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On Drinfeld modules with Rasmussen-Tamagawa

type conditions: a resume

By

Yoshiaki Okumura∗

Abstract

This is an announcement of the author’s results [7] on a non-existence problem of Drinfeld

modules defined over global function fields with some arithmetic constraints. The motivation

is a conjecture of Christopher Rasmussen and Akio Tamagawa related with abelian varieties

over number fields with constrained ℓ-power torsion points. In this paper, considering the

arithmetic similarity between Drinfeld modules and elliptic curves, we show that a Drinfeld

module analogue of the Rasmussen-Tamagawa conjecture holds in some cases. We also see that

there is a counter-example of the Drinfeld module analogue of the conjecture in a special case.

§ 1. Introduction

Let k be a finite extension of Q and g a positive integer. For a prime number ℓ,

denote by k̃ℓ the maximal pro-ℓ extension of k(µℓ) which is unramified outside ℓ, where

µℓ = µℓ(k̄) is the set of ℓ-th roots of unity in k̄. For an abelian variety X over k,

write k(X[ℓ∞]) := k(
∪
n≥1X[ℓn]) for the field generated by all ℓ-power torsion points of

X. Define A (k, g, ℓ) to be the set of isomorphism classes [X] of g-dimensional abelian

varieties over k which satisfy the following equivalent conditions:

• k(X[ℓ∞]) ⊆ k̃ℓ,
• X has good reduction at any finite place of k not lying above ℓ and k(X[ℓ])/k(µℓ)

is an ℓ-extension,
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• X has good reduction at any finite place of k not lying above ℓ and the mod ℓ

representation ρ̄X,ℓ : Gk → AutFℓ
(X[ℓ]) ≃ GL2g(Fℓ) is of the form

ρ̄X,ℓ ≃


χi1ℓ ∗ · · · ∗

χi2ℓ
. . .

...
. . . ∗

χ
i2g
ℓ

 ,

where χℓ is the mod ℓ cyclotomic character and i1, . . . , i2g are positive integers.

The equivalence of these conditions follows from the Néron-Ogg-Shafarevich criterion

and some group theoretic lemma. According to the Shafarevich conjecture proved by

Faltings, the set A (k, g, ℓ) is always finite. Rasmussen and Tamagawa conjectured the

following.

Conjecture 1.1 ([10, Conjecture 1]). The set A (k, g, ℓ) is empty if ℓ is large

enough.

For example, the following cases are known:

• k = Q and g = 1 [10, Theorem 2],

• k = Q and g = 2, 3 [11, Theorem 7.1 and Theorem 7.2],

• for abelian varieties with everywhere semistable reduction [8, Corollary 4.5] if

k/Q has odd degree or the discriminant of K is not divisible by ℓ, and [11,

Theorem 3.6] in the general case,

• for abelian varieties with abelian Galois representations [9, Corollary 1.3],

• for QM abelian surfaces over certain imaginary quadratic fields [1, Theorem 9.3].

We notice that, under the assumption of the Generalized Riemann Hypothesis (GRH)

for Dedekind zeta functions of number fields, the conjecture is true in general [11,

Theorem 5.1]. The key tool of this proof is the effective version of the Chebotarev

density theorem for number fields, which holds under GRH.

In this paper, we would like to consider a function field analogue of this conjecture.

Let Fq be the finite field with q elements of characteristic p. Let A = Fq[t] be the ring

of polynomials in indeterminate t and F = Fq(t) the fraction field of A. Instead of

abelian varieties over number field, we consider Drinfeld modules defined over a finite

extension K of F . There are deep arithmetic similarity between Drinfeld modules and

elliptic curves. Under these analogy, for any positive integer r and monic irreducible

element π ∈ A, we construct the set D(K, r, π) of isomorphism classes of rank-r Drinfeld

modules over K satisfying Rasmussen-Tamagawa type conditions (see Proposition 2.5).

We shall not distinguish between monic irreducible elements of A and finite places of

F .
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The followings are main results in this article.

Theorem 1.2. Suppose that r = pν for some integer ν > 0 and does not divide

the inseparable degree [K : F ]i. Then the set D(K, r, π) is empty for any π whose degree

deg(π) is large enough.

Theorem 1.3. Suppose that r = r0p
ν , where r0 > 1 is an integer prime to p

and ν ≥ 0. Then the set D(K, r, π) is empty for any π whose degree deg(π) is large

enough.

Therefore a Drinfeld module analogue of Conjecture 1.1 holds if r does not divide

[K : F ]i. Conversely, if r divides [K : F ]i, then D(K, r, π) is never empty for any monic

irreducible π (see §4).

