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Volume-preserving mean curvature flow for tubes in
rank one symmetric spaces of non-compact type

By

Naoyuki KOIKE*

Abstract

First we investigate the evolutions of the radius function and its gradient along the volume-
preserving mean curvature flow starting from a tube (of nonconstant radius) over a compact
closed domain of a reflective submanifold in a symmetric space under certain condition for
the radius function. Next, we prove that the tubeness is preserved along the flow in the case
where the ambient space is a rank one symmetric space of non-compact type, the reflective
submanifold is an invariant submanifold and the radius function of the initial tube is radial.
Furthermore, in this case, we prove that the flow reaches to the invariant submanifold or it
exists in infinite time and converges to another tube of constant mean curvature in the C°°-
topology in infinite time.

§1. Introduction

Let fi’s (t € [0,T")) be a one-parameter C°°-family of immersions of an n-dimensional
compact manifold M into an (n + 1)-dimensional Riemannian manifold M, where T is
a positive constant or T' = oco. Define a map f : M x [0,T) — M by f(z,t) = fi(x)
((z,t) € M x[0,T)). Denote by 7y the natural projection of M x [0,T") onto M. For a
vector bundle E over M, denote by 7}, E the induced bundle of E by 7. Also, denote
by H,g; and N; the mean curvature, the induced metric and the outward unit nor-
mal vector of f;, respectively. Define the function H over M x [0,T) by H g, +) = (H¢),
((w,t) € M x[0,T)), the section g of 75, (T2 M) by 9zt) = (9¢)z ((z,1) € M x[0,T))
and the section N of f*(TM) by N = (Ne)z ((x,t) € M x [0,T)), where T2 M
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is the tensor bundle of degree (0,2) of M and T'M is the tangent bundle of M. The
average mean curvature H(: [0,7) — R) is defined by
— H.d
(1.1) 7, — Ju Hidva,
fM dvgt
where dvg, is the volume element of g¢. The flow fi’s (t € [0,T)) is called a volume-
preserving mean curvature flow if it satisfies

(1.2) 7. (%) _ (A - BN,

In particular, if f;’s are embeddings, then we call M; := f,(M)’s (0 € [0,7T)) rather
than f;’s (0 € [0,T)) a volume-preserving mean curvature flow. Note that, if M has no
boundary and if f is an embedding, then, along this flow, the volume of (M, g;) decreases
but the volume of the domain D; sorrounded by f;(M) is preserved invariantly.

First we shall recall the result by M. Athanassenas ([A1,2]). Let P; (i = 1,2) be
affine hyperplanes in the (n+ 1)-dimensional Euclidean space R"*! meeting a affine line
| orthogonally and E a closed domain of R"*! with OFE = P; U P,. Also, let M be a
hypersurface of revolution in R™*! such that M C E, 9 M C P, UP, and that M meets
P; and P> orthogonally. Let D be the closed domain surrouded by P;, P, and M, and
d the distance between P; and P,. She ([A1,2]) proved the following fact.

Fact 1. Let M, (t € [0,T)) be the volume-preserving mean curvature flow starting from
M such that M; meets P, and P, orthogonally for all t € [0,T). Then the following
statements (i) and (ii) hold:

(i) My (t € [0,T")) remain to be hypersurfaces of revolution.

(ii) If Vol(M) < %(D) holds, then T' = oo and as t — oo, the flow M; converges
to the cylinder C such that the volume of the closed domain surrounded by P, P, and
C' is equal to Vol(D).

E. Cabezas-Rivas and V. Miquel ([CM1,2,3]) proved the similar result in certain
kinds of rotationally symmetric spaces. Let M be an (n + 1)-dimensional rotationally
symmetric space (i.e., SO(n) acts on M isometrically and its fixed point set is a one-
dimensional submanifold). Note that real space forms are rotationally symmetric spaces.
Denote by [ the fixed point set of the action, which is an one-dimensional totally geodesic
submanifold in M. Let P; (i = 1,2) be totally geodesic hypersurfaces (or equidistant
hypersurfaces) in M meeting [ orthogonally and E a closed domain of M with OF =
Py U P,, where we note that they treat the case where P; (i = 1,2) are totally geodesic
hypersurfaces (resp. equidistant hypersurfaces) in [CM1,2] (resp. [CM3]). An embedded
hypersurface M in M is called a hypersurface of revolution if it is invariant with respect
to the SO(n)-action. Let M be a hypersurface of revolution in M such that M C E,
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OM C PyU P, and that M meets P; and P, orthogonally. Let D be the closed domain
surrouded by P;, P, and M, and d the distance between P; and P,. They ([CM1,2,3])
proved the following fact.

Fact 2. Assume that Sec(v,w) < 0 for any v € Tl and w € T+ and that Sec(wy,ws;) <
0 for any wy, we € T+1, where Sec(-, ®) denotes the sectional curvature of the 2-plane
spanned by - and e. Let M, (t € [0,T)) be the volume-preserving mean curvature flow
starting from M such that M; meets P, and P, orthogonally for all t € [0,T). Then
the following statements (i) and (ii) hold:

(i) My (t € [0,T")) remain to be hypersurfaces of revolution.

(ii) If Vol(M) < C holds, where C' is a constant depending on Vol(D) and d, then
T = 0o and, ast — oo, the flow M, (t € [0,T)) converges to a hypersurface of revolution
C of constant mean curvature such that the volume of the closed domain surrounded
by Pi, P, and C is equal to Vol(D).

A symmetric space of compact type (resp. non-compact type) is a naturally reductive
Riemannian homogeneous space M such that, for each point p of M, there exists an
isometry of M having p as an isolated fixed point and that the isometry group of M
is a semi-simple Lie group each of whose irreducible factors is compact (resp. not
compact) (see [He]). Note that symmetric spaces of compact type other than a sphere
and symmetric spaces of non-compact type other than a (real) hyperbolic space are not
rotationally symmetric. An equifocal submanifold in a (general) symmetric space is a
compact submanifold (without boundary) satisfying the following conditions:

(E-i) the normal holonomy group of M is trivial,
(B-ii) M has a flat section, that is, for each x € M, X, := expt(T;-M) is totally
geodesic and the induced metric on ¥, is flat, where T;- M is the normal space of M at
x and exp™ is the normal exponential map of M.

