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1 Introduction

This is based on a joint work with Kyungkeun Kang and Tai-Peng Tsai [19]. The Navier-Stokes
equations describe the evolution of a viscous incompressible fluid’s velocity field v and its associated
scalar pressure w. They are required to satisfy

v —Av+v-Vo+Vr =0, divi=0 (Ns)

in the sense of distributions. For our purposes, (NS) is applied on R? x (0, 00) and v evolves from a
prescribed, divergence free initial data v : R* — R3. Solutions to (Ns) has a natural scale invariance:
If v satisfies (NS), then for any A > 0 the pair (v*,p) defined by

v (z,t) = Aoz, A2t), Mz, t) = Nr(Aa, A2t)

is also a solution with initial data
v () = Avo(Az). (1.1)

A solution is called self-similar (SS) if v*(z,t) = v(x,t) for all A > 0 and is discretely self-similar
with factor A (i.e. v is A\-DSS) if this scaling invariance holds for a given A > 1. Similarly, vg is
self-similar (a.k.a. (—1)-homogeneous) if vo(z) = Avg(Az) for all A > 0 or A-DSS if this holds for a
given A\ > 1. These solutions can be either forward or backward if they are defined on R? x (0, o)
or R3 x (—00,0) respectively. In this paper we work exclusively with forward solutions and omit the
qualifier “forward”.

Self-similar solutions are interesting in a variety of contexts as candidates for ill-posedness or
finite time blow-up of solutions to the 3D Navier-Stokes equations (see [12, 16, 17, 24, 29, 30] and
the discussion in [2]. Forward self-similar solutions are compelling candidates for non-uniqueness
[17, 12]. Until recently, the existence of forward self-similar solutions was only known for small data
(see the references in [2]). Such solutions are necessarily unique. In [16], Jia and Sverak constructed
forward self-similar solutions for large data where the data is assumed to be Holder continuous away
from the origin. This result has been generalized in a number of directions by a variety of authors
[2, 3,4, 5, 8, 21, 23, 31]; see also the survey [18].

The motivating problem is the following: It is shown in Tsai [31] that, if a A-DSS initial data
vy € CE(R*\ {0}), 0 < o < 1, with M = [Jvo|lce(p\py) < 00, and if X —1 < ¢1(M) for some
sufficiently small positive constant ¢; depending on M, then there is a A-DSS solution v with initial
data vg such that v is regular, that is, v € L (R3 x (0,00)). The question is: What if we weaken
the assumption of vg so that v belongs to LP or LP*°(R?) (i.e. weak LP space)? Note that for
vp € L3°°(R3) that is A-DSS and divergence free, Bradshaw and Tsai [2] constructed at least one
A-DSS local Leray solution. However the proof does not imply regularity of the solutions, since it is
based on a weak solution approach and used compactness argument.
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Motivated by this problem, we need to study solutions whose initial data is locally in L3, as it is
also shown in [2] that, when vg is A-DSS, then vy € L3*°(R3) if and only if vy € L3(By \ By).

In order to state our results, we first recall the notion of the suitable weak solution. For any
domain © C R? and open interval I C (0, 00), we say (v, ) is a suitable weak solution in Q x I if it
satisfies (Ns) in the sense of distributions in Q x I,

ve L®(I; LA(Q) N LA HY(), we LP?(Qx1),

and the local energy inequality:

¢
/ [o(t)26(t) dx + 2// |Vol?¢ da dt
Q 0Ja
t t
< // [v]2(8ep + Agp) dxdt+//(\v\2 +27)(v- Vo) dx dt
0JQ 0JQ
for all non-negative ¢ € C°(Q x I). Note that no boundary condition is assumed.

The following theorem is our first main result.

Theorem 1.1. There exist positive constants ¢y and Cy such that the following holds. Let (v,m) is
a suitable weak solution of the Navier-Stokes equations (NS) in By x (0,Tq), To > 0, with divergence
free initial data vo in the sense limy_,q+ [|[v(t) — vollz2(,) = 0. For any M > 0, there exists Ty =
T1(M) € (0,To] such that if (v,7) satisfies

l[vollzs(5,) < €0 (1.3)
and
Z e 2nnz s x om0y + 1Tl L2132y 0.y < M (14)

then v is regular in By, x (0,T1) and satisfies

lv(z,t)] < % in By x (0,T1), (1.5)
1 3
sup sup — [v]”dz < 1. (1.6)

2
20€B81 %(0,T1) 0<r<oo ") Qr (20)N[B1 % (0,11)]

Moreover we can choose T (M) = min {c; (1 + M)~5, Ty} with some universal constant c; .

