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SHIN-ICHIRO SEKI 

ABSTRACT. Recently, the author and Yamamoto invented a new proof of the duality 
for multiple zeta values. The technique is applicable in other series identities. In this 
article, we exhibit such proofs for some series identities. 

1. DYNAMIC (OR ALGORITHMIC) PROOFS 

For a given series identity, the strategy to prove it in this article is as follows: 

(i) Define the connected sum with the connector or the connecting relation. 
(ii) Check its transport relations. 
(iii) Transport indices, algorithmically. 
(iv) Check the boundary conditions. 

Only these! 

Proofs of (ii) and (iv) are relatively easier than the proof of the original identity itself. 
We can often prove them by using partial fraction decompositions or telescoping sums 
and we leave the proofs to the reader. The hardest part in each dynamic proof is how 
to find a suitable connected sum. 

Note that values of connected sums may diverge, however we use only convergent 
values when we apply them. 

2. NOTATION 

N denotes a positive integer. p denotes a prime number. For a positive integer a, we 
set 

la:= Z;:,:o X・ ・ ・X Z;:,:o, Ia:= Z;:,:1 X・ ・ ・X Z;:,:1, 

a a 

I~:= { (k1, ... , k砂EIa: ka;::,: 2}. 

Further, .li。=l。=lb:={0} and 

00 00 00 00 

I:= lJ Ia, 工I:=LJ I~, Ii。:= lJ Ia, I~:= lJ I~. 
a=l a=l a=O a=O 

Let a be a positive integer and k = (k1, ... , ka) E Ia. The weight of k is defined 

邸 wt(k):= k1 +・ ・ ・+ ka. The reverse index of k is defined ask = (k釦..., k1). For 
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Oさ iさ a,k(i) := (k1, ... , k;), k(i) := (k; 十1,... , k砂(k(o)= k(a) = 0). Further, we 
define the arrow-notation as 

k→ : = (k1, ... , ka, 1), ← k := (l,k1, ... ,k砂，

k↑ : = (k1, ... , ka-l, ka + l), tk := (k1 + 1, k2, ... , ka), 

k↓ : = (k1, ... , ka-l, ka -l), ↓ k := (k1 -l,k2, ... ,ka)-

｛↑ }j denotes↑ ••• ↑ and {↓ }j denotes↓ ••• ↓ • By convention, we use wt(0) = 0, 百=0,、 、
°→ ＝←〇=(1), and 0↑ ＝↑〇＝釘＝↓0=0. 

For k = (k1, ... , k砂EIa, l = (li, ... , lb) Eh位，b:::0: 0), (k, l) denotes the concatena-
tion index (kい..., ka, li, ... , l砂．

In definitions of connected sums and (1), we use abbreviated notation n, m, r E Io 
as 

n = (n1,. ・．，加）， m = (m1,--・, 叫）， r=(r1,... , 乃），

even if there appear extra variables n。,mb+l and so on. 

For k = (k1, ... , k砂Ela and n = (n1, ... , na) E Ia, nk := TI~=l 心 (nk := 1 when 
a= 0). 

Fork E Ia, we defineふ(k)andくN(k)as 

1 

n 
k' 公(k):= 

D=no<n1<…<na:SN 

岱(k):= ▽
 

▽
 

ー

n k" 
D=no<n1<:: …<::na<::N 

(1) 

Fork E写， ((k):= J凰岱(k)< +oo. For a connected sum ZN, Z00 means lim ZN・

N→OO 

We omit to define some standard notions including the shuffle product rn, the har-
monic product *, the dual index kt, and the Hoffman dual index kv. Rather, we can 
define these notions by the following transport relations and algorithms. 

3. SHUFFLE PRODUCT FORMULA 

Proposition 3.1 ([HO, Theorem 4.1]). Fork, l E写， wehave 

((k)((l) =区叫(h),

where h E Ib runs over indices appearing in k m l =匹咄

Proposition 3.2 ([KZ], [On, Corollary 4.1]). Fork, l EI。,we have 

(-l)wt(l)(p-1(k,l) = La応い(h) (mod p), 

where h E Io runs over indices appearing ink ml= L ahh. 
3.1. Connected sum. For k E Ia, l E h, h E le (a, b E Z:::,0, c E Z:::,1), the connected 
sum Z閃(k;l; h) is defined by 

(2) 

(3) 

Z閃(k;l;h):= ▽
]
 O=no<n1 <・・・<na 

O=mo<加く…＜叫

na+mb=r1く四<・・・<rc<:'.N

1 
n(ki),,,,;, てl心（↓h)" 
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The connecting relation is叩十 mb= r1. By definition, there is a symmetry 

Z閃(k;l;h)=Z閃(l;k;h). (4) 

This connected sum is essentially defined in the right-hand side of [KMT, (18)]. 

