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Relaxation System with Slowly Decaying Data
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1 Introduction

This paper is concerned with the large time asymptotic behavior of the global solutions
to the initial value problem for the following system:

w+v, =0, vy+u,=f(u)—v, r€R, t>0,

u(z,0) = up(z), v(z,0) =vo(z), = € R, -

where f: R — R is a given smooth function. This system is a typical example of hyper-
bolic system of conservation laws with relaxation called Jin-Xin model, which describes
many physical phenomena such as non-equilibrium gas dynamics, magnetohydrodynam-
ics, viscoelasticity and flood flow with friction (see e.g. [11, 22]).

If we eliminate v from (1.1), we obtain the following damped wave equation with a
nonlinear convection term:

Uy — Ugy + + (f(0), =0, z€R, >0,

u(x,0) = up(x), u(r,0) =u(x), x €R, (1.2)

where the initial data u;(z) = —d,ve(x). In this paper, we consider (1.2) with the flux
function f(u) = au + Su® + $u®, where |a| < 1, b # 0 and ¢ € R. In addition, for the
initial data, we assume that

Ja>1, 3C >0 st |ug(x) <CA+z])™", z€R,

IB>1, 3C >0 st |Ju(z)| <O+ z))™?, zeR (13)
The purpose of this study is to obtain an asymptotic profile of the solution u(x,t) and to
examine the optimality of its asymptotic rate to the asymptotic function.

First of all, let us recall the known results about the asymptotic behavior of the
solutions to (1.2). Orive and Zuazua [20] studied the global existence and the asymptotic
behavior of the solutions to (1.2) with @ = 0 when vy € H*(R) N L'(R) and u; €
L*(R) N L'(R). In [21], Ueda and Kawashima generalized the results in [20] to the case
f(u) satisfies the so called sub-characteristic condition |f/(0)] = |a| < 1. In addition,

This paper is a summary of the original paper [5] by the author.



they constructed the solutions to (1.2), provided the initial data v, € W1P(R) N L*(R)
and u; € LP(R) N L'(R) for 1 < p < co. Moreover, they studied the detailed asymptotic
behavior of the solution for |a| < 1. To discuss the asymptotic behavior, we apply the
Chapman-Enskog expansion (cf. [1, 17]) to (1.1) and derive a viscous conservation law

wy + (f(w))s = ((w)wy), (1.4)

as the second order approximation of the expansion, where u(w) = 1 — (f(w))?. Here,
we note that the sub-characteristic condition |f'(w)| < 1 implies the parabolicity of (1.4).
Therefore, one can expect that the solution to (1.2) is approximated by the solution to
(1.4) or its simpler version (Burgers equation):

b
wy + <aw + §w2> = Wy, (1.5)
xT
where p = 1 — a®. Actually, under the additional condition wug, u; € Li(R), it was shown

in [21] that the solution of (1.2) converges to the nonlinear diffusion wave which is a
modification of the self-similar solution of the Burgers equation (1.5) and is defined by

1 x—a(l+1t)
T, t) = " ,reR, t>0, 1.6
o) = ( NiEs ) ’ (16)
where
_ (e2 — e % _ L
X«(2) = b i - —, M= | (uo(x) +ui(z))de, p=1-a” (1.7)
VTt (e —1) fz/\/m e v dy R

More precisely, if ug € W'P(R) N LI(R), u; € LP(R) N L{(R) and |uo|lwie + |Juollzr +
lluille + Jur]/zr is sufficiently small, then, for any € > 0, we have

(e, 8) = X, D)l < CO+ )55 1> 0, 1=0,1. (1.8)

Here the weighted Lebesgue space Li(R) is defined by

LA(R) = {f € LR Il = [ 15+ lahas < oo}.