Above, we use the notation LY LI(A x I) := LP(I; L1(A)) for A C R? and I C R, and Q,(2) :=
By (z) x (t —r2,t) for z = (z,1).

Comments for Theorem 1.1:

1. It should be noted that the constant C; is independent of M. Intuitively, the nonlinear term
has no effect before 77 = T4 (M), and hence the solution behaves like a linear solution, and its
size is given by the initial data.

2. The boundedness of 7 in Ltng/ % is natural for the Leray-Hopf weak solutions defined in R3,
as m is given by 7 = R;R;j(v;v;), where R; = (—A)~1/29; is the Riesz transform, and

2 2
Il 2 £3/2 @3 0,1y < ClVlTazs oo,y < CHU”Lg@Lganf{;(RBx(o,T))’

3. The assumption ||| 23/ < M can be replaced by, e.g., 7|l a5, x(0,11)) < M for

(B1x(0,T1))
some q € (3/2,5/3]. It ensures that fOT [, WP+ |p|?>/?dxdt is small for sufficiently small
T =T(M) (thus ¢ = 3/2 is not allowed), which is one of the key in the proof. Our choice of
exponents is to maximize the time exponent, so that 77 (M) = ¢(1 + M)~™ has the smallest
m = 6.
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4. Theorem 1.1 is an extension of Jia-Sverak [16, Theorem 3.1], in which the initial data is
assumed in L™(By), m > 3. This is similar to the extension of the mild solution theory for
the scale subcritical data vy € L™(R3), m > 3, of Fabes-Jones-Riviere [9] to the critical data
vg € L3(R3) of Weissler [33], Giga-Miyakawa [11], Kato [20] and Giga [10].

Our first set of applications of Theorem 1.1 is concerned with local Leray solutions, which are
suitable weak solutions of (NS) defined in R3 x (0,00) that satisfy a mild decay condition at spatial
infinity; see Definition 1.2. In order to state the results, we introduce the uniformly local L? spaces.
For q € [1,00), we say f € LY __if f € L1 (R3) and

uloc loc

IfllLe, = sup [ fllpa(s () < oo (1.7)
T€R3

We also denote for p > 0
11 e

uloc,p

= sup || fllLe(B,(x))-
TER3

Let E9 be the closure of C°(R3) in LY

4 oe-norm. Equivalently, E7 consists of those f € LY, with
Hm g oo (1] 2a(B) (2)) = 0, see [22].

uloc

Definition 1.2 (Local Leray solutions [15, 16]). A vector field v € L2 _(R3 x [0,00)) is a local Leray
solution to (NS) with divergence free initial data vy € E? if

3/2

1. for some m € L}/ (R3 x [0,00)), the pair (v, ) is a distributional solution to (Ns),

2. for any R >0,

. R? .
esssup sup / [v|? dz 4+ sup / / |Vo|? dz dt < oo, (1.8)
0<t<R? 29€R3 J Bg(zo) 29€R3J0 JBr(zo)

3. for all compact subsets K of R3 we have v(t) — vg in L2(K) ast — 07,

4. (v, ) satisfies the local energy inequality (1.2) for all non-negative ¢ € C°(Q) with all cylinder
Q compactly supported in R x (0, 00),

5. for any R > 0,

RZ
lim / |v|? da dt = 0. (1.9)
0 Br(zo)

|zo|—o00

In the following corollary we assume that the initial data belongs to L3(Bs) N E2.

