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1. INTRODUCTION

This note is based on our talk in Kinosaki Algebraic Geometry Symposium 2020. We
prove that there exists a family of smoothings of a simple normal crossing compact complex
surface X with triple points. Since our differential geometric proof also includes the case
where X is neither Kahlerian nor H'(X, Ox) = 0, this generalizes Friedman’s result on
degenerations of /'3 surfaces in algebraic geometry [Fr83]. As an application, we provide
an example of a simple normal crossing surface with triple points which is smoothable to a
quartic /3 surface. We refer the reader to the forthcoming paper [DY21] for more details.

Throughout this note, X = Ufil X, denotes a compact connected complex surface with
normal crossings with dim¢ X; = 2 for each 7, unless otherwise specified. Furthermore
we will assume that each X; is smooth and X has no 4-fold intersection, which means that
X;NX; N X, N X, = 0 for distinct 4, j, k and ¢. More precisely, let X be a compact
complex analytic surface with irreducible components X, ..., Xy. Then we say that X
is a simple normal crossing (SNC) complex surface if X is locally embedded in C? as
{(¢1,¢2,83) €C3 | (- ¢ =0} for some ¢ € {1,2,3} and each X; is smooth. We call
a SNC compact complex surface X is d-semistable if

(1.1) (@ Tx, /IXZ.ID> ~ Op

for the singular locus D on X, where Zx, and Z, are the ideal sheaves of X; and D in X
respectively. Let D;; = X;N.X; withi # j be the set of double curves. We will also assume
that each connected component of D;; defines a smooth irreducible divisor on both X; and
Xj. Let us denote N;; the holomorphic normal bundle Np,/x, to D;; in X;. When X is
a SNC compact complex surface with at most double curves (i.e. no 3-fold intersection),
then d-semistablity condition (1.1) is equivalent to

(12) NU®NJZ gODU

Now we consider the case where X = Uf\i 1 X; 1s a SNC compact complex surface with
triple points. Let T3, = X; N X; N X}, a set of triple points, T;; = Zk(#j) Tiji, a divisor
on D;;, and T; = U itk Tj1. the union of the set of triple points on X;. For each D;;, we
consider

(1.3) N; ® Ny ® [Ty;] = Op,
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which is equivalent to the condition that X to be d-semistable (1.1). X is called a d-
smistable K3 surface if X is a d-semistable SNC Kihler surface with trivial canonical
bundle and H'(X,Ox) = 0. It is known that d-semistable K3 surface are classified into
Type I, Il and Il due to the works of Friedman [Fr83, FS86]. In particular, Friedman showed
that any d-semistable K 3 surface has a family of smoothings @ : 2~ — A C C of X with
Ky = Oy, where 2 is a 3-dimensional complex manifold and w is a holomorphic
map between 2~ and a domain A in C (see also [KN94], Corollary 2.5). We remark that
if X is a d-semistable K3 surface at most double curves, then X is either of Type I or
of Type II. Meanwhile X is of Type Ill when a d-semistable K3 surface X admits triple
points [FS86]. In 2009, Doi generalized Friedman’s result in the following sense. That is,
even in the case where a SNC complex surface X with at most double curves is neither
Kdihlerian nor H*(X, Ox) = 0, there still exists a family of smoothings @ : 2~ — A of
X in a weak sense (Theorem 5.5 in [D09]). He constructed compact complex surfaces with
trivial canonical bundle in a differential geometric method by gluing together two compact
complex surfaces with an anticanonical divisor under suitable conditions. The purpose of
our joint work [DY21] is to generalize this smoothability result to the case where X is a
SNC complex surface with triple points. More precisely, we shall prove the following.

Theorem 1.1. Let X = Uf\;l X; be a simple normal crossing complex surface. Assume the
Jfollowing conditions:
(1) X is d-semistable;
(i1) each D; is an anticanonical divisor on X;; and
(iii) there exists a meromorphic volume form ); on each X; with a pole along D; such
that the Poincaré residue resp,; 2 of Q; on D;j is minus the Poincaré residue
resp,; §2; of Q; on Dyj for all i, j. (For the definition of Poincaré residues, see
[GH], pp. 147-148).
Then there exist ¢ > 0 and a surjective mapping w : 2 — A ={( € C ||| < e} such
that the following statements hold.