Also, by the Hopf-Cole transformation (cf. [2, 8]), we can see that x(z,t) satisfies the
following Burgers equation and the conservation law:

Xe+ (ax + gx2> = [iXaz, /Rx(w)dx =M. (1.9)

Moreover, the optimality of the asymptotic rate to the nonlinear diffusion wave given in
(1.8) was obtained by Kato and Ueda [14] by constructing the second asymptotic profile of
the solution which is the leading term of u— y. Indeed, if ug € W*P(R)NW*(R)NLi(R),
u € WP (R) N WEHH(R) N LI(R) for s > 2, 1 < p < oo, and ||ugl|ws» + ||uol|wzr +
[lur[|ws-1p + ||ur|lwra is sufficiently small, then we have

l

1L (ul-,t) = X (1) = V() lw < CL+ ) 272 121 (1.10)
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for 0 <1< s— 2, where

V(z,t) = —kdV, (%ﬁjﬂ) (1+t)"og(1 +1), (1.11)

and
Vo) = e B zen(ys [ vwwa), )
0= [ ey, w= T4 (113)

Furthermore, in view of the second asymptotic profile, from (1.10), the triangle inequality
and (1.11), one can obtain the following improved optimal decay estimate:

0L (u(-,t) — (o) |lpw = (C +o(1))(1 +¢) % 2log(1+1), 0<I<s—2 (1.14)

as t — oo, where C' = |kd|||@.V, | L». Therefore, we see that the solution u(x, ) of (1.2)
tends to the nonlinear diffusion wave x(z,t) at the rate of 1 logtin LP if M # 0 and
Kk # 0, i.e. we cannot take £ = 0 in the estimate (1.8). The similar results for (1.8) and
(1.10) were obtained for Burgers type equations such as generalized Burgers equation,
KdV-Burgers equation and BBM-Burgers equation (cf. [3, 6, 7, 12, 13, 18]).

The above results [21, 14] are corresponding to the case where the decay rate of the
initial data ug and u; are rapid because ug, u; € L}(R) are realized when o, f > 2 in (1.3).
However for (1.2) in the case of 1 <a <2or1 < < 2in (1.3), it is not known that the
optimal asymptotic rate to the nonlinear diffusion wave, up to the author’s knowledge.
On the other hand, it was studied that the asymptotic profile for the solution to the
damped wave equation with power type nonlinearity for slowly decaying data. Actually,
Narazaki and Nishihara [19] studied the following initial value problem when the initial
data are not in L':

Uy — Ugy + 1y = [ufP u, 2 €R, ¢ >0,

u(z,0) = up(x), w(z,0) =u(z), z €R. (1.15)

They assumed that the initial data satisfy the condition (1.3) with a = § =: k and
0 < k < 1 and showed that if p > 1 + 2/k (supercritical case) and the initial data
up € BY¥(R), u; € BY#(R) are small, then the asymptotic profile is given by

1 (@—y)?
U(z,t) = a1+ |y)rdy, 1.16
@) =0 [ e )ty (1.16)

provided that the data satisfy limy, 0 (1 + |2|)*(ug + u1)(x) = cx. Here, we set
B™E = {f € C™(R); (1 + |2[)*|8, f| € L=(R) (0 <1< m)}.

More precisely, they proved

lim ag(B)][u( 1) — U, 8)|| e = 0, an(t) =

t—00

(1.17)

{(1+t)k/2, 0<k<l,

(141)1/2 7
log(1+4t)’ k=1



Moreover in [19], the damped wave equation (1.15) in two and three space dimensional
cases were also studied. For the related results concerning (1.15), we also refer to [9, 10].
However, as we mentioned in the above, the asymptotic profile of the solution to (1.2)
with slowly decaying data is not well known even if the data are in L'. For this reason,
we would like to analyze the asymptotic behavior of the solution to (1.2) in the case of
l<a<2orl<p<2in(1.3).

Now, we state our first main result which generalizes the result given in [21]:

Theorem 1.1. Assume the condition (1.3) holds with 1 < min{«, 8} < 2. Let s be
a positive integer and 1 < p < oo. Suppose that ug € WP(R), u; € W 1P(R) and
luollwse + |luollr + |luallws-1e + Jur|lzr is sufficiently small. Then (1.2) has a unique
global solution u(x,t) with

[N CH s Ak L), 1<p <o,
7 WE2(0, co; W) N C(]0, 00); LY, =00
mk_o ( ’ ) ) ’ p )

where 0 = min{2, s}. Moreover, for any € > 0, the estimate

1+t s 10, 1< min{o, } < 2
(-, t) — x( 8)||za < C i = : © o (118)
(L4+¢) T2, t >0, min{e,f} =2
holds for any q with 1 < q < 0o, and the estimate
min{o,f} | 1 k+l
L+t)" 2 fm 2 >0, 1 i 2,
ook (e t) = x( e < € EHOT R 20 L < mindan B <2
(148) w2t t >0, min{a,f} =2
(1.19)

holds for 0 <k <2 andl1>0 with 0 < k+1<s, where x(x,t) is defined by (1.6).