Corollary 1.3. Let ¢y and Cy be the constants from Theorem 1.1. Suppose v is a local Leray
solution of the Navier-Stokes equations (NS) with divergence free initial data vo € E? and there
exists 6 € (0,00) such that

[voll 2 (5,) < €o- (1.10)
Then there exists Ty = T5(5, N5) > 0 with Ny := } sup,, cgs fBﬁ—(zo) |vo|2dx such that v is regular in
Bs/q x (0,T2) and satisfies
C
Jo(a, O] < == in Byja x (0,T2),

Vit

1
sup sup —2/ lv[*dz < 1.
20€B5 /4% (0,T2) 0<r<oco T Qr(20)N[Bs/4%(0,T2)]

Furthermore, we can take Ty = co(1 + N§)76(52 with some universal constant cs.

Comments for Corollary 1.5:



1. Compared to Theorem 1.1, the local Leray solution in Corollary 1.3 is defined globally in R3
and the assumption (1.4) for the solution is not necessary. We also have flexibility of the radius
of the ball in (1.10). Note that the time T5 depends on the radius, which is important for our
applications.

2. A result similar to Corollary 1.3 was independently obtained by Barker and Prange [!, Theorem
1]. In [1], it was proved that any local Leray solution is bounded under similar assumptions
as those of Corollary 1.3, and the smallness assumption of local L? norm (1.10) is further
relaxed to L>°° or critical Besov norms. Their approach is different to ours and relies upon
the iteration method by Caffarelli, Kohn and Nirenberg [7], while ours is based on the blow-up
and the compactness argument by Lin [25].

3. Consider general initial data vy € E2. Define
plx) = p(x;v9) = sup {r >0:v0 € Lg(BT(l’)),/ [vo]® < 68} .
B,.(x)

Let p(x) = 0 if such r does not exist, and let p(z) = oo if [p, [vo]® < €}. We also define
T(‘T) = 02(1 + Np(z))_ﬁp(z)z S [07 OO}

For each z € R3 applying Corollary 1.3 with § = p(x), we see any local Leray solution v is
regular in the region
Q={(z,t): 2R} 0<t<T(2)},

C
[v(z,t)] < =L

Vi

Of course this is interesting only near those x with p(x;vg) > 0.

In the next corollary we assume the initial data vy € L3, (R?) N E2.

Corollary 1.4. Let ¢g and Cy be the constants from Theorem 1.1. Suppose v is a local Leray
solution of the Navier-Stokes equations (NS) with divergence free initial data vo € E? and there
exists 0 € (0,00) such that

[lvollzs < €. (1.11)

uloc,d

Then there exists Ty = T5(0) > 0 such that v is reqular in R® x (0,T3) and satisfies

lv(z,t)] < %, (0 <t<Ty), (1.12)

where T3 can be taken as Ty = c36% with some universal constant cs.

This result is similar to the one by Maekawa-Terasawa [27, Theorem 1.1 (iii)]. Indeed under
the assumption (1.11) the authors in [27] constructed mild solutions in L>°(0,77; L3,,.) and showed
that such solutions satisfy (1.12) with T = C'52||Ug||£§1 . We emphasize that, compared to the

uloc, §

existence theorem of [27], Corollary 1.4 is a regularity theorem for any local Leray solution, but
assuming further vy € E2.

In the second set of applications, we consider solutions with initial data in the Herz spaces.
These spaces contain self-similar and DSS solutions, and are of particular interest to the study of
DSS solutions since they are weighted spaces with a particular choice of centre. We now recall the
definitions and basic properties of Herz spaces [14, 28, 32]. Let Ay = {x € R™ : 2871 < |z| < 2F}.
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Forn € N, s € R and p, q € (0, 00], the homogeneous Herz space I.(;,q(R”) is the space of functions
felr (R™\ {0}) with finite norm

loc

. 1/q
<22 Squ”%P(Ak)> if ¢ < o0,

IFlzy = “hez
sup 2™ || fl| Lo (ar) if ¢ = occ.
keZ

The weak Herz space WK;Q(R") are defined similarly, with LP(Ay)-norm in the definition replaced
by its weak version, LP>°( A )-norm.

