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On the derivation of the mean field equation
of the Gibbs distribution function
for equilibrium vortices in an external field

By

Hiroshi OHTSUKA*

Abstract

Motivated by several experimental facts, we are interested in the linear response of equi-
librium vortices. In order to study the phenomenon, here we investigate the mean field limit of
equilibrium vortices perturbed by an external field and derive the mean field equation of the
Gibbs distribution function. Similar limits for classical point particles with bounded interac-
tions were studied by Messer-Spohn [14] and later the results were extended to the system of
vortices, which interact via the singular logarithmic potential, by Caglioti et al [2] and Kiessling
[10] . In this paper, we start with the review of these results in some detail and extend their
arguments to the case for vortices perturbed by an external field.

§1. Introduction

In this paper, we are interested in the (canonical) Gibbs distribution function for
equilibrium of a large number of vortices confined in a bounded container A C R? in
an external field. To simplify the presentation, we assume that A is simply connected
and with a smooth boundary throughout this paper unless we mention otherwise.

The study of Gibbs distribution function for physical systems seems to be a central
topic of statistical physics, see [5] for example. Concerning the vortices in two dimen-
sional incompressible non-viscous fluid, the importance of the study of the distribution
function seems to be realized when Onsager pointed out the possibility of negative tem-
perature states of equilibrium vortices, which are introduced to explain the reason why
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the large scale structures, such as the great red spot on the surface of Jupiter, often
maintain in two dimensional fluid [15].

This kind of self-organization phenomenon attracted many researchers and they
try to derive so-called the mean field equation that describe the distribution function
for infinitely many vortices, see [8, 9, 17, 18] for example. Recently, it was found that
Onsager himself also derived the equation, see [3].

These results, however, are obtained by rather heuristically. Later mathematically
rigorous derivation of the mean field equation is developed by Caglioti, Lions, Marchioro,
Pulvirenti[2] and Kiessling [10], see also [13, 12]. They used and improved the argument
established by Messer-Spohn [14] for system of classical point particles with bounded
interactions, which does not cover the logarithmic interaction of vortices.

The purpose of this paper is to derive mathematically rigorously the mean field
equation of equilibrium vortices perturbed by an external field. To this purpose, we
review the theory of vortices, the Messer-Spohn argument, and it’s improvement by
Caglioti et al. and Kiessling in detail for the readers convenience. Then we derive the
mean field equation (5.3) for the system described by the Hamiltonian with an external
field, which might not be completely new but seems not to be mentioned previously to
the author’s knowledge. Our motivation for this study is to study the linear response of
equilibrium vortices, which is our on going project with several physicists, see [16] for
our progress so far.

8§ 2. Dynamics of vortices

We assumed that A C R? is a simply connected bounded domain with smooth
boundary dA. Then the motion of non-viscous incompressible fluid in A is described by

the equation of the vorticity field w = curlw := g—gi — g—g:
0
(2.1) a—c;Jr(v-V)w:O.

Here v = (vy(z,t),va(x,t)) is the velocity field determined by the vorticity field w from
the incompressible condition and the usual slip boundary condition:

divv::%+%20, v-vr=0 on JA.
833‘1 8:62

In fact, using the solution 1 of the Poisson equation
—AY =w inA, =0 on JA,

we are able to recover the velocity field v from the vorticity field:

_yly (9 0%
U_vw_(al'g’ axl)
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since A is simply connected. The function ¢ is called the stream function of the velocity
field v and is uniquely determined by w under appropriate assumptions.

The N-points vortices are the set {(x;(t),;)}j=1,....n C A x R that composes the
vorticity field w(x,t) = Zj.v:l Q0. (1) satisfying the vorticity equation (2.1), where &,
is the Dirac measure supported at p € A. We call ); the intensity of j-th vortex. From
Kelvin’s circulation law, the intensity €; and the form Zjvzl (20, are considered to
be preserved during the time evolution. However, it still seems to exist a problem how
to recognize the vortices as a solution of vorticity equation (2.1) since the singularity of
vorticity field like Zjvzl Q;6,, is too strong to assume w(x,t) = Zjvzl Q0.+ to be a
solution of (2.1) even in a weak sense.

