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Abstract 

We study geometric properties of finite Blaschke products. For a Blaschke product B of degree d, 
the interior curve and the exterior curve are defined. In this paper, we explain the existence of duality-
like geometrical property lies between the interior curve and the exterior curve. Using this property, we 
construct some examples of Blaschke products whose interior curves consist of two ellipses. 

1 Geometry of Blaschke products 

1.1 Blaschke Products 

A Blaschke product of degree d is a rational function defined by 

Z -ak 
B(z) = e'゚IT (ak E IIll, 0 E股）．1--

k=l 
akz 

In the case that 0 = 0 and B(O) = 0, B is called canonical. 
Note that we only need to consider a canonical Blaschke product for the following discussions. More-

over, we remark that there are d distinct preimages z1, • • • , Zd of入E8IIll by B because the derivative B' 
has no zeros on 8Il)) (for instance, see [Mas13]). 

1.2 Th ・e interior curves and exterior curves 

For a Blaschke product B of degree d and入E{)]])), let£ 入 bethe set of lines joining each distinct two 

preimages in B-1(入）. Then, the envelope of the family of lines {£ ふ calledthe interior curve associated 
with B. 

While, for a canonical Blaschke product B of degree d and入E犀 letL入bethe set of d lines tangent 
to {)]])) at the d preimages of入.Then, the trace of the intersection points of each two elements in L入 as
入rangesover the unit circle called the exterior curve associated with B. 

For a canonical Blaschke product of degree d, the exterior curve is an algebraic curve of degree at 

most d -l ([Fujl 7]). 

Example 1 
z-a z-b 

For a canonical Blaschke product B(z) = z _ of degree 3, the interior curve is the ellipse (see 
1-az 1-bz 

[DGM02]) 

lz -al + lz -bl = 1 -ab , 

and the exterior curve is the non-degenerate conic (see [加:jl月）

(1) 

abz2 + (-abl2 + la+bl2 -l)z芝十 ab乏2-2(a+ b)z-2(a+ b)芝十 4= 0. (2) 
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Example 2 
z-a z-b z-c 

For a canonical Blaschke product B(z) = z of degree 4, the interior curve is defined 
1ー百z1-liz 1ーでz

by the equation S of degree 6. We describe the defining equation S in Appendix A below. The exterior 
curve is written as follows (see [Fuj17]) 

丙z3+ (び1巧ーび2丙ー可）z2芝ー（び1一び2可十四巧）zぎ＋び3ぎ

-2巧z2-(2a1可ー 2び3丙 ー 4)z芝ー 2び2ぎ +4可z+4び1芝ー 8=0,

where ak are the elementary symmetric polynomials on three variables a, b, c of degree k (k = 1, 2, 3), 

i.e. a1 =a+ b + c, び2= ab+ bc + ca, and四=abc. 

1.3 Duality-like property 

There exists a duality-like relationship between the interior and exterior curves. 

Theorem 1 ([Fuj18]) 
Let B be a canonical Blaschke product of degree d, and EB the dual curve of the homogenized exterior 

curve EB. Then the interior curve is given by 

IB: uB(-z) = 0, 

where uB (z) = 0 is a denning equation of the affine part of EB・

Equivalently, the converse also holds. 

Corollary 2 
Let B be a canonical Blaschke product of degree d, and IE be the dual curve of the homogenized interior 
curve IB. Then the exterior curve is given by 

EB: vB(-z) = 0, 

where vB (z) = 0 is a denning equation of the a伍nepart of IE. 

In general, the defining equation of the interior curve is hard to calculate, even using an algebraic 
computation system. On the other hand, the defining equation of the exterior curve is relatively simple, 
as seen in Example 2 above. Theorem 1 allows us to get the defining equation of the interior curve via 
the exterior curve. In the next section, we will show some examples as an application of this theorem. 

2 Examples 

Here, we construct Blaschke products of degree 5 whose interior curve consists of two ellipses. The 
defining equation of the exterior curve is an algebraic curve of degree four. We need to find an example 

of Blaschke product whose exterior curve can be resolved into two conics because the dual curve of a 
comc 1s a comc. 

