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Abstract As a toy model study for the grazing collision effect in the Boltzmann
equation, a spatially homogeneous problem for the two-dimensional Lorentz gas from
the initial data with a jump discontinuity is investigated. The collision kernel of our
model has the same angular singularity as the Boltzmann collision kernel. Thanks to
the simplicity of the model, the jump propagation and its regularization are clearly
seen, depending on whether the collision cross-section is finite or infinite. Three types
of behavior are observed: a jump propagation, a jump propagation accompanied with a
divergent derivative, and no jump propagation. For the model with a critical parameter,
the switching from the second type to the last is observed.

Keywords Lorentz gas, grazing collisions, kinetic theory, Boltzmann equation
PACS 51.10.+y, 47.45.-n

Mathematics Subject Classification (2010) 82B40, 76P05, 82C40

1 Introduction

In the present paper, as a toy model for the grazing collision effect in the Boltzmann
equation, we shall consider the Lorentz gas, especially its two-dimensional version, and
study a spatially homogeneous problem from the initial data with a jump discontinuity.
The potential model that we employ is simple but mimics the important feature of
infinite-range potentials, as well as finite-range potentials, for the Boltzmann equation.

The collision integral of the Boltzmann equation is composed of the so-called gain
and loss terms. Usually, the collision integral is considered for molecular models with
a finite-range intermolecular potential, and the gain and the loss term are derived
separately. The hard-sphere model is a typical example. For such models, since the
potential range is finite, so is the collision cross-section; the mean-free-path or the
collision frequency is defined without ambiguity.
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The extension to the infinite-range-potential model is done by first restricting that
potential in a finite range (or assuming the impact parameter to be finite), obtaining
the gain and the loss term separately, and then letting the range to be infinite [1,2].
After the last limiting process, however, the gain and the loss term neither remain
finite; only the collision integral as a whole remains finite. The divergence of individual
terms is due to the naive counting of the collision events: even the particle pairs with
an extremely large distance of closest approach that result in an extremely small mo-
mentum exchange are counted to collide. Such collisions with (possibly infinitesimally)
small momentum exchange are referred to as the grazing collisions.

Because of the grazing collisions, the literal mean-free-path or the collision fre-
quency diverges, like the gain and the loss term, for infinite-range potentials. How-
ever, one can introduce its effective value, thanks to the small momentum exchange in
each grazing collision. For instance, the momentum-transfer cross-section, the viscosity
cross-section, etc. are found in the literature [3] for determining the effective mean-
free-path. These cross-sections are actually helpful to remove the conceptual difficulty
in defining the mean-free-path. Nevertheless, there still exists a practical inconvenience
that the collision integral should be treated as a whole for infinite-range potentials.

In the meantime, as far as the proportion of the grazing collisions is small in the
total momentum exchange, one may neglect them in counting the collision events.
This motivates the so-called cutoff model for the original infinite-range (or non-cutoff)
potential. The cutoff size is arbitrary, but there are two ways in the literature: the
radial cutoff and the angular cutoff. The former cuts off the potential at a certain
radial distance from the center of molecule, while the latter cuts off the deflection
angle of relative molecular velocity at a certain angle. The radial cutoff is mostly used
in particle simulations like the molecular dynamics (MD), while the angular cutoff is
preferred in treating the Boltzmann collision integral theoretically. The advantage of
the cutoff potential is that the gain and the loss term converge separately.

Intuitively, the grazing collisions would have little influence on the main physical
phenomena. However, they have an impact on the propagation of singularity at the
level of the velocity distribution function. For molecular models with a laterally finite
collision-cross-section, a jump discontinuity is known to propagate in a gas in various
situations [2], not only in the initial-value problem but also in the initial- and boundary-
value problem [4] and in the boundary-value problem around convex body [5,6,7]. On
the other hand, it is clarified that the grazing collision has a regularization property
in the case of infinite-range potentials. For instance, Desvillettes [8] clarified for the
Kac model that the jump discontinuity of the initial data disappears immediately after
the initial time (see also [9]). His result seems to motivate subsequent mathematical
studies, including some numerical proposals, on the Boltzmann equation for infinite-
range potentials without cutoff (see, e.g., [10,9,11,12,13] and the references therein).

In view of the situation in the previous paragraph, one may think that the kinetic
theory provides contradicting pictures and may wonder which is correct. In our view,
however, this qualitative difference should simply come from the different modeling for
the same phenomenon. A sharp variation in real physics is modeled by a steep but
regular function in the case of non-cutoff potentials, while it is modeled as a jump
discontinuity in the case of cutoff potentials. The main purpose of the present paper is
to verify our view through a space homogeneous initial-value problem of the Lorentz
gas, thereby clarifying the essential feature of the grazing collision effect.

The rest of the paper is organized as follows. We first introduce our toy model, the
Lorentz gas, especially its two-dimensional version, in Sec. 2. Then, we formulate the
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space homogeneous initial-value problem in Sec. 3. This is a problem of time evolution
from the discontinuous initial data. Thanks to the simplicity of our model, we can
construct an explicit Fourier series expression of the solution, which will be presented
in Secs. 3.1 and 3.2. The results of numerical experiments are given in Sec. 4, where the
propagation /regularization of jump discontinuity are discussed in various comparisons.
We further discuss some details of the propagation/regularization of singularity in
Sec. 5.1 and a specific feature in the regime that the grazing collision has an appreciable
portion in the total momentum exchange in Sec. 5.2. We conclude with Sec. 6.

2 A toy model
2.1 Lorentz gas [14,15]

Counsider size-less particles with a common mass and magnitude of velocity. Assume
that there randomly distribute spherical scatterers of uniform size in space and that
the particles collide with them elastically. There is no inter-particle collisions because
particles are size-less. Then, after a proper scaling, the behavior of particles is described
by the following dimensionless kinetic equation, which is the Lorentz gas model:

frttevays= [ b BhUCmean) S e @)

ax=a—2(8-a)B, bla) =a.

