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Error estimate for structure-preserving finite
difference schemes of the one-dimensional
Cahn—Hilliard system coupled with viscoelasticity

By

Kazuki SHIMURA™® and Shuji Y OSHIKAWA™**

Abstract

In this article we give an observation for the solution to the Cahn-Hilliard system coupled
with viscoelastic equation in one-space dimension, through the numerical analysis of the system.
We shall introduce an example of structure-preserving finite difference scheme for the system
and give a proof of the error estimate between the strict solution and solution for the finite
difference scheme.

§1. Introduction

In [7], to study phase separation phenomenon arising in viscoelastic materials, the
Cahn-Hilliard system coupled with viscoelasticity is considered. In the case of one
spatial dimension, the system is written as follows:

(1.1) 8t2u:8m{%—2/(6,x)+1/8t5},
(12) O =%,

2 / ow
(1.3)  p=—y0x+¢' () + W(E’X)’ (t, ) € (0,T] x (0, L),
(1.4) u(t,z) = O x(t,x) = Oxp(t, x) = 0, (t,z) €10, 7] x {0, L},
(1'5) U(O, ) = Uop, atu(()? ) = u, X(Ov ) = Xo, WS (07 L)7
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where v and v are positive constants. The system describes a phase separation process
in a binary deformable alloy quenched below a critical temperature. For the physical
background we refer to [3], [4] and [5]. The unknowns u, €, x and p are the displacement,
the linearized strain given as € = J,u, the order parameter (or phase ratio) and the
chemical potential difference between the components, respectively. We regard that
x = —1 and y = 1 correspond to the phase a and b of binary a-b alloy, respectively.
The elastic energy W (e, x) is given as the following form;

(1.6 W(ex) = gle 00l

where the function € denotes the stress-free strain corresponding to the order parameter
X, defined by

(1.7) ex) =1 —z2(x))ea + 2(x)e

with constants £,, &, which represent eigenstrains of phases a and b, and sufficient
smooth given function z satisfying

0 for y < -1,

z(x) =
1 for xy > 1.

In the same as the assumption in [7], we here suppose that the chemical energy takes
the standard double-well form:

1

¥(x) = 71— x)%

In order to give a simplified numerical scheme, let us transform the system (1.1)-
(1.5) to the first order system by introducing the velocity v = d;u as a new unknown.
Observe that

ow ow —

2e E0) =8, Foex) =-F ) (e -Ex).

We thus rewrite the system (1.1)—(1.5) as follows:

(1.8) e = O, v,

(1.9) 040 = Ope + v0%v — 0,8(X),

(1.10) Orx = O2p,

(1.11) p=—0x+¢'(x) —F () (e —E()), (t,2) € (0,T] x (0, L),
(1.12) v(t,x) = Opx(t,x) = Opp(t,x) =0, (t,z) € [0,T] x {0, L},
(1.13) £(0,) =¢e0, v(0,:) =wvg, x(0,-)= x0, xz € (0,L).
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We remark that it will be more complicated in vain in the case without this transfor-
mation although a similar analysis to this article work out (see e.g. [10]). Let us denote
the momentum M and the total energy E by

L L o/q
(1.14) M = / xdz, E = / (5’“‘2 +Wie, x) + %|6mxl2 + w(x)) dx.
0 0

It is easily seen that the smooth solution (e, v, x) of this system satisfies the total density
conservation law and the energy decreasing law:

d d L L
(1.15) —M =0, —FE+ 1// |0, v|?dx + / |0.p|*dz = 0.
dt dt 0 0

In this article we give a simple example of structure-preserving finite difference
scheme whose solution also satisfies the momentum conservation and the energy de-
creasing laws (1.15) in the discrete sense. We call numerical schemes which inherit the
energy structure for the differential equations structure-preserving numerical schemes.
There are a lot of aspects of the structure-preserving numerical scheme and deriva-
tion of it such as [1], [2] and [8]. Actually, we shall later use the discrete variational
derivative method (DVDM) introduced in [1] to derive the numerical scheme. When
we consider the numerical study for the nonlinear partial differential equations (PDEs),
the structure-preserving property is often helpful. For example, the inherited structure
plays the role as the a priori estimate as the same as PDEs. In addition, with the help of
the structure, we can apply the energy method to the numerical scheme in a similar way
to the method for PDEs. For more precise information about the energy method for
the structure-preserving finite difference schemes, we refer to the second author’s results
[11] and [12]. According to these, as an application of the energy method, we can show
not only the existence of solution for the scheme but also the error estimate between
the strict solution for (1.8)-(1.13) and the approximate solution for the scheme. Our
method can be applied to more complicated schemes including the case of the Cahn-
Hilliard-elasticity system (without viscosity term), and can give the proof of the global
existence result of the solution for these schemes. However, for the sake of brevity, we
restrict ourselves to introduce the simple structure-preserving finite difference scheme
for (1.8)—(1.13) and its error estimate here. We shall give the completed result including
the result given here in forthcoming paper [9].

The rest of this article is organized as follows: in the next section we prepare the
settings for the discrete notation and so on, and some lemmas. In the section 3 we
introduce the structure-preserving finite difference scheme for (1.8)—(1.13) and prove
the error estimate. In the last section we exhibit the numerical results.
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§2. Setting and Preliminaries

Let us consider the problem in space-time domain [0, L] x [0, T|(> (z,t)). We define
C™(Q) as the function space of m-times continuous differentiable functions on QC R.
We remark that the domain €2 will be used in various situations, for instance, in some
place as a subset of [0, L] or in other place as a bounded ball {¢ | |{| < R}, and so
on. We denote partial differential operators with respect to space variable  and time
variable ¢ by 9, and 0;, and similarly we define the differential operators with respect to
&, n, v by O¢, Oy, 0y respectively. In particular, in the case of single variable function
we may also denote the derivatives such as F’, F” and F". Let K and N be any
natural numbers. We split space interval [0, L] into K-th parts and time interval [0, T
into N-th parts with space and time mesh sizes Az and At, and hence the following
relations hold L = KAx and T = NAt. In the finite difference method we pursue
values at (kAz,nAt) with £k =0,1,..., K and n=0,1,..., N. We use a notation such
as ,in) as the value at (kAx,nAt). We also use expression in bold print to denote
vectors with respect to the space variable such as f (n) .= ( ,gn))kKZO and especially in a
single variable case f := ( fk:)kK:o- For the approximation to derivatives and integral, we
follow the notation in [1], namely, the difference operators 6,7, 6,7, 6, , 5,il> and 5,572> are
defined by

(n+1) _ ¢(n) f(n) (n) (n) _ ¢(n)

st . Jk k st . Jktl Ik s . Tk k—1
50 () _ 1&1)1 — £ 52 pm) fziﬂ —2f" + £,
ke dkoo 2Ax ok R Ax? ’
and we adopt the trapezoidal rule:
K K—1
(2.2) Z”kax = Z Jet Jr +2fk+1 Az,
k=0 k=0

as an approximation to integration with respect to space variable. We use a notation
of product of vectors fg as the sense fg := (frgr)X,.

When we derive the structures such as an energy conservation law, the integration
by parts formula plays an essential role. Correspondingly, we prepare its discrete version
called the summation by parts formula.
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Lemma 2.1 ([1, Propositions 3.2 and 3.3]). It holds that

Zﬂfk k gk )Ax+ Zﬂémfk gl(cn)Ax

(2.3) K
B [ Iin) 3<> (’n)+ 1)f(n) n)]

2

Y

k=0

Z// (n) 2) (n)A —|—Z” <5+f(n) ;—g}gn) + o, f(n) k—g}in)) N

2
k=0

[ R g | ) 5;29;&")]
2 k=0

where s,i (n) . (fk(fjr)1 (n) 1)/2 and ,u (n) = (fy (m) f(n) )/2.