3.2. Transport relations. For k, l E Ii。,h EI, we have 

Z閃(k↑;l↑;h) =Z閃(k;l↑臼h)+Z閃(k↑;l; ↑ h) (k,lヲf0), (5) 

Z閃(k→;l; ↑ h) =Z閃(k↑;l; ← h). (6) 

3.3. Algorithm. For each Z閃(k;l; h), we set rules as follows: 

(i) If k and l EI', then use the transport relation (5). 
(ii) If l E Io ¥I', then use the symmetry (4). 
(iii) If k Eエ＼工',then use the transport relation (6). 
(iv) If k = 0, then stop. 

Start from Z閃(k↑;l↑;(1)) (k, l E Io) and transport indices according to the above 
rules until the algorithm stops for all connected sums. Then, we have an identity which 
極 thefollowing form (h, h'E Ii。)：

Z悶(k凸； (1)) = L勾 (0;h↑；←h'). (7) 

3.4. Boundary conditions. For k, l E Ib, we have 

Z悶(k↑;l↑;(1)) = ((k)((l) 

and 

Z閃(0;h↑；←h') = (N(h, h'). 

(8) 

By these boundary conditions, we see that the case N→ oo of the identity (7) is nothing 
but the shuffle product formula (2). 

When k, l E'I.), by using the following congruence instead of using the boundary 
condition (8), we can also prove the shuffle relation for finite multiple zeta values (3): 

Z;,"_1(k↑;l↑; (1)) = (-l)wt(!)(P_1(k,I) (mod p). 

3.5. Example. By applying the algorithm in 3.3 to Z閃((1,2); (2); (1)), we have 

Z閃((1,2); (2); (1))旦z閃((1,1); (2); (2)) + Z閃((1,2); (1); (2)), 

Z閃((1,1); (2); (2))雪 z閃((2);(2); (1, 1))旦z閃((1);(2); (2, 1)) + Z閃((2);(1); (2, 1)), 

Z閃((2);(1); (2, 1))但z悶((1);(2); (2, 1)) (型z悶(0;(2); (1, 1, 1)), 

Z悶((1,2); (1); (2))四z閃((1);(1, 2); (2)) (型z悶(0;(1, 2); (1, 1)). 

Thus, 
Z閃((1,1)↑； (1)↑； (1)) = 2Z閃(0;(1)↑；←(1,l))+Z悶(0;(1,1)↑；←(1)) 

皿 dthis corresponds to 

(1, 1) III (1) = 2((1), (1, 1)) + ((1, 1), (1)) = 3(1, 1, 1). 
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4. HARMONIC PRODUCT FORMULA 

Proposition 4.1 ([H2, Theorem 3.2]). Fork, l EI。,we have 

岱(k)ふ(l)=区伽(N(h),

whETe h E Io rnns oveT indices appeaTing in k * l =区加h.

(9) 

- -) 4.1. Connected sum. For k E Ia, l E h, h E le (a, b E Z>i, c E Z>o , the connected 
sum勾 (k;l; h) is defined by 

ZJ:.r(k; l; h) := ~ l=ro:Sr1 <…＜和
Tc=n1<…<na:SN 
Tc=m1<…<mb:SN 

1 
nC↓ k)m(↓ l)rh・ 

The connecting relation is n1 =加=re. By definition, there is a symmetry 

Z~(k; l; h) = Z~(l; k; h). 

The definition of this connected sum is essentially due to Hirose. 

4.2. Transport relations. For k, l E I, h E Ii。,we have 

(10) 

Z~(• k; ← l;h) =な(k;← l;h→) + Z~(,_k; l; h→) + Z~(k;l;h••), (11) 

Z~(• k; l; h) = Z~(k; l; h↑) . (12) 

4.3. Algorithm. For each ZN(k; l; h), we set rules as follows: 

(i) If石andl E I ¥ (I'U { (1)}), then use the transport relation (11). 
(ii) If l EI'U {(1)}, then use the symmetry (10). 
(iii) If k EI', then use the transport relation (12). 
(iv) If k = (1), then stop. 