(a) 2 is a smooth 6-dimensional manifold and w is a smooth mapping.

(b) Xo=w }0) = X.

(c) Foreach¢ € X' = A\{0}, X; = @w '(C) is a smooth compact complex surface
with trivial canonical bundle.

(d) The complex structure on X depends continuously on ¢ outside the singular locus
D = Uf\;l D; C Xy More precisely, for any point p € Z \ D there exist a
neighborhood U of p and a diffeomophism U ~V x D with D C A, such that the
induced complex structures on 'V depend continuously on { € D.

Note that conditions (ii) and (iii) are equivalent to the condition that the canonical bundle
of the SNC complex surface X is trivial.

Comparing Theorem 1.1 with the result of R. Friedman in [Fr83], we see that even when
X is not Kihlerian or H'(X, Ox) does not vanish, there still exists a family of smoothings
w: 2 — Aof X inaweak sense (or a fibration), whose general fiber is a smooth compact
complex surface with trivial canonical bundle. This result strongly suggests that X as in
Theorem 1.1 admits a family of smoothings in the standard holomorphic sense, although
the proof seems difficult.

The Bogomolov-Tian-Todorov theorem states that a Calabi-Yau manifold has unob-
structed deformations and the first proof of this theorem is analytic. The second proof
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is algebraic which were given by Ran [Ran92] and Kawamata [Kaw92] where they used
T*-lifting property effectively. However T-lifting property requires the cohomological
condition H"'(X,Ox) = 0 when we obtain a flat deformation 2" of a SNC variety X.
Meanwhile, our differential geometric proof does not assume the cohomological condition
H'(X,Ox) = 0, though it only works in the case of a complex surface. Bearing in mind
that the advantage of differential geometric approach, it is crucial to construct examples
of compact complex surfaces X with trivial canonical bundle satisfying H*(X, Ox) # 0.
Hence it is natural to ask the following question.

Problem 1.2. Can we construct either a complex torus or a primary Kodaira surface by
applying Theorem 1.1 ?

For the moment we can construct such examples in the case where SNC varieties have
only two components (i.e. doubling construction), due to Doi’s work (see [D09], Example
5.3), where he used Hirzebruch surfaces as ingredients of the construction. We will deal
with this example in the last section (see Example 4.4).

The proof of Theorem 1.1 is based on the results obtained in [D09] and an explicit
construction of local smoothings around the double curves. We will give a sketch of proof
in this article. A complete proof Theorem 1.1 and an explicit example of degenerate K3
surface with triple points are given in [DY21].

2. A BRIEF REVIEW OF COMPACT COMPLEX SURFACES

2.1. SL(2,C)-structures and SU(2)-structures. For later use we recall the definition of
SL(2, C)-structure on an oriented manifold of real dimension 4. See [G04, D09] for more
details.

To begin let V' be an oriented real vector space of dimension 4. Taking ¢y € A?V* ® C,
we call ¢ an SL(2, C)-structure on V' if 9y satisfies

o Ay >0, Yo N thg = 0.
Each SL(2, C)-structure ¢y on V' defines complex subspaces
VOl={(eV®C|uhy=0}, VYHO=VL0
where ¢ denotes the inner multiplication by ¢. Then the decomposition
VeC=v"eVo!

gives a complex structure [, on V' so that ¢ is a complex differential form of type (2, 0)
with respect to Iy, .

Analogously we can extend this concept to an oriented 4-manifold M as follows. We
call p € C®(A?*T*M ® C) an SL(2, C)-structure on M if 1) satisfies

AP >0, YA =0.

Observe that an SL(2, C)-structure ¢) on M induces an SL(2, C)-structure on 7, M for each
x € M. Hence we see that ¢ defines an almost complex structure I, on M so that v is a
type (2, 0) complex differential form with respect to .

The following lemma gives a geometric characterization of complex surfaces with trivial
canonical bundle. We refer to [D09], Lemma 2.3 for a proof.
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Lemma 2.1 (Grauert, Goto [G04]). Let M be an oriented 4-manifold and 1) be an SL(2, C)-
structure on M. If 1 is d-closed, then I is an integrable complex structure on M with
trivial canonical bundle. Furthermore 1 is a holomorphic volume form on M with respect
to Iw.