(E-iii) for each parallel normal vector field v of M, the focal radii of M along the normal
geodesic 7,, (with v, (0) = v;) are independent of the choice of € M, where ~, (0)
is the velocity vector of v, at 0.

In [Ko2], we showed that the mean curvature flow starting from an equifocal submanifold
in a symmetric space of compact type collapses to one of its focal submanifolds in
finite time. In [Ko3], we showed that the mean curvature flow starting from a certain
kind of (not necessarily compact) submanifold satisfying the above conditions (E-i),
(E-ii) and (E-iii) in a symmetric space of non-compact type collapses to one of its focal
submanifolds in finite time. The following question arise naturally:

Question. In what case, does the volume-preserving mean curvature flow starting from
a submanifold in a symmetric space of compact type (or non-compact type) converges
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to a submanifold satisfying the above conditions (E-i), (E-ii) and (E-iii)?

Let M be an equifocal hypersurface in a rank [(> 2) symmetric space M of compact
type or non-compact type. Then it admits a reflective focal submanifold F' and it is a
tube (of constant radius) over F', where the “reflectivity’ means that the submanifold is
a connected component of the fixed point set of an involutive isometry of M and a “tube
of constant radius v(> 0) over F” means the image of t,.(F) := {¢ € T+F|||¢|| = r}
by the normal exponential map exp™ of F under the assumption that the restriction
expr ¢, of expt to t,.(F) is an embedding, where T F is the normal bundle of F and
|| - || is the norm of (-). Any reflective submanifold in a symmetric space M of compact
type or non-compact type is a singular orbit of a Hermann action (i.e., the action of
the symmetric subgroup of the isometry group of M) (see [KT]). Note that even if T.
Kimura and M. Tanaka ([KT]) proved this fact in compact type case, the proof is valid
in non-compact type case. From this fact, it is shown that M is curvature-adapted,
where “the curvature-adpatedness” means that, for any point x € M and any normal
vector £ of M at z, R(-,£)¢ preserves the tangent space T, M of M at x invariantly,
and that the restriction R(-,&)&|r,amr of R(-,§)€ to T, M and the shape operator A
commute to each other (R : the curvature tensor of M). The notion of the curvature-
adaptedness was introduced in [BV]. For a non-constant positive-valued function r over
F, the image of t.(F) := {£ € THF|||¢|| = r(7(¢))} by exp™ is called the tube of
non-constant radius  over F in the case where the restriction exp™ l¢,.(Fy of expT to
t.(F) is an embedding, where 7 is the bundle projection of T+ F. Note that exp® l¢,.(F)
is an embedding for a non-constant positive-valued function r over F' such that max r is
sufficiently small because F' is homogeneous. Since F' is reflective, so is also the normal
umbrella F;- := expt (T;-F) of F at x and hence F;- is a symmetric space.

Motivation. If Fi- is a rank one symmetric space, then tubes over F of constant radius
satisfies the above conditions (E-i), (E-ii) and (E-iii). Hence, when F- is of rank one,
it is very interesting to invesitigate in what case the volume-preserving mean curvature
flow starting from a tube of non-constant radius over F' converges to a tube of constant
radius over F'.

Under this motivation, we try to derive a result similar to those of M. Athanassenas
([A1,2]) and E. Cabezas-Rivas and V. Miquel ([CM1,2]) in this paper.

Let v : [0,00) — M be any normal geodesic of F. Denote by 7.,(7) the first
conjugate radius along the geodesic v in F;, rs,(v) the first focal radius of F along
v. 1y = min{re,(7),70(y)}. It is shown that, if F;- also is of rank one, then 7, is
independent of the choice of 7. Hence we denote r, by 7 in this case. The setting in

this paper is as follows.

Setting (S). Let F be a reflective submanifold in a symmetric space M of compact type
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or non-compact type and B be a compact closed domain in F' with smooth boundary
which is star-shaped with respect to some x, € B and does not intersect with the cut
locus of z, in F. Assume that the normal umbrellas of F' are rank one symmetric

spaces. Set P := %B F: and denote by E the closed domain in M surrounded by P.
e

Let M :=t,,(B) and f := exp™ |tr0( B), Where 7 is a non-constant positive C*°-function
over B with ryp < rp such that gradry = 0 holds along 0B. Denote by D the closed
domain surrouded by P and f(M). See Figure 1 about this setting.

Figure 1.

Remark 1.1. (i) At least one of singular orbits of any Hermann action of cohomogeneity
one on any symmetric space M without Euclidean part other than a sphere and a
(real) hyperbolic space is a reflective submanifold whose normal umbrellas are rank
one symmetric spaces and tubes of constant radius over the reflective singular orbit
satisfy the above conditions (E-i), (E-ii) and (E-iii) (i.e., of constant mean curvature).
Note that, when M is of compact type, the Hermann action has exactly two singular
orbits and, when M is of non-compact type, the Hermann action has the only one
singular orbit. Hermann actions of cohomogeneity one on irreducible symmetric spaces
of compact type or non-compact type are classified in [BT].

(ii) At least one of singular orbits of any Hermann action of cohomogeneity greater
than one on any symmetric space M of compact type or non-compact type is a re-
flective submanifold, but the normal umbrellas are higher rank symmetric spaces and
hence tubes of constant radius over the reflective singular orbit do not satisfy the above
conditions (E-i), (E-ii) and (E-iii) (i.e., not of constant mean curvature).

Under the above setting (S), we consider the volume-preserving mean curvature
flow f; (t € [0,T)) starting from f and satisfying the following boundary condition:
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(C1) gradr; = 0 holds along 9B for all t € [0,T), where r; is the radius function
of My := fi(M) (i.e., M; = exp™(t,,(B))), where ; is possible to be multi-valued.