Obviously, (2.3) and (2.4) correspond to
L L .
| sty vty + [ osa) - gtt. o) = t.0) gl

/ f(t,x) g (t,z dx—i—/ O f(t,x) - Opg(t, z)dx [f(t,x)-@xg(t,x)]izo,

respectively. The formula corresponding to the fundamental formula of calculus

K

K
1 ¢(2) _ |51
(2.5) > ol gida = |5ge|
k=0
also holds, which is easily seen by putting fr =1 (k=-1,0,1,..., K, K +1) in (2.4).
Let Q be a domain in R. For F' € C*(Q) and £, n € Q we define difference quotient
of I at (£,7m) by

or  [Fer@ oo,

a(&n) F'(n), E=n.

It often appears naturally in structure preserving numerical schemes (see e.g. [1]). For

example, in the case that F'(§) = —=¢&PTL for p € N, its difference quotient is given as

p+1

8?57) = m Z?:o &InP=J. Obviously, from the mean value theorem we have for any
SY/ASRY
OF
2.6 inf F’ < sup F'(¢).
2.6 inf () < gz s < sp PO

Subtraction between two difference quotients often appears in both proofs of ex-
istence of solution and error estimate. In order to treat these calculations simply and
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systematically, we define F"(g ) §N, n,7n) for F € C? by
0 or oF
(e = o= (5 + =)

3
- s%{<8<a‘§n)+ ?Eiﬁ))_(agnﬁa(agm”’ 57&%
8 )‘g & £=¢,

which is a kind of 2nd order difference quotient. For example, 7" in the case F(¢) =
1 ertl g
p+1

p

7"(&5;77,77)22% { S Zf g-1- k}

Jj=1

It satisfies the following properties.

Lemma 2.2 ([11]). Let F € C%*(Q). For any &, é‘, n, 1 € Q it holds that

oF OF 1w, ~ _
o0& aEq) SF (€& ) - (€= + 5F (0,756,8) - (n— ).

Lemma 2.3 ([12]). If F € C%*(Q), then F' e C(Q). Moreover, for any €, €, 1,
n € § it holds that

inf F"(&) <F'(&,&n,7) < sup F"(€).

£eQ £EQ

In the same fashion, partial difference quotients are defined by

OF(,y) _ JPODLEN e gp | [REnPED 4y
068 |oeFem, ¢=&  Omm T \o,FEm),  n=7,

and analogous lemmas hold as above for the partial difference quotients from the same
observation.

Let us define the discrete Lebesgue norm |- .» and the discrete Dirichlet semi-norm
ID - || by

K e 1 Ag %, € |1,00), —
o R T > |6 fu?Ax.

maxk 0713 7 ‘fk|7 p = 007 k=0

1 fllee =

It is easily checked that the discrete Holder inequality || fg||Lr < || f[/zz ||g||Lq with 1/r =

1/p+1/q holds. We remark that for any f satisfying boundary condition 5 fk lk=0,K =
0

K _

Z// |5l_c|—fk|2 + ’(Sk fk|2A

Df|* =
IDf] 5

k=0
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holds.

83. A Structure-Preserving Scheme and Error Estimate

From the standard observation with the help of DVDM in [1], we deduce the fol-

lowing numerical scheme:

) +v,§">>

3.1) &g =g ( 5

. g(n+1)+g(”) V(n+1)+v(”) .
(32) &ty =Y <—’f L I I I E ) —oE(a),

2 2
n 2 n
(33) i =6 P,
n+1 n n+1
(34) P(n) _ _7(5(2) X]i ) + Xé ) 81/) 6W(5’g )’ )
k k 9 6<X]£n+1)’ X]En)) 6(X]£n+1)7 Xén))
(k=0,1,....,K, n=0,1,...,N — 1),
(35)  Vilicok =55 Vi o = 04 X ico.e = 04 PV kim0, = 0
(n=0,1,...,N),
0 _ 0 _ 0) _ _
(3.6) & eo(kAx), V, vo(kAz), X, xo(kAz) (k=0,1,...,K),

where s]<€1> is defined in Lemma 2.1. The boundary condition for Vk(n) in (3.5) may seem

to be strange or over-determined. However, we use both assumptions to remove the
boundary integral term of (2.3) as we will see in the proof of Theorem 3.1 later. From
this the boundary condition for S}gn):

i (3
k 2

is also derived, due to (3.2) at k = 0, K with the boundary condition (3.4).
The scheme inherits the structure of the system (1.8)—(1.13) in the following sense.

=0
k=0,K

Theorem 3.1.  The solution for the scheme (3.1)—(3.5) satisfies

2
n+1 n
k 2
Ax
K

+ p(n)|2 — p(n))2
//|5kPk | +|5kPk |
+> 5

(3.7) s MM = o,

2
(n+1) (n)
V, +V,

2

K
5:{Ec(ln)—l—y Z ”
(3.8) k=0

Ax =0,
k=0
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where the discrete momentum Mén) and energy Ec(ln) are defined by

K
My =3 x M A,
k=0
K (n)2 (n))2
n L (n N X1+ 16, & n
Et(i ) ::Z// <§|Vk( )|2+W(51£; ),Xé ))+%‘ k“k ‘ 5 | k Tk | +¢(XI<E ))) Ax.
k=0

Proof. 1t follows from (2.5) and the boundary condition (3.5) that

K
M =3P P Ax =[5 PV, = 0,
k=0

which implies (3.7). Next, we show (3.8). It follows from (2.4) that

(n) (n)
o+ (Z”'m P )

k=0

5+5+X(n 5+<X(n+1)+Xn)) 6—!—5 X(n 5 (X(n+1)+X(n))

— I1"n k k A
5 > v
k=0

K
B [ +5+X(”) 54—( (n+1) +X(n))+ﬂk 5+X(”) 5—(Xk(n+1)+xlgn))]
B 2

k=0

K
= (R AR NP SR SOl Vi)
k=0

Thanks to the boundary condition 5<1>X(n)|k:07;< = 0, we see that 5:X,€(n)|k:0,K =
—0y, X( )|k: o, and piy X( )|k 0K = i X, (n)|k:0’K. Then from (2.4) we arrive at

K + p(n)|2 — p(n)2 (n+1) (n)
+ " |5k: Xk; | + |5k Xk | s+ p(n) 2) sz + Xk
o, (,;_0 5 Ax —2 g o, Xy 5 Ax.

Observe that
oY
8(X,§"+1),X,§n))

WES, ) — w4
(9W(5,gn+1), )
- oD 1)

Q/)(X]En+1)) - /Qb(Xk(;n)) = . (Xlgn+1) _ Xk(:n))’

, v WEAM) ) e
’ (Xk(: - Xlg )> + n+1 N (gk: - gk: )a
(&} %&5 ))

due to the definition of the difference quotient. Since

ow (-, x)  ert) e
AET gln)y 2

—zx™M),
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we have

K

" " V("+1) V(”) K .
5B = S0 e A s
k=0 k=0

5(”"‘1) +g(”) K

K
Yo A = Y e - E( ) A
k=0 k=0

K (n+1) (n) K

E 15+ p(n)  o(2) Xk +Xk 2 :// + 15(n) oY

-7 On A0 ( 2 >Ax+ On X (D pm) AL.
k=0 k=0 ( k vk )

ow (£,
6<Xk(:n+1), X]En))

Substituting (3.1)—(3.4) into this and using the summation by parts (2.3) and (2.4) yield