Example 3 
Let 

z2 -a z2 -b 
恥 (z)= z (0 < a, b < 1), 

1-a丑1-bz2 

where a, b satisfy a3炉— 2a2ザー (b2 +砧） + 3ab = 0. Then the exterior curve is given by 

E恥： (a(b+ 1)ジ +a(b-1)2炉ー4b)

x ((a2b3-ab2+2ザ+3b-a)丑+(a2b3 -ab2 -2b2 + 3b -a)炉ー4b)= 0, 
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and the interior curve consists of two ellipses 

I 
4b 

BA : c(b + 1)2研+a(b~l)2 炉ー i)(b(a~1)2 砂+ b(a~1)2 炉ー 1) = 0, 

where we set z = x + iy. Their foci are士.,fa(the fi.rst factor) and士v'b(the second factor). 

Figure 1: The interior curve IBA for a= 0.4801-・ ・ , b = 0.2 (left) and a= 0.04, b = 0.1043・・・ (right). 
The interior curve consists of two ellipses, one is inscribed in a family of pentagons and the other is 
inscribed in a family of pentagrams. 

The interior curve of a finite Blaschke product is closely related to the numerical range of a matrix 
(see [GMR18], [DGSV18], for example). In fact, the interior curve in the above example corresponds to 
the elliptic domain that appears in the following result of Chien and Nakazato ([CNl 7, Theorem 3.2]). 

Theorem: Let A be a 4 x 4 unitary bordering matrix with real eigenvalues土ya,±,lb for some O < a cl 
b < 1. Then FA(x,y, z) := det (x・Re(A) + y・Im(A) + z・l4) is a product of two quadratic forms if and 

only if a3炉— 2a2ザー砂+ 3ab -b2 = 0, where Re(A) = A-i;A・, Im(A) = A2(. In this case, the higher 

rank numerical range Ak(A) is an elliptical disc. 

H ere we construct some more examp es of Blaschke products of degree 5 whose mtenor curve consists 
of two ellipses. 

Example 4 
Let 

恥） =z(z-af(z-br 
1-az 1-bz 

(O<a,b<l), 

where a, b satisfy a喩— 2a2b2 -(a2 + b2) + 3ab = 0. Then th e exterior curve 1s given by 

E知： ((a(b2 -1)2 -4炉）丑+8b2x + a(b2 -1)ゲー4b)

x (((a2-l)b-4屈）丑+8a2x + (a2 -l)by2 -4a) = 0, 

and the interior curve consists of two circles (see Figures 2, 3, and 4). 

加： (4a(x -a)2 + 4ay2 -(a2 -1)2b) (4b(x -b)2 + 4by2 -a(b2 -1)2) = 0, 

where we set z = x + iy. Their centers coincide with non-zero zeros of BB, i.e. a (the first factor) and b 
(the second factor). 
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Figure 2: The interior and exterior curves of加 fora= 0.07746・ ・ ・, b =½- In this c邸 e,the exterior 
and interior curves consist of two ellipses and two circles, respectively. 

Figure 3: The interior and exterior curves of御 fora= 0.48012・ ・ ・, b =½- In this case, the exterior 
curve consists of an ellipse and a hyperbolic curve. 

Figure 4: The interior and exterior curves of BB for a= 0.98697541・・・

curve consists of two hyperbolic curves. 

4 , b = -. In this c邸 e,the exterior 
5 



5

Figure 5: The interior and exterior curves of Be. The left figure indicates the case of P = 0 (Ip for a= 
0.5, b = -0.660442・ ・ ・). The right figure indicates the c邸 eof Q = 0 (Iq for a= 0.5, b = 0.5653036・ ・ ・). 

Example 5 
Let 

2 z-a z-b 2 
Bc(z) = z ( )  

1 -az 1-bz 
(-1 < a, b < 1), 

where a, b satisfy 

P(a, b) = a2 + (b3 -b)a -b2 = 0 or Q(a, b) = (b3 -3b)a3 -2(b2 -2)a2 + (3b3 -b)a -2炉=0.