The above lemma gives the following characterization of complex surfaces with trivial
canonical bundle by d-closed SL(2, C)-structures.

Proposition 2.2. Let M be an oriented 4-manifold. Then M admits a complex structure
with trivial canonical bundle if and only if M admits a d-closed SL(2, C)-structure.

Thus if we say that X is a complex surface with trivial canonical bundle, then we un-
derstand that X consists of an underlying oriented 4-manifold M and a d-closed SL(2, C)-
structure ¢ on M such that 1) induces a complex structure [, on M and becomes a holo-
morphic volume form on X = (M, I,;).

Let X be a compact complex surface with trivial canonical bundle. If X is simply-
connected or H'(X,Ox) = 0, then X is called a K3 surface. According to the Enriques
Kodaira classification of compact complex surfaces, it is known that a compact complex
surface with trivial canonical bundle is either a complex torus, a Kodaira surface, or a /'3
surface (see [BHPV], Chapter 6).

Next we will give the definition of SU(2)-structure. Again let V' be an oriented real
vector space of dimension 4. For each (1, ko) € (A?V* @ C) & A*V*, we denote an inner
product on V' by gy, ,xe) Which is defined by g(y.x) (L, ©) = Ko(+, -). Then (g, ko) is said
to be an SU(2)-structure on V' if it satisfies the following conditions:

() 1 is an SL(2, C)-structure on V' (i.e. ¥y A ¢y > 0, o A 2y = 0),
(ii) Yo A ko = 0,
(ii1) g(yo,xo) 18 positive definite, and
Definition 2.3. Let M be an oriented 4-manifold. Then
(¢, k) € C®(NT"M @ C) & C*(A*T"M)

is said to be an SU(2)-structure on M if the restriction (¢, k)|, as is an SU(2)-structure on
T, M for any x € M.

If ¢ and r of an SU(2)-structure on M are both d-closed, then X = (M, I, k) is a Kihler
surface with trivial canonical bundle by Lemma 2.1. Hence SU(2)-structures have an im-
portant role in the proof of Theorem 1.1.

2.2. Compact complex surfaces with anticanonical divisors. Next we recall some re-
sults on compact complex manifolds with an anticanonical divisor which were already
used in [DO9] and [DY14]. For simplicity, we only consider the case of complex surfaces
although it is possible to extend the most part of results into arbitrary dimension.

Let X be a compact complex surface and D a smooth anticanonical divisor on X. Taking
an open covering { U, } of X, we define V, = U, N D. Then { V, } is an open covering of
D. Furthermore, we can show the following.

Lemma 2.4. There is a local coordinate system { Uy, (z4,w,) } on X such that
(i) wq is a local defining function of D on U,,, i.e. Vo, = {w, =0}.
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(i) the 2-forms Qo = —= A dz, on U, together yield a holomorphic volume form §)
on X \ D. *

Proof. The statement (i) is obvious. Hence it suffices to prove (ii).
Let ¢.5 and f,3 be non-vanishing holomorphic functions on U, N Uz which determine
the coordinate transformation of X by

(2.1) Za = Gap(2p, w5) and Wo = fap(2p, wp)wp.

On U, N Ug, we recall that the canonical bundle K'x is given by transition function

dwﬁ N dZ@

2.2 hap(28, = —"—
2.2) (29, ) dwe N dzg
Also the line bundle [D] on X is given by transition functions

Wq
(2.3) fap = —.
wg

(See [GH], p.145). Since we take [D] to be an anticanonical divisor on X, we can choose
the local coordinates (z,, w,,) satisfying

(24) fa5<25,wﬁ)ha5(25,wﬁ) =1.
Substituting (2.2) and (2.3) into (2.4), we see that the local holomorphic volume forms

L
wOé
together yield a holomorphic volume form Q2 on X \ D. 0

Next we shall consider the holomorphic normal bundle Np, x to D in X which is defined
as the quotient line bundle
Txlp