Furthermore, assume that the flow satisfies the following condition:

(C2) (grad ), belongs to a common eigenspace of the family {R(-,§){}ecrsp for
all (z,t) € B x[0,T).

If the initial radius function ry is constant over a collar neighborhood U of 0B, then
tro(U) is of constant mean curvature because the normal umbrellas of F' are of rank
one by the assumption (furthermore, these umbrellas are automatically isometric to
one another). Hence H; — H; (t € [0,7)) remain to be constant over ¢, (U), that
is, 7, (t € [0,7)) remain to be constant over U (see Figure 2). If M is a rank one
symmetric space (other than a sphere and a (real) hyperbolic space) and if F' is an
invariant submanifold, then R(-,&)¢|r, r (z € F, € € T;-F) are the constant-multiple of
the identity transformation idr, p of T, F' and hence the condition (C2) automatically
holds. Tt is easy to show that, if the initial radius function rg satisfies (gradrg), € D,
(x € B), then r, satisfies (gradr), € D, (x € B) for all t € [0,T"), that is, the condition
(C2) holds.

F

)

Figure 2.

If the condition (C2) holds, then it is shown that there uniquely exists the volume-
preserving mean curvature flow f; : M < M starting from f as in the above setting
(S) and satisfying the condition (C1) in short time (see Proposition 4.2). Under these
assumptions, we first derive the evolution equations for the radius functions of the flow
and some quantities related to the gradients of the functions (see Sections 4 and 5).
Next, in the following special case, we derive the following preservability theorem for
the tubeness along the flow by using the evolution equations.
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Theorem A. Let f be as in the above setting (S) and f; (t € [0,T)) the volume-
preserving mean curvature flow starting from f and satisfying the above condition (C1).
Assume that M is a rank one symmetric space of non-compact type, F is an invariant
submanifold and that B is a closed geodesic ball of radius rp centered at x, in F,
where the invariantness of F means the totally geodesicness in the case where M is a
(real) hyperbolic space. If v is radial with respect to x, (i.e., ro is constant along each
geodesic sphere centered at x, in F'), then M; (t € [0,T)) remain to be tubes over B
such that the volume of the closed domain surrounded by M; and P is equal to Vol(D).

Furthermore, we derive the following results.

Theorem B. Under the hypothesis of Theorem A, one of the following statements (a)
and (b) holds:

(a) My := fi(M) reaches B ast — T,

(b) T = oo and M; converges to a tube of constant mean curvature over B (in
C*°-topology) as t — oc.

=
=

Figure 3.

1

Theorem C. Under the hypothesis of Theorem A, assume that

Vol(D) ) |

Vol(Mpy) < vy _1Vmv (62 0071) (v Vol(B)

where m*

= dim F, m" := codim F — 1, v,,,,,_1 (resp. v,,v) is the volume of the
mf — 1 (resp. m"")-dimensional Euclidean unit sphere and &; (i = 1,2) are increasing
functions over R explicitly described (see Section 6). Then T' = oo and M, converges

to a tube of constant mean curvature over B (in C*°-topology) as t — oc.

Remark 1.2. Let g be the metric of M and c a positive constant. As ¢ — 0o, ¢g approches
to a flat metric and §; (i = 1,2) approches to the identity transformation of [0, 00)
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(D (D
and hence v,,,v (d2 0 51_1) (%Y/OV—(OI()B)) approaches to Y/EIEBS' Thus, as ¢ — oo, the
condition Vol(My) <w Vv (62 007 1) _VollD) approaches to the condition
07 = Umit 1 tm A2 20 Iy, wVol(B) ) PP
1(D
Vol(M) < VOCE ) in the statement (ii) of Fact 1 in the case of dim F' = 1.

In the future, we plan to tackle the following problem.

Problem. Under the hypothesis of Theorem C, does M; converge to a tube of constant
radius over B (in C*°-topology) ast — oo?

As the first step to solve this problem, I need to classify tubes of constant mean
curvature over F' other than tubes of constant radius over F.

§2. The mean curvature of a tube over a reflective submanifold

In this section, we shall calculate the mean curvature of a tube over a reflective
submanifold in a symmetric space of compact type or non-compact type. Let M = G/K
be a symmetric space of compact type or non-compact type, where G is the identity
component of the isometry group of M and K is the isotropy group of G at some point
po of M. Let F be a reflective submanifold in M such that the nomal umblleras ¥,’s
(x € F) are symmetric spaces of rank one. Denote by g (resp. gr) the Rimannian
metric of M (resp. F) and V (resp. V!') the Riemannian connection of M (resp.
F). Denote by g and ¢ the Lie algebras of G and K, respectively. Also, let 6 be the
Cartan involution of g with (Fixf)y C K C Fix6 and set p := Ker(f + id), which is
identified with the tangent space of TPOM of M at py. Without loss of generality, we
may assume that py belongs to F. Set p’ := T, F and p’L = TpLOF. Take a maximal
abelian subspace b of p’ 1 and a maximal abelian subspace a of p including b. Note that
the dimension of b is equal to 1 because the normal umbrellas of F' is symmetric spaces
of rank one by the assumption. For each a € a* and § € b*, we define a subspace p,,
and pg of p by

Po :={Y €plad(X)*(Y) = —ea(X)?Y for all X € a}

and
ps = {Y €plad(X)*(Y) = —eB(X)?Y for all X € b},

*

respectively, where ad is the adjoint representation of g, a* (resp. b*) is the dual space

of a (resp. b) and ¢ is given by

o 1 (when M is of compact type)
~ | =1 (when M is of non — compact type).