In the above equation, f(f,x, ) is the dimensionless velocity distribution function
(VDF), t is the dimensionless time, and « is the dimensionless position vector. a, o,
and B are unit vectors, among which the former two represent the dimensionless velocity
of a particle. All the notations in the present paper will be dimensionless; hereafter we
shall not repeat the word “dimensionless” in every occurrence of new notations. The
first term of integration on the right-hand side of (2.1) is the gain term, while the
second term the loss term. In the present case, the mass and energy of the particles
are conserved in collisions, while their momentum is no longer conserved. Because the
magnitude of particle velocity is unity, the energy conservation is reduced to the mass
conservation

pt + div(pv) =0,

p:/ fda, pv:/ af do.
|| =1 |a|=1

In the above model, the collision cross-section v is defined well and computed as

2m ™
v= / b(la - B|)dB = / dgp/ df sin 0| cos 0| = 2.
IB8]=1 0 0

where

2.2 Grazing collisions and infinite-range type potential

In (2.1), o« and « are the post-collision and the pre-collision velocity, respectively.
Thus the grazing collision is the case |3-a| ~ 0, since 2|3 a| is the magnitude of their
difference. The form b(Ja - B]) = |- B] in (2.1) is due to the assumption of spherical
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scatterers with finite diameter, which corresponds to the hard-sphere model for the
Boltzmann equation. The positive function B(V,|a - 3|) in the Boltzmann equation,
where Va is the relative velocity of colliding molecules, corresponds to our b(|a - 3|)
and diverges as |a - B3| — 0 for infinite-range potentials [1,2]. For instance, for the
nth-inverse-power potentials (n = 5 is the celebrated Maxwell molecule), B diverges
with the rate |6 — %|_% as 0 — /2, where 6 is the angle between o and 3.

We shall reproduce the above feature for the Boltzmann equation by a simple
extension that

b(lee- Bl) = |e- B[,

where —3 < v < 1. The collision cross-section v then reads

= b . dB = - 637d
v /m—1 (o Bl)d3 /|ﬁ|—1 - B dB,

which remains finite only for v > —1. When —3 < v < —1, although v as well as the
gain and loss terms diverge, the collision integral remains finite as a whole as far as f is
smooth.! The parameter range —3 < v < —1 corresponds to infinite-range potentials
for the Boltzmann equation. We call the model in this (—3 < v < —1) and the other
(y > —1) range the infinite-range and the finite-range type, respectively. v = —3/2
corresponds to the Maxwell molecule and 7 = —3 the Coulomb potential. The collision
integral no longer converges for v < —3.
Before going further, we remark that the collision integral can be transformed as

/ la- B {f(t,z, ) — f(t, T, ) }dB
18]=1

:/ |=1 (1_(1%) ’ {f(t,z,ax) — f(t,z, &) }das.

The derivation would be standard and is omitted here.

2.3 Two dimensional version and cutoff/non-cutoff models

We are going to consider two dimensional version of the model in Sec. 2.2, namely

fe+(aVaz) f = Cy(f), (2.2a)

o= (F55°%) Ul - staadan 220

where all the vectors are restricted in two-dimensional space and —3 < v < 1. The
dependence of Cy on v does not change in quality by the reduction of dimension.

1 For smooth f, we have

FCom) = f( 00 ~ =2(8- 0)Bi0f /O
=-2(8-a)[8i — (B a)a;]0f /0 — 2(B - @)*a;0f [Ocus,
for |3 a| ~ 0 by the Taylor expansion. Since the derivatives of f is evaluated at «, they are
independent of B. As the result, the first term of the most right-hand side does not contribute

to the integration with respect to B. The last term reduces the degree of possible singularity
from |3 - a|” to |3 - a|YT2, allowing the integration down to v = —3.
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With the polar angles 6 and 6« such that a = (cosf,sinf) and ax = (cos(d +
0+),sin(6 + 6+)), (2.2) is rewritten as

fi +cosf fr +sind fy = Cy(f),

—T

0+ b—0
:/ |Sin 2 |’Y{f(t7.l‘,y,(b)—f(t,l‘7y,0)}d¢,

—T

where f(t,z,y,0) is periodic in 6 with period 27 (2m-periodic, for short). This is the
non-cutoff model.

In order to study the effect of grazing collisions, we need a cutoff model such that
the collisions with small deflection angle 3-a ~ 0 are omitted. We introduce a positive
constant ¢(> 0) against the angle 0« between o and a« to make the desired model by
replacing Cy with Cy e below:

Cre(h) =1/ / < “’S‘g*)g{f(t,x,y,ew*)—f(t,x,y,e)}de*

O+ .
/0 sin 0 p .y, 6) - £(t.2,0.60))do.
Once the non-zero cutoff (¢ > 0) is introduced, the collision frequency becomes finite.

The gain and the loss term are allowed to be dealt with separately as Cy,(f) =
C.Jyﬁe(f) — Vqy,ef, where C’,Jyfe and v~,¢ are defined as

cie(f—{ / < COSG*) F(t @, y,0 + 0.)do.

/:M}lsin
WE{/ (),

0+m
/6 }/sin %mw. (2.4)

Obviously, € = 0 is just a non-cutoff model, and we shall often drop 0 like C, Ci, Uy
for simplicity when ¢ = 0. Note that C;" and vy are defined well only for v > —1; they
diverge when v < —1.

lvf(t z,y, $)do, (2.3)

3 Initial-value problem from discontinuous data

From now on, we focus on the space-homogeneous initial-value problem for the two-
dimensional Lorentz gas:

fit=C(f), LC. f(0,0) =g(6), (3.1a)
(f) = {C’y(f), for non-cutoff potential,

! (3.1b)
Ch,e(f), for cutoff potential.
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Here the initial data g(f) is 27-periodic in §. We are interested in the case that g has a
jump discontinuity at 6 = 0. Before showing the details of analyses in Secs. 3.1 and 3.2,
we present preliminary arguments that should make clear the points and ideas behind.

