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Blowup of solutions to an indirect chemotaxis system

By

Takasi SENBA*

Abstract

This manuscript summarizes results by Fujie and Senba (2017, 2019). In this manuscript,
we describe properties of solutions to an indirect chemotaxis system. The system is one of
chemotaxis systems, and has three unknown functions. These three functions correspond to
density of living thing and concentrations of two kinds of chemical substances, respectively.
When the dimension of the domain is less than four, our system does not have blowup solutions.
In four dimensional case, our system has blowup solutions. In this manuscript, I will describe
details of these results and sketch of these proofs.

§1. Introduction

This manuscript is based on the joint work with Kentarou Fujie (Tohoku Univer-
sity).

In this manuscript, we describe some properties of solutions to an indirect chemo-
taxis system, which is different from Keller-Segel system. However, the indirect chemo-
taxis system is related to the Keller-Segel system. Then, we begin with the explanation
of the Keller-Segel system.

The following system is the classical Keller-Segel system.

ug = Au — xV - (uVv) in Q x (0,7),
TUy =Av—v+u in Q x (0,7),
(KS){ 0u Ov
— —xu— =0, v=0 on 992 x (0,7),
v ov
u(+,0) = ugp, v(-,0) = vg in Q.
Received September 5, 2019. Revised January 8, 2020.
2010 Mathematics Subject Classification(s): 35B44, 35J91, 35K45, 35Q92, 92C17.
Key Words: blow-up, chemotaxis, Lyapunov functional, indirect process.
This work was supported by JSPS Grant-in-Aid for Scientific Research (C) 18 K03386 and the Re-
search Institute for Mathematical Sciences, an International Joint Usage/Research Center located
in Kyoto University.
*Fukuoka University, Fukuoka 814-0180, Japan.
e-mail: senba@fukuoka-u.ac.jp

(© 2020 Research Institute for Mathematical Sciences, Kyoto University. All rights reserved.



2 TAKASI SENBA

Here, x and 7 are positive constants, { is a bounded domain 2 of R™ (n > 1), the
boundary 0f2 is smooth, initial conditions ug and vy are nonnegative smooth functions
and T is the maximal existence time of the classical solution.

In this manuscript, we treat only classical solutions.

The system (KS) describes the aggregation of bacteria. The function u represents
the density of bacteria, and the function v represents chemical concentration produced
by the bacteria, and the chemical substance is an attractant. Then, the bacteria move
towards higher concentration. We say this property of living things chemotaxis. In
this case, the relation between living things and chemoattractant is direct. Then, we
consider chemotaxis mentioned by Keller-Segel system as direct process.

The following are well known properties on solutions to Keller-Segel system:

The solutions satisfy that v > 0 in Q x (0,7") and that [Ju(t)||z1() = |uollzr ()
(t € (0,T)), where || - ||Lr(q) is the standard LP norm for p € [1, co].

If n=1orifn=2and |lug||z1(n) < 87/X, solutions exist globally in time, and are
bounded (see [4]).

If n >3 orif n =2 and |lug|/z1 () > 87/, there exist solutions blowing up (see
3, 5]).

Here, we say that a solution (u,v) blows up at a time T, if

lim sup(|[w(t) | L= () + [[v(E)]| Lo (0)) = oo

t—T

That is to say, two dimensional case is critical and the critical quantity is the L*
norm of solution u. Moreover, if a solution blows up at a finite time 7', T is also the
maximal existence time of the classical solution.

In this manuscript, we consider classical solutions to the following system.

( ug = Au—xV - (uVo) in Q x (0,7),
Ty =Av—v+w in Q x (0,7),
(P) Towy = Aw —w + u in Q x (0,7),
%—XU%:O,U:U):O on 90 x (0,7,
Lu(+,0) = ug, v(-,0) =wvg, w(-,0)=wy in Q.

Here, we assume the following:
X, 71 and 79 are positive constants.
Q' CR" (n>1) is bounded and the boundary 9f is smooth.

ug, vg and wy are nonnegative and smooth functions.

This system is one of chemotaxis system. The function u represents density of living
thing, the function w represents chemical concentration and the chemical substance is
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produced by the living things, and the function v represents also concentration of other
chemical substance, the chemical substance is produced by chemical reaction of chemical
substance v, and the substance corresponding to v is attractant. Then, we regard the
chemotaxis mentioned by our system (P) as indirect process. Then, we regard this
system as one of indirect chemotaxis systems.