VOLUME-PRESERVING MEAN CURVATURE FLOW FOR TUBES 65

Define a subset A of a* by

Ac={a€a”[pa # {0}},
and subsets A’ and A{, of b* by

A ={Beb"|ps #{0}}

and

vi={B b [psnp™ # {0}}.
The systems A and A}, are root systems and A" = {a|p | € A} holds. Let Ay (resp.
(AY,)+) be the positive root system of A (resp. Af,) with respect to some lexicographic
ordering of a* (resp. b*) and A/, be the positive subsystem of A’ with respect to
the lexicographic ordering of b*, where we take one compatible with the lexicographic

ordering of b* as the lexicographic ordering of a*. Also we have the following root space

p=a+ > pa=3zb)+ > ps

aceNy /BGAQL

decomposition:

where 3,(b) is the centralizer of b in p. For convenience, we set po := 3,(b). Since the
normal umbrellas of F' are symmetric spaces of rank one, dim b = 1 and this root system
A, is of (ap)-type or (bdy)-type. Hence (A, )+ is described as

(A, = LB (B s (@) —type)
VI 48.28) (A - (bd1)—type)

for some B(# 0) € b*. However, in general, we may describe as (A},)+ = {5,28} by
interpretting as pog = {0} when A}, is of (a;). The system A!_ is described as

N, = {(kB|k € K}

for some finite subset IC of Ry. Set b := |3(Xy)| for a unit vector Xy of b. Since F is
curvature-adapted, p’ and p’* are ad(X)2-invariant for each X € b. Hence we have the
following direct sum decompositions:

P =ponp + Y (pesNp)
ke
and

2
()t =0+ (pra N ().

k=1

Assumption. Assume that there exists ko € {0,1,2} such that 7, '((gradr),) €
Pros NP’ holds for any £ € M N T, B, where we note that py,s depends on the choice
of €.
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Under this assumption, we can derive the following description of the mean curva-
ture vector H of M.

Proposition 2.1. Under the assumption of 7, '((gradr),) € pr,s N p’, the mean
curvature He of M at & is described as

cos(y/ekobr(z))
~ Veos2(Vekobr(z)) + [[(grad )|
X my VEkb mp an r(z)) — CYIC)
(2.1) {Ztan(\/_kbr ;C v Vekbtan(vekbr (z)) cos?(y/ekobr(x))

lgradr)al? flmbtan(f obr(2))
cos?(/ekobr(x)) + ||(grad r),||?
(VFdr).((gradr),, (gradr),) }

+ cos?(y/ekobr(x))(cos?(\/ekobr(x)) + ||(grad r).||?)

§3. The volume element of a tube over a reflective submanifold

We shall use the notations in Introduction and the previous section. In this section,
we shall calculate the volume element of M. Let rg be as in Introduction. We can derive

Teo(Y) = 2{1)
NED

(when mY # 0)
(when my = 0)

and

_ s
rro(Y) = mm{ NG ‘ ke IC}.

Hence we obtain
T
miny —— | ke LU{1} (when mY # 0)
(3.1) re = 2/ekb

. ™ 1

Fix £ € M NT}B and X € T,B. Without loss of generality, we may assume that
7.1¢€ € b. By the assumption (C2), we may assume that 7, !((gradr),) € pr,s NP’ for
some ko € K U {0}. Let S(z,7(z)) be the hypersphere of radius r(z) in T:- B centered
the origin and S(x,7(x)) the geodesic hypersphere of radius r(z) in F; := exp (T3 B)
centered z. Denote by dv(.) the volume element of the induced metric on (-). Take
v e ng(a:, r(x)). Define a function v, over B by

bo(z) = (él (sin(\/gkbr(x)))mkv> ( I CosmkH<\/Ekb7~(x)))

Vekb kek\ {ko}
X cos"o ™ (\/_k;obr(x))\/cosz(\/gkobr(m)) + |[(grad 7). ||?.

(3.2)
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We have r < rp because exp™ |, (p) is not an immersion when r(z) = rp for some
x € B. Hence v, is positive by (3.1). Define a function p, over B by

on(z) = cos(\/ekobr(z))
V/cos?(ekobr (x)) + [|(grad ), |2
(3.3) X (22: mi V/EkD — Z mi\/ekbtan(y/ckbr(z))
— tan(y/ekbr(z)) =

i P et B2
cos2(y/ekobr(x)) + ||(gradr).|]2 )

According to (2.1), we have

He = p,(@) Sl

- cos(v/zkobr(x))+/cos? (y/ekobr(z)) + ||(grad r).||2
(3.4) (VF dr). ((grad 1), (grad 1)

" cos(y/ehobr(2)) (cos? (Vakbr(x)) + [ (grad r), 2372

We can derive the following relation for the volume element of M.

Proposition 3.1. The volume element dvy; is given by
(35) (de)f = "?r(@ <((6XpJ_ ‘g(m,r(x)))_1)*dvg(x,r(m)) A (W’M)*dUF> )

where £ € M NT;B.
From (3.5), we can derive the following relation for the volume of M.

Proposition 3.2. The volume Vol(M) of M and the average mean curvature H of M
are given by

(3.6) Vol(M) = v,,v / ™ . dup
B

and

— 1
N T dur

(o (8 (@)
- /:ceB pr(z) cos(v/zkobr(z))+/cos? (\/ekobr(z)) + ||(grad r).||?
(VEdr),((gradr),, (gradr),)

" cos(v/Ehobr(2)) (cos? (v Ekobr(x)) + [ (grad r)$||2)3/2) Yrdvr,

respectively, where ¢ € M N T} B and v,,v is the volume of the m" -dimensional Eu-

(3.7)

clidean unit sphere.
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§4. The evolution of the radius function