Let us start with the finite-range type potential: v > —1. Since v~ is finite, the
gain and the loss term can be treated separately. Since CW+ is an integral operator, the
gain term C;*'(f) is continuous. The time evolution of the jump discontinuity at € = 0
is then described by

[fle = —wylf], 1C. [f](t =0) =g(04) — g(0-),
where [f] = f(¢,04) — f(¢,0-). This is easily solved to give

f(t,04) = £(t,0-) = [9(0+) — g(0-)] exp(—w»1),

showing that the jump discontinuity propagates in time though decays exponentially.
On the other hand, for the infinite-range type potential v < —1 the collision integral is
not guaranteed to converge for the data with jump discontinuity. This is because the
Taylor expansion in the footnote 1 is not allowed. The weak formulation, which was
introduced in [8] for the non-cutoff Kac equation, serves in this case. This formulation
reads in our case

% B 20)f(t,0)do = — /4 b2 (0) f(-,0)do, (3.2a)
1.C. £(0,0) = g(6), (3.2b)
w0 = [ 100) - 2@ 500 (320)

with £2(6) being test functions. Equation (3.2) is obtained from the cutoff potential
first by transforming [ 2(6)Cs,e(f)d6 into the form

/ " A0)Cy e ()d0 = / " 02.(0)1(-.0)db,

—T —

.0 = [ %0 00— 6~ 2xe(0 - 9+ 20)[020) - 2(6)] i "3,

—T

1, 18] > e,
XE(G):{ | ‘

0, otherwise,

using the periodicity of the integrand and then by taking the limit € — 0. This is the
process parallel to the derivation of the Boltzmann collision integral for infinite range
potentials. Here the important observation is that the factor |sin B_TO‘W is combined
with the difference of the test function [2(a) — £2(9)] in b,(f, allowing it defined well
even for —3 < v < —1 (remember the argument in the footnote 1). Thus (3.2) admits
f with a jump discontinuity and will be the base of the subsequent analyses.

3.1 Fourier series and Gibbs phenomenon

The weak formulation (3.2) is particularly compatible with the Fourier series. Indeed,
with the Fourier coefficients f,(t) and gn defined by

1 us s

_ —inf _ i —inf
) =5 [0 s g =5 [ g an
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Fig. 3.1 Fourier series (3.5) and Gibbs oscillation for the initial data (3.6) for the hard-disk
potential without cutoff (v = 1 and € = 0). Solid lines in (a) and (b) indicate (3.5) truncated
at n = 61, those in (c) indicate (3.5) truncated at n = 121, and those in (d) indicate (3.5)
truncated at n = 241. Panels (b)—(d) show a close-up of the region —7/100 < 6 < m/10.
Dashed lines indicate (4.2) truncated at m = 30. Thanks to the symmetry, only the quarter of
full angle range (0 < 6 < 7/2) is shown in (a).

where n is the integer, (3.2) with 2 = %eiine is recast into

dfa

= W fny 1O fa(0) = gn, (3.3)

n_ [T —ine=0)y (o 0=y TR

by=[ (1—e )\smT\ d¢ =8 sin® niy| sin | dy, (3.4)
- 0

which is easily solved to give fn = gne_b::

b9, = 0, the Fourier series of f is given by

!, Therefore, noting b2 = b3™(>0) and

o0
FO) ~go+ Y (gne™ +gne ™) (3.5)

n=1

Some remarks would be in order. The weak formulation was motivated to study
the problem with discontinuous initial data. However, the Fourier series of the initial
data necessarily suffers from the Gibbs oscillation when truncated, because g has a
jump discontinuity. The Gibbs oscillation is observed, irrespective of the value of v, on
the right-hand side of (3.5) with ¢ = 0. The same should occur even for ¢ > 0, if the
jump discontinuity propagates in time as in the case of the finite-range type potential.
As an illustrative example, we show in Fig. 3.1 (solid lines) the time evolution of the
truncated series of (3.5) from the following initial data:

1, O0<fO<nm
0)={ ’ 3.6
9(0) {Q —r<0<0, (36)

for the hard-disk potential (y = 1). In viewing the result, the Gibbs oscillation may
be considered to work as a detector of jump discontinuity. It would prevent, however,
detailed analyses at the same time. In Sec. 3.2, we present an alternative expression to
avoid the drawback.
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3.2 Improved Fourier series

In the present subsection, we consider an alternative Fourier series expression for cutoff
potentials first and then its extension to non-cutoff potentials.
The initial-value problem of our interest reads for the cutoff potential:

fr=Che(f) = CSe(f) —vae £, 1C. £(0,0) = g(0).

Here we assume (i) —3 < v and € > 0 or (ii) v > —1, so that CJ:E and v,c are both
finite. It should be noted that the latter case (ii) includes the non-cutoff potentials
because C5 and vy are finite for v > —1.

As is preliminarily discussed in Sec. 3, the jump discontinuity of the initial data
decays in time with the rate e “7<!. This observation motivates us to consider the
following quantity h(t,0)

h(t,0) = f(t,0) — g(0) exp(—vy,et),
and its initial-value problem, which reads
he = Cy.e(h) + C3 (g)e <", LC. h(0,0) = 0. (3.7)

Now the initial data for h and C’Ie(g)e_'”*ét are both continuous, h is expected to
be continuous for ¢ > 0. We consider the Fourier series of this h. With the Fourier
coefficients hy, (t) defined by

™ .
ha(t) = L/ h(t,0)e~"%dp,  (n: integer),

2r J_ .