Ty

where 1% (resp. 17,) is the holomorphic tangent bundle of X (resp. D). We often denote
Np/x by N for simplicity. Let 7 : N — D be the projection and ¢y : X — N the zero
section. We may identify io(D) of N with D in X. Restricting z, to V,, = U, N D, we
obtain a local coordinate system { (V,,, z,) } on D, with z,, = z,|y,. On 7 (V,) ~ V,xC,
we have local coordinates (z,y,) of the normal bundle N = [D]|p where z, € V,, and
Yo € C is the fiber coordinate. Analogous to (2.1), the coordinate transformation of V is
given by

Np/x =

(2.5) To = Yap(rs)  and Yo = gas(75)Ys,

where 1,5 and g, are holomorphic functions on 7! (V,, N V}) defined by
(2.6) Vap(xp) = Gap(x5,0)  and  gas(ws) = fap(ws,0)
respectively. By restricting (2.2) to V, N V3, we see that

. dU)g A\ dZB

hag(zg, w =
528 lB)VaﬁVB dwe, N dz,,

Va ﬂVg
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which becomes
L, dx
(2.7) hap(15,0) = gas(s) ™' 52

dx,,

because gos(25) " = ys/ya by (2.5).
On the other hand, restricting (2.4) to V,, N Vj3, we have

fap(2s,0)hag(xs,0) =1

which yields
de‘ﬁ
dr, L
by (2.6) and (2.7). Hence we showed that the local holomorphic volume form (2p , = dz,
on V, together yield a holomorphic volume form €2, on D so that the canonical bundle
Kp of D is trivial. Note that this agrees with a consequence of the adjunction formula
Kp = (KX X [DD|D =~ Op.

As in [GH] p.147, we consider {2 as a meromorphic 2-form on X with a single pole
along D. Then the holomorphic volume form €2, obtained from 2 in the above is said to
be the Poincaré residue of €2 which is denoted by res({2). We readily see that res({2) is not
depend on the choice of local coordinates of (2.

2.3. Semistable degenerations of K3 surfaces. Next we reall a summary of the classifi-
cation of degenerations of K3 surfaces. Let w : 2~ — A be a proper map from a compact
complex 3-dimensional manifold 2" to a domain A = {{ € C | |{| < &} such that

(1) 2 \ @ *(0) is smooth, and

(2) the fiber X; = @!(¢) is a smooth compact Kihler surface for each ( € A* =

A\{0}.

We call w a degeneration of complex surfaces. Furthermore, a degeneration t is said to
be semistable if

(3) the total space 2" is smooth, and
(4) the central fiber X, = ™ *(0) is a Kéhler surface with simple normal crossings.

In the study of the degenerations of K3 surfaces, the following results due to Kulikov
and Personn-Pinkham are important.

Theorem 2.5 ([Fr83], Theorem 5.1). Let w : 2 — A be a semistable degeneration of K3
surfaces. If all components X; of the central fiber Xy = w'(0) are algebraic, then there
exists a birational isomorphism p : X — 2" with a commutative diagram

such that
(@) pis an isomorphism 2"\ w 1(0) =2 2"\ (@')~1(0), and
(b) @' : &' — A is a semistable degeneration with K 9 = O 9+ where K o is the
canonical line bundle of 2.
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Theorem 2.6 ([Fr83], Theorem 5.2). Let w : 2~ — A be a semistable degeneration of K3
surfaces with K o = Oy as in Theorem 2.5. Then Xo = @ '(0) is one of the following
three types:

Type I: X is a smooth K3 surface.

Type I X = X, U---U Xy is a chain of surfaces, where X, and Xy are rational
surfaces, Xo,--- , Xn_1 are elliptic ruled surfaces and X; N X;y1, 7 =1,---N — 1 are
smooth elliptic curves.

Typelll: X = vazl X, where each X; is a rational surface and the double curves
D;; = X; N X; C X, are cycles of rational curves.

We call X a d-semistable K3 surface if

e X is a d-semistable SNC compact Kéhler surface with trivial canonical bundle,
and
o H'(X,0x)=0.
It is well-known that any d-semistable K 3 surfaces are classified into Type I-IIl in Theorem
2.6 (cf. [Fr83], Definition 5.5).