In what follows we take ¢ = oo, which is most suitable for our purpose. In this case, f(;oo-norm
is equivalent to

151 = s1p {0l 17y |-
xo#0 2

We are interested in the Herz spaces because they seem to be natural spaces for DSS solutions of
(Ns). The existence problem of mild solutions of (Ns) in the Herz spaces has been studied extensively
by Tsutsui [32]. He proved local in time existence of mild solutions for large data in subcritical weak
Herz spaces WI'(;YOO(RS), 0 < s <1-—3/p, and global existence for small data in the critical weak
Herz space Wf(gm(R:s). The following results concern the regularity of the solution for the initial
data in the critical case K}, with p > 3.

Theorem 1.5. Let €9 and Cy be the constants from Theorem 1.1. Let v be a local Leray solution
of the Navier-Stokes equations (NS) with divergence free initial data vo € E?. Assume further that
there exists 1 € (0,1) such that

sup [lvollzs(s,.,., (z)) < €o- (1.13)
z#0

Then there exist o1 = o1(||vol| k) > 0, Co = Ca(||vol| ks ), and o2 = o2(p, ||vol k,) € (0,01] such that

2
1 1 [
sup  sup —/ lo(t)|* dz 4+ sup —/ / [Vol? dedt < Cy (1.14)
Bi(0) 0 JB.(z0)

0<t<oir woeR3 T zoERS T
for any r >0, and v is reqular in the region
S ={(z,t) : 0<t<oyl|x|?}

and satisfies
G
vz, t) < — in X. 1.15
olat)] < (115)

Comments for Theorem 1.5:

1. We easily see

feK; if and only if sup / |fPdz < oo for any p € (0,1).
2070 By, 15| (z0)

In particular, the assumption (1.13) implies [vol[x, = sup, 4o llvollz3(,,, () is finite (but

Iz
2

not small in general).

2. For vg € K,, p > 3, the same conclusion of Theorem 1.5 is true, with the constants de-
pending only on |lvg|x,. This is obtained from Theorem 1.5, since (1.13) is valid for p =
min(1/2,C~(eo/||vo || x» )?/®=3)) from the following estimate:

_3 _3 _3
ol 23 (8, () < (Clz)) =% w0l Lo (8,10 @) < (Cule)' ™ [[voll Lo (B, 02y < Cu' 7 00l x,-



The following corollary answers our motivating problem:

Corollary 1.6. (i) Let A > 1 and v be a A\-DSS local Leray solution of the Navier-Stokes equations
(NS) with A-DSS divergence free data vy € L>*°(R3). Then vy € K3, (1.13) holds for some
w € (0,1), and the same conclusion of Theorem 1.5 is true.

(i) For any p € (0,1), there exists A\, = A.(p) € (1,2) such that if any A\-DSS divergence free data
vy € L3%°(R3) with factor X € (1, \.] satisfies (1.13), then the A-DSS local Leray solution v is
regular in R3 x (0, 00) with

C- .
o(z,)] < = in R® x (0,00),

Vi
where C3 is a constant depending on vg.

Remark. In Corollary 1.6, A — 1 has to be sufficiently small and its smallness depends on the
ratio parameter p in (1.13). The situation is similar to [31, Theorem 1.1]: The pointwise estimate
is based on regularity theory, which is known only for short time. If A — 1 is not small, we cannot
expect to use the available regularity theory to prove pointwise estimate everywhere.

The rest of this article is organized as follows. In Section 2 we recall auxiliary results, including
the theorems of Caffarelli-Kohn-Nirenberg [7], Kato [20], and the localization of divergence free
vector fields. We also present an interior regularity result for the perturbed Stokes equation, which
plays a crucial role in the proof of Theorem 1.1. Then we address the local analysis of the Navier-
Stokes equations and the proof of Theorem 1.1 in Section 3.

2 Preliminaries

We first recall the following rescaled version of the result of Caffarelli-Kohn-Nirenberg 7, Proposition
1]. Tt is formulated in the present form in [29, 25], and is the basis for many regularity criteria, see
e.g. in [13].

Lemma 2.1. There are absolute constants €cxy and Coxy > 0 with the following property. Suppose
(v,m) is a suitable weak solution of (NS) with zero force in Qy,, r1 > 0, with

1 1
= [ [fdedt+ = / [m[*/2da dt < ecp,
" JQ,, " JaQn
then v € L*(Qy, s2) and
C
ol L@, ) S = 2

r1
We next recall the results due to Kato [20] and Giga [10].