Furthermore, we can show that the above asymptotic rate given in (1.18) is optimal
with respect to the time decaying order in the L*° sense by constructing the second
asymptotic profile for the solution to (1.2). Indeed, we have the following result:

Theorem 1.2. Assume the condition (1.3) holds with 1 < min{«, 8} < 2. Suppose that
Up € HQ(R) N W2,1(R)7 u € Hl (R) n Wl’l(R) and ||U(]||H2 -+ H’LL()”WZ,l + ||’LL1||H1 + ||'LL1||W1,1
is sufficiently small. We set xo(x) = x(x,0), no(z) = n(z,0) and

() = m) ™ [ (o) +11(0) ~ xalo))dy (1.20)
If there exists lim, o0 (1 + || ™A 20 () = ¢ 4, then the solution to (1.2) satisfies

Tim (1+ )5 () = (1) = Z(,0)]lpe =0, 1 <minfa, } <2, (1.21)
—00

(1+1)
im ————
t—o0 log(1 +t)

Ju(8) = X(1) = Z(o8) = V)l = 0, minfe 8} =2, (1.22)

69



70

where x(x,t) and V(x,t) are defined by (1.6) and (1.11), respectively, while Z(x,t) and
n(x,t) are defined by

Z@JMEAQW@WN%@—%®M%OQ% %MME{QW 120

(1 [y[)minte-sr-1 Capr Y <0,
1 @—an? x—a(l+1) b [
G t) = It )= ————> | = — ((y,t)d
O(Ia ) 477_/”6 ’ U(Iv ) Ui < \/1—H ) exp<2'u [WX(y ) y>
(1.24)

with n.(x) being defined by (1.12). Moreover, if M # 0, there exist vy > 0 and v; > 0
ndependent of x and t such that

_ min{«a,f}
2

< C'max{|c) 4. g 5 (1 + 1) ) (1.25)
> vl (1 +£) "5

”Z(':t)”L‘X’{

holds for sufficiently large t with 1 < min{a, §} < 2 and

< C(max{leg 4], leg g} + Ral[IVa()l|2) (1 + ) log(1 + 1),
> | |(1+t) "t log(1l +t)

||Z('7 t) + V('7 t)HLO" {

(1.26)
holds for sufficiently large t with min{«, 5} = 2, where
~ B 3 —min{a, B}\  Ox«(0)(ch 5 + o p) min{c, 3}
— + I ’ < T —2 2
L st - 1 .
U = T’ —rd, T'(s)= / e *x* dxr, s>0,
0

while M, d and k are defined by (1.7) and (1.13), respectively.

By virtue of Theorem 1.2, the optimality of the estimate (1.18) can be examined from
the estimates (1.21), (1.22), (1.25) and (1.26). Now, we denote f(t) ~ g(t) if there exist
positive constants ¢y and Cj independent of ¢ such that cog(t) < f(t) < Cog(t) holds.
Then, we have the following optimal estimates of u — y:

Corollary 1.3. Under the same assumptions in Theorem 1.2, if vy # 0 and v; # 0, then
the following estimates

_ min{«,8}
2 s

umwmw>m~{“+ 1 <min{a, §} <2, (1.28)

(1+¢)"tlog(1+1), min{a, B} =2
hold for sufficiently large t.

Remark 1.4. The similar result for Theorem 1.1 is obtained by Kitagawa [16] for the
generalized Burgers equation. For Theorem 1.2, recently, the author in [4] obtained the
similar result for the generalized KdV-Burgers equation.



2 Basic Estimates and Auxiliary Problem

In this section, we introduce a couple of lemmas to prove the main theorems.

First, we shall mention the global existence and the decay estimates for the solutions
0 (1.2). Now, we consider the initial value problem for the following linear damped wave
equation:

Uy — Uy + U +au, =0, z €R, t >0,

w(z,0) = up(x), u(r,0) =ui(z), z €R. (2.1)

By taking the Fourier transform for (2.1), it follows that
a(€.t) = G(&. D) (@(8) + a(§)) + HG(E 1) (€),

where
1

NGRS
M) = 51+ VT AE T aid)), Xa() = 3(-1 - V1— A€+ aid).