Nevertheless, vortices are considered to obey the following system of ordinary dif-
ferential equations, see [1, 6, 13] for example:

(2.2) o, % _ VEHN (2, 2y (:: (

oHN-®  gHN-?
@ )

,—
8%-72 al'j,l

Here = (Qq,--- ,Qn) € RY and HY-% is the following function on AV c R?V:

N
1 1
(23) HN’Q(SCl, s ,.’ITN) = 5 E Qi[((mk,xk) + 5 E QleG(.’tk,.’L’l),
k=1 1<k, I<N, k#1

where G(x,y) is the Green function of —A with the Dirichlet boundary condition, i.e.,
G(-,y) satisfies
—-AG(-,y) =9, inA, G(-,y) =0 on 0A,

and K(x,y) is it’s regular part defined as

1 _

In this article, we do not take care of the validity of the theory of the vortices and we
start with the system (2.2).

The function H™  is usually called the Kirchhoff-Routh path function and the
value of H™ € is constant along the solution of the vortex system (2.2) as long as
it exists. Therefore, we are able to assume that the system of vortices (2.2) forms
a Hamiltonian system with the Hamiltonian HY:? and consequently we are able to
develop the statistical mechanics for equilibrium vortices.

Here we introduce the (canonical) Gibbs distribution function

B_BNHN’Q(JH»'“ 7$N)

N,Q
’ (Il,"' 7xN) = f e BNHN. 9z, an)’
AN

L

where 8V € R is a parameter called the inverse temperature. We are interested in the
negative temperature case B < 0 according to the Onsager’s observation [15]. We note
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that
Zon(N) := —BNHN (21, mN)
BN( ) /AN e

is called the partition function at BV.

In the standard equilibrium statistical mechanics, the Gibbs distribution function
represents the probability density function of finding the N vortices in the position
21, -+ ,xN in the equilibrium state with the inverse of temperature of the system is 3%,
see [5, 11] for example. We note that the meaning(definition) of equilibrium might need
some discussion, but we start here, that is, we assume that the equilibrium is something
determined by p™> ¢ and we consider the limit of p™¥*? as N — oo.

From ;™' , we are able to get a family of probability measures on AJ for N > j as
follows:

N,Q L N,Q
Pj (xla"'ij) _/ M ($1,"',$j,33'j+1,"‘,ZCN)d.’I?j+1"'d$N,
AN=J

which is called the j-body distribution function that represents the probability density
function of finding the first j vortices in the position x1,---,x;. Since N c RY is
compact for each j € N, we may extract a subsequence of {PJN’Q}?\?Z ; that converges

weakly * in M(Aj) = C(K])*. Using the diagonal argument, we are able to reach the
following fact:

Proposition 2.1.  There exists a family {PjQ }ien and a subsequence {u™Nk '} C

{u™N> ) such that

Pij , 2 — PjQ weakly * Zn M(Kj)

for each j € N.

In this situation, Caglioti et al. proved a structure theorem of PjQ based on the
argument of Messer-Spohn [14]. We note that the most important assumption to do
that is

that is, every vortex has the same intensity. Then the Hamiltonian is reduces to
1 & 1
N’ Q “ .. f— 2 _— —_—
H™ (21, on) = Q10 5 > Kk, w) + 5 > Glaww)
k=1 1<k,I<N, k#l

and is symmetric with respect to the permutation of x1,--- ,zx. In this case, we omit
Qin gV, PjN’Q, etc. to simplify the presentation. In this case, we usually choose

1
Ql:N
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in order to normalize the total vorticity of the system to 1.