Start from Zjy-(← k; ← l; 0) (k, l E工0)and transport indices according to the above 
rules until the algorithm stops for all connected sums. Then, we have an identity which 
has the following form (h, h'E Ii。,h E Z::,.o): 

Z託_k;← l; 0) = L Z~((l); {↑粋←h;h'). 

4.4. Boundary conditions. For k, l, h, h'E Ii。,h E Z~0, we have 

な（←k; +-l; 0) =岱(k)岱(l)

and 

Z';.((1); {↑｝虹—h;h') =ふ(h{↑}h'h). 

(13) 

By these boundary conditions, we see that the identity (13) is nothing but the harmonic 
product formula (9). 
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4.5. Example. By applying the algorithm in 4.3 to Ziv((l, 1); (2); 0), we have 

Z';.((1, 1); (1, 2); 0)旦Z';.((1);(1, 2); (1)) + Z';.((1, 1); (2); (1)) + Z';.((1); (2); (2)), 

Z';.((1, 1); (2); (1))四Z';.((2);(1, 1); (1)) C型Z';.((1);(1, 1); (2)). 

Thus, 

z;.(← (1); ← (2); 0) =な((1);← (2); (1)) + z;.((1); ← (1); (2)) + z;.((1); ↑← 0; (2)) 

and this corresponds to 

(1) * (2) = (1, 2) + (2, 1) + (3). 

By applying the algorithm in 4.3 to ZN((l, 1, 1); (1, 1); 0), we have 

Zt((l, 1, 1); (1, 1); 0)旦z;_,((1,1); (1, 1); (1)) + z;_,((1, 1, 1); (1); (1)) + z;_,((1, 1); (1); (2)), 

z;_,((1, 1); (1, 1); (1))旦z;_,((1);(1, 1); (1, 1)) + z;_,((1, 1); (1); (1, 1)) + z;_,((1); (1); (1, 2)), 

Zt((l, 1); (1); (1, 1))四Zt((l);(1, 1); (1, 1)), 

z;_,((1, 1, 1); (1); (1))但z;_,((1);(1, 1, 1); (1)), 

Zt((l, 1); (1); (2))但Zt((l);(1, 1); (2)). 

Thus, 

z;, し(1,1); ← (1); 0) = 2z;,((l); ← (1); (1, 1)) + z;,((1); ← 0; (1, 2)) + z;,((1); ← (1, 1); (1)) 

+ z;,((1); ← (1); (2)) 

and this corresponds to 

(1, 1) * (1) = 2((1, 1), (1)) + (1, 2) + ((1), (1, 1)) + (2, 1) = 3(1, 1, 1) + (1, 2) + (2, 1). 

5. DUALITY 

Let n, m be non-negative integers. For k E J~, we define the multiple zeta value with 
double tails C:n,m (k) by 

晶，m(k):= L 
1 1 

nk (na+m・ 
n=no<n1 < .. -<na m)  

Proposition 5.1 ([Al). For any k E工',

ふ，m(k)= (m,n(kり． (14) 

The case n = m = 0 is the usual duality relation for multiple zeta values. 
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5.1. Connected sum. For k, l E Ii。,the connected sum Z兄m(k;l) ([SYl]) is defined 
by 

Z贔(k;l) := ▽
 

n=no<n1<…<na 
m=mo<竹11<・・・<mb

1 1 

n 
k び（％叫・ゴ

m 

Here, the connector is 

び（厄叫）：＝
叫・ 叫

如＋叫）,・ 
By definition, there is a symmetry 

Z兄m(k;l) = Z似(l;k). 

5.2. Transport relations. For k, l E Ii。,we have 

Z贔(k↑;l) = Zばm(k;L+) (k cf-0), 

Zどm(k→;l) = Z贔(k;l↑) (l cf-0). 

5.3. Algorithm. For each Z閏m(k;l), we set rules as follows: 

(i) If k EI', then use the transport relation (17). 
(ii)IfkEI¥工',then use the transport relation (18). 
(iii) If k = 0, then stop. 