Therefore, the solution of (2.1) can be expressed as follows:

é(& L) (eh(&)t _ e/\z(ﬁ)t)’ (242)

u(t) = G(t) * (uo + u1) + 0, G(t) * up,
where we set R
G(z,t) = FHG(, 1)](2). (2.3)

For this function G(z,t), we can show the following decay estimates (for the proof, see
Corollary 3.3 in [21] and Corollary 2.5 in [14]).

Lemma 2.1. Let 1 < ¢ < p < oo. Then the following LP — L? estimates hold:

1G(t) * dlle < C(1+1)"2G || @||a, ¢ >0, (2.4)

k+1

18FOLG(E) % dlloe < C(L+ 1) 2G5 2 || ]| o + Ce | @llwrst-1oy ¢>0,  (2.5)

form +1 > 1, where G(x,t) and Go(z,t) are defined by (2.3) and (1.24), respectively.
Moreover, the solution operator G(t)x is approximated by Go(t)* in the following sense:

(G = Go)(t) * Bll» < Ct2G D (14 )3 (|¢|| 1a, >0, (2.6)
|0FOL(G — Go)(8) * lle < Ct 3G9~ (14 0) 2 ||| + Ce ! @llret 1, ¢ >0,
(2.7)

for k+1>1. Here ¢q is a positive constant.

Applying the Duhamel principle to (1.2), we obtain

t
u(t) = G(t) * (ug + u1) + O,G(t) * ug — / Gt —7) * (9(u),)(T)dT, (2.8)
0
where g(u) = %uQ + §u3. Therefore, by using Lemma 2.1, we obtain the global existence
and the decay estimates of the solutions to (1.2) as in the following proposition. The proof
of this proposition is given by a standard argument which is based on the contraction
mapping principle (for the proof, see Theorem 2.1 in [21] and Proposition 3.1 in [14]):
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Proposition 2.2. Let s be a positive integer and 1 < p < co. Suppose that ug € WP(R)N
LY(R), u; € W1 (R) N LY(R) and ES™ = ||luo|lwer + |Juollz: + [Jur|lwero + [Jur]|zr is
sufficiently small. Then (1.2) has a unique global solution u(z,t) with
o L CH 0 0l W) ne(0.005 L), 1< p < o0,
u
Mi—o WE2(0, co; W) 0 C([0, 00); L'), p = o0,

where o = min{2, s}. Moreover, the estimate

lu,8)lle < CES (14 )7 245 (2.9)
holds for any q with 1 < q < oo, and the estimate
|OFdhu-,t)||r < CESP (14 ) 255 (2.10)

holds for 0 < k<2 andl >0 with0 <k+1<s.
Next, we treat the nonlinear diffusion wave x(z,t) defined by (1.6), and the heat kernel
Go(w, t) defined by (1.24). For x(z,t), it is easy to see that
(e, t)| < CIM|(1+8) b 550, s e R, ¢ > 0. (2.11)
Moreover, x(x,t) satisfies the following estimate (for the proof, see Lemma 4.3 in [14]):
Lemma 2.3. Let k, [ and m be non-negative integers. Then, for |M| <1 and p € [1, o0],

we have
k+142m

1051 (0, + ady)™x (-, t)||1r < CIM|(L + ) 2t2 =555 ¢ > 0. (2.12)

On the other hand, we have the following estimates for the heat kernel Gy(x,t) (for the
proof, see Lemma 2.4 in [5]):

Lemma 2.4. Let k and | be non-negative integers. Then, for p € [1,00], we have

188 Go (-, t) || < Ct2HH 5 ¢ > 0. (2.13)
Moreover, if [, ¢(x)dx =0 and
Fy>1, 3C >0 st |p(x) <CA+|z|)77, z€R, (2.14)
then we have
,1+L,w
272 2 t>0, 1<vy<?2,

(2.15)

t
5‘k31G t) * P <C 1
19:0:Co(t) * éllur < {t—“wkz“log@ﬂ), t>0, vy=2

In the rest of this section, let us prepare the ingredients to prove Theorem 1.2. First,
we consider the function 7)(x,t) defined by (1.24). For this function, we can easily obtain
that

min{l,e%} < n(x,t) < maX{Le%}7 (2.16)

min{l,e_%} <z, 1)t < max{l,e_%}. (2.17)
Moreover, by using Lemma 2.3, we have the following LP-decay estimate (for the proof,
see Corollary 2.3 in [13] or Lemma 5.4 in [14]).