The solutions to (P) satisfy that
w>0,w>0,w>0 inQx (0,7)

and that |[u(t)|z1) = |luollz1 (o) (t € (0,T)). There exists a unique time-local classical
solution (u,v,w) to (P).

Our aim is the investigation of conditions for blowup of solutions and properties
of the blowup solutions. We say that a solution (u,v,w) to (P) blows up at a time
T € (0,00], if

lim sup([|u(t)[| Lo ) + [[0(t) || Lo () + [[w(t)| Lo (@) = 0.

t—T

The following system is a tumor invasion model.

P

up = Au—xV - (uVo) in Q2 x (0, 00),

vy = Av 4+ wz in Q x (0, 00),

2 = —ywz in Q x (0, 00),
(FIWY) Qw, = Aw —w+u in Q x (0, 00),

ou Ov Ow

5_%_%_0 on 002 x (0,T),

u(-,0) = ug,v(-,0) = vy,

w(-,0) = wp, 2(-,0) = 29 in Q.

\

Here, x and ~ are positive constants. wug, vg, wp and zy are nonnegative and smooth.
Q C R" (n>1) is bounded and the boundary 02 is smooth.

Fujie, Ito, Winkler and Yokota [2016, DCDS] show that solutions to (FIWY) exist
globally in time and are bounded if n < 3.

This system and the result motivate our research. Does the system (FIWY) have
blowup solutions in the high dimensional case 7 However, we think that the ODE in
this system makes analysis of solutions difficult. If the constant « is equal to 0 and
if the initial condition zg is a positive constant in the domain, the system (FIWY) is
similar to our system (P). Then, we can regard our system (P) as a simplified system
of (FIWY) and we investigate solutions to (P).
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§2. Our results

As mentioned in the previous section, our aim is the investigate of conditions for
blowup of solutions to (P) and the one of properties of blowup solutions to (P). For this
problem, we get the following partial results.

Theorem 2.1 ([1, 2]).
(1) If 2 is a bounded domain of R™ and one of the following assumptions holds:
-n <3.
-n =4 and |luol|11(0) < (8m)%/x.
Then, solutions to our system (P) exist globally in time and are uniformly bounded in
time.

(2) If Q is a bounded and convexr domain of R, then there exist blowup solutions to our
system (P) satisfying |Juo|| 1 (o) > (87)%/x.

This theorem says that our system (P) does not have any blowup solutions if
n < 3. And, there exist blowup solutions in four dimensional case, and in the four
dimensional case the number (87)2/x is threshold. In this sense, the number (87)%/x
appearing in four dimensional our system corresponds to the number 87/x appearing
in two dimensional Keller-Segel system.

In (2) of Theorem 2.1, we can not judge whether the blowup time is finite or infinite.
The following theorem guarantees the existence of finite-time blowup solutions.

Theorem 2.2.
If Q is a bounded ball of R*, there exist radial solutions blowing up at a finite time T.
Moreover, the solutions satisfy that

u(t) =» m(0)do + f ast — T,

where m(0) > (87)2/x, f € LY(Q) and g is the delta function whose support is the
origin.

Moreover, for radial blowup solutions to the following parabolic-elliptic system, the
weight of delta function is equal to the threshold number.

u = Au — xV - (uVo) in Q x (0,7),

0=Av—v-+w in Q x (0,7),

%—XU%:O, v=w=0 on J x (0,7),
L u(.’o) = 'U'O lIl Q.
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Theorem 2.3.  Let Q is a bounded domain of R* and let uy be nonnegative and
smooth. Then, there exist solutions to (PEE) blowing up at a finite time T'.

Furthermore, if  is a bounded ball in R* and if a radial solution to (PEE) blows
up at a finite time T, the solution satisfies

u(ert) = B

oo+ f ast—T,

Here, 0y is the delta function at the origin, and f is a radial and nonnegative L' function.

§ 3. Key properties of solutions to (P)

Here and henceforth, we assume 7 =7 = 75 = 1.

Because, the positivity of these constant is important. However, the quantity is
essentially independent of properties of solutions. In order to show our results, we use
the following properties.

We describe key properties of solutions to (P), and we use these properties for the
proofs of our results.

Conservation law. For solutions (u,v,w) to (P), the following equation holds.

%‘F(u(t)v U<t)) + D(u(t),v(t)) =0.

