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Anabelian geometry of curves over algebraically

closed fields of positive characteristic: the case of

one-punctured elliptic curves

By

Akira Sarashina∗

Abstract

This article is an announcement of the author’s recent work on anabelian geometry over

algebraically closed fields of positive characteristic. We review some known results in this area

and give a sketch of the proof of the main result which concerns reconstruction of curves of

(1, 1)-type by their geometric fundamental groups.

§ 1. Étale fundamental groups of curves

In this section, we review some properties of étale fundamental groups of curves

over a field which is not necessarily of positive characteristic or algebraically closed.

First we define some notations.

Definition 1.1.

Let k be a field, k an algebraic closure of k, and U a scheme geometrically connected

and of finite type over k. Let Gk denote the absolute Galois group of k, and π1(U)

the étale fundamental group of U (with respect to a suitable choice of base point). We

sometimes call π1(U ×k k) the geometric fundamental group of U .

Then we have the following short exact sequence of profinite groups
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1 // π1(U ×k k) // π1(U)
PrU // π1(Spec(k)) // 1.

Gk

In the early 1980s, Grothendieck advocated that PrU : π1(U) ↠ Gk should deter-

mine the geometry of U when U is an anabelian variety ([3], [2]). This philosophy is

called the Grothendieck conjecture nowadays. Grothendieck did not give a definition of

anabelian variety, but considered that one-dimensional anabelian varieties are nothing

but hyperbolic curves. The following theorem was proved by Nakamura, Tamagawa and

Mochizuki in the 1990s.

Theorem 1.2 (Grothendieck conjecture for hyperbolic curves) ([4] Theorem A).

Suppose that k is a sub-p-adic field (i.e. a subfield of finitely generated extension field

of Qp), and U1 and U2 are hyperbolic curves over k (i.e. for i = 1, 2, Ui is a smooth

geometrically connected curve over k such that 2gi + ni − 2 > 0, where gi stands for

the genus of the smooth compactification of Ui and ni stands for the cardinality of the

complement of Ui in its smooth compactification). Let IsomGk
(π1(U1), π1(U2)) denote

the set {F ∈ Isom(π1(U1), π1(U2))|PrU1
= PrU2

◦ F}. Then the natural map

Isom(k-sch)(U1, U2) → IsomGk
(π1(U1), π1(U2))/Inn(π1(U2 ×k k))

is bijective.

This theorem especially says that U1 ≃ U2 over k if π1(U1) ≃ π1(U2) over Gk, but

this does not hold when k is an algebraically closed field of characteristic 0.

Theorem 1.3 ([1] XII).

Suppose that k is an algebraically closed field of characteristic 0 and that U is a curve

over k. Let Πg,n be the profinite completion of the group

< α1, β1, · · · , αg, βg, γ1, · · · , γn | α1β1α
−1
1 β−1

1 · · ·αgβgα−1
g β−1

g γ1 · · · γn >,

where g is the genus of the smooth compactification of U and n is the cardinality of the

complement of U in its smooth compactification. Then we have the following isomor-

phism: π1(U) ≃ Πg,n.

In this situation, the isomorphism class of π1(U) is determined by (g, n). But

there are two distinct isomorphism classes of hyperbolic curves which have the same

(g, n). For example, observe Π0,3 ≃ Π1,1. If k is an algebraically closed field of positive

characteristic, this theorem does not hold and geometric fundamental groups have more

information.
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§ 2. Anabelian geometry of curves over algebraically closed fields of positive

characteristic

In this section, we present the main problem and the statement of the main result of

this article. We assume that k is an algebraically closed field of positive characteristic

from now on. We use the same symbols as in the previous section. Let p be the

characteristic of k.

Theorem 2.1 (Tamagawa[10] Theorem 1.9).

Let U1 and U2 be curves over k such that π1(U1) ≃ π1(U2). Then (g1, n1) is equal to

(g2, n2).

This statement does not hold when the characteristic is 0 as we have seen in the

previous section.

The main problem of this article is the following conjecture.

Conjecture.

For i = 1, 2, let Ui be a curve of (gi, ni)-type over k. Suppose that (g1, n1) ̸= (1, 0) and

π1(U1) ≃ π1(U2). Then U1 is isomorphic to U2 as schemes.

When (g1, n1) is equal to (1, 0) (i.e. U1 is a (proper) elliptic curve over k), π1(U1)

is isomorphic to
∏
l ̸=p,l:prime Zl ×Zl or Zp × (

∏
l ̸=p,l:prime Zl ×Zl) (see [1] X). But there

are infinitely many isomorphism classes of elliptic curves. Thus the statement of the

conjecture does not hold when (g1, n1) is equal to (1, 0).