Lemma 2.5. Let I be a positive integer and p € [1,00]. If |M| < 1, then we have
[0knCst)llo + 15, 8) )l < CIMI(L+ 8720797272 ¢ > 0, (2.18)

In the proof of Theorem 1.2, we examine the second asymptotic profile of the solution
o (1.2). To analyze the second asymptotic profile, we prepare the following auxiliary
problem:

2t azy + (bx2)e — H2ee = DA\ (2,t), T ER, ¢ >0,

2.19
2(x,0) = zo(z), = €R, (2.19)
where A(z,t) is a given regular function decaying at spatial infinity. If we set
Ulh](x,t,7) 0x(Go(x —y, t — T)n(x, 1)) , h(&)d¢ |dy,
[R]( / oz —y n(z,t)(ny, 7 (/ f) y (2.20)

reR 0<71<H,

then, applying Lemma 2.6 in [5] or Lemma 5.1 in [14] to (2.19), we have the following
representation formula:

Lemma 2.6. Let zo(x) be a sufficiently reqular function decaying at spatial infinity. Then
we can get the smooth solution of (2.19) which satisfies the following formula:

z(x,t) = Ulzo)(x,t,0) + /Ot U0 (T)|(z,t, 7)dr, 2 € R, t > 0. (2.21)

This explicit representation formula (2.21) plays an important role in the proof of Theo-
rem 1.2. Also, by using Young’s inequality, Lemma 2.5, (2.16), (2.13) and (2.17), we can
easily obtain the following estimate:

Lemma 2.7. Assume that |[M| < 1. Let 1 <p,q < oo and ;1) +é = 1. Then the following
estimate

UMD, 8,7z < C S (4 )55 (t = 7) 7745 3 | A(, 7)o (2.22)

holds fort > .

3 Asymptotic Behavior

In order to obtain the upper bound of u — x, we rewrite the differential equations (1.2)
and (1.9) to the integral equations as follows:

u(t) = Gt) % (o + 1) + AG(E) + uo — /Gt—T )P, (31)

W) = Golt)+x0 = 5 [ Galt =)+ ()o) )i (3.2

13
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where g(u) = 2u? + £u? and xo(z) = x(z,0). Therefore, if we set
o(x,t) = ulx, t) — x(z,1), (3.3)
then ¢(x,t) satisfies the following relation:
¢(t) = (G = Go)(t) * (uo + u1) + Go(t) * (uo + 11 = Xo)

HpYe *uof—/ (t = 7) % (u¥)) (F)dr

24(@ G@@—T)(())(dT——/C%t—ﬂ (= )27
(3.4)

Then, applying the decay estimates stated previous section to (3.4), we can derive the
following two propositions. These propositions were proved in the original paper [5].

Proposition 3.1. Assume the same conditions on uy and uy in Theorem 1.1 are valid.
Then, for any € > 0, we have

min{a,8
2

¥
(1+14)" %, ¢>0, 1<min{o, B} <2,

3.5
(L4 >0, min{a, 5} =2 v

wummgc{

for any q with 1 < g < oo, where ¢(x,t) is defined by (3.3).
Proposition 3.2. Assume the same conditions on uy and uy in Theorem 1.1 are valid.
Then, for any € > 0, we have

min{a,8}

(1 +t)’7+7’%7 t>0, 1 <min{o, 8} <2,
(1+1) Fate, t >0, min{a, B} =2
for 0 <1 <s, where ¢(x,t) is defined by (3.3).

Idea of the proof of Theorem 1.1. We shall explain only for the proof of (1.19) with
k = 1,2, since we have already mentioned (1.18) and (1.19) with k& = 0 (Proposition 3.1
and Proposition 3.2). First, differentiating (3.1) with respect to ¢, then we have

1056(, )]l r < C{ (3.6)

Opu(t) = 0,G(t) * (ug + uy) + OPG (L) * ug — /0 Gt — 1) * 0y(g(u))(7)dr, (3.7)

where g(u) = 2u® + Su®. Here we have used G(0) * p = 0 for any function p. On the

other hand, we have from (3.2) that

n(t) = AGolt) e xo— § [ AGu(t =)= 00Dy = J0.0AND, (39)
where xo(z) = x(x,0). Thus, combining (3.7) and (3.8), it follows that
Or(u(t) = x(t)) = (G = Go)(t) * (uo + ur) + GGo(t) * (uo + w1 — Xo)

+ OFG(t) * ug — /Ot OG(t —7) % 0y (g(u) - gx2> (Mdr (3.9

- g/o (G — Go)(t — 1) % 0,(x*)(7)dr + g@z(xg)(t).