Lemma 2.2. There exists ez > 0 such that if vo € L3(R®) with € = |jvo||zs < €2, then there is a
unique mild solution v € L>(0,00; L3(R3)) of (NS) with zero force and initial data vo that satisfies

V]l e L3nzs , 9 x (0.00) + jggtmllv(t)\lmm < Ce. (2:2)

The following lemma concerns localization of divergence free vector fields.

Lemma 2.3 (localization). Let 1 < p < o0 and 0 < r < R. There is a linear map ® from
V = {v € LP(Bg;R3) : divv = 0} into itself, and a constant C = C(p,r/R) > 0 such that forv €V
and a = ®v € V, we have suppa C By, gy, v =a in By, and |la||Le(5y) < CllvllLe(By)-

We will also recall the following lemma, which is proved by Jia and Sverdk [16, Lemma 2.1].
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Lemma 2.4. Let f be a nonnegative nondecreasing bounded function defined on [0,1] with the
following property: for some constants 0 < o <1,0<60 <1, M >0, 3> 0, we have

f(S)SH,f(t)+FA/ZW, c<s<t<l.

Then,
sup f(s) < C(o,0,8)M,

s€[0,0]

for some positive constant C depending only on 0,0, .

We end this section with the following interior result for the perturbed Stokes system. Recall
Q. = B, x (—2,0).

Proposition 2.5. For any g € [5,00), there exists §o = do(q) > 0 such that the following statement
holds. For any M > 0, if G € L*(Q1; R¥*®) with ||G||rsq,) < M, a € L5(Q1) with diva = 0,

lallzs (@) < do, € € R, €] <1, we L¥L2N LAY (@), p € L¥/2(Q),
lullzs@u) + IPllLsrz @y < M,
and they solve the a-perturbed Stokes equations
u—Au+ (a+€)-Vut+u-Va+divG+Vp=0, divu=0 1inQq, (2.3)

then we have
u€ LYQus2), lullLaq,,, < Clg)M.

This proposition is proved via bootstrap argument based on a localization technique and the
linear Stokes estimates; see [19] for the details.
3 Local analysis for the Navier-Stokes equations
In this section we prove Theorem 1.1. The proof is split into 3 subsections.

3.1 Decay estimates for the perturbed Navier-Stokes equation

Let (u,p) be a suitable weak solution of the following a-perturbed Navier-Stokes equations in Q =
By x (0,T), with a € L?(Q), diva = 0,

u —Au+ (a+u)-Vu+u-Va+ Vp =0, divu = 0. (3.1)

That is, u € L®L2(Q)NL2H(Q), p € L*/2(Q), the pair solves (3.1) in the distributional sense, and
satisfies the perturbed local energy inequality: For all non-negative ¢ € C°(Q), we have

/|u\2¢(t) dz+2/(;t/|Vu|2¢dxdt

< /Ot/ |u>(0sp + AQ) da: dt + /Ot/ ((|u|2(u +a) + 2pu) - Vo da dt (3.2)

t
+//uja78](u,¢) dx dt.
0

This is equivalent to (1.2) for v = u+a if v is a weak solution of (Ns) in @ and a is a strong solution
of (NS); see the argument in Subsection 3.3 for details.
Let zg = (z0,t0) and Q,(z0) = By.(z0) x (to — 72, t0). We denote

1
1 3 ’ 1 3/2 ’
o(u, p,r,20) = (T—Q/Q( )|u—(U)Qr(zO>| dz) + (72/@( )\P—(p)Br(zc))(t)! dz) , (33)
(2o (20



where 1 1
(u)q, udz,  (P)B,(ao) () = pdz.
@1 Gl o, o COR T B o)l Ve, e
Note that ¢ is dimension-free in the sense of [7], and its form is invariant under scaling.