3. GLOBAL SMOOTHINGS OF SIMPLE NORMAL CROSSING COMPLEX SURFACES

3.1. Local coordinates on SNC complex surfaces. Let X = Uf\i 1 X; be a SNC complex
surface satisfying conditions (i)—(iii) of Theorem 1.1. We can find a local holomorphic
coordinate system { U, ., (2},,22,) } on X; = Uaea, Uia With A; a finite subset of N,

i,00 “l,x

satisfying the following conditions:

(A) Ui,oz = {(Zil,a>zi2,a) S (CQ‘ Zil,a <1, Zia‘ < 1}’

B) if Ui N D; # 0 and U; o, N T; = 0, then U; , N D; = {22, = 0}; and
(©) if U; o NT; # 0, then U; o N D; = {2} 427, = 0}, sothat U; o NT; = {2}, = 27, =
0}.

In particular, each U; ,, contains at most one triple point. Now we set
AY = {a e N |U N D; =0},
AV = {a e N |UianD; £ Band Uy, NT; = 0},
AP = {a e A |Uia 0T, # 03,
Ay ={aeN|UanDy#£0}, AP =A;nAY, AP =A;NAP, and
Agjr = Nij N Age € AP

From condition (ii) of Theorem 1.1, we can choose the above coordinate system so that

(D) the meromorphic volume form §2; in (iii) of Theorem 1.1 can be locally represented

as
dzjo Adzg, if o € A,
dz;

1 i,a . (1)
0, — dz;, o ifaec A7,

' R

dz; Z
e T AN

\ Zz}a Zi7o¢
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where o, ,, for o € AZ(?) is a complex number.

In terms of the above coordinate system, we define a new one {U; 4, (%ij.a; Wija)} asso-
ciated with D;; as follows:

(E) if a ¢ Ag), then we set zij o = 2} o, Wija = %o
F) ifa € Ag), then between z; , and z7,, we choose as w; o the coordinate which

is a defining function of D;; on U;,, and define z;;, as the remainder, so that
Uia N D;j = {wijo =0} and U; , N Dy, = {254 = 0} for some k # i, j.
In particular, we have
(3.1) Zika = Wija, Wika = Zija fOr o € Ayjp.
We can further choose the coordinate system so that the following condition holds.
(G) LetVjo = Ui nND;jand x5, = z,-j,a|vijya for v € A;;. Then we have A;; = Aj;,
Viia = Viia and x4 = xj; o forall 7 # j and o € Ay;.
Let (24),a, yl-j,a) be local coordinates of ﬂigl(Vim) C N;j, where m;; is the projection
from N;; to D;; and y;; , are fiber coordinates. Then from condition (i) of Theorem 1.1, we
may further assume that

(H) the map hyj¢ : Ny \ (D U, (T5)) = Nji \ (Djs U, (T}:)) locally defined by

(Zija, C/Yija) fora e AS),

(Tijar O/ (Tijalija)) fora € Az(?)'

is a well-defined isomorphism for { € C*.

(3.2) hijec (xij,avyij@) — (xji,aa yji,a) = {

Now by the tubular neighborhood theorem, there exists a diffeomorphism ®;; from a
neighborhood V;; of the zero section of V;; to a neighborhood U;; C Uae Ay Ui of D;jin
X such that ®;; is locally represented as

Zijo = Tija + O(|yij7a\2), Wija = Yijo + O(|yij,a|2) for o € AV and

ij

(3.3)

_ _ 2
Zija = Tijas  Wija = Yija fOra € A7

3.2. Local smoothings of X; U X, around D;; without a triple point. Here we suppose
D15 # () is a double curve without a triple point, so that Ag) = (). The indices 7, j will
take 1 or 2. For D;; with ¢ < j, we replace 1, 2 with 1, j respectively. We have chosen
the coordinate system {U; q, (2ij.a; Wija)} o0 X; so that w;; , is a defining function of D;;

Wij,a

on U, and ©; = €;;dz;j A on U; , for o € A;;, where ¢;; = (i — j)/|i — j|. By

ij,
condition (ii) of Theorem 1.1 and the adjunction formula,
KDz'j = (KXz ® [DZJ])|DW = ODij‘

v—1
Thus dz;; , defines a holomorphic volume form and deij,a A dZ;; o a Hermitian form

on D;;. We define a complex 2-form ij" and a real 2-form wgy on N;; \ D;j by
du..
Q,?]O = €ij7T;<jdxij,a A\ ylz‘%a,
1J,0