(3.7) is recast, after some manipulations, into

dh

S — b e+ CF2(g)e™ 7!, L.C. i (0) =0, (3.8)
where
- ) w/2
by.e :/ Xe(@)|sin TV (1 — e” ") dp = 8/ | sin |7 sin® nypdy,
’ —r 2 €/2

1 g i
Ci2(0) = g [ Chla)e ™ a0 = vy~ . on

Equation (3.8) is easily solved to give hn(t) = gn(e Pt — e71et). Noting by e =
by ¢ (>0) and b9>,7€ = 0, the Fourier series of h is given by

o0
h(t,6) = go(1— e ") £ 3" (gne™ + gne” ") (et —e ) (3.9)

n=1

We have thus arrived at an alternative Fourier series expression for f:
F(t,0) = g(0)e™ <" + go(1 — e "7<F)

o0
+ 3 (gne™ + gne M) (e et — eVt (3.10)
n=1
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Fig. 3.2 b2 %! for various values of . (a) v = 1, (b) v = 0, (c) v = —8/10, (d) v = —1, (e) v =
—14/12, and (f) v = —6/4. Solid lines indicate the results for various values of € given in (a); in

(b)—(f) they indicate from top to bottom the results for e = 0, 7/100, = /50, 7 /20, w/10, = /5.
Dashed line in (c) indicates the asymptote of bQ_Tg}"llo as m — oo. In (d)—(f), b2™ T tends to
diverge as m — oo.

As is clear from the above form, the part gef’”*et involving the jump discontinuities is

isolated in (3.10). Its Fourier series [go+ Y ., (gne™™ 4 g_pe9)]e V< is, instead,
subtracted term by term from the Fourier series in (3.5). This term by term subtraction
suppresses the possible Gibbs oscillation. Indeed, b5 ¢ — v,c asn — 00,2 and the factor

(e_bz»et — e "1<%) in (3.10) improves the convergence of the series (see Fig. 3.2).

2 For every fixed v and e(> 0), we have a large integer n such that

/2 /2
Vy,e — Y | = 4] //2 (1 — 2sin? ny) | sin g|Vde| = 4| //2 cos 2ngp | sin | dyp|
€ €

2 nm 2 ne+2m
= f|/ cos¢|sin£|7d¢| =—| cos¢\sin£\7d¢>\
n Jne 2n n Jne 2n

2 ne+2m 4
S*/ d¢:1—>0, as n — oo.
n Jne n
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Up to this point, we have assumed that (i) —3 < v and € > 0 or (ii) v > —1.
Beyond these parameter ranges, namely for —3 < v < —1 and € = 0, we simply take
the limit € — 0. Then (3.10) recovers (3.5), implying that it also applies to e = 0
beyond the assumption because (3.5) holds irrespective of whether or not C',;L" and vy
are finite. Therefore, we adopt (3.10) for the Fourier series expression for general cases.
In Fig. 3.1, (3.10) truncated at a finite number of terms is drawn with dashed lines.
The Gibbs oscillation does not occur, in contrast to the truncated (3.5) (solid lines).
This is the manifestation of the advantage of (3.10) over (3.5). The series convergence
will be discussed in Sec. 5.1.

4 Numerical experiments and discussions

As already shown in Fig. 3.1, the numerical experiments are performed for the step-

function type initial data
1, 0<O<m,
9(0) = { (4.1)

0, —w<6<O,

which have jump discontinuities not only at # = 0 but also at § = +m. As is easily seen
from (3.10), all modes except for n = 0 decays as t — oo, and f approaches a uniform
distribution, go in the present case. This is no other than the equilibrium state of the
Lorentz gas model with the same density as the initial data. [15]

The Fourier coefficients of the above g are easily computed as

1 —
3 n = O,
gn =<0, n : (nonzero) even,
1 .
wris Mioodd,

and accordingly (3.10) reduces to

f(t,Q) zg(e) —U~, €t+ (1 — Vs, et)

2 & 2 1), _pem _
250 MERE (T ety (4
m=0

It is seen from the above equation that f is symmetric with respect to 6 = 7/2, while
f —1/2 is anti-symmetric with respect to # = 0. Due to these symmetries, only the
quarter part 0 < § < 7/2 of the full range of angle will be shown in the subsequent
figures. Because v+, and bY . can be computed individually for every fixed v and ¢, we
first perform their computations and then calculate (4.2) for various values of v and e.

4.1 Non-cutoff potential (e = 0)

We have already seen that the jump discontinuity propagates in time in the case of
the hard-disk potential ¥ = 1 (see the dashed lines in Fig. 3.1). In Fig. 4.1, we present
the results for other typical cases v = 0, —8/10, —14/12, and —6/4. In the figure, the
series in (4.2) is truncated at a finite number of terms for which the series is judged
to sufficiently converge. The figure clearly shows the decay of the jump at § = 0 as
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Fig. 4.1 Fourier series (4.2) for various non-cutoff models. (a) v = 0, (b) v = —8/10, (c)

v = —14/12, and (d) v = —6/4. Series in (4.2) is truncated at m = 400.

\
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Fig. 4.2 Convergence of the series (4.2) for non-cutoff models. (a)—(d) v = —6/4, (e)—(h)

v = —2. Series is truncated at m = 25 in (a) and (e), at m = 50 in

(c) and (g), and at m = 200 in (d) and (h).

(b) and (f), at m = 100 in

well as the overall approach of f to the final equilibrium state. Note that the collision
cross-section v is finite for v = 0 and —8/10, while it is infinite for v = —14/12 and
—6/4. For the former two, the jump discontinuity at # = 0 propagates in time for ¢ > 0.
For the latter two, it has already vanished at ¢ = 0.05, suggesting no propagation of

discontinuity for ¢ > 0.
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Fig. 4.3 Time evolution in the case of the hard-disk model (y = 1). (a) Non-cutoff model
(e = 0), (b) cutoff model with e = /5. In (b), the results for the non-cutoff model are shown
by dash-dotted lines, for comparisons.

In order to make the latter clearer, we have examined the influence of the series
truncation around § = 0 at the earlier stage of time evolution. Figure 4.2 makes
comparisons among the results for different truncations for the case with diverging v-:
v = —6/4 and —2. As the number of retained terms increases, the observed oscillation
at every instance tends to vanish, which means no jump discontinuity at that instance.
At a given instance, the series achieves better convergence for smaller 7. It should be
noted, however, that in approaching the initial time f becomes steeper around 6 = 0,
and accordingly more terms must be retained to achieve the practical convergence.3
Further discussions will be found in Sec. 5.1.

