measure on [0,∞) × [0, 1], which prevents the solution

from leaving the closed set Ō.

The reflected stochastic partial differential equation (1.1) is initially studied in [17]

and it can be used to describe the random motion of strings in a bounded convex

domain. Random motion of strings is originally introduced in [5], which is described

by systems of stochastic partial differential equations driven by d-dimensional space-

time white noises. In that paper, the string is allowed to move randomly in the whole

space Rd, so C([0, 1],Rd)-valued solutions are considered. In addition, many important

problems are also studied in that paper. After that, many works on random strings

have been published, for example, hitting properties of a random string [8].

But, the studies on the random motion of strings in a bounded domain of Rd are

very rare. To study such motions, it is natural to introduce the system of reflected

stochastic partial differential equations like (1.1). From now on, let us give a short

review on the reflected stochastic partial differential equations. Stochastic partial dif-

ferential equations with reflections can be regarded as infinite-dimensional Skorokhod

problems, so it is widely studied. The real-valued (i.e., d = 1) stochastic partial differ-

ential equation with reflection driven by a space-time white noise is first investigated in

[9]. In that paper, the existence and uniqueness of solutions is established for the case

of additive noises. For the case of multiplicative noises, the minimum solution is con-

structed in [4] and the about 16 years later the uniqueness of it is proved in [12]. Many

important properties relative to real- valued reflected stochastic partial differential equa-

tions have been investigated until now. For instance, see [6, 13] for reversible measures,

[14] for occupation densities, [2] for hitting properties, [12] for large deviation principles

of the Freidlin-Wentzell type, [10, 16] for dimension-free Harnack inequalities, and [11]

for hypercontractivity of the corresponding transition semigroup. Reflected stochastic

partial differential equations are also closely connected with the study of random inter-

face models. In [6], it is shown that the fluctuation of a ∇ϕ-interface model near a hard

wall weakly converges to the stationary solution of a reflected stochastic partial differ-

ential equation driven by the additive space-time white noise. For more information on

the study of real-valued reflected stochastic partial differential equations, we refer the

readers to the monograph [15] and references therein.

However, as we mentioned above, there is little research on the systems of reflected

stochastic partial differential equations, because of some difficulties such as the lack
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of comparison theorems for systems. To the best of our knowledge, only two research

papers on such topics under different frameworks are published at present, see [1, 17].

In [1], a random string with reflection in a convex domain is described by a system

of stochastic partial differential equations driven by a d-dimensional additive space-

time white noise by using the Dirichlet form approach. On the other hand, in [17],

instead of d-dimensional space-time white noises, the finite dimensional time white

noise is considered and thanks to that, the case of multiplicative noises can be studied.

Both of these papers mainly investigated the existence and uniqueness of solutions.

But few properties of solutions have been studied in the above two papers. In this

note, we will devote to ergodic properties of the system (1.1). More precisely, we will

mainly investigate the Markov property of the solution, the existence and uniqueness

of invariant measures.

The remainder of this note is organized as follows. In Section 2, the precise formula-

tion of (1.1) and its existence and uniqueness of solutions are first stated as preparation,

and then the Markov property of the solution of (1.1) is shown. In Section 3, the exis-

tence and uniqueness of invariant measures for the Markov semigroup associated with

the solution of (1.1) is investigated.

§ 2. Preliminaries and Markov property

In this section, we first formulate the precise mathematical meaning of the system

(1.1) and state the result on the existence and uniqueness of solutions. Then, we show

that the solution u(t; ·) can be uniquely extended to a map from L2
O to L2

O, and finally

we prove that the stochastic process (u(t; ·))t≥0 is a Markov process with its state space

L2
O.

Let us here introduce some notions, which will be used throughout this note. Let

H = L2([0, 1],Rd) be the usual L2-space with norm | · |H and inner product ⟨·, ·⟩H . Let

L2
O = {u ∈ H : u(x) ∈ Ō for all x ∈ [0, 1]}. It is known that L2

O is a closed subset of

H. So, it is a Polish space. Let us denote by Bb(E) (respectively Cb(E)) the family of

all bounded and measurable (respectively continuous) functions from a subset E ⊂ H

to R. Let V be the usual Sobolev space H1
0 , i.e., the completion of C∞

0 with respect to

norm ∥u∥V = (
∑d

i=1

∫ 1

0
(∂xui(x))

2dx)
1
2 . In addition, we use ⟨·, ·⟩ and | · | to denote the

usual inner product and norm of Rd.