By using the decay estimates stated previous section and the above propositions, we can
evaluate the all terms of the right hand side of (3.9). Therefore, we can obtain (1.19) with
k=land 0 <[ <s—1.

Next, we shall treat (1.19) with &£ = 2. By using the integration by parts, in the same
way to get (3.7) and (3.8), we obtain

1/2
DPu(t) = PG(t) * (ug + ) + PG (L) * ug — / D20,G(t — 1) * g(u)(T)dr
0

t (3.10)
. ot t
_ » O,G(t — 7) % 0,0, (g(w)) (T)dT — 0,0,G (5) * (g(u)) <§)
and
t/2
PN = Gu(t) < x5 [ BROGalt =)+ ()(r)dr — 00, 07)(0)
. 0 (3.11)
b 2 b 4 2 l
) » 0Go(t — 1) * 0,0, () (T)dT — 5@&6610 (5) * (X ) (5) )

Thus, from (3.10) and (3.11), we have

0 (u(t) = x(#))
= 02(G — Go)(t) * (ug + up) + 9Go(t) * (ug +uy — o) + OFG(t) * ug

/ 020, G(t — 7) = ( (u) — gx2> (T)dr
- /t/2 atG(t—T)*ataz< (u) —SXQ) (7)dr

t/2
~5 [ GG+ (= [ G =Gt =) s a0 i

+ ga;w(f) —00.G (;) : <g(u) _ ;’XQ) @) _ gatax(c ~Gy) () <
(
(

Therefore, by using the same argument given in the above paragraph, we can prove
with k=2and 0 <[ <s—2.

2)
9)

)

t
2
3
1.

In the rest of this section, we introduce the additional decay property for u — x. From
the original equations (1.2) and (1.9), we see that

(0, +ady)(u—x) = (=92 + ) (u—y) — £ 9, (u®) — (8, — ad) (9, + ady)x.

By virtue of this relation, we have the following estimate:

Corollary 3.3. Assume the same conditions on wuy and wy in Theorem 1.1 are valid.
Then, for any € > 0, the estimate

(1 +t)*—mi"{2a’5}+ﬁ*é’1 t>0, 1 <min{a, 8} <2,

L+ 55 1> 0, minfa, 5} =2
(3.13)

19,(9, + ade) ((w = x) (. ) lzw < C{

holds for 0 <[ <s—2

13
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4 Second Asymptotic Profile

Finally in this section, we would like to prove Theorem 1.2. Especially, we shall prove
only (1.22), since (1.21) can be shown by the same way. On the other hand, for the lower
bound (1.25) and (1.26), we can derive these estimates by a direct calculation (for details,
see the original paper [5]).

First, let us recall the following fact derived in [13]. We consider

v+ avy + () — fpe = —kO,(X%),  €R, t >0,

4.1
v(x,0) =0, x € R, (4.1)

where £ is defined by (1.13). The leading term of the solution v(z,t) to (4.1) is given by
V(z,t) defined by (1.11). More precisely, the following asymptotic formula can be shown
(for the proof, see Proposition 4.3 in [13]):

Proposition 4.1. Assume that |M| < 1. Then the estimate
[o( ) = V(D> < CIMIAL+1)7" ¢t > 1 (4.2)
holds. Here v(x,t) is the solution to (4.1) and V(x,t) is defined by (1.11).
Now, let us prove (1.22). We set
o(z,t) = ulx, t) + w(z,t) — x(z,t) —v(z,t), do(x) = ug(x) +ui(x) — x0(x).  (4.3)
Then, from (1.2), (1.9) and (4.1), we have the following initial value problem:

¢t + a¢m + (bxgb)"c - u¢xx = axNO(X) + ale(u~, X>> T e R, t> 07

0(2.0) = dole) = uo(2) + r(z) — xole), ¢ €k, Y

where

ab®
Ni(x) = 20/1Xee — 2abxXa + X,
4p
No(u, x) = a(0; + ad,)(u — x) — pdp0x(u — x) + bxO(u — x)

b
— 10 (0 + ady)x + bx (0 + ady)x — i(u —x)? = = (u—x)® - %ux(u —X)-

Therefore, from Lemma 2.6, we obtain
¢@ﬂ=ﬂ@@¢®+/U@Mu%ﬂ@mﬂm+/U@MWwWWamMr
0 0
(4.6)

For the first term of the right hand side in the above equation (4.6), we have the [ollowing
asymptotic formula. This formula is a key of the proof of Theorem 1.2.



Proposition 4.2. Assume the same conditions on ug and uy in Theorem 1.2 are valid.
Then we have

min{a,8}

lim (14 8) =5 U6](,£,0) = Z(, 1) 1= =0, 1 < minfa, B} <2, (47)

. (14+1¢)
m —————
t—o0 log(l —+ t)

HU[CZ)O}(u l O) - Z('vt)||L°° = O, min{aa B} = 27 (48)

where Z(x,t) is defined by (1.23).
Proof. From the definition of U given by (2.20) and n(x) = n(z,0), we have

Y

Ulonet,0) = [ 0u(Gote — e, 9l ( [

—00

(ol€) + s (€) XO@))ds) dy
- / 0,(Golw — y, (. 1) 20 (y)dy,
(4.9)

where 2 (y) is defined by (1.20). Since [, (uo(z)+ui(x))dz = [, xo(x)dz = M, by a direct
calculation, we have the following estimate:

|20(z)| < C(1 4 |z])~min{efi=D 5 e R, (4.10)

Moreover, from the assumption on z(y), for any € > 0 there is a constant R = R(z) > 0
such that

|20(y) — c:;ﬁ(l + |y|)—(min{a,ﬁ}—1)| <e(1+ ‘y|)—(min{a75}—l)’ y> R,
|20(y) — cq (1 + [yl) =M AN < g (1 4 [y])"tmiMeATD 1y < R
Therefore, from (1.23) and (4.9), we have the following estimate
Ulgol(z,t,0) = Z(,1)]

< /]R 10:(Go(x =y, )n(w,1)||20(y) — cas(y) (L + |y|)~ D] gy
< /| ‘OT(GO(-L - Y, t)ﬂ(l,ﬁ))HZO(’y) - Ca,ﬂ(y)(l + |y|)—(min{a1[-}}_1)‘dy
y|I<R

+ 5/ |az(GO($ - Y t)77(:17, t))|(1 + |y|)7(min{d’ﬁ}7l)dy
y|=R

1
= CZII(‘?i‘"n(vt)HLoollaﬁGo(wt)llm/ [20(y) = Cas(y) (1 + [y)~ ™DV |dy
n=0

[y|<R

1
+ECZ\I8i’”n(-,t)IILw/|82G0($—97t)|(1+Iyl)’(mm{‘”’ﬁ}’”dy-
n=0 R

(4.11)
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For the integral in the last term of the right hand side of (4.11), we can estimate it as

follows

/W%de—%wurwmrm“wﬂ*wy
R

— (/ +/ >|32Go(x g t)|(1 4 [y]) et -D gy
\y\Z\/thﬂ ‘y|§m71

< ( sup (14 |y|)(mi“{‘”ﬁ}“>/ |00 Go(x —y, t)|dy
ly|=vI+t-1

[y|>v/I+t—1
(s G pnl) [l ey
[y|<vI+t-1 [yl<vi+t-1
_ min{a,f}-1 . —(min -
<L+t ”d;-LGO('vt)”Ll+||d;lG0('at)”L°°/ (1+ [y[)~ mmlem =Dy
ly|<VI+t-1

min{a,8}—-1 n 14n It—1 5 1
SO+ o [T 1y e gy
0
min{a,Bl-1 1 wn ) (14 t)_%Jr% 1 < min{o, f} < 2
<O+t~ =2 24017z ' ) ’ '
log(1+t), min{a, f} =2

min{o,8}—1
e

-3, t>1, 1 <min{o, f} <2,

<C i
- {(1 +t)772 log(l+1t), t>1, min{a, S} =2.
(4.12)

Here, we have used (2.13). Therefore, by using (4.11), Lemma 2.5, Lemma 2.4 and (4.12),
we get
HUW'O]('? 2 0) - Z(’v t) HLOO

_ min{a,5}

(14+0)~ = t>1, 1 <min{o,f} <2,

I

<O+t +eC
<o ) : {(1+t)‘1log(1+t), t>1, min{a, 8} = 2.