In this conjecture, it is expected that U1 is isomorphic to U2 as schemes, not as k-

schemes. Because the étale fundamental group cannot determine the isomorphism class

of the curve as a k-scheme. For example, let U be a punctured elliptic curve over k such

that the j-invariant j(U) of its smooth compactification is not in Fp and F the Frobenius

map of k. Then, U is not k-isomorphic to U ×k,F k since j(U) ̸= j(U)p = j(U ×k,F k),
while, since U ≃ U ×k,F k as schemes, π1(U) is isomorphic to π1(U ×k,F k).

Regarding this conjecture, the following theorems were known.

Theorem 2.2 (Tamagawa[10] Theorem 3.5).

Let U1 and U2 be curves over Fp such that g1 = 0 and π1(U1) ≃ π1(U2). Then U1 is

isomorphic to U2 as schemes.

Theorem 2.3 (Tamagawa[11] Theorem(8.6)).

Let U be a curve over Fp such that (g, n) is not equal to (1, 0). Then there are only

finitely many isomorphism classes of curves over Fp whose étale fundamental group is

isomorphic to π1(U).

The following generalization of Theorem2.2 is the main result of [8].



238 Akira Sarashina

Theorem 2.4 ([8] Theorem 4.9).

Let U1 and U2 be curves over Fp such that p ̸= 2, (g1, n1) = (1, 1) and π1(U1) ≃ π1(U2).

Then U1 is isomorphic to U2 as schemes.

In the next section, we will give a sketch of the proof of Theorem 2.4.

Remark. We need the assumption p ̸= 2 in the proof of Theorem 3.3 and Lemma

3.4 (see §3).

Remark. Theorem 1.2 for genus 0 curves over number fields was proved by H.

Nakamura (cf.[6]). Then he proved Theorem 1.2 for curves of (1, 1)-type, reducing it

to the case of genus 0 curves (cf.[5][7]). The proof of Theorem 2.4 borrows various

techniques from the proof of Theorem 2.2 in [10], but is not reduced to Theorem 2.2

itself.

§ 3. Sketch of the proof of the Theorem 2.4

Let E1 and E2 be elliptic curves over Fp, O1 and O2 closed points of E1 and E2

respectively such that π1(E1\{O1}) ≃ π1(E2\{O2}). We always consider that E1 and

E2 are equipped with the group structure with respect to O1 and O2, respectively.

Our goal is to prove that E1\{O1} ≃ E2\{O2} (as schemes), which is equivalent

to E1 ≃ E2. Let λ1 and λ2 be λ-invariants of E1 and E2 respectively, in their Legendre

form (Recall that p ̸= 2). It suffices to show that the minimal polynomial of λ1 over

Fp is identical to that of λ2 (Here we use the assumption that k = Fp). To prove

this, we use the additive structure of elliptic curves in combination with the additive

structure on P1(k)\{∞} = k. We prove that the additive structure of the elliptic curves

is determined by π1 in Lemma 3.2 (Note that Ei = ∪m>0Ei[m] by the assumption

that k = Fp). We prove that the additive structure on P1\{∞} is determined by π1 in

Theorem 3.3.

Lemma 3.1 (Tamagawa[10] Theorem 2.5).

Let U be a curve over an algebraically closed field k of positive characteristic, and X

the smooth compactification of U . Then the set of cusps X\U can be recovered group-

theoretically from π1(U) as a quotient set of the set of inertia subgroups.

We will consider étale covers of E1\{O1} and E2\{O2}, and calculate some invari-

ants of the cusps.

Lemma 3.2 ([8] Lemma 4.2 and the proof of Theorem 4.9).

Let m be a positive integer.
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(1) We can identify π1(E1\E1[m]) (resp. π1(E2\E2[m])) with a certain subgroup of

π1(E1\{O1}) (resp. π1(E2\{O2})), such that π1(E1\{O1}) ≃ π1(E2\{O2}) re-

stricts to π1(E1\E1[m]) ≃ π1(E2\E2[m]).

(2) The natural bijection φm : E1[m] ≃ E2[m] induced by π1(E1\E1[m]) ≃ π1(E2\E2[m])

(cf. Lemma3.1) is a group isomorphism.

We may assume that m is a multiple of 4 and E1 (resp. E2) ⊂ P2 is defined by

y2 = x(x− 1)(x− λ1) (resp. y
2 = x(x− 1)(x− λ2)) such that

(φm((0, 0)), φm((1, 0)), φm((λ1, 0)), φm(∞)) = ((0, 0), (1, 0), (λ2, 0),∞).

If the minimal polynomial of λ1 over Fp is equal to that of λ2, there is an isomorphism

ψ : k ≃ k such that ψ(λ1) = λ2, then E1\{O1} and (E2\{O2})×k,ψ k are expressed by

the same polynomial and the cusps are∞. Thus, Theorem 2.4 holds. To prove the above

hypothesis on the minimal polynomials, we use the group structure on E1[m] and E2[m]

and the additive structure on k = P1(k)\{∞}. Let x1 : E1 → P1 (resp. x2 : E2 → P1) be

the projection to the x-axis (with respect to the above embedding E1 (resp. E2) ⊂ P2).