Let us now state the mathematical definition of the system (1.1) according to the

original research [17].

Definition 2.1. We call a pair (u, η) a solution of the reflected system (1.1) if

the following (i)-(iv) are satisfied:

(i) u is a continuous d-dimensional random field on [0,∞) × [0, 1] such that u(t, x) ∈
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Ō a.s., and u(t, x) is Ft-measurable.

(ii) η is a Rd-valued signed random measure on [0,∞)× [0, 1] such that

(a) For any T > 0,

E
[
∥η([0, T ]× [0, 1])∥TV

]
<∞,

where ∥ · ∥TV denotes the total variation of η on [0, T ]× [0, 1].

(b) η is (Ft)-adapted. More precisely, for any Borel set B ⊂ [0, t] × [0, 1], η(B) is

Ft-measurable.

(iii) For any test function ϕ ∈ C2
0 ([0, 1],Rd) with ϕ(0) = ϕ(1) = 0, the following stochas-

tic integral equation is fulfilled:

⟨u(t), ϕ⟩H = ⟨ξ, ϕ⟩H +

∫ t

0

⟨u(s),∆ϕ⟩Hds+
∫ t

0

⟨b(u(s)), ϕ⟩Hds

+
K∑

k=1

∫ t

0

⟨σk(u(s)), ϕ⟩HdBk(s) +
d∑

i=1

∫ t

0

∫ 1

0

ϕi(x)ηi(dsdx) a.s.,

where u(t) := u(t, ·) and σk denotes the column vector of the matrix σ, that is, σk =

(σ1k, · · · , σdk)t, k = 1, 2, . . . ,K.

(iv) The following relation is satisfied by (u, η):

for any T > 0 and ϕ ∈ C([0, T ]× [0, 1], Ō),

d∑
i=1

∫ T

0

∫ 1

0

(ϕi(t, x)− ui(t, x))ηi(dtdx) ≥ 0 a.s.

Throughout this note, according to [17], we suppose that the coefficients b and σ

are Lipschitz continuous, that is, there exists a constant L > 0 such that

max{|b(u)− b(v)|, ∥σ(u)− σ(v)∥} ≤ L|u− v|,

where ∥σ∥ =
√

Tr(σσt).

Then, the existence and uniqueness of solutions of (1.1) is proved in [17].

Theorem 2.2 (Theorem 2.1 [17]). Suppose ξ ∈ V . Then the reflected stochastic

partial differential equation (1.1) has a unique solution (u, η) such that

E

[
sup

t∈[0,T ]

|u(t)|2H

]
+ E

[∫ T

0

∥u(t)∥2V dt

]
<∞.

Remark. By the proof of Theorem 2.1 [17], it is known that η(dtdx) is absolutely

continuous with respect to the Lebesgue measure dx.

From now on, we devote to the study on the Markov property of solution of (1.1).

Indeed, we can show that the solution (u(t))t≥0 of the reflected system (1.1) can be

regarded as an L2
O-valued Markov process. We first show that the solution u(t; ·) is

continuous in its initial value. More precisely, the next theorem holds.
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Theorem 2.3. For any two non-random initial data ξi ∈ V, i = 1, 2, there

exists a constant C > 0 independent of t such that

E
[
|u(t; ξ1)− u(t; ξ2)|2H

]
≤ |ξ1 − ξ2|2H exp(Ct),(2.1)

where and in the sequel u(t; ξ) denote the solution of (1.1) with the initial value ξ.

In particular, u(t; ·) can be uniquely extended to a map from L2
O to itself, which

will be still denoted by the same symbol in the sequel.

As a preparation for the proof Theorem 2.3, let us state two lemmas. For any

x ∈ Rd, let us denote by Π(x) the projection of x onto the closed set Ō, that is, Π(x)

is the unique element of Ō such that

|x−Π(x)| = inf
y∈O

|x− y|.