Thus, we obtain

min{

limsup(1 + £) =5 U o] (-, £,0) — Z(-.1)|| = < €C, 1 < min{a, B} < 2,

t—r00
. (1+1) .
1 —_— Yol(+,t,0) = Z(-,t)|| o < eC , =2.
l?i)il(-}lp 10g<1 n t) HUWJOK ) 70) ( ) )HL <eC, mln{aﬂ}
Therefore, we get (4.7) and (4.8), because € > 0 can be chosen arbitrarily small. O

End of the Proof of Theorem 1.2. From (4.3) and (4.6), we have

u(z,t) — x(z,t) — Z(x,t) — V(x,t)
= Ulpo)(z,t,0) — Z(x,t) — ug(z,t) + v(z,t) — V(z,1)
+ /0 U [0, N, ()7, £, 7)dr + /0 VoMo )@t ydr )

= Ulgo)(2,t,0) — Z(x,t) — w(t, t) + v(x,t) — V(z, t) + K; + Ko,



where Z(z,t) and V(z,t) are defined by (1.23) and (1.11), respectively. To prove (1.22),
now we only need to evaluate the last two terms in the right hand side of (4.13). First,
we evaluate K. To estimate it, we introduce the useful property of N;(x). Actually,
if we set No(x) = 2ux. — 2x° from Ni(x) = a(0No(x) — %XNO(X)), we get Ni(x) =
N0z (' No(x))- Therefore, from the definition of K; and (2.20), and by making the
integration by parts, we have

Ky(wt) = / t [ (Gt =t = e, 00, () N )
Z&“ et ([ ) 026 == ) Nl

= Z::Oi*”’r)(w, t) ( /0 /R Gy —y, t — ) (n(y, 7)) No(y, 7)dydr

’ /t/2 /R 3 Golw =y, = 1), ((ny. 7))~ No(y. T))dyd7>.
(4.14)

Also from Lemma 2.3 and Lemma 2.5, for any non-negative integer [ and 1 < ¢ < oo, it
is easy to see that

L

1
185 No GO, Dllr < C Y (146720 ANG (-, )le < C(L41) 272, (4.15)
j=0

Hence, from (4.14), Young’s inequality, Lemma 2.5, (2.13) and (4.15), we have

IOl
/2
<CZ||oﬂ" ||Loo(/0 1241 G-t = )l (7~ No ) ()
+ /m 105Gt — )l ln (™ No(X))('7T)|L°°dT> (4.16)

1

SC'Z(1+t)‘%+% (/Om(tT)—1‘5(1+r)—%dr+/t (t—7)"2(1+7)" 2d7>

n=0 t/2
<COA+t) t>1.

Next, we estimate Kp. For 0 < £ < 3, from (3.13), (1.19), (2.12), (1.18) and (2.9), we
have the following estimates:

INo( )20 < C(L+ )72, (4.17)
INo (- 1)l z2 < C(1+1) 37, (4.18)
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Therefore, by using Lemma 2.7, (4.17) and (4.18), we obtain

[ (-, 1) || Lo

! 1 n t/2 n t 1 n
chamm(/ (t—7)’%*5\\1V2(-,7)||L1d7+/ (t—T)42||N2(-,T)||deT>
p— 0 t/2

! 1, n t/2 n : t n
<CY (1+1)7etE (/ (t—71)" 3 31+ 1) 2 dr + / (t—r)TE1+ T)Z+Ed7‘)
=0 0 t/2

<O+ t> 1L
(4.19)

Thus, from (4.13), (2.10), Gagliardo-Nirenberg inequality, (4.2), (4.16) and (4.19), we
obtain

() = x(8) = Z( ) = V()| < (U], E0) = Z(8)llze + C(L+ )7, £ 2> 1.
Therefore, from (4.8), we finally arrive at

imsup  C () < X ) = Z08) = V)i =

This completes the proof of (1.22). a
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