Here we may assume that there exists a measure p on the infinitely many direct
sum space A of compact space A and P; = p|ai. We say that a measure £ on A
is symmetric if £|5; is symmetric with respect to the permutation of xi,---,x; for
each 7 € N. In this sense, p is symmetric and we are able to use the Hewitt-Savage
representation theorem for symmetric measures on A, see [7] for the precise definition
of symmetric measures and the details of the theory. The conclusion arranged for our

purpose is as follows:

Proposition 2.2 (cf. [14, Lemma 3]). Let A C R? be a bounded domain,
PN(zy,---,zn) € L' (AY) C M(KN) be symmetric with respect to the permutation
of x1,--- ,xn. Suppose further that there exists P; € M(Kj) such that

(24) P]Nk 2:/ Pde.fL’j+1"'d£IZ'Nk —)Pj
ANE=I

weakly * in M(Kj) for each j € N. Then there exists a probability measure v on M(A)

independent of j € N such that

Pi= [ wv(dp)p(dr1) ®--- & p(dz;) (:;/ - ,,(dp)p@)
M) M)

for every j € N.

Then the problem reduces to know the structure of . We note that even for j = 1,
the conclusion says that Py = [, ) v(dp)p(dzy). We also note that if

(2.5) v is supported on L'(A) € M(R),

then P; € L' (A7) and
PjN — P; weakly in L (Aj )

The most part of the efforts of Messer-Spohn, Caglioti et al., and Kiessling are devoted
to establish (2.5) or, in other words, the absolutely continuity of P; with respect to the
Lebesgue measure. Actually they even show that P; € L™ (Aj ) and

(2.6) PY — P; weakly in L? (A7)

for every p € (1,00), see Proposition 3.3 and Proposition 4.3.

We end this section with some comments on our assumption of symmetry. One may
feel that it seems too restrictive to assume that all the intensities are same. Indeed, they
do not necessarily identical in a classical fluid. However, the intensities of vortices are
quantized in a quantum fluid and it is natural to assume that they are identical, which
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is mentioned by Onsager [15]. We also note that the vortex system naturally appears
in the theory of plasma confinement. In this case, the intensities are determined by the
charges and masses of the particles in plasma. Therefore the same intensities occurs
when a plasma consists of same particles. The non-neutral plasma represented by the
pure electron plasma is an example of the case, see [4] for example.

83. Messer-Spohn theory, revisited

Here we review the mean field theory of Messer-Spohn, which is the basic tool for
Caglioti et al. and Kiessling. In this section, A is a bounded domain of R¢ (d € N).

Messer-Spohn considered the canonical distribution of N classical point particles
in A. The particles are assumed to follow the Hamiltonian

1
HY (2, --- ,xN):W Z V(zk, z1),

1<k, I<N, k£l
where V is a function on A x A satisfying the following properties:

Condition (V1) (symmetric) V(z,y) =V (y,z),
Condition (V2) (Lipschitz continuous) there exists L > 0 such that

V(z,y) = V(2',y)| < L(lx — 2’| + |y —'|) forall z, 2/, y, vy € A.

Since A is bounded, V is bounded on A x A from the above property 2.

Here we note again that HY is symmetric with respect to the permutation of
1, -+, TN, which is the essential assumption in the Messer-Spohn theory. They con-
sider the limit of the Gibbs distribution function for this HY as N — oo tak-
ing the inverse temperature b = N.! We may assume ij weakly * converges to
pP; = fM(K) v(dp)p® € M(N) from Proposition 2.2. We study the structure of the
probability measure v on M(A).

In order to do this, we recall the variational principle for the Gibbs distribution

function. Let us define the function space

Hmﬂﬂwy:{MEL%N”\MZO&%/‘len//wﬁﬂ<w}2
AN AN

and the quantities

— N —
U:= H p, Sf—/ plog
AN AN
'In the Messer-Spohn paper [14], HN (z1,--+ ,zN) = ﬁ 2o1<jk<N, j2k V(25 oK) and BN =1. We
slightly change the setting to suit the case of vortices. o
2In this paper, we set 0log0 = 0 and assume that the function tlogt is defined for ¢ > 0.
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and

1
Fle(u):=U—-TS = HN/L—F—N/ pulog
AN BN Jan

which are called the inertial energy, the entropy, and the Helmholtz free energy of the
state p. We recall that 3% is the inverse of the temperature 7. Since V is bounded,
the functionals U, S, and F é\fv are well defined over Pr, o4 L(AN).