Lemma 3.1 (Decay estimate). For any «a € (0,1), there is a small 59 > 0 such that the following
holds. Let (u,p) be a suitable weak solution to the perturbed Navier-Stokes equations (3.1) in Q. (2),
with a € L*(Qr(2)), diva = 0, |lal|lrsq,(z)) = 6 < do. Denote (u), = (u)g,(z)- Then, for any
0 € (0,1/3) there exist e = €(f, ) > 0 and C = C(«) > 0 independent of 0 such that if

rl(u)| <1, @(u,p,rz)+7r|(u),]d<e, (3.4)

then
or|(u)or| <1, (3.5)
o(u,p,0r,z) < CO [p(u,p,r,2) + 7 |(u)]d]. (3.6)

Proof. Take q € (5,00) such that o < 1 — g and choose &g = dg(¢q(c)) according to Proposition 2.5.
Since ¢ and r(u), are dimension-free, we may assume r = 1. We may also assume z = 0 and skip
the z-dependence in ¢ without loss of generality. We first show (3.5). Indeed,
Ol(w)o| < 0l(u — (w)1)o| + 0l(u)1]
< 01Qo| ™5 [|u — (w)1ll sy + (3.7)
< C3075p(1) + 0,

with C3 = [@1|75. By (3.4), (1) <€, hence 0|(u)g| < 1 if

02/3

<5 (35)

Next we show the decay estimate (3.6). Here we argue by contradion, following a similar argument
as given in e.g. [25, Lemma 3.2] and [10, Lemma 2.3]. Since some modification is required, we give
the details for completeness. Suppose that this is not the case. Then there exist suitable weak
solutions (u;,p;) of (3.1), a;, and €; with lim;_,~ €; = 0 such that

&= (Uz’)l’ |§z| <1, ||ai||L5(Q1) < (50, diva; =0,
‘P(Uq’,,pi, 1) + ‘ng‘a‘lHLr’(Ql) = €4,
o(ui, pi, 0) > C20%;.

Here Cy > 0 is a large constant to be chosen later. Setting v; = (u; —¢&;)/e; and ¢; = (p; — (pi)1(t)) /€,
it follows that

|£1|
el +lail 3y, + S loslsian =1
1 s \3 /1 s \§
(2 [ o= wala:) + (i [ \qz-—(q»Bo(t)\adz) > C, (3:9)
Qo Qo
and (v;, g;) satisfies
51

Orv; — Av; + (€v; + a; + &) - Vo, + < v; > Va; +Vq =0, divy; =0.

7/

Ei(r) =ess sup / [oi ——dx +/ / |Vog|? dadt.
—r2<t<0 —r2

Denote
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By the local energy inequality for (3.1), the calculation in [16, page 242] shows that, for 3/4 < 11 <

ro < 1,
C

1
Ei(r) < ——— s + 5)Eilra),
i(r) < ) + (Cllaill e (@) + ) Eilr2)

By Lemma 2.4, if ||a;|| L5 (q,) < do is sufficiently small, we have E;(3/4) < C for all i.
By the uniform bound E;(3/4) < C for all i, there exist (v,q) € (L* x L3/%)(Q3/4), & € R®, and
a,G € L?(Q3/4) such that (if necessary, subsequence can be taken)

v; — v strongly in LS(Q;;/AL)7 & o — &
¢ — q weakly in L%(Q3/4), a; — a weakly in L5(Qg/4)7
§i

=~ ®a; — G weakly in LS(Q3/4),
€

as i — oo. Furthermore, (v, q) solves the linear perturbed Stokes system in Qs34
v —Av+E&-Vo+a-Vo+v-Va+divG+Vg=0, dive=0.

Due to Proposition 2.5, it follows that v € L9(Qy/2), ¢ > 5, for the exponent ¢ chosen at the beginning
of the proof. Thus, by the strong convergence of v; to v in L3(Qs /1), we have for sufficiently large i

1
1 3 5
(-2/ v — (vi)9|3dz) < Cota < ooe. (3.10)
0% Jq,

On the other hand, by the pressure equation, we decompose ¢; = ¢ + ¢ such that

qu = (—A)ildivdiv ([evi QUi t+v;Qa; +a; ® Ui]XB§> .
4

Here xp, is the characteristic function of B ER Since v; converges strongly to v in L3(Qs /4) and
1

a; converges weakly to a in L°(Q3 /4), the Calderén-Zygmund estimate implies that qft converges

strongly to ¢® in L2 (Q3/4), where g% is

q® = (—A) Ldivdiv ([v ®a+a ®U]XB§> .