It is well-known that an element Π(x) ∈ Ō is the projection of x on Ō if and only if for

any y ∈ Ō

⟨x−Π(x),Π(x)− y⟩ ≥ 0.(2.2)

In the next lemma, some fundamental properties of Π are summarized according to our

purposes.

Lemma 2.4. Let Π be the projection map from Rd onto Ō. Then the following

properties hold:

(i) Π is contractive on Rd, i.e.,

|Π(x)−Π(y)| ≤ |x− y|, x, y ∈ Rd.(2.3)

In particular, Π is Lipschitz continuous on Rd.

(ii) For any x ∈ Rd and y ∈ Ō,

⟨x− y, x−Π(x)⟩ ≥ 0.

(iii) For any x, y ∈ Rd,

⟨x− y, x−Π(x)− (y −Π(y))⟩ ≥ 0.(2.4)

Proof. The properties (i) and (ii) are taken from Lemma 2.1 [17], see Lemma 2.1

[17] for their proofs. Therefore, it is enough to show (iii). From (2.2), it follows that for

any x, y ∈ Rd,

⟨x−Π(x),Π(x)−Π(y)⟩ ≥ 0 and ⟨y −Π(y),Π(y)−Π(x)⟩ ≥ 0,
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which gives that

⟨x− y,Π(x)−Π(y)⟩ ≥ |Π(x)−Π(y)|2.

Then it is known that

0 ≤ ⟨x− y,Π(x)−Π(y)⟩ ≤ |x− y||Π(x)−Π(y)|,

which implies (2.4) by using the contractive property (2.3) of Π.

To give the proof of Theorem 2.3, let us introduce the approximating system of

stochastic partial differential equations according to the strategy of the proof of Theorem

2.2 used in [17].

For each n ∈ N, we consider the following penalized system:

dun(t, x) ={κ∆un(t, x) + b(un(t, x))}dt+ σ(un(t, x))dB(t)

− n{un(t, x)−Π(un(t, x))}dt, t > 0, x ∈ (0, 1),

un(t, 0) =un(t, 1) = 0, t ≥ 0,

un(0, x) =ξ(x), x ∈ [0, 1].

(2.5)

Since the coefficients b, σ and the projection map Π are Lipschitz continuous on Rd, we

know that for each n ∈ N, the penalized system (2.5) has a unique solution. In the

following, we sometimes denote its solution by un(t, x; ξ) or un(t; ξ) according to our

purposes. From the proof of Theorem 2.1 [17], we have the next relation between u(t)

and un(t).

Lemma 2.5. For any initial value ξ ∈ V , the sequence {un(t)}n∈N converges to

the unique solution u(t) of (1.1) in the following sense:

lim
n→∞

E

[
sup

t∈[0,T ]

|un(t)− u(t)|2H

]
+ lim

n→∞
E

[∫ T

0

∥un(t)− u(t)∥2V dt

]
= 0.

Let us now formulate the proof of Theorem 2.3.

Proof of Theorem 2.3. For simplicity, let us set

ũn(t, x) := un(t, x; ξ1)− un(t, x; ξ2).

Applying Itô’s formula to ũn(t), we have that∣∣ũn(t)∣∣2
H

(2.6)

=|ξ1 − ξ2|2H + 2κ

∫ t

0

⟨
ũn(s), κ∆ũn(s)

⟩
H
ds
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+ 2

∫ t

0

⟨
ũn(s), b(un(s; ξ1))− b(un(s; ξ2))

⟩
H
ds

+ 2n

∫ t

0

⟨
ũn(s),−{un(s; ξ1)−Π(un(s; ξ1))}+ {un(s; ξ2)−Π(un(s; ξ2))}

⟩
H
ds

+ 2
K∑

k=1

∫ t

0

|σk(un(s; ξ1))− σk(u
n(s; ξ2))|2H ds

+ 2

K∑
k=1

∫ t

0

⟨
ũn(s), σk(u

n(s; ξ1))− σk(u
n(s; ξ2))

⟩
H
dBk(s)

:=|ξ1 − ξ2|2H + In1 (t) + In2 (t) + In3 (t) + In4 (t) + In5 (t).

Noting that κ > 0 and ⟨
ũn(s),∆ũn(s)

⟩
H

= −
∥∥ũn(s)∥∥2

V
a.s.,

we know that In1 (t) ≤ 0 a.s..