We note that FV (1) is bounded below and convex, we are able to see the following
fact from the standard argument of calculus of variations:

Proposition 3.1. The variational problem

3.1 inf FN
(3-1) uePL}iL(AN) o (1),

18 attained by the Gibbs distribution function

v 6—5NH“%$L“HxN)
(32) M (le,"' 7'TN) = fAN e—BNHN (21, zy) "

Here we assume (2.4) and the conclusion of Hewitt-Savage representation theorem
(Proposition 2.2) for a while.
From the symmetry of HY and p?, it holds that

N -1
U(MN) = / HNMN = SN V($1;$2)P2N(331,332)d371d$2
AN 2N Jaxa
and consequently
1
lim V(M) =5 [ Viena)Pa(do © doy
N—c0 2 AXA

1
— [ vlde) < 3V (or,52).pldo) @ pldzz) >
M(A)

=:u(v) (the mean inertial energy)

since V' is bounded and Lipschitz continuous in A x A.
On the other hand, the entropy functional satisfies the following sub-additivity
property34:
S(p) < S5(ks) + S(p,n—5),

where
/“I’J(xlaaxj):/ /’L(x].?'“?xN)dxj-i-l"'dev
AN—J

/’LaN_j(xj—i—l,"' ,ng) :/ ,u(xla"' ’xN)dxldxj
AJ

3Use logt <t — 1.

4We note that S(u,ny—;) = S(un—;) holds from the symmetry of y with respect to the permutation
of z1,---,x N and the notation u n_; might not be a standard one. The author, however, think
that it might be helpful for readers to distinguish pun_; and p n_;.
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for we Pr logL<AN>7 that is,

—/ plog p < —/ ujloguj—/ pN—jlog pu N—;.
AN AJ AN—J

Especially for the Gibbs distribution function v, we have
S(™) < S(y") + S(ulv_1) < - < S(up) + -+ 8(y') = NS(PY)

from the symmetry of v, where P} (x1) = pl¥ (21) is the 1-body distribution function
for ™.
Here we define
1
s(v) :=limsup —S (i) (the mean entropy)
N—o00 N

and

filv) =u(v) —s(v) = %\1}m inf F2% (1Y)  (the mean free energy).’
—00

We note that we assumed 3V = N. Obviously we have the following estimate:

s(v) < limsup S(P) (< e|A)).

N—o0

Here we further assume that (2.6) holds for some p > 1 and v = dp,. Then, since

S(p) is concave and weakly upper semi-continuous in LP (A), we get

limsup S(P") < S(P1)

N—00
and

1
33) AWz [ Vi) P@)Pe)dnde + [ PlogPi= R(P)
AxA A

On the other hand, for every p € Priogr(A), the product p(z1)---p(zn) belongs to
Pr1og L(AY) and we get, since BV = N,

N -1

Fov(plar) - plan)) = N i

V (1, 22)p(21)plaz)derdas — S(p) = Fn (1)
from Proposition 3.1. Consequently we get

(3.4) Fi(p) > Fy(Py) for every p € Ppiog(AY)

at the limit N — oo. This means that P; attains the variational problem

(3.5) inf  Fi(p).

PEPL10g L (AT)
5The suffix 1 of fi means that the corresponding inverse temperature is 1.
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If we assume only (2.6) holds for some p > 1, we get

1)z [ Rl
M(A)
instead of (3.3) and
B = [ Rz [ F(wds) for every 7€ Prig(A)
M(A) M(A)

instead of (3.4). Consequently v is supported on the solutions of (3.5).
Now we state the main conclusion of Messer-Spohn.

Theorem 3.2 ([14, Theorem 2]).  The measure v that appears in the limit of P{¥
as N — oo with BN = N is supported on the minimizer of (3.5).

As the Euler-Lagrange equation of the variational problem (3.5), we get the mean

field equation:
e Ja V(zy)p(y)dy

G NG

px) =

We note that when the minimizer of (3.5) is unique, then v is supported only on
the minimizer, but the weak limit P; might be a mixture of minimizers, in general. The

uniqueness of the minimizer is also discussed in [14], see also [2].