K ((c/-lgn—i—l) + glgn)> | Vk(n—i—l) + Vk(n) As

s =3 i) (5 2
k=0

(n+1) (n) (n+1) (n)
Vi +V V +V
" k k k
+v E 5 ( ) ) Az

2

(n+1) 1)
—Z"5 z(xmy. % 2+Vk A

2

K
+ Z //5’(€2>Pk(:n) ] Pk(:n)A:E + Z //5’(€1)
k=0 k=0

K (n+1) (n)
_Z//51><V +V, )-g(X,gn))Ax

2
k=0
K ( (n+1)+v(n)> Vk(n—kl)_'_vk(n)

Z 2 2

k:
vty |2
oF [ Y +Vi
k P

_Z//‘5+P(n)‘2+‘5 P(n)‘Q Ay
2 Y

k=0

5 kAfL‘

K
Az + Y "6 P P Ax
k=0

2
(n+1) | {,(n)
— (vt
Az

2

1

which completes the proof. U

From now on we show the error estimate. Let us denote the error (Slgn), Vk(n), Xén))—

(g,v,x)(nAt, kAzx) by (e ink), 1(]”,2, ;”])C) and the error vector

(el e, e{) = (el e e iso

by e with the norm €| g2y = [l |12 + [[et™ |2 + [le{"” 2.
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Theorem 3.2.  Let T < oo be fized. Assume that the initial value (€g,vg, xo) be
sufficiently smooth. Let us denote by C7 the bound for the solutions 5,(:) = e(kAx,nAt),
ngn) = x(kAxz,nAt), Slin) and X,gn), that s,

le™ g, Ix™lleg, 1™ g, & ™]|e < Cr.
Then there exists some constant R determined by Cy such that if At < R then
(n) . 2
el < (Bt A2

where C depends on T and L.

Proof. Subtracting (3.1)—(3.4) from (1.8)—(1.11) at (kAx, (n + 1)At) gives

B (n:1)+ (n)

(3.9) 5relm) = 5 <#> + 47
(n+1)+ (n) (n+1)+ (n)

(310)  dfelr) =0y <#) o (f) o1 N 4 L)

n 2 n n
(3.11) 5rel) =67 1 ¢,

(n+1) (n)

_|_

(3.12) 1(9"13 _ 75<2> (#) +N2(7TL) N(n)+C(")
where

o - o
XD, M) a0 )
N = DVET) W)

’ (X, X)) O JXg )

Nl“;j =) —z(x\™), N;';g —

It is easily checked that the residue terms C;Z) (1t = 1,...,4) are dependent on the
solution (g,v,x) and estimated by O(At + Az?) under sufficient smoothness condition
for the solution. The existence of sufficiently smooth solution (&, v, x) under a smooth

initial value is assured by the standard parabolic theory (see e.g. [6]).
(nt1) 4 (n)
Multiplying X’“—Jrex"“ by (3.11) with (3.12) and taking summation following trape-
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zoidal rule, we have

5<2>< <n+1>Jr (n))
k 2
L2

e el ( ) = m: Ve (n) @ (N~ N 4l
o 17 X X n 17 X n n n
=3 e o (v ) b

em ) 4 o)
< |6 re
2

eg(n%—l) + e(n)

2

1
+ 2
SO e 3, +

(NSl 2 + INS |l 12)

L3

_|_

(S 2z + 1675 N 12).
L2

d
From the Young inequality we have

1 . 1 n n
20t < L UNElos + NSV 2

(3.13)
+C (g z + el 13 ) - (At + Az?).
e () e(n D) 4 ()
In a similar way, calculating —E’“ by (3.9) and T”“ by (3.10), and

summing the resulting equations, we obtam

D( (”+1>+e<”>>
2

1 n n
508 (el 25 + lef113: ) + v

K nt1) | (n) K oD 4 o)
Z/ €k €k (n)A _,_Z// €uk < 5<1>N17;€) "‘C(n))
(n+1) (n) (n+1) (n)
1) v + ey n €c + ec n
< ||6” (f> [N s + 5 SR>
L3 L3
(n+41) (n)
€y +€ n
+ 5 165" 1123
L3