Thanks to Lemma 2.4 (iii), we can also easily know that In3 (t) ≤ 0 a.s.

By the Lipschitz continuity of the coefficients b and σ, we have that

In2 (t) + In4 (t) ≤ C

∫ t

0

|ũn(s)|2Hds a.s.

holds for a constant C > 0 independent of n and t > 0.

Since

sup
n∈N

E

[
sup

t∈[0,T ]

∣∣ũn(t)∣∣2
H

]
<∞

by Lemma 2.2 [17], we know that the last term In5 (t) in (2.6) is a real valued martingale.

Therefore, taking expectations of both sides of (2.6) and then using the above estimates,

we have that

E
[
|ũn(t)|2H

]
≤ |ξ1 − ξ2|2H + C

∫ t

0

E
[
|ũn(s)|2H

]
ds.

Therefore, the Gronwall inequality yields that

E
[
|ũn(t)|2H

]
≤ |ξ1 − ξ2|2H exp(Ct), t ≥ 0.(2.7)

Consequently, by Lemma 2.5, the desired result (2.1) can be obtained by letting n→ ∞
in the above inequality and noting that C is independent of n and t.

From now on, we are going to show that the stochastic process (u(t; ·))t≥0 intro-

duced in Theorem 2.3 is Markovian. Here let us formulate a lemma based on [13].
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Lemma 2.6 (Lemma 1 [13]). Let us suppose the sequence of probability mea-

sures {µn}n∈N weakly converges to a probability measure µ on a Polish space S. If the

sequence of real valued continuous functions {ψn}n∈N is uniformly bounded and equicon-

tinuous on S and

lim
n→∞

ψn(x) = ψ(x), x ∈ supp(µ),

then

lim
n→∞

∫
S

ψn(s)µn(ds) =

∫
supp(µ)

ψ(s)µ(ds),

where supp(µ) denotes the support of µ.

Under our assumptions, it is known that the solution (un(t))t≥0 of (2.5) is a Markov

process. Let us denote by Pn
t the corresponding Markov transition semigroup associated

with the penalized system (2.5), that is,

Pn
t ϕ(ξ) = E[ϕ(un(t; ξ))], ξ ∈ H,ϕ ∈ Bb(H).

In addition, let us define the operator Pt by

Ptϕ(ξ) = E[ϕ(u(t; ξ))], ξ ∈ L2
O, ϕ ∈ Bb(L

2
O), t ≥ 0.(2.8)

Theorem 2.7. For any uniformly continuous function ϕ ∈ Cb(H), we have that

lim
n→∞

Pn
t ϕ(ξ) = Ptϕ(ξ), t ≥ 0, ξ ∈ L2

O(2.9)

and

PtPsϕ(ξ) = Pt+sϕ(ξ), s, t ≥ 0, ξ ∈ L2
O.(2.10)

In particular, (Pt)t≥0 is a Markov transition semigroup.

Proof. Let µn and µ denote the distributions of un(t; ξ) and u(t; ξ) respectively.

Then by Lemma 2.5, it is known that µn converges weakly to µ. By Theorem 2.3, it is

easy to know (2.9) holds for any continuous ϕ ∈ Cb(H).

From now on, let us prove (2.10). Since ϕ ∈ Cb(H) is uniformly continuous, we

can show that for each n ∈ N, Pn
t ϕ(·) is also uniformly continuous on H by the relation

(2.7), and then the sequence {Pn
t ϕ(·)}n∈N is uniformly bounded and equicontinuous

on H by the Markovian property of (Pn
t )t≥0, Thus, we know that for any uniformly

continuous function ϕ ∈ Cb(H), the sequence {Pn
s ϕ(·)}n∈N and the sequence {µn}n∈N

satisfy all of the conditions in Lemma 2.6. Consequently, we can complete the proof of

(2.10) by Lemma 2.6.
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Remark. By Theorem 2.7, it is known that (Pt)t≥0 defined by (2.8) is a Markov

transition semigroup acting on Cb(L
2
O), and also on Bb(L

2
O). In particular, (u(t))t≥0

can be regarded as a Markov process with its state space L2
O.