§ 2. Construction of D(K, r, π)

First, we give a brief introduction of Drinfeld modules (see [3], [5] and [12] for

details). Let K be a finite extension of F . Denote by K{τ} the non-commutative

polynomial ring over K in variable τ satisfying τc = cqτ for any c ∈ K. Here K{τ} is
isomorphic to the ring EndFq

(Ga/K) of Fq-linear endomorphisms of the additive group

Ga/K over K. Let r be a positive integer.

Definition 2.1. A Drinfeld A-module (or Drinfeld module, for short) ϕ of rank

r over K is an Fq-algebra homomorphism ϕ : A → K{τ}; a 7→ ϕa such that ϕt =

t+ c1τ + · · ·+ crτ
r ∈ K{τ} and cr ̸= 0.

Remark. In general, for any field F equipped with an Fq-algebra homomorphism

ι : A→ F , a rank-r Drinfeld module ϕ over F is defined to be an Fq-algebra homomor-

phism ϕ : A→ F{τ} such that ϕt = ι(t) + c1τ + · · ·+ crτ
r and cr ̸= 0.

Definition 2.2. A morphism µ : ϕ → ψ between two Drinfeld modules over K

is an element µ ∈ K{τ} such that µϕa = ψaµ for any a ∈ A. Namely µ makes the

following diagram commutative

Ga/K
µ //

ϕa

��

Ga/K

ψa

��
Ga/K µ

// Ga/K

for any a ∈ A. We say that µ is an isomorphism if µ ∈ K×.

Example 2.3. The rank-one Drinfeld module C : A → F{τ} determined by

Ct = t+ τ is called the Carlitz module.
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Let ϕ be a rank-r Drinfeld module over K and Ksep the separable closure of K.

Then ϕ endows Ksep with a new A-module structure defined by a · λ := ϕa(λ) for

any a ∈ A and λ ∈ Ksep. For a non-zero element a ∈ A, the a-torsion points of ϕ is

ϕ[a] = {λ ∈ Ksep; a · λ = ϕa(λ) = 0}. It is a free A/aA-module of rank r on which the

absolute Galois group GK of K acts. Let π be a monic irreducible element of A. Define

Fπ := A/πA and qπ := #Fπ = qdeg(π). The action of GK on ϕ[π] defines an Fπ-linear
r-dimensional GK-representation

ρ̄ϕ,π : GK → AutFπ
(ϕ[π]) ≃ GLr(Fπ).

The π-adic Tate module of ϕ is Tπ(ϕ) := lim←−ϕ[π
n], which is a free Aπ(:= lim←−A/π

nA)-

module of rank r with continuous GK-action.

Let v be a finite place of K, that is, v is a place lying above a monic irreducible

element π0 ∈ A. Denote by Kv, OKv and Fv the completion of K at v, its ring of

integers and its residue field, respectively. Suppose that there exists a rank-r Drinfeld

module ψ over Kv such that ϕ is isomorphic to ψ over Kv and ψt = t+ c′1τ + · · ·+ c′rτ
r

for some c′1, . . . , c
′
r ∈ OKv

. Then we say that ϕ has stable reduction at v if c′r0 ∈ O
×
Kv

for

some 1 ≤ r0 ≤ r, and has good reduction at v if c′r ∈ O×
Kv

. It is known that ϕ has good

reduction at v if and only if Tπ(ϕ) is unramified at v for any (in fact, for some) π ̸= π0,

which is an analogue of the Néron-Ogg-Shafarevich criterion for abelian varieties.

Remark. It is known that ϕ has potentially stable reduction at v, that is, there

exists a finite extension K ′ of K and a place w of K ′ lying above v at which ϕ has stable

reduction as a Drinfeld module over K ′. Moreover the above (K ′, w) can be taken as a

finite separable extension and a place whose ramification index ew|v is a divisor of the

integer
∏r
s=1(q

s − 1), so that w|v is tamely ramified.

Example 2.4. The action of GF on the π-torsion points C[π] of the Carlitz

module defines the character

χπ : GF → F×
π ,

which is called the mod π Carlitz character. It is an analogue of the mod ℓ cyclotomic

character χℓ : GQ → F×
ℓ . For instance, the extension F (C[π])/F is cyclic and its Galois

group is isomorphic to F×
π via χπ. Moreover, since C has good reduction at any finite

place π0 of F , the action of Frobenius element Frobπ0
on C[π] is well-defined if π ̸= π0

and then we have χπ(Frobπ0
) ≡ π0 (mod π).