Lemma 3.3.  For any f = (fu)il, € RE®S with f 1 = f1 and fx_1 = fr1
it holds that

165 Fll.2 < I DFI-

Proof. It follows from 26\" fx = 67 fx + 6, fr and (a + b)? < 2(a® + b?) that

K

K
1 _ 1 _
H51§;1>f|’%3 =1 > S fe A+ 0 fil? Az < 3 D (16 fel? + 165 ful?) Az
k=0

k=0



170 KAZUKI SHIMURA AND SHUJI Y OSHIKAWA

Observe that 5,ij = —(5:]‘;{_1 and d, fo = —5:]”0 from the boundary condition. Since
Op = (5:fk,_1 for k=1,2,..., K holds, we see that

K
" (168 ful? + 16y ful?) Az
k=0
1 K—1
= 5 (105 fol? + 10 fol?) A+ ) (165 ful” + 105 fil?) Az + 5 (107 Sl + 107 fcl?) B
k=1
K—-2
= 16 fo* Az + (w:fomx +2 3 16} Sl A+ I5k+fz<—1l2Ax> 16 fr1PAa
k=1
K-1
=Y 16 ful?Az = ||Df,
k=0
which completes the proof. O
From the Young inequality with this lemma, we obtain
2ot (1e12s + el 2:) < S INT):

+C (163 + 1e® s + el il + 1l 123 ) - (At + As)

From now on, we shall estimate the nonlinear terms HNZ(.n) Iz (1 =1,2,3). From
the definition of the difference quotient and its property (2.6), we have

0z
a(x™ xmy||,

INT? |12 < le{™l s < max [&'(r)]]|e]| s

r|<Cy

It follows from Lemmas 2.2 and 2.3 that

INE g < max ()] (1l lles + el s )

Similarly, we also obtain

oW (MY Ly aw (T )

(n) —
HNS HLZ < a(X(n+1), X(TL)) 8(X(n+1)7 X(n))

L3
OW(ENTI )y aw (et
O+, x W) a(x D, x ()

L

< aQW (n+1) (’I’L)
—|r1|$~?|xgcl| W (r,r2)|([ley ™[z + llex™ [l z2)

+ max [0 W (r1,72)|[|lel V] s

[rilslr2|<Cy
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Remark that maxj,, | |r,|<cy [Ox0W (r1,72)| = max),|<¢, |[€'(r)| holds from the definition
of W. Combining (3.13) with (3.14) yields

1 n
—5+Ile( 1Lz

HN<“>||L2 + <||N<">HL + NS 2)?

+C <||e(”+1)H(L3)3 + 1€l (z2)s ) - (At + Aa?)

maX|7"|§Cl |§/(r)|2 n) |2 1 " n+1 n
< o1 + (e 1970 (el g + ez

2
2W (n+1) (n+1) )
o max (W)l s + el lly) + max [F ()l Yl

+C (el 2y + el z2)s ) - (At + Aa?)

1
< | —= g e 2 (n)
—Hmﬁ?a'f“' 7 (o O+ s 08 r) el

2
+ max{ max + max  |92W(ry,re)|, max |E } RS }
2\/— {|T|<01’ ( )| |7’1\,|T2|S01‘ X ( ! 2)‘ |r| < 01’ ( )‘ H H(Ld)S

+C (1€l zays + 1€ llzay ) - (At + Aa?)
< A2 + e 12200) + C (el 22y + €™z ) - (At + Aa?)
< (A+ ) (™o, + e212)0) + C(e) - (AL + Ax?).