Going back to v = 0 and —8/10, the behavior around 6 = 0 is quite different from
each other (see Fig. 4.1), though the collision cross-section v is finite in both cases.
Except for the propagation of discontinuity, v = —8/10 on the whole resembles the
infinite cross-section cases v = —14/12 and —6/4 rather than v = 0. Such a mixed
feature seems, however, reasonable in view of the smooth transition of solution via the
critical value v = —1. Further observation reveals that the solution changes steeper
around 6 = 0 for v = —8/10 than for v = —14/12 and —6/4. More detailed discussions
will be found in Sec. 5.1.

4.2 Cutoff effect

We start with the simplest case v = 1, the hard-disk potential, by showing its time
evolution in Fig. 4.3. Figs. 4.3(a) and (b) show the non-cutoff and the cutoff model with
€ = /5 by solid lines, respectively. In Fig. 4.3(b), the non-cutoff model is also shown
by dash-dotted lines for comparisons. Here, the series in (4.2) is truncated at m = 30
for both models. Although the setting e = 7 /5 neglects collisions up to twenty percent
in the deflection angle, two models agrees well; a slight difference is observed only in
the range |0| < e(= 7/5); the cases of ¢ = m/10 and 7/20 are parallel and omitted

3 In the case of v = —14/12, the variation around § = 0 is steeper and more terms should
be retained for the practical convergence. In Fig. 4.4 that appears later, the series is truncated
at m = 160,000 (not 16,000) for v = —6/4. See also the next paragraph and Sec. 5.1.



A toy-model study of the grazing collisions 13

1 IERBARRRERERS RN N toff
=001 — Non-cuto
1F
It
0.5
T T T T T T T T
1E
It
05 s :
0.5 T 0.5 F 22 7
Equilibrium state F Equmrium state ]
1 1 1 1 L 1 1 1 1 1
0 0 2 0 9 El
(d) (e)

Fig. 4.4 Comparisons between the non-cutoff and the cutoff model for infinite-range type
potentials: (a)—(c) ¥ = —14/12 and (d)—(f) v = —6/4. (a) and (d) show the results for cutoff
model with € = /100, (b) and (e) those for non-cutoff models, and (c) and (f) a close-up of
the range 0 < 6 < m/10 for the non-cutoff and three cutoff (¢ = w/100, w/50, 7/20) models.
The series in (4.2) is truncated at m = 100 for cutoff models, while it is truncated respectively
at m = 160000, 400 for v = —14/12, —6/4 for non-cutoff models.

here. The small influence of the cutoff is due to that the difference of the exponent of
time decay is estimated as

€/2
Vi — Vi :4/ sin pdp = 4(1 —cosf) = 0(é%),

bY =8 sin? ny sin pde
0

2 (201 1—005(2"73'1)E 1—(:08(2"7;1)E
2n +1 + 2n —1

O(min(é? )),

see Fig. 3.2(a). We have numerically confirmed that the above very limited effect applies
when v > 0.

We turn to the case with the infinite collision cross-section, ¥ = —14/12 in Figs. 4.4(a)-
(¢c) and v = —6/4 in Figs. 4.4(d)—(f). Figs. 4.4(a) and (d) show the results of cutoff
model with e = /100, while Figs. 4.4(b) and (e) those of non-cutoff model. The cutoff
and the non-cutoff model agree well, except that they differ considerably near § = 0.
To observe the difference closely, the region 0 < 6 < 7/10 is magnified in Figs. 4.4(c)
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Fig. 4.5 Comparisons between the non-cutoff and the cutoff model for a finite-range type
potential (v = —8/10): (a) cutoff model with e = 7/100, (b) non-cutoff model, and (c) close-
up of the range 0 < 6 < 7/10 for the non-cutoff and three cutoff (¢ = x/100, 7/50, 7/20)
models. The series in (4.2) is truncated at m = 5000 for non-cutoff model while at m = 100
for cutoff models.

and (f), in which different cutoff cases (¢ = 7/100, 7/50, 7/20) are compared with
the non-cutoff case. The figure shows that the cutoff effect is limited inside the region
|| < e. This is the same feature as the simplest case v = 1.

It should be highly remarked that the non-cutoff model exhibits a steep variation
near 0 = 0. Indeed, in drawing Fig. 4.4(b), we retain 160, 000 (not 16, 000) terms in the
series of (4.2). The cutoff model effectively replaces the steep part with a jump discon-
tinuity, allowing the series truncation at a reasonable number m = 100 in Fig. 4.4(a).

The cutoff has a similar effect in the case of v = —8/10 (Fig. 4.5). Remember that
the non-cutoff model for this case has a finite collision cross-section, and accordingly
the jump discontinuity at § = 0 propagates with forming a steeply varying part around
6 = 0 for t > 0 [Figs. 4.1(b) and 4.5(b)]. The cutoff affects this part and replaces it
with a jump. Again, this is well illustrated by the number of retained terms in drawing
Fig. 4.5: the truncation at m = 5000 for the non-cutoff model while that at m = 100
for the cutoff model.* The cutoff effect is again limited inside the region |6 < e.

To summarize, the main feature of the cutoff effect becomes clear. For 0 < v < 1
where there is no steep variation near the point of discontinuity, namely at § = 0, the
cutoff is rarely effective. It becomes effective when a steep variation appears around that
point as in the case of vy = —8/10, —14/12, —6/4. The cutoff effect is essentially limited
within the region || < € and replaces the steep variation with a jump discontinuity.
This feature, in particular for v = —14/12 and —6/4, supports the viewpoint in Sec. 1
that the seemingly contradicting property — the regularization versus the singularity
propagation — may be considered just as the consequence of different modeling for
the same phenomenon. It should be noted, however, that we have studied here the
case v > —2 only. As mentioned in Sec. 2.2, v = —2 is the critical case, below which
the grazing collisions have an appreciable portion in the total momentum exchange.
Consequently, the cutoff effect shows a different aspect for v < —2, which will be
discussed in Sec. 5.2.