Under the above analogy, let us define the set D(K, r, π). For a rank-r Drinfeld

module ϕ overK and a monic irreducible element π ∈ A, setK(ϕ[π∞]) := K(∪n≥1ϕ[π
n])

and consider the subfield Kϕ,π := K(ϕ[π])∩K(C[π]) of K(ϕ[π]). Note that K(ϕ[π]) may

not contain K(C[π]). By similar arguments in the abelian variety case, we can prove

the following.
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Proposition 2.5. The following conditions are equivalent.

• K(ϕ[π∞])/Kϕ,π is a pro-p extension which is unramified at any finite place of

Kϕ,π not lying above π,

• ϕ has good reduction at any finite place of K not lying above π and K(ϕ[π])/Kϕ,π

is a p-extension,

• ϕ has good reduction at any finite place of K not lying above π and the repre-

sentation ρ̄ϕ,π is of the form

ρ̄ϕ,π ≃


χi1π ∗ · · · ∗

χi2π
. . .

...
. . . ∗

χirπ

 .

Define D(K, r, π) to be the set of isomorphism classes [ϕ] of rank-r Drinfeld modules

over K satisfying the above equivalent conditions, which is an analogue of A (k, g, ℓ) in

Section 1.

Remark. Although A (k, g, ℓ) is always finite, the set D(K, r, π) may not be finite

since the Drinfeld module analogue of the Shafarevich conjecture, which is a base of the

finiteness of A (k, g, ℓ), does not hold. For example, for any a ∈ A, consider the rank-

two Drinfeld module ϕ(a) : A → F{τ} defined by ϕ
(a)
t = t + aτ + τ2. Then it is easily

seen that ϕ(a) has everywhere good reduction and the set {[ϕ(a)]; a ∈ A} of isomorphism

classes is infinite [7, Example 5.11]. For this reason, the finiteness of D(K, r, π) is still

unknown. In fact if r ≥ 2 and π = t, then we can construct an infinite subset of

D(K, r, t) [7, Proposition 5.15].

§ 3. Outline of proofs

Throughout this section, let ϕ be a rank-r Drinfeld module over K and suppose

that [ϕ] ∈ D(K, r, π) for a monic irreducible element π ∈ A. Using the strategy in [11]

adapted to Drinfeld modules, we would like to show that there are some contradiction

if deg(π) is sufficiently large.

§ 3.1. Sketch of the proof of Theorem 1.2

Suppose that r = pν for some positive integer ν > 0 and r does not divide [K : F ]i.

We may assume that deg(π) > 1.

Let u be a finite place of K lying above π. Recall that there exists a separable

extension (K ′, w) of (K,u) such that ϕ has stable reduction at w and ew|u divides
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∏r
s=1(q

s − 1). Applying the Drinfeld-Tate uniformization [3] to ϕ seen as a Drinfeld

module over K ′
w, we obtain an exact sequence

0→ ψ[π]→ ϕ[π]→ HFπ → 0(3.1)

of Fπ[GK′
w
]-modules, where ψ is a Drinfeld module over K ′

w with good reduction and

HFπ
is a finite Fπ-vector space which GK′

w
acts as a finite group. Denote by ρ̄ψ,π

and ρ̄HFπ
the GK′

w
-representations attached to ψ[π] and HFπ , respectively. Then the

sequence (3.1) means that the semisimplification ρ̄ssϕ,π of ρ̄ϕ,π is of the form ρ̄ssϕ,π =

ρ̄ssψ,π ⊕ ρ̄ssHFπ
.

Estimating the ramification of HFπ
, we can take a finite separable extension L of

K ′
w satisfying the followings:

• the action of the inertia subgroup IL on HFπ is trivial,

• for the maximal tamely ramified extension L0 of K ′
w in L, the ramification index

e(L0/K
′
w) divides the integer

∏r−1
s=1(q

s − 1).

Write eu,ϕ := e(L0/Fπ) for the absolute ramification index of L0, so that it divides the

integer M(K, r) := [K : F ](qr − 1)
∏r−1
s=1(q

s − 1)2 by construction. Note that M(K, r)

is prime to p.