Then, the exterior curve for P = 0 and Q = 0 are given by 

and 

EP(a,b) : ((a3 + 3ba2 -a+ b)x2 -4a(a + b)x + (a2 -l)(a -b)y2 + 4a) 

x ((b2 -l)(a+b)x2 -4b2x+ (b2 -l)(a+b)y2 +4b) = 0 

Eq(a,b): (2((ザ +l)a+b3-b)企— 8abx -2(b2 -l)(a -b)炉+4a)

x ((ba2 + (2b2 -2)a -b)x2 -4abx + (ba2 + (2b2 -2)a -b)炉+4b)= 0 

respectively. Here, we assume that a, b satisfy EP(a,b) n 8Illl = 0 or Eq(a,b) n 8Illl = 0. The interior curve 
for P = 0 is given by 

IP(a,b) : (a(a2 -1)(2x -(a+ b))2 + 4a(ab -1)炉+(a2 -l)(a -b)(ab-1)) 

x (b(b2 -l)(a + b)(2x -b)2 + 4b((b2 -l)a -b)炉+(b2 -l)(a + b)((b2 -l)a -b)) = 0, 

if EP(a,b) n 8Illl = 0. Similarly, the interior curve for Q = 0 is given by 

Iq(a,b) : (b(ba2 + 2(b2 -l)a -b) (2x -a)2 + 4b(2(b2 -l)a -b)y2 

+ (2(b2 -l)a -b) (ba2 + 2(b2 -l)a -b)) 

x (2a(x -b)2 + 2ay2 -(b2 -l)(a -b)) = 0, 

if Eq(a,b) n 8Illl = 0 (see Figure 5). 
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The zeros of each examples BA, BB, and Be are on a line passing through the origin (the zero points 
are placed on the real axis by suitable rotation). The following gives an example of Blaschke product 
whose zeros are not collinear. 

Example 6 
Let 

恥 (z)= z 
(z -a)(z -a)(z -b)(z -b) 

(1 -az)(l -az)(l -bz)(l -bz)' 

where a~-0.44096 + 0.37267i, b~-0.27103 + 0.65310i. Then, the exterior curve consists of two conics 

励 G召＋］ぎ +vz 十直 +4) 尉— i(3vv + 2)z芝＋炉＋加＋競十4)= 0, 

wherev =平 andv is the unique positive root of茫 +2vv -5 = 0. Therefore, the interior curve is also 
written as two conics as follows. 

Iv : ((9泣— 48)z2 -18v2五十 (9v2-48)芝2-24vz-24v芝ー 16)

X (4(炉-8)z2 -8(6vv +茫 +4)z芝十 4(炉 -8)ぎ— 12(2v + V炉）(z+芝）

+9v亨+l2vv -12) = 0. 

Since these two conics are included in the unit disk, they are necessarily two ellipses. 

Figure 6: The interior and exterior curves for ED, In this case, the exterior curve ED consists of an 
ellipse and a hyperbola. So, the interior curve ID consists of two ellipses. 

Acknowledgements 

This work was partially supported by JSPS KAKENHI Grant Number JP19K03531. 



7

A The interior curve for a Blaschke product of degree 4 

For a canonical Blaschke product 

z-a z-b z-c 
B(z) = z 

1ーaz1 —枷 1 ーでz

of degree 4, letびkbe the elementary symmetric polynomials on three variables a, b, c of degree k (k = 
1, 2, 3), i.e. 

u1 = a + b + c, u2 = ab + bc + ca, andび3= abc. 

Then, the defining equation of the interior curve is given as follows. 