Let F, B, M = t,,(B) and f be as in Setting (S) of Introduction. Assume that
the volume-preserving mean curvature flow f; (¢t € [0,7)) starting from f satisfies the
conditions (C1) and (C2). We use the notations in Introduction and Sections 1-3.
Denote by S1B the unit normal bundle of of B and S; B the fibre of this bundle
over x € B. Define a positive-valued function 7, : M — R (¢ € [0,7)) and a map
w}: M — STB (t € [0,T)) by f(€) = expt(7:(&)wi (€)) (€ € M). Also, define a map
¢t : M — B by ¢;(&) = w(wi(€)) (€ € M) and a map w; : M — T+B (t € [0,T))
by wy(€) == T (&)wi(€) (€ € M). Here we note that c; is surjective by the boundary
condition in Theorem A, 7¢(&§) = ro(m(£)) and that c¢o(§) = w(§) (£ € M). Define a
function 7y over B by 7(x) :=7(€) (r € B) and amap ¢ : B — B by ¢(x) := ¢ (§) (x €
B), where ¢ is an arbitrary element of M N S B. Tt is clear that they are well-defined.
This map ¢; is not necessarily a diffeomorphism. In particular, if ¢; is a diffeomorphism,
then M; := f;(M) is equal to the tube exp*(t,,(B)), where r; := 7; o ¢, *. It is easy
to show that, if ¢;(£1) = ci(&2), then 7:(&1) = 74(&2) and 7(&) = w(&2) hold. Also,
let a: M x[0,T) — G be a smooth map with a(&,t)py = c:(§) (§,t) € M x [0,T).
In this section, we shall calculate the evolution equations for the functions r; and 7.
Define f : M x [0,T) — M, r : Bx[0,T) - R, w! : M x[0,T) - M and c :
M x [OaT) — B by f(gaﬂ = ft(§)7 T(I,t) = Tt(m)a wl(ﬁ,t) = w%(&)? w(éat) = wt(f)
and c(§,t) 1= ¢(€), respectively, where £ € M,z € B and t € [0,T) (see Figure 7).
Fix (&o,t0) € M x [0,T) and set xg := ¢(&o,t0). According to the condition (C2),
we may assume that 7, ' ((gradry,)s,) belong to py,s for some ky € K U {0}, where K
and pj,s are the quantities defined as in Section 2 for the maximal ableian subspace

b := Span{r, ' (w(&,t0))} of p'*.

.- B

Figure 4.
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Notation. Set
Ty :=sup{t' €0, T)| My := fi(M) (0 <t <t") : tubes over B}.
(Note that ¢; (0 <t < T) are diffeomorphisms.)

Assume that tg < T7. Denote by Apr; the Laplacian of r; with respect to gr. Then
we have the following evolution equations.

Lemma 4.1. (i) The radius functions r’s satisfies the following evolution equation:

&(x ) N (AFTt)(I)
e i) TP
_y/cose(yekobre(x)) + ||(grad ¢ ), 7
(4.1) = COOS( Jehebr @) -(H; = pr,(x))
B (VEdry).((grad )., (gradry),)
cos?(v/ekobry(x))(cos? (vekobre(x)) + |[(grad r4).|?)

((x,t) € M x [0,Ty)).
(ii) The radius functions 7;’s satisfies the following evolution equation:

THED — (AF)(E)
cos(y/ekob: (€)) (Hy — pr, (c(€, 1))
cos?(y/ekobT:(§)) + |[(grad 7¢) (e, [
~ Vekobsin(v/ekobry(€)) cos(v/ekob (§)) || (grad ) e o) |1
(cos?(vekobTi (€)) + [[(grad 1) c(e,p) 1?)?

(4.2)

((§,1) € M < [0,T1)).

Replacing H in (4.1) to any C1®/2 real-valued function ¢ such that ¢(0) = H(0),
we obtain a parabolic equation, which has a unique solution r; such that gradr; = 0
along 0B in short time for any initial data rg such that grad ro = 0 holds along dB. By
using a routin fixed point argument (see [M]), we can establish the short time existence
and uniqueness also for (4.1) with the same boundary condition. From this fact, we can
derive the following statement.

Proposition 4.2. Under Setting (S), assume that M is a rank one symmetric space and
that F' is an invariant submanifold. Then there uniquely exists the volume-preserving
mean curvature flow f; : M < M starting from f and satisfying the condition (C1) in
short time.
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8§5. The evolution of the gradient of the radius function

We use the notations in Introduction and Sections 1-4. Let 77 be as in Section 4.
Define a function @, : M — R (t € [0,T})) by

(&) = G(N(e.t), Tywie o (W' (E:1)) (€ € M)

and a map v; : M — R by v; := a% (0 <t <Ty). Defineamapu: M x[0,T1) — R
by u(&,t) :=u(€) ((&,t) € M x[0,71)) and a map v : M x [0,T1) — R by 0(¢,t) ==
ve(§) ((&,t) € M x[0,T1)). Define a function @, (resp. v;) over B by u:(z) := 1 (&) (x €
B) (resp. v(z) := 0:(¢) (z € B), where £ is an arbitrary element of M N S B. It is
clear that these functions are well-defined. Set u; := u; o ¢, Vand v, := 9, 0 Cr L We
have only to show inf(, ¢)epxjo,m) w(,t) > 0, that is, sup, yepxo,m) v(@,t) < oo. In
the sequel, assume that ¢t < T7. Bet ween u; and grad r;, the following relation holds:

cos(/ekobr (&, 1))

(5.1) u(§) = =
\/0082(\/514701)7“(57 t)) + [l(grad ¢ )e (e 0)

2

We can derive the following evolution equations for u; and v;.

Lemma 5.1. The functions u;’s (t € [0,T)) satisfy the following evolution equation:

g_? (&) — (D) (€)
— H\/ekob tan(v/ekobT (€, £)) (1 — U(€, 1)?)
N mf (VEkD)?