The final task to get Theorem 3.2 is to show (2.5) for some p > 1. In order to do
so, the following fact is sufficient:

Proposition 3.3 ([14, Lemma 1]).  Suppose ¥ = N. Then for each N > 2 and
je{l,---,N —1}, it holds that

. . i2 i
0 S PjN(-Th'” ;xj) S ’A|—g€2]M6—7WHJ(;1:1,...,:rj)
for every (zq,--- ,x;) € AN, where M = sup Viz,y)|.
J AXA

Obviously this gives that {P;¥} is bounded in L> (A), from which (2.6) for any
p € (1, 00) follows.

Proof. We divide the Hamiltonian H” into three parts:

1
HN = W Z V(Z’k,xl)
1<k, I<N, k#l



76 HirosHI OHTSUKA

where
W]’N*](xl, cee L Ty) = Z Z V(zk, xp).
k=11=j+1
Then we get

__ AN N .
/ e B H dxj+1 . de — / e 2N Zlgk,zgz\r, k£l V(mk7ml)dxj+1 .. dSCN
AN—3 AN—J

_i2 g iN—j) _WN=$? N
<e NHeTF M e~ 1 drjyr---dry

On the other hand, from the Jensen inequality, we get

fAN e_ﬂNHNdml codxn
AFZe e (V)

2

j . 1 , . e .
> oxp { A2 e (V)7 [ ottt 4 SNt
N AN

> exp(—jM).

8§4. On the case of vortices

Even if we assume that the all the intensities are equivalent, the Messer-Spohn
theory is not directly applicable to the Hamiltonian of vortices (2.3). Indeed, the Green
function G(z,y) is symmetric but has logarithmic singularity at = y and there exist
a potential term Y K (x,z)), which is also singular (divergent to —oo) as x — JA.
We also note that we are interested in the negative temperature case 3~ < 0.

To simplify the presentation, we only review more complicated case 8V < 0.

We have to start with the variational problem (3.1). Indeed, since HY has singu-
larity, it is not clear whether U and Fpn~ is well defined on Pp1og L(AN).
We recall the elementary Young inequality

xy <e’+ylogy—y forxe R andy>0.
(We set 0log 0 = 0 in this paper.) Using this inequality, we get

_ 1 log(—A3™N) 1
Y < gy 1 / log 4+ 0887 1
A “—/Awe BN Jon BRIy T 3R
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for BV < 0, that is, the inertial energy U and the free energy F2\ N are well-defined if

the partition function Zgn (N) = [, & e~ B H" is finite. Therefore we have to start with
the estimate of the partition function Zzn (V).

Proposition 4.1 ([2, Lemma 2.1],[10, Lemma 1]).  Suppose that 3~ = BN and
B € (—8m,0). Then there exists a constant C' = C(3,A) independent of N such that

Zgn(N) < CN.

Proof. We know that K (z,y) is bounded from the above on A x A. It holds that

N
1
e A — g K(zg,zr) <= sup K(z,x)=:Cp.
N2 —1 (z,y)EAXA

On the other hand, using the Holder inequality, we get

N
N N B
/ e PTHT < eCO/ | | | | e N G@eT) g dry
AN AN

k=1 1%k
%
< eCO / H e_*G(”’“’ml)da: ~drn
1£k
, N—1 , N-1
— eCO/ (/ e‘?G(xl’“)dazg) dr, < eCON/ (/ |x1 —:)32|4wda:'2) dxq.
A \JA A \JA
Therefore the conclusion follows if 5 € (—8,0). O
Thanks to Proposition 4.1, we see that
(4.1) sup  F(p) < oo if BN = BN for 3 € (—8,0).

HEPL10g L

Similar to Proposition 3.1, we get the following fact:

Proposition 4.2.  The variational problem (4.1) for 8 € (—8m,0) is attained by
the Gibbs distribution function (3.2).