S: (-4び3びけ＋が杞+18疇 2び1-4ず— 2布叫+ (((2年 13-6び3ゲ— 8が可+ 36び3び2)び1+
(-4び因+18び叩匹1-54が）び2+ (2四可12+ 18ず可一 12び因）四ー 4町+22び位12-18亨 1-
24匂）芝＋（ー12年 13+4匂 が+54の可1-16ゲ— 54町）び1 + (-2び3び2び12-18丙伝+12u討）び2+
(12匂がー2び3び2所ー 18丙匂）四ー2臼 13+6年 12+sず可ー 36年2)砂＋（（（元— 2び2ゲ +6び3び1-
8ず）ur+((-6亨 12+36予）び2+(-2四バ+2u3亨 1-18ず）四一6町 +22u如 +18丙）0"1 -2存 喝 ＋
(18ず 知3-4ず +20び2び12-54び碩1-12百）びd(丙匂— 12丙匂）吋 +(4び2び13+22び3び12 -18匂可＋
釦四）四+13年— 48丙）妥+ ((6叩 13-12u紅 12-24が可十 72四叫叶＋（（一10び3バ +52の可1-
90ず）0"2 + (-2叫 2びけ +30が可ー 16び3臼）四一 10ず+52u臼 +6亨 1-56守）び1-18ず叩~+
((10丙和+6丙匂）四ー4び20"13ー28び3が +20ず可ー24亨応＋（ー4ず亨1-18町）吋+(10び30"け＋
4匂匂+260"3疇 1-24が— 72ず）四 +2年ー 4亨1 -72丙）芝＋（ー12年 13+ 6ず町 +54の臼1-
24ず— 2匂）ur+((-60"拉匹12-36が可+36u臼）6正 (24町が— 60"30"22可ー 36丙乍）び3-6叩13+
24丙守 +22ず可―90丙巧）0"1 + (布匂— 12布宕）吋+ ((4ず后+18丙3)四― 10丙ず +2ずず＋
20び叩四1-4ず— 18ず）0叶（ー12ず可＋匂ず）び~+ (16四亨12+(-2ず— 30ず）可ー 14び因）の十
可— 4亨12 -12u如 +4が）z4 + (((2年— Su四1+4丙）吋+ (6亨 10"2+ (-8び30"げ+20u3u2)叩一
匂 +4巧）叶＋（（ー18丙2u3-8町 +38叩 1応 +10が可吋 +(6u四12+4u紅 1-36ず）四 +22可）0"1 -
36亨1吋 +((20u因+30び西）四十4が—48巧）び2-4丙賃＋（ーl8u3叩1-24匂）吋 +(4ui3+6丙）叶
32)ぎ +((2ず— 4u四12 十 6叩1 -16匂）ur +((-4u拉12+52叫 2)u2+ (-6び3び13+6び30"匹1-6町）四一
8年+14u2u1 + 60丙）ur + (-36巧賛+(10が如3-8町 +40可 12-46び3び1+4匂）び2+ (6丙匂—
弯巧）吋+(8亨 13+ 26年 12-50が可 +34び3び2応 +46可2-68巧）の十 (-32び3が— 12び3び2)吋＋
(-6丙賃+(8亨 13+ 72u叩匹1-78町）四― 16和 +24亨 1-132丙）0"2 -2が可吋十 (-8叩 2び12-
18匂可ー30び3びげ）ヮ炉+(44び2が +6咬 1-96ず）び3-40可）ぎ+((6亨 13-6び3ゲー24巧気+36び四）叶＋
((-8亨 13+ 50び30"四1-36和）び2+(-lOu如 2びげ+12ず可十 4び3叫）び3-8町 +34u因 +54u叩1-
44匂）ur+(-26ず叩~+((16丙匂—10丙乍）四—4u四13-48u因+34巧伝+28び3び2屈+(2丙％四1 一
6和）吋+(16亨 13+ 4"c½2が +52び3年1 -52ず— 78和）び3 + 14町— 6可1 -132丙）び1+ (6丙切ー
8叩 13-4び3び2び1-60和）d+(-s丙后吋+(20叩び2臼 +4が可+22u叩22)の一8可 +20u匹12-32年 1-
16ず）6叶 2布句吋十 (-8ず守— 12丙丙后— 42丙2"i½)吋 +(8年旦10丙ず— 138丙）四― 20可2+
1年）芝十(-4び3バ +4ず ず+18び3吻 1-16ず）ur+((-6年2びげー 18丙匂+36び3ゲ）び2+(12町が—
6疇22可ー 18丙句）四―6u2バ+30叫12+18匂可―72u叩）叶 +((2が記—24丙匂）吋+((8が疇1+
18ず）0"3 -20丙ず+6ず ず+440"30"2のー12ず）0"2 + (-12布后+2守ず）吋 +(32疇20"げ十 (-6ず—
54ず）可ー26び3び2り四+2町—4び2町—42年1 +12ず）0"1 +4和吋＋（ー2が加3-4び3吻 12-28が可＋
12u拉げ）u?+(-2が知和(20和匂+2年2句—8丙匂）四—4叩13+16疇12+8ず可—44u四）0叶
4丙賃＋（ー26丙％匹1+2u叩23+24ず）び~+(-2亨13+4がが—20び30"位1-6が）四ー8臼1 +32丙）砂＋
（（（年— 4巧）吋 +(4知2-2び3位3-6可）ur+((-2年 +20丙）0叶丙％和(-6亨 1+22丙）四+13)叶＋
(-18(テ5び~+ (2び3び1び3+ 22ui)び2+ 18び3び2C哨+(6可2-54巧）（乃）び1+ (-8可2-12巧）o名＋（ー12巧2びl+
(36び20"1+6丙）びr48)u2+(-l8び3び1-2万り吋+18可叫が+((2可3_8臼 1)吋+(8び3年 2+(-6び3が＋
8四叫四ー 8可2-16巧）ur + ((-8丙2四ー 4可3+40u如 +44丙）0"2 +6丙2可吋＋（ー4u2uげ+26u叩1-
32巧りび3+ 46可）叶十 (-50u位1吋十 ((6び3び12+ 72び3び2応+14可2+ 24巧）び2-2丙30"~+ (10び3び2び1-
18巧2に~+(6可3-46び四1+6丙）四—40)の十(-30丙2四—16可虹4u匹1-96丙）吋十(-2丙2可吋+(52び2が＋
34u拉1-12巧り四― 68可）0"2 -6丙2巧吋十 (-6び3び12-36丙2可― 78u叩2)吋+(60可2-132巧）四）ぎ
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+((印-2び2び12-8が）叶+((2亨 12+16予）び2+(-4び3び13+4び3疇）四― 4町— 20び2び1 +30丙）叶＋
(-8丙賛＋（ー4が可四ー2ず +24び2aげ+32び3a1+8守）a2+(6丙2年ー2丙匂）吋+(2a因 +16び3び12_
44が可 +28予）四+54奇— 26丙）ar + ((-44四臼 +22a四）吋+(2丙賃+(4a如13+ 78a3亨 1-
40和）a3 -20和+76び2び1-70丙）び2-4町疇＋（ー4び3び2び12-20尋+6a3ai)吋+(32び2びげ十
34疇 1-96i½2)び3-64可）のー 30丙鸞 +(6が疇—8可 +8叩12 -96亨 1-8守）吋十((-2が望
26丙万呼+(16臼13+28亨12+22が可ー20予）四ー26和—8疇＋ず吋+(2ず疇+8ず）吋＋
(-8丙可ー40び3び2び1-30ず— 84町）a~+(30町— 70び2a1 -184丙）a3 + 16)釘 ((2叩 13-8ず可）a'f+ 
((-2亨 13+16叩疇）び2+(-6び紅2が +8び3ゲ）叩ー2ず +30叩 1-16ず）ar+(-8が可吋+((6が可2_
16丙匂）四十4a四13-16四い +8が可十60a叩）a2 +6丙伍疇+(6a頭 13-4如 +34疇 2び1-