Here,
. X 2 X 2
f(u,v)—/(ulogu—xuv)da:—i——/ v dac+—/ |(—A + 1)v|°dxz,
Q 2 Jo 2 Ja
D(u,v):2x/ (IVve? + |ve]?) dm+/u|V(logu—Xv)|2da:.
Q Q

The function F is referred to as Lyapunov function. Since the function D is non-
negative, then the Lyapunov function F decreases with respect to time t.

Adams type inequality (Four dimensional case). Let 2 be a bounded domain of
R*. There exists some constant C' > 0 such that for all v € H}(Q) N H2(Q),

v(x 1 2
log (/Qe ( )dx) < m”(—A-}—l)UHLz(Q) +C.

The threshold number appearing in (1) of Theorem 2.1 comes from the Adams type

inequality.



6 TAKASI SENBA

Stationary solutions to (P). Stationary solutions to (P) satisfy the following system.

0=Au—xV-(uVo) in Q,
0=Av—v+w in €,
(SP) 0=Aw—-v+u in £,
ou ov
E—Xu%—o, v=w=0 on 92 x (0,T).

The first equation can be rewritten as
u
0=V -u(Vlegu — xv) =V -uVlog v
e
This and the boundary condition lead us to the relation ue XV = C with some positive

constant C and the constant C can be rewritten as

HU||L1(Q)

¢= fQ exvdx’

From this and the second and third equations of (SP), we obtain that stationary solu-
tions (u,v,v) satisfy the following;

eXx?
“A+1)%w=X\—— inQ,
(spy{ TATV AL
v=Av=0 on 00 x (0,T).
Here, A = |lu|lL1(0) > 0, w = (=A 4 1)v and
Xv
w= At .
Joex

Stationary solutions satisfy the following property.

Lemma 3.1.  Let {vx} be a sequence of solutions to (SP2) with a positive con-
stant X. If limyg_, o0 [|Vn || Loe () = 00, then there exist an positive integer J and a set of
points {Q;}7_; C Q such that

and

2
— Z (8;) dq, in M(Q) as k — oo,

eka:
Up = \——
f eXVk
Q j=1

The threshold number appearing in (2) of Theorem 2.1 comes from Lemma 3.1.
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Proof. Let {(ug, vk, wr)} be a sequence of stationary solutions satisfying
1. o] - .
et vkl Lo (@) = o0
Using the moving plane method, we can find positive constants d, and C' such that
ug(x), vp(z), wi(z) < CA for k> 1 and x € Q with d(x,0Q) < d..
Here,

d(x,00) = yneltlar(l2 |z — yl.

Let G be the Green function of (A —1)? in Q with - = A- = 0 on 99, and let G, =
(872)~Llog(R/|z — y|), where R = sup{|z — y| : x,y € Q}. Then, 0 < G < G, in Q x Q.

Let @ be a blowup point of {vg}. Then, @ € Q. We choose § > 0 such that
B(20) ={z € Qlx — Q| <25} C Q. Let p > 1.

[ wa-1pupde= [ jppa
B(8) B(4)
)\p
<o / exp ( / G(x, y)px[x dy) dx
QP J s Q

PX R T
<C / exp / frll ——dx (log ) dy | dx
" Jse) ( B(3) 1 7ellz o gz 2 =yl ) I fellr sy

A
< 05/ / ( K ) 1L dy | dx.
B \JB2s) \|T — ¥ 1 fkll 21 (B(26))

Here,

eka
fe = )\—fQ o
and

pX
Ay = ) 1 fill 22 (B (28))-

Then, liminfj,_,o, A > 4, since WP (B(5)) C L°(B(5)). This means that

XUk . 2
liminf/ Al o4 (877
B20) J;

k—oo Q exXve X

for any sufficiently small 6 > 0.
Moreover, we see that

o1
likrgig;f eXvk > ﬁ near (),
since )
4-(8 1 R
likrgior;fka > x- (87°) g log Z-0 + O(1) near Q.
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Then,

liminf | eXY* =
k— o0 o)

and there exists a subsequence {vy } C {vy} satisfying

2
with some positive integer J and m; > %.Then, A= 23-721 m;.
Moreover, the Pohozaev’s identity

Xk ()
/ (A —1)%v(2) (z - Vop(z)) doe = / AE (x - Vog(z)) dx
B(6) B Jo X
leads us to m; = (8”) . Then, \ € (87r) N. The proof is complete. O

§4. Sketch of Proof of Theorem 2.1

In this section, we describe sketch of proof of Theorem 2.1. First, we describe the
proof of (1) of Theorem 2.1. Since the statement in the case of n < 3 can be shown by
the standard energy method, then we describe only the proof in the case where n = 4.