—a(&,t)(1—a(&,t) )kz::l sin® (v/2kbr (€, 1))

(61— A(E, 1)) ERobtan(ERobT(E, 1) 3 T VERD
k

— tan(y/ekbr(€,t))
(52) (€, 1)(1 — A€, 1)) V/ekob tan(yERGbF(E, 1))
x> my \/ekbtan(v/EkbR(E, 1))

kel

+a(€, 1) (At(ﬁ) +a(E,t) Y mf Vekb tan(vERbR(E, t)))

kel
- e p2y S Mk (VERD?l(grad e )oqe |

((¢,t) € M x [0,T1)). Also, the functions v’s (t € [0,T)) satisfy the following evolution
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equation:

P et~ (2me
— —H\/zkobtan(vekob?(€,1)) (B, )2 — 1)

2

. B my, (Vekb)?
+0(&,t) (1 6(5 t)2> Z sin2(\/_kb7/“\(§ t))

) 2 Y ekb
—l—U(f,t) (1 ) \/_kzobtan \/_kObT ga kzﬂ tan \/_k}bT‘(f t))

53 () (1 ) kb tan(y/kobF(, 1))
X kaH\/_k:btan (VekbF (€, 1))

ke
—B(¢, 1) (At(f 5 me Vekbtan(y/ekbr(€, t)))
't kelC

(1 i1 (v/2h0)?|(gradd ro)ge. |
e (1 a(W),; cos” (VERbT(E, 1)

(grad, B¢ )e||?

2
(&, 1)
((€,t) € M x[0,T1)).

§6. Estimate of the volume

We use the notations in Introduction and Sections 1-5. Assume that M is a rank
one symmetric space, F' is invariant, B is a closed geodesic ball of radius rp centered at
z, in F' and that rg is radial with respect to z,, where rp is a positive number smaller
than the injective radius of F' at z,.. Note that the invariantness of F' means the totally
geodesicness in the case where M is a sphere or a (real) hyperbolic space. Since F is
of rank one, each geodesic sphere in F' is homogeneous. Hence, since rg is radial by the
assumption, so are also r;. For X € S/ (4, 1), denote by yx the geodesic in F' having
X as the initial velocity vector (i.e., 7x(z) = expl (2X)). Then, since r; is radial,
it is described as ry(yx(2)) = r9(2) (X € §'(xx,1), z € [0,73)) for some function ¢
over [0,75), where §'(z,,1) denotes the unit geodesic sphere in F centered z, and rp
denotes the radius of B. Then we have

61 (erad ), o) = () (D (). (Lpr)(x ()
and (VFdrt)((grad Tt )y (2)5 (8rad )y (2)) = (ry)

Since F' is invariant, we have I = {1} (hence ko = 1) and

= (r})"(2)
(2)%(r§)" (2).

_, _ - (e=1)
'rfo(’Y) - co(’)/) {C%(l)) (5 _ _1)
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for any normal geodesic v of F' and hence

TF:{%<€:1)

oo (6 = _1)7

where 74,(7),7co(y) and rp are as in Introduction. Denote by V' the Levi-Civita
connection of g;. In the sequel, assume that ¢ < 7T;. In this section, we estimate the
volume of M; from below in terms of the infimum and the maximum of the radius
function r;. Furthermore, we show that r; and the average mean curvature H, are
uniform bounded in terms of the estimate. Denote by 7 the bundle projection of the
normal bundle T+F of F. Set

W= {¢|€eTHF st ||€]| <rp}

and W := exp®(W). Define a submersion pry of W onto F by prp(exp®(£)) := 73(£),
where ¢ € W. Let 7 : M — R be the distance function from F, where we note that
7(exp(€)) = ||¢|| holds for & € W. Define a function 1 over [0,77) by

— [ 2 (sin(\/ckbs) i mH
P(s) = <k1;[1 (W) ) cos™ (1/ebs).

Since rp = 2\;&), 1 is positive. Define a function §; and dy over [0,7F) by

VvV —

01(s) == /05 s™ (s)ds

and

[
%2(5) '_/ COS(\/Ebs)d ’

respectively. According to (6.3) below, we have % € 01([0,7F)). Since rp is

smaller than the injective radius of F' , 1(s) and COS%\(/SE)I)S) are positive over [0,75).

Hence §; (i = 1,2) are increasing. Set

=07t (%>

and

o 1= 651 (VOI(M) + 52(f1)> |

UmV
Denote by (7¢)max (resp. (7'¢)min) the maximum (resp. the minimum) of r,. Then we

have
01 (71)v,,v Vol(B) = Vol(Dy)

oy () do > U,,v Vol(B)d1 ((7t) min)
" /xeB hilr(@)d F{g Vv VOI(B)31 () max)
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and hence (51((Tt)min) < 51 (7/:1) < 51((Tt)max)7 that i87 (rt)min < ?1 < (rt>max- Set

H
2 (sin(y/ekb L —
Qrp : k=1 Vekb

1 (M : of noncompact type).

: of compact type)

Then we can estimate the volume of M; from below as follows:

(T‘t)max vaa(s)
Vol(My) > ay,v,,v Um0 _ — = d
ol(My) > Gy gV v U 1/(rt)min cos(v/zbs) s

= arBUmVUmH—l((SQ((Tt)maX) - 62((Tt)min))-

(6.2)

On the other hand, since Vol(D;) preserves invariantly along the volume-preserving
mean curvature flow and Vol(M;) is decreasing along the flow, we have Vol(D;) =
Vol(Dy) and Vol(M;) < Vol(My). Hence we have

Vol (M,
() < 051 (8(71) + —2 2 Mo) )
reUmVUmH _1

< o0 ( Vol(Dy) Vol(My) >

Vv VOI(B) Gy Vv U 1

Thus we obtain the following result.

Proposition 6.1. The family {r;}.c(o,r,) is uniform bounded as follows:

Vol(Mp) ) |

Arp UV VUmH _q

(6.3) sup ri(x) < 52_1 (52(f‘1) +
(z,t)eBx][0,T1)

For uniform boundedness of the average mean curvatures |H |, we have the following

result.

Proposition 6.2. If 0 < a; < r(x)

(To < Ty), then max H; < C(ay,az)
tG[O,To]

only on ay and as.

as < rp holds for all (x,t) € M x [0,Tp]

<
holds for some constant C(ai,as) depending

For uniform positivity of the average mean curvatures |H|, we have the following
result.