32ず— 30ず）四 +16ず +14三— 9年）叶 +((8布応ー 12丙ず +8叫2a1 -44ず）a~+(-6ず臼＋
(16疇 2aげー 2匂可十 40年 2り四ー 12町 +32び2が+14a虹 1-16ず）a2 -2ず臼＋（ー6町が—
4疇 22可ー34亨） 吋+(12び2バ +26び3び12-10丙気— 142予）四― 38年+ 16丙）a1 -16和疇＋
((12布匂—8布宕）四― 8后3-32丙ず+20ず可40丙）6和 (2丙賃＋（ー20布2丙可+18和）吋＋
(12叩 13+ 16巧和 +20び紅四1-20ず— 6が）の十 8年ー 36a四1 +40巧）a叶 (2が可十8巧芳）吋＋
(-12a→ 12 + (-8か— 42町）可ー 10a臼）吋＋（ー138亨1 +20匂）6叶 16可）芝＋（が和— 4ず）at+ 
((-2び3叩 12+12び臼）び2-2び3び22知 3-2び2バ +12び3が +2が可ー18全）吋＋（（和杞ー12亨）吋＋
(4和び2叩 3-lOa因 +6巧 匂 +28び3び四1-12ず+18が）a2 +巧匂鸞+(16び3年 12+ (-6ず—
24町）可ーl0a3a22)四＋ず+4亨 12-42亨 1+13ず）a和 (4丙％が(-2が可四ー8如2叫—30が可十
24a3a2彎＋（ー2が巧吋+(20匂匂+4び3び2句—12亨）のー8び2バ+36び3が+14ず可ー70び3び2応＋
(-26和叩 +4a3び2戸 12町）吋十 (-2a戸 +8ず亨30び3叩1-2ず— 6守）び3-2町ー 16び2び1+
48丙）a1 +(2丙匂—12五）吋＋（町吋+(2ず疇+22和）四―8a囚＋ず町+2年2a1+13匂）吋＋
((-10が可ー4がず）a~+ (24び3び2びげ十 (-2ず— 40が）可ー 14a3a22)a3 + 2町— 4び2び12 -4亨 1回＋
12が臼＋（和が—16四尋＋ず+30和丙）a5+(-2亨 13-14a臼 +4疇 +12a西）四＋匂）丑＋
((-4吋+(2胴— 4忍）叶+ ((2丙四+22)a2 -6亨）ar + (-8疇+18亭 3四+18丙吋ー 18疇 1+
(-12丙四ー24)咋+36可び3び2-54冗疇）抄＋（ー10可吋+((6年— 4i½)a2 + (-10び2a1+ 1003)四+2)叶＋
(4丙d+(-2叩 1四十52叫）び2+ 10叩 2a§+(-12年— 28丙）四）ar + ((-24年 +20剛）吋十 (-4丙賛＋
(52示+2603)四—4)a叶 (30亨— 18ず）吋+6忍）釘ー24丙吋＋（ー16亨畜56可）吋 +(6亨詞＋
(72杞ー 2年）a3)び2-18丙鸞＋（ー90亨 1-72司）び~-72四）:z4+((ー8杞ー 8巧）叶 +((6町— 4a2a1 + 
8丙）6叶 (-8叩 12+16亨 1-8が）四+14可）ar+(4亨 1吋＋（（ー10四臼+20予）四+34が +20丙）6叶