4 As will be clear in Sec. 5.1, the truncation at m = 5000 is not enough because 6-derivative
diverges. Required number of terms is larger than that for v = —14/12.
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5 Further discussions
5.1 Series convergence for non-cutoff potentials: accompanying singularity with jump

We shall examine the convergence of the series on the right-hand side of (4.2) for the
2m+1
non-cutoff model, Y~ W (e7%"" t—e¢7¥"), thereby clarifying the property
of the steeply varying part around 6 = 0 at which the jump discontinuity of the initial
data locates (see the last two paragraphs of Sec. 4.1).
We first see the property of by and v. In what follows, n is a positive integer and

—3 < v < 1. The integrations defining b and v can be carried out to yield

o n— 2 K or -
b::’i(V)(l_Fl(ﬂl(_FQ) I( 2) )>,1/»Y:{ (M(>0), fory> -1,

—-3) I'(n+1+3 00, otherwise,

where I" is the gamma function and

o, TGG+3)
k(7) = 2f( 2)

In the above expression, b” | should be considered as the limiting value of b7 as v — —1
and is written as

w1:4k+8m2+mmn+%x

where e is Euler’s constant (= 0.5772...) and V¥ is the digamma function [16,17] (the
logarithmic derivative of I"). As n — oo,

pr o 480 = 2VT R (+ ) n "L OnT73), fory #£ -1, (5.1)
! 41nn+4’)/e+81n2+0(n_2), for'y:—l‘ '
Obviously from the definitions (3.4) and (2.4), by < bj (= 27) = v for v 2 0.
_b2m+1t

Now we focus on the factor (e - 7”"*t)/(2m + 1) occurring in the series of
interest. Using the above expression for vy and the equality by = vp, for ¢ > 0 and a
non-negative integer m we have

-2ty —uqt
2m Tile —e )]
—p2metly
€
2mF1 for —3<7§—1,
=<0, for v =0,
e mMt | o= O3 k(e

Gt |y T = k()] for —1<y<landy#0.

Here in the last equality we have also used that b?merl —k(y) #0for 0 < |v] < 1.
When —3 < < —1, b5 > by = 27 > 0 and we have

b2t 1 2m41\k —b2mtly kK 1
C Tyt e =) e

for any positive integer k. When v = —1, by making use of ¥(2m+2) > In(2m+1)(>
0), ® we have

_p2m+1 _ _ _ 3 _ _ _
YT _ o8t —dyet ,—4tW (2m+3) _ o8t 4~,et(2m+1) 4t

5 We shall prove ¥(n + %) > Inn for any positive integer n. The case n = 1 is obvious. For
n > 2, we use that
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When —1 < v <0, k(y) — b5 > 0 and we have

— (O —k(7)t eyt
e 7 -1 oms1 e —1 omi1

b —K < —1b —K ,
b%m_H — Ii(’y) I y ('7)‘ > o | v (7)‘

for a positive constant cy such that

pr( ks ) for n > 2, (5.2)
Cy = r +2 (1 5.2
2f G 7))FE2+2;’ forn =1,

by which () — bY is bounded from above. When 0 < v < 1, b5 — k() > 0 and we
have

—(E T k() _ g
e —
‘ b2m+1 _ ﬁ(’y) |‘b’2‘/m+1 - H(’Y)' < |b’2)'m+1 - H(7)|t'
Y

Thanks to (5.1),

by — k(7)) ~—eyn T for —1<y <1, 4 #0,
bz ~ fc'ynfpy*l, for —3<vy< -1,

for large n; hence, we finally have the following estimate for large m:

|2m1—|— 1 (eibimﬂt - eiuwt”
(k/ecy)Ft=F(2m + 1)FOFTD=1 0 for —3 <y < -1,
27 8tem et (2 4 1) 7174, for vy = —1,
< e Pt —1)(2m+1)7772, for —1<y<0, (5.3)
0, for v =0,
te "Mt (2m +1)7772, for 0 < v <1

In (5.3) the definition of ¢y in (5.2) has been extended to the full range —3 < v < 1,

and —x(y) + ¢y < 0 for —1 < v < 0. The above estimate shows that the series
Zoo sin(2m+1)6 ( b?y’"*lt

=0 — 3mi1 — e ") converges absolutely uniformly in 6 for ¢ > 0.

1. For any positive integer n, ¥(n + %) =—7 —2In2+ ZZk o 2k+1 [17,16]
2. Since 1/z is downward convex, the trapezmdal formula bounds its integral from above:

2n— 1 2ndib
1+2 -+ — — =1 In2.
+ Z +3 _/1 —=hn+h

Then,

1 n—1 1 1 2n—1
v —)—1 > —ve —1In2+2 - = 2
(n+2) nn> —v —In2+ I;Zk:—i-l 2( + Z + )

on 4+ 1 nd 1

1
- e —m24- S
in(2n—1) <" +2+k§12k(2 )

Some manipulations from the first to the second line are omitted here. On the most right-hand
side, the first term is positive, and the remainder is —ye — In2 + 1(> 0) when n = 2 and
monotonically increases with n. The desired inequality is thus obtained.
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The term by term time-derivative of this series is also seen to converge absolutely
uniformly in @ for ¢t > 0, and thus the right-hand side of (4.2) with ¢ = 0 indeed the
solution f. Furthermore, from the decaying rate of terms in m, we see that f—ge " tis
continuous, more precisely Clfor0<~v<1,C®fory=0and -3 <~ < —1,and C°
for —1 < < 0 (see Theorem 2.6 of [18]). In particular, when v = —1, the guaranteed
regularity is improved as time goes on: for every positive integer k, f — ge™ 7! is ck
for t > k/4.