The another point that we have to take care is the definition of the mean inertial
energy. For the Hamiltonian of vortices, it holds that

Up™)= [ HYp"
AN
N -1
= — G($1,$2)P2 (xl,itg)dl'ldiﬂg—i——/ K a:l,a:l)Pl (l’l)dl'l
2N Jaxa

6Tt seems more natural to use the Massieu function Vg =S~ pBU = —BFg. Indeed both variational
problems (3.1) and (4.1) become sup ¥Ug. See [11], for example, for the Massieu function and other
thermodynamic functions.
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Since G(z,y) and K(z,z) have singularities, we are not able to handle this with the
weak convergence of measures. Here we note that the coefficient of the latter term tends
to 0 as N — oo, which implies that K (z1,21) might be negligible at the limit.

First we prepare the similar results of Proposition 3.3.

Proposition 4.3 (]2, Theorem 3.1],[10, Lemma 4], see also [12, Theorem 3.2]).
For each N > 2, j € {1,--- ,N — 1}, BN = BN for B € (—8m,0), there exists a
constant C = C(f, A, j) independent of N such that

-2 .
02 PN (a1, ;) < Com R o1 m)
for every (x1,--- ,x;) € AN,

Thanks to this estimate, we get P; € L (A7) and (2.6) for each p € (1,00)
because %H J — 0 almost everywhere. On the other hand, the singularities of G(z,y)
and K (z,x) are logarithmic and they belong to (LP (AQ)* and LP (A)" respectively.
Consequently we are able to follow the argument of Messer-Spohn and finally we reach

the following conclusion:

Theorem 4.4 ([2, Theorem 2.1]).  The measure v that appears in the weak limit
of PjN as N — oo with BN = NB for 8 € (—8x,0) is supported on the mazimizer of

(4.2) sup  Fi(p),
pEPlog P(A)
where
1 1
Fs(p) = —/ G(z1,z2)p(x1)p(x2)dridrs + —/ plog p.
2 Jaxa B Ja

We note that the potential K(x,z) does not affect on the limit N — oco. We
also note that we get the mean field equation as the Euler-Lagrange equation of the
variational problem (4.2):

e B Ja Gzy)p(y)dy

p(x)

Proof of Proposition 4.3. Similar to the proof of Proposition 3.3, we divide the
summation in the Hamiltonian H” into three parts.

2 2

N _J ; 1 i\ N—j (N—3)° N

H —mH]+ij ]+TH j.
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Then it holds that

(43) /N ‘e_BNHNdI'j_Fl s d-TN
AN—;

-2 . . . N2 .
_i%B i _BwiN-i _(N=i)"B pN—j
<e mH / e N e N drjy1---dry
AN=J

_ 328 5y By N—i \ P _ P (N=)28 ;yN—j
(4.4) <e mH e W e v H
AN—J AN—J

for p,p’ € (1, 00) satisfying % + z% =1, which we choose later.

=
’B\‘,_.

Similar to Proposition 4.1, we get

J N
_pByyi N—j pi(N—j) pB
/ e <e N Co/ || || ‘xk_gjl%rzv
AN—J AN—J

k=11=j+1

S

(N—3) J al
pI(N—J pBj
<e N C’oH / H |z), — | 27N
k=1 \YAY T 20
J 2
i(N—3) Bj
_ ePJ—N—J CO H (/ ‘xk — y‘ 2177‘_]‘{7 dy)
k=1 WA

since 8 < 0. Here we choose

N
b= 2j
for N > 2j. Then we have
pj B
Lt S
2N 4w =
for p € (—8m,0) and consequently we get
(4.5) / e" WWINT < oN=i
AN-i

for some positive constant C' = C(5, A).
On the other hand, when p = g, it holds that p’ = % Here we set
J J

P'(N—j)*B _ (N—j) N :
N = N_QjB(N—J):B(N—J)

Then ' 1 8 as N — oo and ' € (—8m,0) for sufficiently large N. Therefore we get

_p/(N=§)2B pyN—j .
/AN N T = Zy (v (N = j) < o0
—J
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from Proposition 4.1. More precisely, since G(z,y) > 0 and K(x,z) is not bounded
below, it holds that

Zg(n—j) (N —j) /A e_ﬁ Tha K($k,$k)dx1 - da

. N— B/ .
_ / 6—5/(N—J)H H(@jt1, TN) = 507 ket K(xk@k)dml cod
AN

TN
_N8" NN
S/ANe ijNH dxld'xN:ZEN(N)?