/=1 _
wiy = 1Ay A dTiga) + —5—0ti; A Oti;.
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By Lemma 3.2 in [D09], (0257, w??) defines an SU(2)-structure on N;; \ D;; such that the
associated metric is cylindrical. If we regard Q227 and w;¥ as defined on i;;, then we can
prove that

(3.4) | — QY wij — WY

= (e 41, 5l =0,

where w; is the (1,1)-part of wf?, normalized so that {; A Q; = 2w;; A wy;, and the norm

is measured by the cylindrical metric associated with (€255, wgs). We also see that

o __ [e'¢] [e'e]
g, CQ QZ]’ hw Cwﬂ = Wij -

Then one can construct local smoothings of X; U X5 around Dy, in the same manner as
[D09], Section 5.3.

3.3. Local smoothings of X; U X; N X}, around D;; N Dj; N Dy,;. Here we suppose
Ti23 # 0 and consider local smoothing of X; U X, U X3 around D15 U D3 U D3;. The
indices i, 7, k will take 1, 2 or 3. For general ¢, j, k with ¢ < j < k, we will be done if we
replace 1, 2, 3 with ¢, j, k respectively. For later convenience, let €;;;, denote the Levi-Civita
symbol €5, = 5(i — j)(j — k)(k — i), e = (i — j)/ |i — j| as before, and define v;; by
vij = Soo_ ke, so that v; € {1,2,3} is the unique number such that €ijuy; 7 0. By
condition (ii) of Theorem 1.1 and the adjunction formula, we have

e

0F#1,7

® [Dy] = [-T3].

Kp,, = (Kx, ® [D; [ > Dy

LF#1

d ij,0 .
Thus {dz;;} oA and {x_]} together define a holomorphic volume form ¢ DY,
o= Tija ) aenl? v
0 ... v—1 — 0
on D;; = D;; \ Ti;. We also have a Hermitian form wpy = T@%gj N po on Dy Let
Nioj = Nij|po . We define a holomorphic volume form 23 and a Hermitian form wfy on
0 0 !
Ni; \ Dj; b
oo | 2 | \% —1 Y
wij = \/% 7ng DO + — 5 8tw A 8tzj

N=o o _
+ ——(m¥py, — €30ti;) A (Tibpo — €;0ti) o

(3.6)

2

- 00
so that Q% A Q7 = 2w A w7, In particular, if o € AL
represented as

P ). then ijo and wpy are locally

dxz] a dyij,a
)

(3.7) 0 = 0,
xzy a Yij.a
V= dz;; dfi‘a dyiia Ay
wi; = | oijl { N2+ Yige p _?ng,a
2\/_ Lij,o xij,a Yija yij,a

(3.8)

i (dl’ij,a 4 dyz’j,a) A (d_fz‘j,a I d_@ij,a) }
Tija Yij.a Tij,a Yija
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We regard 2% and w;¥ as defined on ®;;(¢;;'((0,00)) NV;;) \ D; via ®;;. Then we see from
(3.1), (3.3), (3.7) and (3.8) that
(3.9) | — Q| = 0(e77%),  |wi; — wiy| = O(e™"/?)  and

(310) Q,LOJO = Qz = Qlolj, wff = Wi = Wik = wf,j on Ui@ for o € Aijk7

where wy; is the (1,1)-part of w?, normalized so that ; A O = 2w;j A wyj, and || is
measured by the cylindrical metric g77 associated with wyy . We also see from (3.2), (3.5)
and (3.6) that
s = O, bl = u
We are now ready to construct a family of local smoothings of X; U X5 U X3 around
D15 U Doz U D3;. The construction consists of the following three steps:

Step 1. Following Section 3.2, we consider local smoothings of X; U X; around D;; to
obtain a family of local smoothings w;; : V;; — A.

Step 2. To consider local smoothings of X; U X5 U X3 around 77,3, we define projections
W123,a * Vlgg’a — A.

Step 3. Using appropriate injective diffeomorphisms W;; ., : V123 o — V;; compatible with
the projections to A, we glue together V;; in Step 1 along V123, in Step 2.

For more details, we refer the reader to [DY21] Sections 3.1-3.3.

3.4. Existence of holomorphic volume forms on global smoothings.

Sketch of the Proof of Theorem 1.1. In the previous two sections we obtained partial smooth-
ings of X around each normal crossing. Now we glue all pieces together and construct a
family w : 2" = { X, | ¢ € A} — A of global smoothings of X = X,.