(16び3亨1-8守）か(-6ず—48布可十 10可）四ー20)a和（（ー 12可伝—24町+34亨）6か (2守可吋＋
(50び2ゲ +52a3a1-4ず）のー 6可）び2-8が巧吋+(12び3aげー 26が可十4a四）吋+(54が—32巧）疇1-
52亨 1aJ+ ((4年 12+ 22疇 2応ー 44年ー 16巧）a~+ (2丙賃＋（ー10a虹 2a1-42ず）吋+(36町＋
28a匹1-138丙）の+l6)a2 + (-6丙伝+6び3ゲ）び1+ (-36び2びi2-78び3び1-60匂）吋ー 132可四）ぎ＋
((-2年ー12a2a1)吋+((2町 +4び2が +12年 1-8守）び2+(-2び2バ +6年 12-12ず可+12年 2)の十
16可2+8丙）ar+ ((-4a叩12+ 16a叩）a~+ ((-6亨 13+ 16四可1-12ず）四+32a四1加 +(6a如匹12-
6丙2可+12び3び2り吋＋（ー16び2び12+ 26び3び1-32窃りび3-38可）叶十 (-8丙2a~+(-4丙2可a3 -8ず＋
8び2叫— 10a紅1 +20丙り吋+((6丙2可2-20丙2万）吋+(16び2び13+34a叩12+8巧2可+20び拉2)四+14可2_
36丙）び2+(-6丙％四1+2丙3)吋十(-8丙2可2-2a叩2a1一16丙3-42丙り吋+(30可3+14a四1-138丙）四＋
16)び1+(-32び3びげー 20び3四）吋 +(8丙3a~+(8び3びげ十40a3び2a1 -10丙2)四ー16可3-16び2び1+20丙）吋＋
(-2丙3可吋＋（ー16a虹2がー34丙2可ー8び位22臼+(60a四12-142a如—40丙り四+16可厄+2丙3巧吋＋
(8a叩22可+18丙2丙）a炉(-30a叩12-44丙2可―6四叫吋十(-96可虹40巧）四）芝外((-4a匹12-4巧りa'f+
((4巧可3+4丙可2-6i½2可十 8丙）び2+ (-4巧2可2+ Sa位2a1-4布り四十4可3+ 18示— 24丙）叶＋
((-4丙可3+12a位匹1-4丙り吋十((-4び3a匹12-8丙2可+18丙巧り四―4可4+8芍可2+26丙可ー2巧りa叶
(8び3び22可ー 4丙2丙）吋+(4び2バ+10び3aげー 18巧2可ー 18び3び2)び3-24可2+4巧）叶十 (-6丙2可吋＋
((8丙2可2-24丙2丙）四―6a四13-18a四12+22丙2可）a?+ ((-4丙伍a1+4丙り叶+(8a匹13+12丙2可 臼
52四6匹1-22巧3-26丙り四+18可3-42年 +4丙）a2-4可2巧2ai+(-8a3a四1バ (-6巧3-32布り可ー
14び3び2り吋+(26び2が— 128び3a1 + 18巧りa3+ 16可）a1 + (10丙切ー 4び3aけー 22a3び2a1+ 2丙り吋＋
(-4丙3可吋+(18び叩2a召ー14丙2可+22び3a壮）四ー4町ー2び2aげ+l8a3a1冴 +(4丙3巧吋＋（ー4丙2可2_
24a拉i可十4丙2巧）吋 +(8び2び13-18び位12-98び西）a3+4可2切+(4丙2び2び1+ 10び3a昇+18丙り吋＋
(-4巧2可2-26び3a如 +2巧3+ 72丙2)吋＋（ー24可3+4a如 +72丙）の）芝
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芦和t+ ((2窃匂 +4u拉匹1-4ゲ）び2+ (-2万伝+2u玉）四十 4年 12-12年 1+6匂）uf + 
((-4び3び2Uげー2が可+12u3u22尻 +((2u紅 22可ー4亨）び3-4u四13+20び3が +4が可ー28U3U2応＋
2u3u23u5+(4が望l0u3臼1-4ず +12ず）四ー 2町— 10疇 +24丙）叶 +((2ず杞ー 12丙国）吋＋
((2が疇+2町）のー8び3バ+2ず 和+6び3(J位 1+22町）吋十 (-4丙匂賃 +(24u位2ゲ＋（ー4匂—
38が）可ー 6u因）(J3 + 2町— 22可1)u2 + (-16び3(J年 +2ず +6丙切）ヮ§+(-2可 13-16び3(Jげ十