We note that ¢©* € Ll(Ql/Q)7 where 1/l = 1/q+ 1/5. Therefore,

L R|3 s 23 1-2
9—2/ !q | dz| <CO71T=C0 4.
Qo

Thus, for large i, we also have
1 R 2 % 1—5
—2/ lgff|? dz) <cCo' .
02 Ja,

Since i is harmonic (in @) in Q3/4, we see that

1 3 % 5
( [l ot az) " < oot
Qo

Adding up the above estimates,

2

1 3\ 3 5
(H_Q/Q lg; — (Qi)Bg(t)|2> < OO < ope. (3.11)

The sum of (3.10) and (3.11) contradicts (3.9) if we take Cy sufficiently large. This completes the
proof. O



3.2 Regularity criterion for the perturbed Navier-Stokes equations

In this subsection we prove the following regularity criterion for perturbed Navier-Stokes equations
(3.1). It is an extension of the result [16, Theorem 2.2] for the perturbed term a € L™(Q;) with
m > 5.

Lemma 3.2 (Regularity criterion). For any fized § € (0,1), there exist small constants €1(f) and
0(8) > 0 with the following properties: Let (u,p) be a suitable weak solution to the perturbed Navier-
Stokes equations (3.1) in Qs;4, with a € L5(Q3/4), diva =0, ||al|Ls(q,,,) <9, and

3
/ [l +|p|? dz < €. (3.12)
3/4
Then we have

sup  sup [ul* + [p = (0) 5,00 (1) dz < C(8). (3.13)

z0=(w0,t0)€Q1 1< r2tss /Qr(zo)ﬂQ3/4

Remark. Our estimate (3.13) does not imply Hélder continuity, but Morrey type regularity. On the
other hand, the Holder continuity was shown by a different method in [1].

Proof. For fixed 8 € (0,1), choose v = (1 + 8)/2 so that a € (3,1), and choose 6 € (0,1/3) so that
the factor C6< in (3.6) is bounded by %95 ,and 1° < % In the following we omit the dependence
on zp € Q4 to simplify the notation. Let B(r) = r|(u),| and ¢(r) be defined by (3.3). It is proved
in (3.7) for r =1 that

B(6r) < C36~ 5 (r) + 0B(r), (3.14)

where C3 = |Q1]|~/3. The proof for general r is the same. Let
U(r) = p(r) + (2C3) 05T B(r).
We will show by induction that
condition (3.4) is valid and (3.15)
T(0r) < 0°0(r) (3.16)

okt

for r € I = &5, &) with k € Ng = NU {0}. Let

P sup U(r;z0), k€ Np.
20€Q1 4, TEIR
By (3.12),
1/3
Uy < C(B)e)” <,

if 1 = €1(B) is sufficiently small. In particular, the condition (3.4) is uniformly satisfied for every
20 = (2x0,t0) € Q14 and r € Ip.

Suppose that (3.15) has been proved for r € Uj<I; and condition (3.4) is satisfied for r € I, for
some k € Ng. By (3.6) of Lemma 3.1 and (3.14) (note Lemma 3.1 is formulated in any scale),

U(0r) = p(0r) + (2C)~'63 77 B(6r)
- 07 E 98 ipies
< Selr) + 5 0B(r) + 5 e(r) + (2C5) 7103 B(r)

=07p(r) +6° (0369*%*5 + 01*5) (2C5) " 103+7 B(r),

which is bounded by #8(r) if § < min{dy(e), (2C3)~ 1032}, This shows (3.16) for r € Ij.
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As a result, Uy < 080, < ... < 9RTDAT, < 9+DBe Hence
rl(u),] = B(r) < 20565 PW, 4 <2050 5 P9 <1

by (3.8),
r(u) |6 <1-6 <e€/2,

and
@(u,p, T, ZU) S \I!k+1 S 056 S E/2

for 7 € Iyq. This shows (3.15) for r € Ijy4q.
By induction, we have shown (3.15), (3.16) for all » < 1/4 and all 29 € Q4. In particular, if
r € Iy,
U(r,zo) < Uy < O°Pe < Cer,

which implies (3.13). O

3.3 Proof of Theorem 1.1

We now prove Theorem 1.1. Choose a = 1/2, 8 = 1/4 and choose # > 0 so small that §>=# ¢1=5
and 07 arc sufficiently small in the proof of Lemma 3.2.
By Lemma 2.3, there is ag € L3(R3) with