where NG Ng

B = - = - =p'p,

N—-—j3 N-=2j
that is,
(4.6) Zg(n—j) (N —j) < CngN(N)
for some C independent of N satisfying
(4.7) / 6772(15;)1((301,951)611,1 _ / e—%K(m,ml)dxl > oL
A A

We note that this is possible because —%K (z1,71) — 0 locally uniformly in A as
N — oo.
Combing (4.4), (4.5), and (4.6), we get

We note that
1 _ N
Zyan (NP = [le NI

and p’ = N%% 11 as N — oco. Therefore taking ¢ > p’ independent of N, we get

3 _ N _ N 1_¢ _ N9
Zysn(N)? = |le pNH ”LP’(AN) <le pNH H]{l(AN)He pNH ||LQ(AN)
0
q

= Zgn(N)'"Zgsn (N)

for 0 satisfying 1 — 6 + g = z% =1- %, that is, 0 = q%l : %7 Consequently we have

24

= Zgn(N) " Zygn (N) ¥,

1
7

ZaN(N) ' Zyan(N) Y < Zgn(N) ™ Zggn(N)

Q|

Since we are able to choose ¢ > p’ > 1 sufficiently close to 1 such that ¢85 € (—8,0),
we are able to use Proposition 4.1 and get

2z~

Zq,BN(N) S C
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for some constant C' > 0 independent of N. On the other hand, since G(z,y) > 0 and
B <0, we get

ZgNn(N) :/ e~ ANHT
AN

N
Z/ 6—% Sl K(zk,zk) — (/ e_ﬁVK(zl’Il)dl’1> > CN?
AN A

2jq

ZBN(N)ie < CiNe = (a1

that is,

for some constant C' > 0 independent of N as in (4.7). Then the conclusion follows. [J

8§5. On the case of vortices in an external field

In this final section, we confirm that the Messer-Spohn argument is applicable even
if we slightly perturbed the Hamiltonian of vortices as follows:

N
N._pgN_ €
k=1
1 al ¢ o
= 5N ZK(wk,xk)+ Z G(zk,x1) —I—NZQO(ZL‘k),
k=1 1<k,I<N, k£l k=1

where ¢ € C'(A) represents the profile of the background field that every particle (vor-
tex) interacts with and ¢ € R is the perturbation parameter. We are interested in the
asymptotic behavior of the corresponding Gibbs distribution p2 as ¢ — 0 for large
N, which is the target of the linear response theory. The first step to establish the
theory is to know the mean field equation, which we want to do in this paper. Since the
perturbed Hamiltonian is also symmetric under the permutation of (z1,---,zy), the
Messer-Spohn argument is applicable.

In the following, the perturbation of several concepts such as the Gibbs distribution
function, the partition functions, and the j-body distribution function will be expressed
with the suffix ¢ such as pl, Z. g(N), P,

We start from the following estimates:

etc.

Proposition 5.1 (cf. Proposition 4.1).  For each ¢ € C(A), ¢ > 0, ¥ = BN,
and 8 € (=8, 0), there exists a constant C' = C(B, A, [|¢[ ¢ (x),€) independent of N and
¢ € [—¢,c| such that

Z.gn(N) < CN.
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Proof. From the definition of HY | it holds that

Zepn (N) :/ e :/ e BN HY —Be L, pla)
’ AN AN

< e PeNlelom z,n (N),

Then the conclusion follows from Proposition 4.1. O
Thanks to Proposition 5.1, it holds that

(5.1) sup Frf,VBN (1) < oo if B = BN with g € (—8x,0)
BEPL16g L

and the following fact:
Proposition 5.2 (cf. Proposition 3.1).  The variational problem (5.1) for 3V =
BN with 5 € (—8m,0) is attained by the perturbed Gibbs distribution function

o BNHY (21, o)

,U,év(xl,- .. ,xN) = fAN e—BNHéV(xlf"’x

N)’

For the perturbed Hamiltonian, it holds that

Ue(p?) = /AN HY N

N -1 1
= W AXAG($17~T2)P2N(xl’$2)dxldw2+ﬁ/AK(xlaxl)PlN(ml)dxl

+ c/ cp(xl)PlN(xl)dxl,
A

from which we are able to see that ¢ would survive in the mean field limit N — ooc.
Naturally we define