Now we see that ρ̄ssϕ,π(= ρ̄ssψ,π ⊕ ρ̄ssHFπ
) = χi1π ⊕ · · · ⊕ χirπ by Proposition 2.5. Let χisπ

be an irreducible factor of ρ̄ssϕ,π. If it comes from ρ̄ssψ,π, then by Theorem 2.14 of [4] there

exists an integer js ∈ [0, eu,ϕ] ∩ Z such that

χisπ |IL0
= ωjs1 ,

where ω1 : IL0
→ F×

π is the level-one fundamental character. On the other hand, if χisπ
is a factor of ρ̄ssHFπ

, then we can show that χisπ |IL0
= ω0

1 = 1 by Theorem 2.14 of [4] and

a little computation. Since the relation χπ|IL0
= ω

eu,ϕ

1 is also known [6, Proposition

9.4.3], for any 1 ≤ s ≤ r, we obtain

iseu,ϕ ≡ js (mod qπ − 1)(3.2)

for some integer js ∈ [0, eu,ϕ] ∩ Z.
Let v be a finite place of K above t. Since ϕ has good reduction at v, for any

integer n, the characteristic polynomial Pv,n(x) = det(x − Frobnv |Tπ(ϕ)) of n-power of

Frobenius element at v is well-defined and it has coefficients in A. By the above relation

(3.2), the congruence

Pv,eu,ϕ
(x) ≡

r∏
s=1

(x−χπ(Frobv)iseu,ϕ) ≡
r∏
s=1

(x−χπ(Frobv)js) ≡
r∏
s=1

(x−tfv|tjs) (mod π)
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holds. We can check that the absolute values of all coefficients of Pv,eu,ϕ
(x) and

∏r
s=1(x−

tfv|tjs) are smaller than qr[K:F ]M(K,r). Assume that

deg(π) > r[K : F ]M(K, r).(3.3)

Since the absolute value of π is |π| = qdeg(π), the above congruence implies Pv,eu,ϕ
(x) =∏r

s=1(x − tfv|tjs). Comparing the absolute values of roots of Pv,eu,ϕ
(x) and

∏r
s=1(x −

tfv|tjs), we see that r divides eu,ϕ. In particular r|M(K, r).

Apply the same arguments to any place u of K lying above π and set eϕ :=

gcd{eu,ϕ;u|π}. Denote by Ks the separable closure of F in K. There are only finitely

many ramified places of F in Ks, so that we may assume that π is unramified in Ks.

Note that if K ̸= Ks, then K/Ks is totally ramified at any places. Hence all eu|π must

divide [K : F ]i. Since r is a p-power, we see that r|[K : F ]i. This is a contradiction.

§ 3.2. Sketch of the proof of Theorem 1.3

Next, we consider the case where r has a divisor r0 ≥ 2 which is prime to p, so

that r = r0p
ν for some integer ν ≥ 0. We also define the index eϕ same as the previous

subsection and assume (3.3).

Now let i1, . . . , ir be positive integers satisfying ρ̄ssϕ,π ≃ χi1π ⊕ · · · ⊕ χirπ . For any

r-tuple s = (s1, . . . , sr) of integers 1 ≤ s1, . . . , sr ≤ r, set εs := χπ
is1+···+isr−1 and

define

ϵ := (εs) : GF → (F×
π )

⊕rr .

Set mϕ := #ϵ(GF ), which is the least common multiple of the orders of εs. Since ϵ

factors through F×
π , the integer mϕ divides qπ − 1. Using the assumption (3.3), we

can also prove that mϕ divides eϕ, and hence mϕ|M(K, r). By the consequence of the

effective Chebotrev density theorem [2, Corollary 3.4], we can prove the following.

Proposition 3.1. For any positive integer m dividing qπ − 1, there exists a

positive constant C = C(K,m) depending only on K and m which satisfies the following:

if deg(π) > C, then there exist a monic irreducible element π0 ∈ A distinct to π and a

place v of K above π0 such that

• ϵ(Frobπ0
) = 1,

• deg(π0) < deg(π),

• fv|π0
= 1.

We also assume that deg(π) > max{C(K,m); m|M(K, r)}. Take π0 and v as in

Proposition 3.1. Recall that r is of the form r = r0p
ν . Under the above assumptions,

we can prove that the existence of [ϕ] ∈ D(K, r, π) contradicts to properties of v|π0 as

follows. For the characteristic polynomial

Pv,1(x) = ar + ar−1x+ · · ·+ apνx
r−pν + · · ·+ xr ∈ A[x]
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of Frobv, since ϵ(Frobv) = ϵ(Frobπ0
) = 1, we can check that the r0-power (apν )

r0 of the

coefficient of xr−p
ν

in Pv,1(x) satisfies

(apν )
r0 ≡ (−1)r

(
r

pν

)r0
π0 (mod π).(3.4)

Since
(
r
pν

)
is prime to p, the right hand side of (3.4) is not zero. We see that |(apν )r0 | ≤

qfv|π0
deg(π0) = qdeg(π0) = |π0| by Proposition 3 of [12]. Then (3.4) and deg(π0) < deg(π)

imply that (apν )
r0 = απ0 for some α ∈ F×

q , which contradicts to the assumption r0 ≥ 2.