§ 3. Existence and uniqueness of invariant measures

The main goal of this section is to investigate the existence and uniqueness of

invariant measures of the system (1.1).

Let us first note that (Pt)t≥0 is a Feller Markovian semigroup. More precisely, we

have the next lemma.

Lemma 3.1. (Pt)t≥0 is a Feller transition semigroup on Cb(L
2
O), i.e., Ptϕ ∈

Cb(L
2
O) for any ϕ ∈ Cb(L

2
O) and t > 0.

Proof. It can be easily shown by Theorem 2.3.

From now on, we will first show the existence of invariant measures under the

following assumption:

(A): There exist two constants γ ∈ R and γ′ > 0 such that

⟨x, b(x)⟩ ≤ γ′ + γ|x|2, x ∈ Rd.

Theorem 3.2. If further κ > γ+2L2, then there exists an invariant probability

measure µ concentrated on L2
O and

µ
(
exp(δ| · |2H)

)
<∞(3.1)

holds for some small enough constant δ > 0.

Proof. Since (Pt) is a Feller transition semigroup, it is enough for us to show that

for some probability measure ν supported on L2
O, the family of probability measures

(µT )T>0 defined by

µT :=
1

T

∫ T

0

P ∗
t νdt, T > 0

is tight based on the Krylov-Bogoliubov Theorem (for example, see Theorem 3.1.1 [3]),

where P ∗
t ν(A) =

∫
L2

O
Pt1A(ξ)µ(dξ).

Let us still use un(t) to denote the unique solution of the approximating system

(2.5). Applying Itô’s formula, we have that

|un(t)|2H =|ξ|2H + 2κ

∫ t

0

⟨un(s),∆un(s)⟩Hds+ 2

∫ t

0

⟨un(s), b(un(s))⟩Hds(3.2)
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− 2n

∫ t

0

⟨un(s), un(s)−Π(un(s))⟩H ds

+ 2
K∑

k=1

∫ t

0

|σk(un(s))|2Hds+ 2
K∑

k=1

∫ t

0

⟨un(s), σk(un(s))⟩HdBk(s).

For any ξ ∈ V , by the Dirichlet boundary conditions on the Laplace operator ∆, we see

that ∫ t

0

⟨un(s),∆un(s)⟩Hds = −
∫ t

0

∥un(s)∥2V ds ≤ 0 a.s.(3.3)

Noting that 0 ∈ O, by Lemma 2.4 (ii), we have that for any x ∈ Rd,

⟨x, x−Π(x)⟩ ≥ 0,

and then

−2n

∫ t

0

⟨un(s), un(s)−Π(un(s))⟩Hds ≤ 0 a.s.(3.4)

Applying the estimates (3.3) and (3.4) to (3.2), we have

|un(t)|2H(3.5)

≤|ξ|2H − 2κ

∫ t

0

∥un(s)∥2V ds+ 2

∫ t

0

(γ′ + γ|un(s)|2H)ds

+ 2
K∑

k=1

∫ t

0

|σk(un(s))|2Hds+ 2
K∑

k=1

∫ t

0

⟨un(s), σk(un(s))⟩HdBk(s)

≤|ξ|2H − 2κ

∫ t

0

∥un(s)∥2V ds+ 2

∫ t

0

{
γ′ + 2∥σ(0)∥2 + (γ + 2L2)|un(s)|2H

}
ds

+ 2
K∑

k=1

∫ t

0

⟨un(s), σk(un(s))⟩HdBk(s)

≤|ξ|2H + (γ′ + 2∥σ(0)∥2)t− 2(κ− γ − 2L2)

∫ t

0

∥un(s)∥2V ds

+ 2

K∑
k=1

∫ t

0

⟨un(s), σk(un(s))⟩HdBk(s),

where the assumption (A) has been applied for the first inequality, and the Lipschitz

continuity of σ and the relation |u|H ≤ ∥u∥V have used for the second and the last

inequality respectively.

Since supn∈N E[supt∈[0,T ] ∥un(t)∥2H ] <∞, it is known that the last term in (3.5) is

a real-valued martingale. Therefore, taking now the expectations of both sides of (3.5),
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we obtain that

E
[
|un(t)|2H

]
≤|ξ|2H + (γ′ + 2∥σ(0)∥2)t− 2(κ− γ − 2L2)

∫ t

0

E
[
∥un(s)∥2V

]
ds, t ≥ 0.