12az2可ー6予）四十4記）の十4丙向＋（ー2ず知3-2u匹 2U召ー10丙2ui)吋+(2ず疇+(8丙匂＋
4U3U22可+10丙匂）のー2び2が +l0u3U12)吋＋（（ー20丙2(J四1-2び3(J砂+18町）U§+(-2→ +4ず和—
28U3U匹 1-18和）四応+12疇鸞+(2u位 2が＋（ー2ず+18和）可十 6u因）吋十 (-8年 12+ 
36u叩1)四）z+ (-4u叫 +u5ur + l8u3u匹 1-4u~-27噸）乏;6 + ((-2u2 -12可四）吋 +(4cテ噂— 2巧6叩＋
12丙吋+6の）叶十 ((-2和3+8)吋 +54叩叩— 18亨）正 16疇+12巧(J3(J~+ (-18疇 36疇 2-
54年飼＋（吋十 (-6疇＋（ー12年ー 10丙）四）叶+((6ず +2匂）吋十 ((-6u四1+ 16丙）四ー 4)u2+ 
(24疇＋匂）d+24忍）叶十 (-2臼＋（―6u叩1の +22可）吋+(4u叩2U§+(54和 +20丙）四）U2 -
12丙賃＋（ー36后— 30布）吋ー 12疇1 + (-24可2_4布）吋＋（布賛+(36豆 1后）四十 4)吋＋
((-36U3U1 -12守）び§-90和 3応+l8u3u2吋十 (-2匂— 18匂）吋）z4+ (2可吋十 ((-6年— 4匂）び2+
(-4町— 20亨1 -2丙）四）吋+((4町 +6u四1+ 4蜀）び~+ ((-6u匹 12+ 32u四1-4が）叩— 4可）U2 + 
(12如 12+ 2尋 +20u四）吋+(30が+16巧）u3)びr+ (-6び3U1U~+ ((-6u位 12+ 2u四）四+18が＋
saz)噸+((8び3(J匹 1-26が）疇+(18年 +44u四1-20丙）び3-S)c乃＋（ー12が可ー2u紅 2り咽＋（ー18u匹 12_
54u如 1-28ず）吋ー42可叩）u1+(2丙伍ー16町—12加）uJ+(2が可吋+(36u四12-26U3U1+12匂）四十
12可）吋十(-2巧冗吋＋（ー18び3(Jげー24ず可ーSu西）吋＋（ー72杞ー44司）び3応 +4巧鸞+(18び3如＋
4ず +24が）uJ-6丙吋 +32四）ぎ＋（（が +2丙）叶＋（（ー2町— Su匹1-2丙）u2 + (-lOu匹 12-2u拉 1-
8ず）四― 2可）叶＋（（町 +6u因+8疇＋ず）び~+((-2u臼+16u叩12 -8尋+24u四）四十4年—
4疇＋（匂ず+20u3全 +2ず国）吋+(12年 +36u四1-l年）四十4)ur+((-6u紅 12-2u3u2)u~+ 
((-2u3u13+4u3叩 1-16ず）四+2庁 +14疇 +4丙）吋+((4u3u四12-26が可+2u臼）吋+(28u四12_
30u如 +2ず）四― 16可）び2+(-2u炉2句— 10丙鸞）吋十 (-24u位12 -30ず可—40u四）d+(-42町—
郷疇1+丙鸞+(4が知3-4ず— 12び2Uげー 2年1)吋＋（（が町—4和巧）U§+(12u匹 13-lOu因＋
24ず可ー14u3u2)四+13杞）u~+ ((-2丙％幻 +12ず）吋＋（ー12ず記— 12u3u匹1-12ず+30ず）吋＋
(-18町—70玩+1年）四）6叶丙匂鸞+((4ず+12和）可+22戸鸞+(18亨名6戸+13ず）吋＋
48知 3戸+(2び2びiut+((-4び2Uげー 2u紅 1-2が）び2+ (-8ず可ー 2u3u2)び3-2年）叶+((2び2Uげ十
4u3uげ +2匂可十 4u四）6各＋（（—4ずが+ 24u3亨 1-2ず +2町）四十 4ず— 8丙恥+ (2亨＋
8丙ず）吋+(20年 2-16丙+10ず）四十4可）ur + ((-2布ず— 4u匹2び1 -2守）吋+((2び3(J四12-
16和可十4u討）のー2ず +4年 12+12年 1)吋+((2び3び22可ー20丙匂）吋+(4び2Uけー10び3が +6ず可一
28疇）のー 10年）び2-2u四23uJ+ (-2匂 杞 ー 38U3U四1-10ず+18が）吋＋（ー12印— 22u匹1+
36丙）u3)び1+2iぅ拾可吋+((2丙2可2_2丙2az)び3-4u匹 13-4び3Uけ）吋＋（（ー4cテiu四1+12iぅ羽）噸+(2u3u13+