Sketch of Proof of (1) of Theorem 2.1 in the case where n = 4. By the Jensen inequality,
for a > 0 we have that

/u(av—logu):/UIOge d
Q @ !
e u
el | —= ) dx
ol [, (108 ) (o)

log
eV U
< luoll L1 () log </ —_— da:)
o u HUOHLl(Q)
</Q

e‘“%la:) — (HUOHLl(Q)) log (HUOHLl(Q))

1
< ol oy o [ e ) + 2.

Let € be a positive constant. Put o = x+2¢. Since we assume that |[ug| 1oy < (87)%/x;,

= [Juol| L1 () log

for any sufficiently small £ > 0 Adams type inequality lead us to
1
(x + 25)/ w(t)o(t)de < / u(t) log u(t)dz + [[uol| 11 (g log (/ eav<t>dx) e
Q Q Q €
< [ u(t)logu(t)dz +  [uollLr@) 5 g5 fII(=A + )vll72) + C
Q 2 ( m)? .

< [ utlogu(t)ds + 3 (-2 + 1ol +C.
Q
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Therefore, the following inequality holds.

X
X/Qu(t)v(t)dx < /Qu(t) log u(t)dx

X+ €

X X 2 €X
——=[(-A+1 — t)v(t)d C.
2 XA+ ol — S [ wlo(t)da +

Combining this with Lyapunov function, we imply that

€ X 2 EX 2
1 d = d — = —A+1ovl*de - C
X+€/Q(u ogu + xuv) x+2/Q(vt) x+2<x+€)/§2]( + 1)v|°dz
< F(u,v) :/(ulogu—xuv)dx+K/(vt)2dw+z/ [(—A + 1)v|*dz
Q 2 Ja 2 Ja
SF(UO,UO).

This means that each term in the Lyapunov function F(u(t),v(t)) is bounded. Using
the boundedness and the standard energy argument, we get the boundedness of the
solution (u,v,w). Then, the proof is complete.

Next, we describe the sketch of proof of (2) of Theorem 2.1. The result essentially

comes from the following two lemmas.

Lemma 4.1.  For A\ > 0, put
Fine(N\) = inf {]—"(u,v) : (u,v,w) is a stationary solution with ||u|p1q) = )\}.
Ifx¢ @N, then Fine(\) is bounded.

Lemma 4.2. If \ > % and \ & @N, there exists a pair of nonnegative
and smooth functions (ug,vo,wo) satisfying |uol|z1 () = A and F(uo,vo) < Fine(A).

Lemma 4.1 comes from Lemma 3.1. Then, we describe the proof of Lemma 4.2.

Proof of Lemma 4.2. Put A =27-3. Let u > 0,

_ A pt
W) = T P
1/4
() = %log#w
and let
() = 1162 )
X (L4 p2|z)?)?
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These functions satisfy that

2— _— . mi
A®v, =u, in R%,

— . 4
—-Av, =w, in R%,

2
/ Uy, = (87T) )
R* X

8 2
lim Uy = ﬂdo
JL—>00 X
and that
lim F(au,,av,) = —oo for a > 1.

H—> 00

Here, we regard v; as % (AT, — v, +w,). By using these functions, we can construct
a desired initial functions (ug, vg, wp). Then, the proof is complete. O

(2) of Theorem 2.1 comes from Lemmas 4.1 and 4.2.

Proof of (2) of Theorem 2.1. Let (ug,vg,wo) be the triple in Lemma 4.2 and let (u, v, w)
be the corresponding solutions to (P).

We assume that the solution exists globally in time and is uniformly bounded.
Then, there exists a sequence {tx} C (0,00) such that (u(tg),v(tr), w(ty)) converges
to a stationary solution (s, Voo, Wss). Since the Lyapunov function decreases with
respect to ¢, then we see that F(ueo, Vo) < Fint(A). It contradicts the definition of
Fins(A). Then, T' < oo or (u,v,w) is unbounded. This means that the solution blows
up. Then, the proof is complete. U
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