Proposition 6.3. Assume that M is of non-compact type. If r¢(z) > a > 0 holds for

all (x,t) € M x [0,Tp] (To < T1), then r{n% }Ht > C(a) holds for some constant C(a)
t€[0,To

depending only on a.
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8§7. Proof of Theorem A

In this section, we shall prove Theorem A in terms of the evolution equation (5.3)
of vy and Propositions 6.2 and 6.3.

Proof of Theorem A. Suppose that Ty < T. Take any tg € (11,7). Set

to) = i d to) = .
61( O) (a:,t)énBlB[O,to] rt(x) (> 0) an 62( O) (x,t)g}?ai{[o,to] rt(x) (< OO)

According to Propostions 6.2 and 6.3, we have

0 < C(Bi(to)) < Hy < C(Br(to), Ba(to))  (t€[0,Th)),

where we note that rx = oo because M is of non-compact type. By using the evolution
equation (5.3) for vy, this inequality, (1 — 1/92)v; < v; and v; > 1, we can derive

oo R
5t 60~ (2@ 2

(7.1) - my (kb)? (5 my kb
S &1) (,; k2 (e, ot (g’t))kzltanh(kzb?(g,t))

—0(&,1)2C(B1(to))b tanh(b7(€, 1)) 4+ C(B1(to), :g(to))

(t € [0,71)). For simplicity, set

2

Ki(Bi(to), Balto)) = 3

k=1

my (kb)?
sinh?(kbB1 (to))

my kb
tanh(k:bﬁl (to))

+ btanh(bfa(to)) Z

k=1

2

and

K2 (Br(to)) := C(Br(to))b tanh(bB1 (to))-
Take any t1 € [0,T7). Let (&2,t2) € M x [0,t1] be a point attaining the maximum of ¥
over M x [0,t1]. Since vy, = 1 along OM, (§2,t2) belongs to the interior of M x [0, t4].
Then we have 5% (&,t2) = 0 and (A, Ty, )(&2) < 0, that is, (&, ta) — (A, 01,)(&2) > 0.
Hence, from (7.1), we can derive

ma (&) = 0(&a,t
(f,t)eMi([o,tl] (&) (€2, t2)

< Ei(Ba(to), Ba(to)) + VK1 (B1(to), B2(to))? + 4K2(B1(t0))C(B1(to), B2(to))
= 2 *

From the arbitrariness of ¢;, we obtain

sup V(1)
(6,0)eMx[0,T1)

K1 (B1(to), B2(to)) + /K1 (Bi(to), B2(to))? + 4K2(B1(t0))C(B1(to), B2(to))
5 ,

IN
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which implies that My, is a tube over B and that, furthermore, so are also M,’s (t €
[Ty, Ty + ¢€)) for a sufficiently small positive number & (smaller than to — 77). This
contradicts the definition of 7. Therefore we obtain Ty = T'. That is, M, (t € [0,T))
remain to be tubes over B. q.e.d.

8§ 8. Proofs of Theorem B and C

We use the notations in Introduction and Sections 1-7. Assume that M is a rank
one symmetric space of non-compact type other than a (real) hyperbolic space and
ro is radial (hence so are Iso 7¢’s (0 <t < T)). Set 7yt := inf, y)epxjo,r) 7e(x) and
Tsup := SUP(y 1)e Bx[0,T) r¢(x). In this section, we shall prove Theorems B and C. Since
M is a symmetric space, we have VR = 0. Hence, according to (6.1) in [CM2], we
obtain the following evolution equation for ||A||?.

Lemma 8.1([CM2]). The family {||A4||}}iejo,r) satisfies

O||A¢[?

# — N[ Ad]7

= —2||V* Ay I7 + 2/ Adl [F (| Adl |7 + Rie(N, M)
—2H, (Tr A} + Tr}, R(A(e), Ni, Ny, o))

—ATr} Tr, R(-, Ai(e), Ay(e), ) + 4Tx3, Tr, R(-, Ay(e), e, Ai(-)).

- 1 ;
Set k= TSP e ot PG According to Theorem A, we have k < oo. Define
2
a function ¢ over [0,1/y/k) by ¢(s) := 1 i 5 and a function ®; over M by
— KS$

®1(8) = (w0 T)(©)I(Ae)ellf (€ € M).

Also, define a function ® over M x [0,T) by ®(&,t) := ®.(§) ((&,t) € M x[0,T)). By a
simple calculation, we can derive the following evolution equation for ®;’s (¢t € [0,T)).

Lemma 8.2. The family {®;}cjo,1) satisfies

~ ov . (O] A3
— (¢ ol (57 - 20 ) + (ot (L - gag)

—(¢" 0 Bl A¢|[llgrad,vl[F — 2g:(grad, (¢ 0 Te), grad,||A[7).

By using these lemmas, (5.3), Propositions 6.1, 6.2 and 6.3, we shall prove Theorem
B.
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Proof of Theorem B. Suppose that inf¢ yycprxjo,r)7(§,t) > 0 and T' < oo. Then
we suffice to show that T" = oo and that M; converges to a tube of constant mean
curvature over B (in C*°-topology) as t — oo. Set ay := inf¢ yerrxo,r) 7(&,t) and
as 1= SuP(e pnemxjo,r) 7€, t). According to Proposition 6.1, we have

N Vol (M,
as S (5;1 ((52(7‘1) —+ ( O) > .
Arp UV UmH_q
According to Propositions 6.2 and 6.3, we have
(8.1) 0<Cla1) <H, <Cla,a0) <oo  (t€[0,T)).

According to the first inequality in Page 555 in [EH] (see also (6.4) and (6.5) of P502
in [CM2]), we have

—2g¢(grad, (¢ 0 Ty), grad,(||A[}))

1 ~ e
52) < 7 on(arad, @, gmad, (0 0 1) + 2000 )|V A

3
—||A)? d o)||2.
+2(¢ovt)|| ol[i llgrad, (v o y)|[;

Also, according to Kato’s inequality, we have

(8.3) [lgrad, || Aelle 17 < [[V* Adll7.