Note that the constants γ′, γ and L are independent of n and t. Therefore, by letting

n→ ∞ in the above inequality and using Lemma 2.5, we have that

E
[
|u(t)|2H

]
≤ |ξ|2H + (γ′ + 2∥σ(0)∥2)t− 2(κ− γ − 2L2)

∫ t

0

E
[
∥u(s)∥2V

]
ds, t ≥ 0.

Since we assumed that

κ > γ + 2L2,

by taking ξ = 0 in the above inequality and considering ν = δ0, we have that

µT (∥ · ∥2V ) =
1

T

∫ T

0

E[∥u(s)∥2V ]ds ≤
γ′ + 2∥σ(0)∥2

2(κ− γ − 2L2)
(3.6)

holds for all T > 0. Since V is compactly embedded in H by Rellich-Kondrachov’s

theorem, with the help of (3.6) and Chebyshev’s inequality, we know that the family

{µT }T>0 is tight. Consequently, the existence of invariant measures is proved.

Let us now state the proof of (3.1). Recalling the representation (3.2) of |un(t)|2H
and then using the Lipschitz condition on σ, we have

⟨
|un|2H

⟩
t
=4

K∑
k=1

∫ t

0

⟨un(s), σk(un(s))⟩2Hds(3.7)

≤8

∫ t

0

(∥σ(0)∥2 + L2|un(s)|2H)ds,

where
⟨
|un|2H

⟩
t
denotes the quadratic variation process of |un(t)|2H .

In the sequel, let us choose δ > 0 being small enough such that

γ1 := κπ2 − γ − 4δL2 > 0.

By Itô’s formula, (3.3), (3.4) and (3.7), we have that

exp(δ|un(t)|2H)(3.8)

= exp(δ|ξ|2H) + δ

∫ t

0

exp(δ|un(s)|2H)d|un(s)|2H

+
δ2

2

∫ t

0

exp(δ|un(s)|2H)d
⟨
|un|2H

⟩
s

≤ exp(δ|ξ|2H) + δ

∫ t

0

exp(δ|un(s)|2H)
{
−κ∥un(s)∥2V + ⟨un(s), b(un(s))⟩H

}
ds
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+ 2δ
K∑

k=1

∫ t

0

exp(δ|un(s)|2H)|σk(un(s))|2Hds+
δ2

2

∫ t

0

exp(δ|un(s)|2H)d
⟨
|un|2H

⟩
s

+ 2
K∑

k=1

∫ t

0

exp(δ|un(s)|2H)⟨un(s), σk(un(s))⟩HdBk(s)

≤ exp(δ|ξ|2H) + 2

K∑
k=1

∫ t

0

exp(δ|un(s)|2H)⟨un(s), σk(un(s))⟩HdBk(s)

+ 2δ

∫ t

0

exp(δ|un(s)|2H){γ′ + 4δ∥σ(0)∥2 − γ1|un(s)|2H}ds

≤ exp(δ|ξ|2H) + 2
K∑

k=1

∫ t

0

exp(δ|un(s)|2H)⟨un(s), σk(un(s))⟩HdBk(s)

+ 2δ

∫ t

0

{C1 − C2 exp(δ|un(s)|2H)}ds,

where ∥·∥V ≥ π| · |H has been used for the second inequality, C1 and C2 are two positive

constants.

Taking expectations and letting n → ∞ in (3.8) with the help of Lemma 2.5, we

have

E
[
exp(δ|u(t)|2H)

]
≤ exp(δ|ξ|2H) + 2δ

∫ t

0

{C1 − C2E
[
exp(δ|u(s)|2H)

]
}ds.

Therefore, letting ξ = 0, we have that for any T > 0

µT

(
exp(δ| · |2H

)
=

1

T

∫ T

0

E
[
exp

(
δ|u(s)|2H

)]
ds ≤ 1 + 2δC1T

2δC2T
.

As a consequence, we proved that the invariant measure µ of (Pt)t≥0 has the desired

property (3.1).