We proceed to further studies for —1 < v < 0. For —1 < v < 0, f — ge""! is
guaranteed to be continuous only, because b5 —vy ~ n~ 77! for large n. This slow decay
of the Fourier coefficients suggests, in turn, that f —ge """ would not be differentiable
at 6 = 0: the variation near § = 0 for v = —8/10 in Fig. 4.1 should be accompanied
by a derivative divergence. Motivated by this observation, we introduce a 27-periodic
function for 0 < a < 1

S(0; ) 0% (m — 6)*, for 0 <0 <m,
;a =
—0|%(m 4+ 6)%, for —w <6 <0,

which is symmetric with respect to § = 7/2 and anti-symmetric with respect to 6 = 0.
Its Fourier series is given by

oo
Sm >SS sin(@m+1)0,
m=0

s
SS i1 = 7%/ 0% (7 — 6) sin(2m + 1)0.d6
0

= 22(- 1) 2m + D7y ()W) + D),

where Jp, () is the Bessel function of the first kind for order n. For large m, S5, is
estimated as

o a1 l(a+1)cos o 1
Sam1 ~ —4m (2m + 1)o+1 +0( (2m + 1)a+2)
_ o (2n)*7'I(5) 1
=47 +O((2m+1)a+2).

(2m+ 1o+l Pl - 9)

Here from the first to the second line we have used I'(a+1) = aI'(«) and I'(«) cos Fa =
2071 /m0(2)/I (5 — %), the latter of which is derived from the duplication and re-
flection formulas with z = «/2:

227 1 1,1 ™

[2:)= 2T+ 2), I+ )= —2) =
(22) = ZIEIG+ D), T+ -2)

The important observation is that S5, ; decays in m with the same rate as (e
e V1) /(2m + 1), if a is chosen to be y + 1. Thus, we have

cosTz

2m+1
7177 t

_ 1—e ! 2 -
_ vyt _ 1 vt
f—ge 5 (2W)7+1(W+1)S(97V+ ) te
e—u,ytg io: (6(U7—b37n+1)t -1 2ﬁ F("KT“FI)t
i m=0 2m+1 (2m + 1)7+2 F(_%)

L o((2m + 1)*3*7)) sin(2m +1)0
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et 2 Z (uv—b.%mﬂt_'_ o/r I )
T 2m + 1 (2m+1)7+2 F( %)

T O(max((2m + 1), (2m + 1)*3*27))) sin(2m + 1)0

o0
=Y 0((2m + 1)) sin(2m + 1)0),
m=0
which shows that f —ge """ — (1 —e ") /2 = 2(27) "7 (v +1)715(0, v + 1) te
is C! for —1/2 < v < 0. This estimate can be generalized to yield
—vyt 1- eiywt
2

SO,n(y+1)) [2vmtr(E)/r(=3)]" e "
+Z (27‘(’)”(7+1)n' 2\/7?[‘("(’)’;1) —|—1)/F(1 n(’Y+1))

f—ge

2 X e [2vAr(B) (-]
25 (vl )

~e T nl T (2m+ 1)0FDnt

m=0 n=1

I Rt B - IO EA U2 A k2 )
nl @+ 1P OFH (G o (2O 1) /(220D

n=1

+ O(max((2m + 1) 1= OFDE (9 4 1)—3—7)) sin(2m + 1)0

o0
=e" Y O(max((2m + 1)~ =K, (2m 4 1) 7777 sin(2m + 1)6,

m=0

which shows that for every fixed v the above function with k > 1/(1+ ) is C ! when
—1 < v < 0. Therefore, we conclude that, when —1 < v < 0, the jump of f at 6 =0
is accompanied by the 6-derivative divergence of the same degree as the derivative of
07! (remind that v + 1 is a positive constant strictly less than 1).

We finally turn to the remaining case v = —1. As already described, the estimate
(5.3) suggests that the smoothness could change in time in this case. Indeed, by using
0<¥(2m+3)—In(2m+1) < (2m+1)"1, ¢ we have

1

>Hw

oo
Z (4e7) 4 (2m + 1)~ sin(2m + 1))

[\]

6 U(n+ 5) —Inn > 0 is proved in footnote 5 for any positive integer n, where n corresponds
to 2m + 1. To prove ¥(n + %) —Inn < 1/n, we use the formula for ¥ [17,16] that

1 o t
V@) =lne—— -2 —— 0 _dt, fora>0.
() =tr=g, /0 @+a2)(em -

Then, for F defined by F(z) =1/ — ¥ (z + %) +Inz (x > 0), we have

Fla)= 2 +ma—In(+ L)+ — +2/°o i dt
z)==+4Inz—In(z+ =
x 2 2z + 1 o (B2+(z+ %)2)(32“ —1)

=G(z) >0 aszx — oo.

> hme—m@+ )+
LR |
=g e Ty T et

By the direct calculation of dG/dx, G(z) is found to be monotonically decreasing for z > 0;
thus we have F(z) > G(z) > 0 for = > 0.
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,| Z s1n22m++11)9 (eibiﬂf“t — (4e™) "M (2m + 1)74t) |
m

m=0

ey Z s;n(ﬁn;)riﬁ (6_b2_’rlz+1t+[8 In 244y, +4In(2m+1)]t 1) |
m

4 Yey—4t sin(2m + 1)6 674[W(2m+%)*1n(2m+1)]t 1
e | Z (2m + 1)4t+1 4w (2m + %) —In(2m + 1))

x 4¢[P(2m + %) —In(2m + 1)]|
<847y i L mt )~ n@m+ 1)
T — (2m + 1)%t+1 2

46%

ZW

Therefore f — 3 — 2 3°°°_ (4e7*) " (2m + 1)"* ' sin(2m + 1)0 is C* for ¢t > 0.
Furthermore, because

Ve —4t —4t—-1 T S2m+1
(4e™)7 7 (2m + 1) 4 (4ever)dt cos(2mt) (4t + 1)’

for large m, the 0-derivative of f diverges with the same degree as that of 84! in a finite

time duration 0 < 4¢ < 1. After the critical instance tcr = i, f is concluded to be C!.

5.2 Momentum-transfer cross-section and cutoff for v < —2

In Sec. 4.2, we have made comparisons between the data at a common instance. This
implies that we do not pay attention to the difference of the effective collision frequency
between the cutoff and the non-cutoff model.