By using these relations, (5.3), Lemmas 8.1 and 8.2, we can derive

0d
oL SAVAH

< (¢ o DA { K ar, 0000, ~ Ka(e0)0? — 2 lrad, il

H 2
% (Ater bti“nh(b”)) }
Ut

(8.4) +2(po 3)||At||t + 2(¢p 0 Tp) || Ae||7Ric(Ng, Ny)
—2(900@\) TrA —2(gpovt)HtTr R(At( ), N¢, Ny, o)
(0BT, Ty T, Ad(e), ). )
—1—4(90 oi)\t)Tr;tT ) R(-,A,:('),',At(-))
- 1 -
— (" o By)||A¢|7 - ||gradtvt||?—mgt(gradtq’t,gfadt@ovt))
3
— " |A =112
+2((p )H el7 - llgrad, (¢ o vy)||7

According to (8.1), {tanh(b7¢)}icpo,r) and {Ric(N¢, N¢)}iepo,r) are uniform bounded.
Hence, by the same discussion as in the second-half part in the proof of Theorem A of
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[CM2] (see Line 15 of Page 502-Line 14 of Page 503), we can derive

0o
— — N D < ——q) + K38, + K4\/ Py
(8.5) ot 2

d,® d v,
5o @gt(gra +®@t, grad,(p o vy))
for some positive constants K3 and Ky. Take any to € [0,7). Let (£1,t1) be a point
attainning max e 1)enrx[0,t0) Pe(€). We consider the case where ; belongs to the bound-
ary of M. Define a radial function 7; over the geodesic ball B of radius 2rpg centered at

ri(vx(2)) == {Tf(z) (0<z<rp)

r;(2rg —z) (rg < z < 2rp)

T, in F by

Set M := 7, (B) which includes M. Then it is easy to show that the volume- preservmg
mean curvature flow f, (¢t € [0,T)) starting from M satisfies f,(M ) = expl (7, (B)).
€)M x[0,t0 ]Q)t(f) and that &

belongs to the interior of M where (IJt is the function defined for ft similar to ®;. Thus

Also, it is clear that (£1,¢1) is a point attainning max,

we may assume that & belongs to the interior of M without loss of generality. Set
by := P4, (&§1). Assume that by > 1. Then, it follows from (8.5) that

0P b?
0 S E(&l;tl) - (At1¢t1)(€1) S _% + <K3 + K4)b17

that is, by < %(Kg + K4). Hence we obtain

2
max O, (&) =0y gmax{l,—(K3+K4)}.
(&,t)eM x[0,t0] K

Furthermore, by the arbitariness of ¢y, we obtain

2
sup D, (€) §max{1,—(K3+K4)}.
(£,1)EM x[0,T) K

Thus {®;}ico,r) is uniform bounded. On the other hand, we have ¢ o v; > 202 > 2.
From these facts, it follows that {||A¢||?}e0,7) is uniform bounded. Hence, by the
discussion in [Hul,2], it is shown that {||(V*)7A¢||?}+epo, ) also is uniform bounded for
any positive integar j, where we use T' < oo and g;(grad,||(V?)7 A¢||Z, Ny)

= 0 along OB (This fact holds because grad,r; = 0 along 0B by the assumption).
Hence, since { f; }+c[o,r) is equicontinuous in C'°°-norm, there exists a sequence {tx}7;
such that kli)rgo ty = T and that {f;, }72, converges to some C*°-embedding fr in

the C'*°-topology by Arzela-Ascoli’s theorem. By the standard discussion as in [CM1,
P2075-2077], it is shown that fr (M) is of constant mean curvature. On the other hand,
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according to (4.17), we have

or Npry \/cosh2(brt) + ||grad ]2 __
e 2 T (H¢ = pr,)
Ot cosh®(bry) + ||grad ry| |2 cosh(bry)
\/coshQ(brt) + ||grad |2 __
= (Ht — Ht)
cosh(bry)

Hence, for any 7 and 72 of [0,T") (11 < 72), we have

xT

T2
max ., (z) — 77, (2)] < max /

T2

< max |E—,on|\/cosh brt)+ngad7“tH2dt
zeM 7_1

S Cé?(t)(TQ — 7'1),

where ¢ is an element of (71,73) and £(t) — 0 as t — T. From this fact, we can show
that r; converges to rr in the C'°*°-topology by the discussion as in [Hu3], where rp is
the radius function of fr. Thus f; converges to fr in the C'*°-topology as t — T. It
is clear that fr(M) also is a tube over B. Hence, according to Proposition 4.2, there
exists the volume-preserving mean curvature flow starting from fr in short time. Hence
the volume-preserving mean curvature flow f; starting from M is continued after T
This contradicts the definition of T'. Therefore T' = oo or inf(¢ ¢)errxjo,r) (€, ) = 0
holds. Furthermore, in the case of T" = oo, we can show that f; converges to a tube of
constant mean curvature over B in C°°-topology as t — oo by imitating the discussion
in P2075-2080 of [CM1]. qe.d.

Next we shall prove Theorem C.

Proof of Theorem C. Suppose that inf¢ )enrrxpo,r)7(§,t) = 0. Then there exists a
sequence {(&k,tx)}52, such that (&, tx) < + (k € N). By using (6.2) and (r)min <
71 < (7t)max, We have

Vol(Mg) > Vol(My,) > @y Vv Oy —1 (02((7t), Jmax) — 02((7t), )min))
> U VUnH_q ((52(?1) — (52(1/1{7))

and hence

VOI(M()) Z kli)l’l;)lo UV UmH_1 (52(?1) — 52(1/k>) = Umv'l)mel(sg(?/“\l)
_ Vol(D
= w2200 (5010 )

where we note that a,, = 1 because M is of non-compact type. This contradicts the
assumption. Hence we obtain inf ¢ yyenrxjo,7) 7(§,t) > 0. Therefore, by using Theorem
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B, we can derive that T' = oo and that f; converges to a tube of constant mean curvature
over B in the C'"*°-topology as t — oo. q.e.d.
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