(15) 

(16) 

(17) 

(18) 

Start from Z贔(k;0) (k E工')and transport indices from left to right according to 
the above rules until the algorithm stops. Then, we have 

Z以(k;0) = Z以(0;kり. (19) 

5.4. Boundary conditions. For k E工',

虞 (k;0) = (n,m(k) 

holds by definition. Therefore, by the symmetry (16), we see that the identity (19) is 
nothing but the duality (14). 

5.5. Example. By applying the algorithm in 5.3 to Z此m((3,2); 0), we have 

Z兄m((3,2); 0) = Z贔(0→竹→↑；〇）

旦 z~m(0→↑↑→叫） =Z此m((3,1); (1)) 

包z以(0吋↑；〇→↑） = z~m((3); (2)) 

旦z贔(0→↑;0デ→） =Z以((2);(2, 1)) 

旦z贔(0→;O→↑→→)=Z此m((l);(2, 1, 1)) 

但z以(0;0→↑→→↑)=Z以(0;(2, 1, 2)) 

皿 dthis proves 

(n,m(3, 2) =出，n(2,1, 2). 
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6. HOFFMAN'S IDENTITY 

Proposition 6.1 ([H3, Theorem 4.2]). Fork E Ia (a :2: 1), 

鷹 (k):=区
(-1)豆 IN

l'.on心・・・'.onぷ N

nk し）＝公(k汀． (20) 

6.1. Connected sum. For k E I and l E Ii。,the connected sum Z炉(k;l) ([SY2]) is 
de恥 edby 

Z杷(k;l) := 区
1 

n伍）
. CHD( 

l:Sn1:S・・・:Sna:Sm1:S・・・:Smb'.Smb+1=N

Here, the connector is 

CHD(na叫）：＝（一 1)加—1(::)

皿 dthe connecting relation is na :S m1・

6.2. Transport relations. Fork EI and l E'Io, we have 

Z杷(k↑;l) = Z杷(k;← l), 

z炉(k→;l) = Z炉(k;↑ l) (lヂ0).

6.3. Algorithm. For each Z炉(k;l), we set rules as follows: 

(i) If k E四 thenuse the transport relation (21). 

1 
厄叫）・ — 

m l― 

(ii) If k Eエ＼工'andk # (1), then use the transport relation (22). 
(iii) If k = (1), then stop. 

(21) 

(22) 

Start from Z炉(k↑;0) (k Eエ） and transport indices from left to right according to 
the above rules until the algorithm stops. Then, we have 

z杷(k↑;0) = Z杷((1);kり． (23) 

6.4. Boundary conditions. For k E'I, we have 

Z杷(k↑;0) = H:V(k) 

and 

Z杷((1);k) =公(k).

Therefore, we see that the identity (23) is nothing but Hoffman's identity (20). 
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6.5. Example. By applying the algorithm in 6.3 to Z妍((3,3); 0), we have 

z罰 (3,3); 0) = Z杷((1)竹→廿；〇）

and this proves 

但z梵叫(1)や→↑圧0) = Z炉((3,2); (1)) 

旦z梵叫(1)竹→；←←0) = Z妍((3,1); (1, 1)) 

四z妍((1)↑↑げ←←0) = Z妍((3);(2, 1)) 

旦z梵D((l)↑；←↑←←0) = Z妍((2);(1, 2, 1)) 

但z梵叫(1);←←↑←← 0) = Z炉((1);(1, 1, 2, 1)) 

H~(3, 2) =公(1,1, 2, 1). 

7. CYCLIC SUM FORMULA 

Proposition 7.1 ([HO, Theorem 2.3]). For a cyclic equivalent class a of an element of 
工',we have 

ka-2 

区((k↑)= LL(({↑ }1← k{↓ }J)' (24) 
kEa kEa j=O 

wheTe k = (k1, ... , k砂．

Proposition 7.2 ([KO]). FoT a cyclic equivalent class a of an element of I, we have 

ka-2 

L(い(k↑)+ (p-1(ぷ） + (p-1(←炉））三とと (p-1({↑}1← k{↓ }1) (modp), (25) 
kEa kEa j=O 

where k = (k1, ... , k砂andk17 = (ka, k1, ... , ka-1). 