虞匂—6び3疇 +6が）び3+6年）吋 +(2丙鸞鸞＋（ー4び3び2が＋（ー12ず +6が）可+lOu臼）吋＋
(-28u匹 12-6亨 1)u3応 +(2u四22可十4巧 +18丙乍）吋+(12→+22が可ーl8u3u2)u§+24和疇＋
が吋＋（（ー2丙伝ー 2u四）び2-2巧切ー 2u匹 1+4丙）叶＋（（が記 +4び3(J位 1+町）吋＋（（ー2丙3可＋
8び3叫）四十 4u四12-lOu叩1)四十丙賃+(8ず可ー 6u四）び3+が）叶十 ((-2u叩2uげー 2が可）吋＋
((4u叩i可ー 10丙句）四ー2年13+8年12)u~+(-2u3u23吋 +(4守が—26u四2U1 +18ず）四—2町）び2+
(-2丙3可ー 6U3U22只＋（ー10び2Uげ+l8u3u1)四）び1+ず町Ui+ ((-2匂 U2U1+4が）び3-2知州）吋＋
（丙2丙2u§+(8u3U2ゲ— 6丙2可）び叶町）吋＋（（ーlOU3U22可+18丙2巧）び5 + (-2U2U13 -6u3U12)四厄＋
4u拉 23吋＋（丙2可2+ 18u叩2び1-2忘り吋 +4可3四=0. 
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