This projection induces a homomorphism π1(E1\E1[m]) → π1(P1\x1(E1[m])) (resp.

π1(E2\E2[m]) → π1(P1\x2(E2[m]))) and a map E1[m] → x1(E1[m]) (resp, E2[m] →
x2(E2[m])).

Theorem 3.3 ([8] Proposition 3.1, Theorem 4.3 and Corollary 4.8).

(1) The isomorphism π1(E1\E1[m]) ≃ π1(E2\E2[m]) preserves the kernels of

(π1(E1\E1[m]) → π1(P1\x1(E1[m])) → (π1(P1\x1(E1[m])))ab,p
′
) and

(π1(E2\E2[m]) → π1(P1\x2(E2[m])) → (π1(P1\x2(E2[m])))ab,p
′
) (here, (−)ab

stands for the abelianization and (−)p
′
stands for the maximal prime to p quotient),

and the isomorphism φm : E1[m] ≃ E2[m] induces a bijection

φm : x1(E1[m]) ≃ x2(E2[m]).

(2) For any aP ∈ Fp (P ∈ x1(E1[m])\{0,∞}), the linear relation∑
P∈x1(E1[m])\{0,∞}

aPP = 0

holds if and only if the linear relation∑
P∈x1(E1[m])\{0,∞}

aPφm(P ) = 0

holds.
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For any α1, α2, α3 ∈ E1[m] such that x1(α1) + x1(α2) = x1(α3), this theorem

says that the equation x2(φm(α1)) + x2(φm(α2)) = x2(φm(α3)) holds. Lemma 3.2 and

Theorem 3.3 imply that both the additive structure on Ei[m] ⊂ Ei and the additive

structure on xi(Ei[m])\{∞} ⊂ k can be recovered from π1(Ei\{Oi}). The following

additive formula for elliptic curves gives a relation between these two additive structures.

Lemma 3.4.

Let F be a field of characteristic ̸= 2, λ ∈ F \ {0, 1}, and E : y2 = x(x − 1)(x − λ)

an elliptic curve over F with the origin O = (∞,∞). Consider the affine part of the

projection x : E → P1 as a map:

x : E\{O} → A1 = P1\{∞}.

For each a ∈ A1(F ), pick Qa ∈ x−1(a)(⊂ E(F )). Then, for a ∈ A1(F ) and b ∈
A1(F )\{0}, we have

(1) x(Qa+Qa+b)+ x(Qa−Qa+b) =
4
b2 a

3 +( 6b −
4λ
b2 − 4

b2 )a
2 +(2− 4

b −
4λ
b + 4λ

b2 )a+
2λ
b .

Moreover, in the special case of a = λ, b = 1, we have

(2) x(Qλ +Qλ+1) = x(Qλ −Qλ+1) = λ2.

Proof .

The formula (1) follows from ([9] Chapter III, Group Law Algorithm 2.3) where a1 =

a3 = a6 = 0, a2 = −1− λ and a4 = λ.

Clearly, the right hand side (hence also the left hand sides) of Lemma 3.4 (1) does

not depend on the choice of Qa, Qa+b. Similarly, λ2 (hence also x(Qλ +Qλ+1), x(Qλ −
Qλ+1)) does not depend on the choice of Qλ+1.

Let us return to the proof of Theorem 2.4. For i = 1, 2 and a ∈ A1(Fp), pick

Q
(i)
a ∈ x−1

i (a). When Q
(1)
λ1+1, Q

(1)

λ2
1
∈ E1[m], Lemma 3.4 (2) says that Q

(2)

λ2
2
∈ E2[m] and

φm(λ21) = λ22. (Recall from Theorem 3.3 (1), we have a bijection φm : x1(E1[m]) →
x2(E2[m]). Note that Q

(2)
λ2+1 ∈ E2[m] and φm(λ1 + 1) = λ2 + 1 are already known

by Theorem 3.3.) Let f1 (resp. f2) stand for the minimal polynomial of λ1 (resp.

λ2) over Fp. Further, by using Lemma 3.4(1) and the induction on the degree, we

can prove that Q
(1)

λ2
1
, · · · , Q(1)

λ
degf1
1

∈ E1[m], Q
(2)

λ2
2
, · · · , Q(2)

λ
degf1
2

∈ E2[m] and φm(λ21) =

λ22, · · · , φm(λdegf11 ) = λdegf12 for suitable m. We can regard f1(λ1) = 0 as a linear

relation of 1, λ1, · · · , λdegf11 over Fp. Therefore we have f1(λ2) = 0 by Theorem 3.3.

Similarly, we have f2(λ1) = 0, thus f1 = f2. This completes the proof of Theorem

2.4.
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