7.1. Connected sum. Fork EI, the connected sum Z~(k) is defined by 

唸(k):=ど 1 

n心）
.co伽，叩）．

O<n1 < .. ・<na<:'.N 

Here, the connector discovered by Ohno is 

c0(n1叫）：＝
1 

na -n1 

7.2. Transport relations. Fork EI, we have 

唸 (k↑)＝唸（ふ）ー岱(kか (26) 

唸 (k→)＝唸（ふ）＋く(kか (27)

zi_1(k→)三 Z芦ー1(←k) + (p-1ふ）十 (p-1(ふ）＋く~-1にk) (mod p). (28) 



23

CONNECTORS 

7.3. Algorithm. For each Z~(k) with k =f-(1), we set rules as follows: 

(i) If k E工',then use the case N→ oo of the transport relation (26). 
(ii) If k Eエ＼工',then use the transport relation (27). 

Start from唸（←k) (k EI') and use transport relations according to the above rules 
until the first value Z~(• k) appears again. Then, we have 

唸（←k)=唸（←k) + (L.H.S of (24) for the class [kl) 

-(R.H.S of (24) for the class [kl). 

7.4. Boundary conditions. We need the fact that the connected sum Zば(k)for an 
index k one of whose component is greater than 1 converges instead of boundary con-
ditions (see [HO, Theorem 3.1]). 

For k E I, we can also prove the cyclic sum formula for finite multiple zeta values 
(25) by using the transport relation (28) instead of using the transport relation (27) in 
the above algorithm. 

7.5. Example. For k = (k1, ... , k砂EIa (a 2 1), we set 

ka-2 

S(k) := Lく({↑}j土｛↓}J). 

j=O 

Here, S(k) = 0 when ka = 1. By applying the algorithm in 7.3 to唸(1,2, 1, 3), we have 

唸（←(2, 1, 3)) 

旦z瓢（↑←(2, 1, 3)り一〈し(2,1, 3)) 

旦唸（竹←(2, 1, 3)↓↓）ーくに(2,1,3))-〈（↑←(2, 1, 3)i) 

四z腐 (3,2,1))+く((3,2, l)t) -S(2, 1, 3) 

四 Z~(』1, 3, 2)) + (((1, 3, 2)↑）＋く((3,2,1)↑） -S(2, 1, 3) 

旦 Z~(↑←(1, 3, 2)↓）一くに(1,3, 2)) + (((1, 3, 2)サ+(((3, 2, 1)↑） -S(2, 1, 3) 

四 z~に(2,1, 3)) +く((2,1, 3)t) -S(l, 3, 2) + (((1, 3, 2)サ十(((3,2, l)t) -S(2, 1, 3). 

This proves 

(((2, 1, 3)↑） + (((1, 3, 2)↑） + (((3, 2, 1)↑） = S(2, 1, 3) + S(l, 3, 2) + S(3, 2, 1), 

that is, 

く(2,1, 4) + ((1, 3, 3) +く(3,2, 2) = ((1, 2, 1, 3) +〈(2,2, 1, 2) + ((1, 1, 3, 2). 
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8. HOFFMAN'S RELATION 

Proposition 8.1 ([Hl, Theorem 5.1]). Fork= (k1, ... , k砂EJ~(a~1), 

ど(kcか↑k叫=tf (((k叫｛↓}ハ｛↑}1←砂）． (29) 
i=O i=l j=l 

8.1. Connected sum. For k E Ia, l E h (a, b~1), the connected sum炉 (k;l) is 
defined by 

炉 (k;l):= L 
O<n1<…<na<m1<…＜叫

Here, the connector is 

臼 (na,加）：＝

and the connecting relation is叩 <m1・

1 1 
• ぴ (nか叫）・ 一

n(k』 ml"

1 

m1 -na 

8.2. Transport relations. Fork EI, l EI'U {(1)}, we have 

炉 (k↑;l) = 炉(k;↑ l) +く(k,↑ l), 

炉 (k→;l) = 炉(k;← l) + ((k, ← l) (l c/ (1)). 

8.3. Algorithm. For each炉 (k;l), we set rules as follows: 

(i) If k E工',then use the transport relation (30). 
(ii) If k Eエ＼工'andk I-(1), then use the transport relation (31). 
(iii) If k = (1), then stop. 

(30) 

(31) 

Start from炉 (k;(1)) (k E工')and transport indices from left to right according to 
the above rules until the algorithm stops. Then, we have 

炉 (k;(1)) =炉((1);k) + tゞく((kci)){↓｝ハ｛↑}J←K叫＋団く(kcか←k叫. (32) 
z=l j=l z=l 

8.4. Boundary conditions. For k E工',we have 

a-1 a-1 

炉 (k;(1)) = L ((kcか↑い）＋区(kcか←K叫
i=O i=O 

and 

炉 ((1);k) = ((← k). 