From the standard procedure in [12] (that is, by using the discrete Gronwall inequality),
we arrive at the desired result. Remark that R in the assumption in this theorem is
fixed value satisfying R < 1/2A, and ¢ is chosen satistying R < 1/2(A+¢) < 1/2A. We
have thus completed the proof. O

§4. Numerical Simulation

In this section, by using the scheme (3.1)—(3.6), we practically simulate dynam-
ics of solutions for the Cahn-Hilliard system coupled with viscoelasticity (1.8)—(1.13)
through a numerical computation. Through the simulation we expect to observe the
phase separation in viscoelastic materials. We shall here give two results of numerical
experiments. In the first numerical result (Case 1), we can observe that a pattern of the
phase separation actually arises in not only order parameter y but also shear strain e,
although it is well-known that the solution e for the linear single viscoelastic equation
tends to 0. Moreover, in the second numerical result (Case 2), we give the example of
generation of a pattern for identically zero initial value of ¢y = 0 but small perturbed
initial value of xg.
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Let us introduce settings of the numerical simulations. We set the given function
z = z(x) in the definition of € as follows:

07 Xg_lv
z(x) =94 (inZE+1), -1<x<lI,
1, X =1,

with €, = 1 and g, = 2. We set parameters as follows: v = 0.001, v = 0.1, L = 1,
T =0.3, K =20 and N = 10000. We thus see that Az = 1/20, At = 3/100000. In all
the numerical computations here we have simulated by using Sci lab. In order to obtain
next time-step of solutions using our nonlinear scheme, we use the function “fsolve”
in Scilab.

As mentioned above, we give two kinds of numerical experiment for two initial

values. The first result is the experiments under the following initial value:

gg = —0.4cosmx + 0.2 cos 2mx — 0.01 cos brx, v = 0,
(Case 1)

xo = 0.16 cosmz + 0.11 cos 2z + 0.05 cos 3.

In the case 1, we observe that a pattern appears in not only y but also £, which means
the phase separation phenomena in alloy (see Figure 1).

08 —
0.6
0.4
0.2

02
E(n) 04

-0.6

-0.8

Figure 1. Numerical solution (€™, X™) in Case 1

Next, we give another result of the numerical simulation.

o =0, vg = 0,
(Case 2) 0 0

Xo = 0.1¢ (¢ is a uniform random variable in [0, 1]).

Figure 2 is the profiles of the numerical solutions in Case 2. This implies that the pattern
appears even if the initial values €9 and vg are identically zero but xo has some small



ERROR ESTIMATE FOR FINITE DIFFERENCE SCHEME OF 1D CAHN-HILLIARD-VISCOELASTIC SYSTEM 173

perturbation. To replicate the experiment we give the concrete value of &: & = (£;)32,
is given as

¢ = (0.021132,0.075604, 0.000022, 0.033033, 0.066538, 0.062839, 0.084975,
0.068573,0.087822,0.006837,0.056085, 0.066236, 0.072635, 0.019851,
0.054426,0.023207,0.023122, 0.021646, 0.088339, 0.065251, 0.030761)

0.8
0.6
0.4
0.2

02
E(") }

0.4
-0.6

-0.8

Figure 2. Numerical solution (€™, X™) in Case 2

By the conservation law (3.7), we have Mé") = Méo) for any n =0,1,2,.... From
the energy decreasing law (3.8) we see that Ec(l") < E((io) foranyn =0,1,2,.... Moreover,
by summing (3.8) with respect to £ = 0,1,2,...,n — 1 and defining the total energy
T an) by

2
v e+ 4 1,8 AVASIEIIIR vACD)

Tén) ::Ec(ln) + v Z Z " 5 ) ' AxAt

0=0 k=0
n—1 K ) — )

n ZuMZPk ‘242“5/%]31@ ‘ZAxAt,
0=0 k=0

we also obtain the total energy conservation law: T an) = Eo(lo) for any n = 0,1,2,....
The fluctuations of Tén) and M c(zn) are shown in Figures 3 and 4. From this we can
confirm that Tén) and M an) are conserved well. For more details and other simulations
we will give in forthcoming paper [9].
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