For each double curve D;; C X;, we obtained a Hermitian form w;; on { 0 < t;; } C Uj;
satisfying w;; = w;, on U; o, for a € A;j;. Thus there exists a Hermitian form w; on X; \ D;
such that ; A €; = 2w; Aw; on X; \ D; and w; = w;j on {1 < ¢;; } for all j. Then it
follows from (3.4), (3.9) and [D09], Proposition 3.4 that there exists a complex 1-form §;;
on {0 < ¢;; } such that

Q- QF =d&;, and |V = O(e™"/?) forallk > 0.
As a differentiable manifold X is constructed from the ingredients
o X;\ U {ti; =2 T+ 1} with the pair (€, ¢, w; ¢) of 2-forms,
J(#1)
o {tij>T —1} C Njj CVy; with the SU(2)-structure (57, w?), and
® Vijk.o With the SU(2)-structure (275, wiy, ) for o € A
via the appropriate gluing maps. Since the gluing maps preserve the associated forms, they
together define a pair (€2¢,w¢) of 2-forms on X.. Let o/y2)(X¢) be the set of SU(2)-
structures on X.. We take J5y(2)(X¢) as a neighborhood of .75y 2)(X¢) so that the projec-
tion © : J5y(e)(X¢) = Hsu)(Xc) is well-defined (see [D09], Lemma 2.8). Then by a
similar argument as in [D09], Section 3, one can define an SU(2)-structure on X by

(e, kie) = O(Qe, &)

For the main estimates of 1 and x., we will discuss in [DY21], Section 3.4. O
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4. EXAMPLES

In this section, we apply Theorem 1.1 to a normal crossing Y to produce compact com-
plex surfaces with trivial canonical bundle.

Example 4.1. (A K3 surface) Let Y; (i = 1, 2) be two hyperplanes in CP3, and Y3 a quartic
surface in CP3. For a SNC complex surface Y = Y; U Y, U Y3, let us denote Y =Y;NY;
and Y, = Y; NY; NY}, respectively. Let Dy = Yo N Y3, Dy = YsNY;, D3 =Y, NY; and
7 = Y] NY, N Y. Then we choose smooth points P; € |Op,(4)| fori = 1,2, 3, satisfying
the condition
PNnr=10 ie{1,2,3}

so that each F; and 7 are distinct points. Next we consider the blow-ups of Y; at P; and
take the proper transform of D;. This is divided into the following steps.

Step 1. For {i,j} = {1,2},letm : Y/ := Blp (Y;) --+ Y] be the blow-up of Y; at P; in

D;. Let us take the proper transform Yy, of Y3; and Y}, of Yj; under the blow-up 7;. Let Pj
be the proper transform of P; € D3 under the blow-up ;.

Step 2. Next we take the blow-up of Y] at Px:

m Y] = Blp Y] -+ Y],
Then we construct a SNC complex surface by gluing V7", Y5 and Y3 along their intersection.
Consequently we obtain a SNC complex surface Y = Y; U Y5 U Y3 with a normalization

v: Y/ NY]NYs = Y such that v(Y) = Yy, v(Y)) = Y, and v(Y;) = Y3. Then we can
prove the following.

Proposition 4.2 ([DY21], Proposition 4.3). The above Y is d-semistable.

By applying Theorem 1.1 to Y, we obtain a family of smoothings @ : & — A of Y
whose general fibers M; = @ '(() are compact complex surfaces with trivial canonical
bundle. Moreover we prove the following.

Proposition 4.3 ([DY21], Proposition 4.5). Y is a d-semistable K3 surface of type Hl. In
particular the Euler characteristic of M is 24.

For more details on this example, see [DY21] Section 4.