Therefore, we see that the identity (32) is nothing but Hoffman's relation (29). 
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8.5. Example. For k = (k1, ... , k砂 EI~(a~1) and 1~i~a, we set 

a k, ー 1

H;(k) := LLく((k(i)){↓｝ハ｛↑}1←い）．
i=l j=l 

Here, H;(k) = 0 when k; = 1. By applying the algorithm in 8.3 to炉 ((2,1, 3); (1)), we 
have 

炉 ((2,1, 3); (1)) 

旦z町(2,1,3)↓叶←0)+く((2,1,3)↓占＿〇）

旦zH((2,1, 3)且_;竹←0)+く((2,1, 3)わ↑←0)+く((2,1,3)↓↓9↑↑←0) 

塑zH((2,1)江 (3))+く((2,1), ← (3)) +几(2,1, 3) 

位炉((2);← (1, 3)) + (((2), ← (1, 3)) + (((2, 1), ← (3)) +凡(2,1,3) 

旦z町(2)↓げ←(1,3)) +く((2)↓吋←(1, 3)) + (((2), ← (1,3))+〈((2,1), ← (3)) + H3(2, 1, 3) 

= zH((l); (2, 1, 3)) + H1(2, 1, 3) +く((2),← (1, 3)) +く((2,1), ← (3)) +几(2,1, 3). 

On the other hand, the boundary conditions are 

zH((2, 1, 3); (1)) =〈（↑(2, 1, 3)) + (((2), ↑ (1, 3)) + (((2, 1), ↑ (3)) 

+((← (2, 1, 3)) +〈((2),← (1, 3)) + (((2, 1), ← (3)) 

and Z町(1);(2, 1, 3)) = (し(2,1, 3)). Therefore, we have 

く（↑(2, 1, 3)) +く((2)'↑(1,3))+く((2,1), ↑ (3)) = H1(2, 1, 3) + H2(2, 1, 3) + H3(2, 1, 3), 

that is, 

〈(3,1, 3) +く(2,2, 3) +く(2,1, 4) = ((1, 2, 1, 3) +く(2,1, 2, 2) + ((2, 1, 1, 3). 

9. SOME REMARKS 

It is known that there exist various generalizations of each connected sum. For ex-

皿 ple,

I: O=no<n1<…<na 
O=mo<叫く•••く叫

na+mb=八 <r2<…<rc:SN

and 

x『lX空―n1... X炉―na-1. y四y炉―m1.. -y~ 叫—mb-1 . z; 戸 1... z~c-Tc-1 

n也）m叫（↓h) 

▽
 

l=ro:Sr1 <・・・<re 
Tc=n, <・・・<nぷ N
和＝叫く…＜叫:SN

give the shuffle product formula and the harmonic product formula for multiple poly-

logarithms, respectively. Here, x1, ... , Xa, y1, ... , Yb, z1, ... , Zc are suitable complex vari-
ables. 

勾・ ・・X炉-y炉...y:b . z? ... z~c 
n<↓ k)m(-1,l)rh 
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We can also obtain a simple proof of the Ohno relation proved by Ohno in [Oh] by 

generalizing the connector (15) as 

四；x][mb; x] 

四＋叫；x] 
(1xl < 1, [n;x] := g(i-x)) 

Furthermore, we can get a simple proof of the q-Ohno relation proved by Bradley in [B] 

by generalizing the above connector as 

（ 0 < q < l, [n; x位：= g([i]q- 心）， [i位=~ ロ~)-加；x]q[叫；x]q 
匹＋叫；x]q 

See [SYl] for details. 

We can also prove other series identities by using dynamic proofs: the cyclic sum 

formula for (finite) multiple zeta-star values (same as§7), Leshchiner's identity which is a 

generalization of the Apery-Markov identity (Ono-Seki; unpublished), Zhao's binomial 

identity [Z, Theorem 1.4] which implies the two-one formlua (Yamamoto; unpublished), 

the duality for MZVs of level 2 (Ono-Seki, Yamamoto; both unpublished), and the 

double Ohno relation (Hirose-Sato-Seki; [HSS]), and so on. 

Let's find new connectors! 
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