As mentioned in Sec. 1, the effective collision frequency is well quantified by the
momentum-transfer cross-section l/y (and 1/4\745 for cutoff potentials) [3], which reads
in our model

vy = " b(la~ﬁ)la~ﬂ|2dﬁ=/l - B7F2dB = vy o, Vil = vypa.e.
Bl=1 Bl=1

When v > —2, the difference |1/4\,4E — I/A]YVI| is evaluated as

€/2 €/2
WAL — 2 :4/ |sin<p|’y+2d<p§4/ dp = 2e < 1.
0 0
Therefore, the comparisons in Sec. 4.2 are reasonable. However, this estimate does not
apply to v < —2. In particular, when + is close to —3, z/fy\f[e largely depends on e,
so do the effective collision frequency and relaxation time; naive direct comparisons
become improper. Figure 5.1 shows this situation for v = —2.5 and —2.9, illustrating
the large impact of the cutoff parameter € on the results. In these examples, the ratio of
the momentum-transfer cross-section for the cutoff model with e = 7/100 to the non-
cutoff model is u%'&ﬂ/loo/llﬁgﬁ = 0.9044 and yj_vgg,ﬂ/loo/u%.g = 0.3817. Rescaling
with a common effective relaxation time should be conducted in the range v < —2.
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Fig. 5.1 Comparisons between the non-cutoff and the cutoff model for v = —2.5, —2.9 without
rescaling of time. (a) v = —2.5 and (b) 7 = —2.9. In (a) dashed lines indicate the cutoff model
with € = 7/100, while solid lines the non-cutoff model.
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Fig. 5.2 Comparisons between the non-cutoff and the cutoff model for v < —2 after the
rescaling of time: (a) v = —2, (b) v = —2.5, (¢) v = —2.9. Solid lines, dashed lines, and dash-
dotted lines indicate the results for ¢ = 0 (non-cutoff model), 7/100, and /20, respectively.
The series in (4.2) is truncated at m = 1000 for the non-cutoff model for v = —2 and at
m = 100 otherwise.

In Fig. 5.2, we make comparisons of data at a common rescaled time ¢ defined as

Z/{w t= I/’{r\{ e,

where V{VI is the momentum-transfer cross-section for the hard-disk potential without
cutoff (v =1 and € = 0). Comparisons in Fig. 5.2 for 7 = —2, —2.5, —2.9 demonstrate
that the above rescaling is indeed effective and, moreover, highlight the details of the
cutoff effect for v < —2:

1. As in the case v > —2, there appears a steeply varying part around 6 = O for the
non-cutoff model. However, the steepness is rather milder than before.

2. The cutoff still largely affects in the angular range |#] < € and replaces the steep
variation there with a jump discontinuity. However, due to the milder steepness,
these effects are limited to the case of large cutoff parameter (e = 7/20) or to the
time duration very close to the initial time.
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Table 1 Main results for non-cutoff potentials

l Uy l vM l discontinuity of f (¢t > 0) l limg o % (t >0) ‘
0<y<1 finite | finite remains finite
-1 <v<0 finite | finite remains o0
. . oo for a finite time
v=-1 & finite disappeared and finite thereafter
—3JI<y< -1 [e'S) finite disappeared finite

Table 2 Main results for the cutoff effect.

[ V,Jy”fe — Vy [ discontinuity of f (¢ > 0) [ influence ]
0<~<1 O(e) remains very small
—-2<4<0 O(e) remains limited to |0] < e
—3 <7y < —2 | sensitive to € remains whole range of 0

3. In sharp contrast with v > —2 the cutoff affects in the full range of angle 6.
However, the influence tends to vanish before reaching the final equilibrium state.

The last feature implies that the tentative conclusion in the last paragraph of Sec. 4.2
does not apply beyond the critical value of v = —2. This is because the grazing colli-
sions occupy an appreciable or possibly large portion in the total momentum exchange
and accordingly neglecting or non-neglecting them should affect the whole relaxation
process by collisions. The parameter range —3 < v < —2 is the transition regime to-
ward another regime that the grazing collision is exclusively dominant and the process
is of the Landau and the Fokker-Planck type equation.

6 Conclusion

In the present paper, we have studied the feature of grazing collisions and the influence
of cutoff for the time-evolution of the two-dimensional Lorentz gas from the initial data
with a jump discontinuity. The case that the momentum-transfer cross-section is finite
(=3 <y <1) is studied.

The non-cutoff potentials are classified into two groups: one with a finite collision
cross-section (—1 < v < 1) and the other with an infinite collision cross-section (—3 <
~v < —1). For the former, the jump discontinuity propagates in time for ¢ > 0, while
it vanishes immediately and the distribution function f is continuous for ¢ > 0 for the
latter. Except for the jump f is mild in 6 for v > 0, while f varies steeply for v < 0
near 6 = 0, the angle at which the initial data has a jump discontinuity. This difference
comes from whether or not the integrand of the collision cross-section is singular. The
degree of steepness changes in quality according to whether or not the collision cross-
section is finite. The 0-derivative diverges at § = 0 when « > —1, while it is finite
and thus f is smooth (at least C'') for v < —1. For the critical case v = —1, f has a
jump accompanied with the 6-derivative divergence in a finite duration from the initial
time. As time goes on, the #-derivative divergence becomes weaker and weaker and f
becomes C! after a critical instance. These are summarized in Table 1.

As to the cutoff potential, when v > —2, the influence of the cutoff is limited
in the range |6] < €, where € is the cutoff parameter. For v > 0, since f for the
non-cutoff model does not have a steeply varying part, the cutoff has essentially no
effect. In contrast, it influences a lot for —2 <+ < 0 and replaces the steep variation
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with a jump discontinuity. The feature of the cutoff effect for v > —2 supports the
interpretation that the difference of the mathematical property of f between the cutoff
and the non-cutoff potential is just the difference of modeling of the same phenomenon.
However, for —3 < v < —2 the cutoff affects the results over the full range of angle
0, which means the essential difference of the cutoff and the non-cutoff model in this
regime. This is due to that the grazing collisions have an appreciable or large portion
in the total momentum exchange, so that their omission is no longer appropriate in
that regime. These features are summarized in Table 2.
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