Example 4.4 ([D09], Example 5.3). This example is due to Doi [D09]. Let X,, denote
the n-the Hirzebruch surface. Recall that the Hirzebruch surface is a toric surface which
inherits the corresponding moment polytope (see Figure 1). In particular, ¥, is a CP*-
bundle over CP! having the form P(Ocp:i(n) & Ocpr). Let Ey C %, be the image of the
section (0, 1) of O¢p1(n) ® Ocpr, that is, the zero section of ,,. On the other hand, letting
o be any section of O¢p1(n), we consider the section (0,0) of Ocpi(n) & Ocpi. Away
from zeros of o, we take the image of (o,0) in X,,. Then (o,0) gives a curve C, C 3,,.
The infinity section E, is the closure of the curve C, which is independent of the choice
of 0. Then we readily see that Fy and E, are irreducible curves with self-intersection

(41) EQ . EO =n, Eoo . Eoo = —Nn

respectively. Let C be a cubic curve in CP? and Y, = &, ‘ o the restriction of X, to C'. Then

we see that Y, is a CP!-bundle over the elliptic curve C. By taking the restriction of FEj

and E, to C', we obtain the zero section Dy = E0| c and the infinity section D, = E, ] o
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of Y,,. For example, in the case of n = 0, Yy = C' x CP! is the trivial bundle while Dy and
D, correspond to the points [1 : 0] and [0 : 1] in CP! respectively.

In particular, Dy and D, are naturally isomorphic to the curve C, and D := Dy + D,
defines an anticanonical divisor on Y,,. Since Y,, is a CP*-bundle over C, Y, \ D is a C*-
bundle over C'. Let (z, y) be a local coordinate of Y, \ D. Then the fiber coordinate y can
be written as

C* =5 5 % (0,00), y=exp(—T —v/—=16) — (0, T)

for0 € R/27Z and T € (0, 00). As mentioned in the above, we see that Dy = {T' =0}
and D, = {T = oo }. Hence we have the isomorphism

Y, \D =S5, x(0,00)
where S, is the S'-bundle over C'. Recall that Dy is a curve in Y, with Dy- Dy = n by (4.1).
Since Np, v, = Oy, (Do) ‘ Do from [BHPV, Proposition 6.3], we see that Np, y,, = Oc(n).
Similarly the normal bundle of D is computed as Np__ /v, = Oc(—n). Then the gluing
map hr is locally given by

hr i Y\ D2 S, x (0,00)
w
(2, T)——— (,T") = (2,1/T)

Y, \ D.
w

as in [D09], Remark 3.5. Hence we can glue two copies of Y,, \ D along a neighborhood
U of 0 and a neighborhood U, of oo to construct a compact complex surface

4.2) M, = (Y, \ D) Up, (Y, \ D)

with trivial canonical bundle. The above construction shows that M, is homeomorphic to
S, x St (see [BHPV], p.196).

Let us compute the Betti numbers of the resulting compact complex manifold A/,,. We
use the following lemma on elliptic fiber bundles.

Lemma 4.5 ([BHPV] p.196, Proposition 5.3). Let X — B be a fiber bundle with a smooth
compact connected curve B. Suppose that X is homeomorphic to S x S', where S is the
S-bundle over B. Then:

(A) b1(X) = b1(B)+2and by(X) = 2b1(B) + 2 if the bundle X — B is topologically
trivial.

(B) b1(X) = b1(B)+1and by(X) = 2by(B) if the bundle X — B is not topologically
trivial.
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Claim 4.6. Let M, be a compact complex surface constructed in (4.2).

(A) Forn =0, we find by (My) = 4, by(My) = 6. Thus the resulting complex manifold
My is a complex torus.

(B) For n > 0, we find by(M,,) = 3, bo(M,,) = 4. Hence M, is a primary Kodaira
surface.

Proof. (i) For n = 0, we see that My = C x CP. Hence M, is the trivial CP'-bundle
over C' where C' € |Ocpz(s)| is the elliptic curve. Then Lemma 4.5 (i) implies that

bi(Mp) = by (C) +2=2+2=4,

By the classification of compact complex surfaces with trivial canonical bundle (see [BHPV],
p.244 Table 10), we know that such a surface is a complex torus C2/A. In particular

hPa (C?/A) = (Z) (Z) which is consistent with (4.3).

4.3)

(ii) For n > 0, we know that M,, is a CP!'-bundle over C' which is not trivial bundle. Hence
we see that

bi(M) =b(C)+1=3,  and  by(M,) =2b,(C) = 4

by Lemma 4.5 (ii). Consequently the resulting compact complex manifold is a primary
Kodaira surface. See [BHPV], p.197 for their invariants. ]
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