Remark. Instead of the condition κ > γ + 2L2, if we assume that κπ2 > L and

σ(u) is uniformly bounded in u ∈ Rd, then we can also obtain the existence of invariant

measures for (1.1). In fact, under such assumption, using Theorem 6.1.2 [3], it is enough

for us to show that u(t) is bounded in probability, that is,

lim
R→∞

sup
t≥0

P(|u(t)|H ≥ R) = 0.

However, this can be shown similarly to the proof of Theorem 11.2.2 [3]. On the other

hand, it is valuable to know that under the conditions of Theorem 3.2, the concentration

property (3.1) of the invariant measure is established, which is very important to the

study on the contractivity of Markov semigroups, for instance, see [7].
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In the end, we give a sufficient condition for the uniqueness of the invariant mea-

sures.

Theorem 3.3. If the coefficient σ is independent of u ∈ Rd, then

|u(t; ξ1)− u(t; ξ2)|2H ≤ |ξ1 − ξ2|2H exp
(
2(L− κπ2)t

)
, ξ1, ξ2 ∈ L2

O.(3.9)

In particular, if κπ2 > L, then there exists at most one invariant measure for (1.1).

Proof. Let us use the same notations as those in the proof of Theorem 2.3. It is

sufficient to show (3.9) holds for ξi ∈ V ∩L2
O, i = 1, 2. Since σ is independent of u ∈ Rd,

similarly to the estimate for (2.6), we have

d|ũn(t)|2H(3.10)

=2
⟨
ũn(t), κ∆ũn(t)

⟩
H
dt+ 2

⟨
ũn(t), b(un(t; ξ1))− b(un(t; ξ2))

⟩
H
dt

+ 2n
⟨
ũn(t),−{un(t; ξ1)−Π(un(t; ξ1))}+ {un(t; ξ2)−Π(un(t; ξ2))}

⟩
H
dt

≤2κ⟨ũn(t),∆ũn(t)⟩Hdt+ 2⟨ũn(t), b(un(t; ξ1))− b(un(t; ξ2))⟩Hdt
≤2κ⟨ũn(t),∆ũn(t)⟩Hdt+ 2L|ũn(s)|Hdt
≤2(L− κπ2)⟨ũn(t),∆ũn(t)⟩Hdt.

As a consequence of (3.10), we can easily obtain that

|ũn(t)|2H ≤ |ξ1 − ξ2|2H exp
(
2(L− κπ2)t

)
,

which gives (3.9) by using Lemma 2.5 and letting n→ ∞.

Finally, let µ be an arbitrary invariant measure of (Pt)t≥0. By (3.9) and the dom-

inated convergence theorem, we have for any ϕ ∈ Cb(L
2
O) and ξ1 ∈ L2

O,

lim
t→∞

|Ptϕ(ξ1)− µ(ϕ)| = lim
t→∞

|E[ϕ(u(t; ξ1))]− µ(Pt(ϕ))|(3.11)

≤ lim
t→∞

∫
L2

O

|E [ϕ(u(t; ξ1))]− E[ϕ(u(t; ξ2))]|µ(dξ2)

=0,

which clearly implies the uniqueness of invariant measures of (1.1). Consequently, the

proof of this theorem is completed.

Remark. (i) Under the assumptions of Theorem 3.3, for any Lipschitz continuous

function ϕ with its Lipschitz constant Γ, we also have

|Ptϕ(ξ1)− µ(ϕ)| ≤ Γ
(
|ξ|H + µ(| · |H)

)
exp

(
2(L− κπ2)t

)
, t > 0.



212 B. Xie

In fact, it can be easily obtained similarly to (3.11) by Theorem 2.3. In particular, it

implies that transition semigroup Pt converges weakly to its unique invariant measure

µ with an exponential rate.

(ii) Suppose ⟨x − y, b(x) − b(y)⟩ ≤ L|x − y|2, x, y ∈ Rd holds for a constant L ∈ R
satisfying κπ2 > L. Then all of the results in Theorem 3.3 are still satisfied. Moreover,

under this assumption, the assumption (A) holds with γ = max{L+ϵ, ϵ} and γ′ = |b(0)|2
4ϵ

for any ϵ > 0. Therefore, under this framework, the existence and uniqueness of invariant

measures can be also established.
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