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Introduction

Today, I will talk about uniruledness of unitary Shimura varieties.

Give some sufficient conditions for uniruledness of unitary Shimura
varieties in terms of Hermitian lattices.

Construct certain uniruled unitary Shimura varieties for Up1, nq
pn “ 3, 4, 5, F “ Qp?´1q,Qp?´2qq.

We use modular forms constructed by Borcherds lifts and Gritsenko lifts.
An irreducible variety X over C is called uniruled if there exists a dominant
rational map Y ˆ P1 !!" X where Y is an irreducible variety over C with
dimY “ dimX ´ 1.

Remark
Uniruled varieties have Kodaira dimension ´8. The converse is
conjectured, but it is not known in dimension ą 3.
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Unitary Shimura varieties

F :“ Qp
?
dq (d ă 0),

x , y : L ˆ L Ñ F : Hermitian lattice of sign p1, nq over OF (n ą 0).
UpLq : unitary group of pL, x , yq

DL :“ tw P PpL bOF
Cq | xw ,wy ą 0u

– tpz1, . . . , znq P Cn | |z1|2 ` ¨ ¨ ¨ ` |zn|2 ă 1u
: Hermitian symmetric domain associated with UpLqpRq – Up1, nq.
For a finite index subgroup Γ Ă UpLq, we define

FLpΓq :“ ΓzDL punitary Shimura varietyq.
This is a quasi-projective variety of dimension n over C.

3 / 11

Unitary Shimura varieties

For a quadratic lattice M over Z, we define

DM :“ tw P PpM bZ Cq | pw ,wq “ 0, pw ,wq ą 0u`.

We say a quadratic lattice M over Z is 2-elementary if

M_{M – pZ{2Zq!pMq.

δpMq :“
#
0 ppv , vq P Z for any v P M_q
1 ppv , vq R Z for some v P M_q.

pL, x , yq : Hermitian lattice of sign p1, nq over OF

pLQ , p , qq : quadratic lattice of signature p2, 2nq associated with L over Z
Here LQ is L considered as a free Z-module and p , q :“ TrF {Qx , y.
We have an embedding

UpLqpRq – Up1, nq ãÑ O`pLQqpRq – O`p2, 2nq
ι : DL ãÑ DLQ .
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Main results

Theorem ([M, arXiv:2008.13106])

Let pL, x , yq be a Hermitian lattice over OF of signature p1, 5q and let
pLQ , p , qq be the associated quadratic lattice over Z of signature p2, 10q.
Assume that

1 LQ is even 2-elementary, δpLQq “ 0 and #pLQq ď 8. Moreover,
#pLQq ď 6 if F “ Qp?´3q.

2 2x#, ry P OF for any #, r P L with xr , ry “ ´1.

Then FLpUpLqpZqq is uniruled.

Remark
To prove this Theorem, we use reflective modular forms constructed
by Yoshikawa.

Using reflective modular forms constructed by Gritsenko-Hulek, we
can give 3 more sufficient conditions for uniruledness in terms of
Hermitian lattices.
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Main results

Theorem (Uniruledness [M2, arXiv:2008.13106])

1 For F “ Qp?´1q or Qp?´2q, there exist Hermitian lattices L over
OF of signature p1, 5q such that FLpUpLqpZqq are uniruled.

2 For F “ Qp?´1q, there exist Hermitian lattices L over OF of
signature p1, 4q such that FLpUpLqpZqq are uniruled.

3 For F “ Qp?´1q or Qp?´2q, there exist Hermitian lattices L over
OF of signature p1, 3q such that FLpUpLqpZqq are uniruled.

Remark

Gritsenko-Hulek (2014) proved certain orthogonal Shimura varieties are
uniruled.
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Uniruled unitary Shimura varieties

Example

F “ Qp?´2q
LU‘Up2q : Hermitian lattice of sign (1,1) defined by

ˆ
0 1

2
1
2 0

˙
.

LD4 : Hermitian lattice of sign (0,2) defined by

˜
´1 ´1`?´2

2

´1´?´2
2 ´1

¸
.

pLU‘Up2q ‘ LD4 ‘ LD4qQ – U ‘ Up2q ‘ D4p´1q ‘ D4p´1q.
Then FLpUpLqpZqq is uniruled for

L :“ LU‘Up2q ‘ LD4 ‘ LD4 .
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Uniruled unitary Shimura varieties

A modular form Fk P MkpΓ,χq on DL is called reflective if SupppdivpFkqq
is contained in the ramification divisors of DL Ñ FLpΓq. A reflective
modular form Fk is called strongly reflective if the multiplicity of each
irreducible component of divpFkq is 1.
For modular forms on DLQ , we define the notions similarly.

Theorem (Uniruledness criterion [GH])

Let n ą 1. Let a, k ą 0 be positive integers satisfying k ą an. If there
exists a non-zero reflective modular form Fa,k P MkpΓ,χq of weight k for
which the multiplicity of every irreducible component of divpFa,kq is less
than or equal to a, then FLpΓq is uniruled.

Proof.
Use the numerical criterion of uniruledness due to Miyaoka and Mori.
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Uniruled unitary Shimura varieties

Reflective modular forms are very rare. In some special cases, we can
construct reflective modular forms by Borcherds lifts and Gritsenko lifts.

Theorem (Yoshikawa (2013))

Let M be an even 2-elementary quadratic lattice over Z of signature
p2, 10q and δpMq “ 0. There exists a strongly reflective modular form ΨM

of weight 2p16´!pMqq{2 ´ 4 on DM for O`pMq.

Theorem ([M, arXiv:2008.13106])

Let pL, x , yq be a Hermitian lattice over OF of signature p1, 5q and let
pLQ , p , qq be the associated quadratic lattice over Z of signature p2, 10q.
Assume that

1 LQ is even 2-elementary, δpLQq “ 0 and #pLQq ď 8. Moreover,
#pLQq ď 6 if F “ Qp?´3q.

2 2x#, ry P OF for any #, r P L with xr , ry “ ´1.

Then FLpUpLqpZqq is uniruled.
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Uniruled unitary Shimura varieties

Quadratic lattices of sign (2,10) #pLQq δpLQq F

U ‘ Up2q ‘ E8p´2q 10 0 Qp?´1q
U ‘ U ‘ E8p´2q 8 0 Qp?´1q

U ‘ Up2q ‘ D4p´1q ‘ D4p´1q 6 0 Qp?´2q
U ‘ U ‘ D4p´1q ‘ D4p´1q 4 0 Qp?´1q

U ‘ U ‘ D8p´1q 2 0 Qp?´1q
U ‘ U ‘ E8p´1q 0 0 Qp?´1q
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Summary

Give some sufficient conditions for uniruledness of unitary Shimura
varieties in terms of Hermitian lattices.

Construct certain uniruled unitary Shimura varieties for Up1, nq
pn “ 3, 4, 5, F “ Qp?´1q,Qp?´2qq.

To construct reflective modular forms on DL, we need F “ Qp?´1q,
Qp?´2q.
Problem.

Unitary Shimura varieties having non-negative Kodaira dimension

The Kodaira dimension of unitary Shimura varieties over
F ‰ Qp?´1q, Qp?´2q
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