§ 4. Construction of a Drinfeld module contained in D(K, r, π)

Suppose that r divides [K : F ]i. Under this assumption, we can construct the

rank-r Drinfeld module Φ over K such that [Φ] ∈ D(K, r, π) for any π. If r = 1, then

the Carlitz module C satisfies the properties in Proposition 2.5. Hence we may assume

that r > 1.

First, we prepare some notations. Since r is a p-power, the map A → A; a 7→ ar

is a ring homomorphism. For any element a =
∑n
i=0 xit

i ∈ A with xi ∈ Fq, set

â :=
∑n
i=0 x

1/r
i ti. Then A → A; a 7→ â is a ring automorphism and the composite

A→ A : a 7→ âr is an Fq-algebra homomorphism.

By the general theory on function fields, the separable closure Ks of F in K coin-

cides with the field K [K:F ]i of all [K : F ]i-power elements of K. Since r divides [K : F ]i,

the r-power root r
√
t of t ∈ F is contained in K. Now consider the Fq-algebra homo-

morphism ι : A → K given by ι(t) = r
√
t and define the rank-one Drinfeld module C′

over (K, ι) by C′t =
r
√
t+ τ . Then we can relate C′ with the Carlitz module C as follows.

Lemma 4.1. For any element λ ∈ C′[π], there exists a unique δ ∈ C[π] such that

λ = δ1/r.

Since ι(âr) = a for any a ∈ A by construction, the composite

Φ : A
(·)ˆ−→ A

(·)r−→ A
C′

−→ K{τ}

is an Fq-algebra homomorphism and

Φt = C′tr = (
r
√
t+ τ)r = t+ · · ·+ τ r.

Therefore Φ is a rank-r Drinfeld module over K and has good reduction at any finite

place v of K since r
√
t ∈ OKv

. Note that if r = 1, then Φ is the Carlitz module C.
Computing the GK-action on Φ[π] by using Lemma 4.1, we obtain the following.
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Proposition 4.2. Let i be a positive integer satisfying ir ≡ 1 (mod qπ − 1).

Suppose that r divides [K : F ]i. Then the representation ρ̄Φ,π is of the form

ρ̄Φ,π ≃


χiπ ∗

. . .

χiπ

 .

In particular D(K, r, π) is never empty for any π.

References

[1] Arai, K., Algebraic points on Shimura curves of Γ0(p)-type, J. reine angew. Math. 690

(2014), 179–202.

[2] Chen, I., and Lee, Y., Explicit isogeny theorem for Drinfeld modules, Pacific J. Math.

263, no.1 (2013), 87–116.

[3] Drinfeld, V.-G., Elliptic modules, Math. USSR Sub. 23 (1974), 561–592.

[4] Gardeyn, F., t-motives and Galois representations, Thesis, Universiteit Gent (2001).

[5] Goss, D., Basic structures of function field arithmetic, Ergebnisse der Mathematik und

ihrer Grenzgebiete Volume 35, Springer-Verlag, Berlin (1996).

[6] Kim, W., Galois deformation theory for norm fields and its arithmetic applications,Thesis,

The University of Michigan (2009).

[7] Okumura, Y., A function field analogue of the Rasmussen-Tamagawa conjecture: The

Drinfeld module case, Kyushu J. Math. 73 (2019), 295–316.

[8] Ozeki, Y., Non-existence of certain Galois representations with a uniform tame inertia

weight, Int. Math. Res. Not. (2011), 2377–2395.

[9] Ozeki, Y., Non-existence of certain CM abelian varieties with prime power torsion, Tohoku

Math. J. 65 (2013), 357–371.

[10] Rasmussen, C., and Tamagawa, A., A finiteness conjecture on abelian varieties with con-

strained prime power torsion,Math. Res. Lett. 15 (2008), 1223–1231.

[11] Rasmussen, C., and Tamagawa, A., Arithmetic of abelian varieties with constrained tor-

sion,Trans. Amer. Math. Soc. 369 (2017), 2395–2424.

[12] Takahashi, T., Good reduction of elliptic modules,J. Math. Soc. Japan 34, no.3 (1982),

475–487.