Foslp) =5 [ Glaraa)pa)plaz)drrdes + c

1
5 gp(xl)p(xl)d:c1+—/plogp
AxA A B Ja

and get the following conclusion:

Theorem 5.3 (cf. Theorem 3.2).  For each ¢ € C(A) and ¢ € R, the measure
v that appears in the weak limit of PC{VJ- as N —s oo with BN = Nf for 8 € (—8,0) is
supported on the maximizer of

(5.2) sup  Fep(p).
pEPlog P(A)

From this fact, we reach our main purpose, the mean field equation, as the FEuler-
Lagrange equation of the variational problem (5.2):
e~ B\ Gzy)p(y)dy+ce(z)}

(5.3) p(r) = I e~ B, Glay)p(y)dy+ep(2)} 4o
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All what we have to do to prove Theorem 5.3 is to show the following similar estimate
to Proposition 4.3. Then we get (2.6) for PCI’Vj and the Messer-Spohn argument works

as we observed in the previous sections.

Proposition 5.4 (cf. Proposition 4.3).  For each N > 2, j € {1,--- ,N — 1},

BN = BN with 3 € (—8m,0), ¢ € C(A), and ¢ > 0, there erists a constant C' =
C(B, A, 4, el x), ©) independent of N and c € [—¢,c] such that
0< PN (xh 7xj) < CefjﬁHg(ml,...,mj)

for every (z1,--- ,x;) € AV,

Proof. 'The proof is almost the same as Proposition 4.3 but we have to take care
for the coefficient of cp(x;) in HY is not 1> but +. Actually it holds that

2 1 . , N — )2 _ N
oy = _HJ _WJ,N—J+QHN—J+%Z¢(%)

c N2 N2 N2
k=1
J° Ui, N =% oney
_ _HJ = Wi N—J HN-J
N2 W + N2 ¢

*(W‘W)ZW (v,

it
5
=

Let
—Bllellea) = Cr-
Then we get
(5.4) / e PNHY G j+1 - -dxy
AN=3

.2 . N2 .

T _J%B pgi B yiydN—j (N=§)°B yyN—j

S 6236016 N H] / e NW e~ = H_ dxj+1 . de
AN—J

AN—J

for p = —j and p’ =
Here we also set % =: /(N — j) and get

_ P (N=3)?B N—j .
/AN -e N ¢ = C:ﬁl(ij)(N_]) <OO
—J

from Proposition 5.1 since 5’ 1 8 € (=8m,0) as N — oc.

1
7

(/ R ICETLL HiV—j) P
AN—3

(4.5).

B =
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Similar to the proof of Proposition 4.3, it holds that

Zc,ﬁ’(N—j)(N _ j) /A e~ 2(1\/13_3-)’ S K(zkar)—B el ¢($k)dm1 . d:L‘j

. / . .
_ / o B N=DHT " (@11, 2n) = 5e8—75 They K(@noar) =B i, C@R) o day
AN

</ e_gijHN—ﬁ’cszzlap(xk)dml...dmN
AN

Np’/ N NpB’ ’ N
:/ e N7 VH: +(N—j_5 )CZkzl “"(m’“)dxl...de
AN

j N !
— oA elellom Zc,EN(N)’

where 3 = p/3 as before and we are able to conclude (4.6) with a parameter c.
Consequently we get

1
7

. _i%B i _
ng(%,'“ 737]‘) < CBJe ~ HCZC,BN(N) 1Zc,p’,8N(N)p

2 .
< Ce W Hig, sn(N)?
y
for some fixed ¢ > p’ and 6 = q% -3

Finally we note that

N
_ (/ e_gﬁjVK(xl’xl)_Bcw(ml)d-Z’l) Z CN
A

for some constant C' > 0 independent of N. This guarantees the conclusion. O

Ze ,BN(N) = / G_BNHéV > / 6_% Sy K(zk,ar)—Be Yonq o(zk)
7 AN AN
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