. . . 3
apg =vg 1Im B3/4, apg = 0 in Bf, div ag = 0, ||a0||L3(R3) < 0(37 Z)HUOHL3(31) < €2,

where €5 is the constant in Lemma 2.2. By Lemma 2.2, there is a unique mild solution a of (Ns)
with zero force and initial data a(0) = ao that satisfies (2.2). In particular,

llall L5 3 x (0,00)) < Clea. (3.17)
Let 7, be its corresponding pressure. We have 7, = R;R;a;a;, and
I7all L5723 % (0,00)) < CllallTs(gsx (0,00)) < Cé3- (3.18)
By the maximal regularity for the inhomogeneous Stokes system, we have
Va e L?(R® x (0,00)), Vm, € L3(R? x (0,00)). (3.19)

Let by = vg—ag, b =v—a, and 7, = 7 — m,. Denote T'=T; € (0,1/2) to be fixed later. Observe
that (b, ) is a weak solution of the a-perturbed Navier-Stokes equations (3.1) in @ = By x (0,7),
with b(z,0) = bo(z), and bo(x) = 0 in Byy. It is easy to see that (b,7,) satisfies the perturbed
local energy inequality (3.2). By the interpolation, [[v||p1ps(q) < CllvllLesr2nr2m1(g)- Hence the
assumption (1.4) leads to

130y < Cllvllpars 0T < CVMT 3.20
@ {L3(Q)

and

Thus, taking T' < €*M~% with e sufficiently small, we get

T 3
/ / b]* + || 2 dz < 2C€ < e, (3.22)
0 By

where ¢; is the constant in (3.12) of Lemma 3.2.
Extend a, b, and m, by zero for ¢ < 0 and denote QT := B, x (T — r2,T). By the definition of
b=v—aand by(z) = 0 in By, we have lim; o4 Hb(t)||L2(BS/4) = 0. This continuity condition at



t = 0 together with the bounds (3.20), (3.21) shows that (b, ) is a suitable weak solution of (3.1) in
Q§/4 satisfying the perturbed local energy inequality (3.2), and %|(b)Q3T/4\ < 1. In particular, (b, )
satisfies (3.1) across ¢t = 0 in the sense of distributions. We now apply Lemma 3.2 to see

1 / 3 3/2
Sup Sup ——= [0]” 4 |7 — (T) B,.(20) (1)~ dz < C.
20€QT r<j rHsp Qr(z0) | ’ ‘

4

Choose largest r; < % satisfying Cr:fﬂ < %QKN. We may also take T so that 7' < r2, which implies

Qt > Bi x (0,7, and
4

1 3/2 1
sup sup — b]* + |76 = (70) B, (20) ()] P4z < Or% < 3o (3.23)
2€B1 % (0,7) r<r1 I JQ,(20)

For r > r1 we have

1 1 1
sup sup —2/ |b\3dz < 5Ce< . (3.24)
20€B) x(0.7) r2r1 T JQ,(20)0Q i 2

Applying (3.17), (3.23), and (3.24) to v = a + b, we obtain

sup su lv]*dz < 1. (3.25)

P -3
20€B1 x(0,T) 0<r<oo I'" JQ,.(20)NQ
4

Now for any zg = (2o, to) € Bis x (0,T), take r = £1/fg. We have r < r1 and
r? <t <dr® if (z,t) € Qp(20).
For this r, let

T="Tq+ T — (ﬂ’b)Br(zo)(t)'

Taking ey sufficiently small in (3.17), (3.18), and using (3.23) we have
1

r Qr(20)

W+ |72 dz < eoxn.

Since (v, 7) is a suitable weak solution of (NS) in Q(zo), by Lemma 2.1, we obtain

Ce 4C,
90 < [9l@, st < o =~ (3.26)

This completes the proof of Theorem 1.1. O
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