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It is known that the polygamma function for a positive integer k, 

心(kl(s)= 
dk+l 

dsk+1 
logf(s), 

interpolates the generalized harmonic sum 

応 (k)= t~(NEZ 
m 

叫
m=l 

by the formula 
1 

応 (k)=心(k-l)(N).
(k -1)! 

Rieman-zeta value ((k) can be represented as a special value of the polygamma 

function, i.e., 

((k) = 
(-l)k-1 

(k-1) 

(k -1)! 
心 (1).

Rieman-zeta value, the generalized harmonic sum and the polygamma func-
tion are deeply related and there are several relation formulas, e.g., 

(-ll(k -1)!{―く(k)+心(k-l)(N+ 1)} = HN(k). 

For an index k = (kぃ．．．，如） E (Z:::::1)d with k1 2: 2, the multiple zeta 
value and the multiple zeta-star value are defined by the series 

((k) = 区
ー

k1 k2 
m1叫 m

kd ... 
m1>叩 ＞ … ＞ 叫>0 d 
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and 

ぐ(k)= v/] 
ー

k1 朽 kd'
m之m立…う叫>0m1叫．．．叫

respectively. The index k with k1 2: 2 is called admissible. We call d the 

depth of k and k = lkl =柘十・ ・・十知 theweight of k. For a positive integer 

NE応 andk = (k1, ... , ぬ） E (応）叫 thetruncated multiple zeta value 
and the truncated multiple zeta-star value are defined by 

HN(k) = 
1 

N 
1 

N2':m1>四＞…＞叩>Om↑疇 ···mが=~ 叩 1Hm-1(kりど

and 

H1(k) = ▽
]
 

ー

k1 k2 
ml叫 mkd' ... 

N2'.m12'.n望・さ叫>0 d 

respectively with k1 = (k2, ... , 如） E (Z;:::1)d-l _ Also in studies of multiple 

zeta values, an interpolation function of the truncated multiple zeta value 
plays important roles. For example, Kawashima function, defined as Newton 

series in [3], was introduced for deriving Kawashima relation, that is a class 
of linear relations of multiple zeta values including several basic classes of 

relations such as the duality relation and Ohno relation. Besides, S. Zlobin 
had defined the same function as Kawashima's in a different form in [11] and 
derived several linear relation formulas concerning multiple zeta values. This 

function interpolates the truncated multiple zeta-star value Ht(k). In [8], 
we have defined an interpolation function'¥ 且s)of the truncated multiple 

zeta value HN(k) in a similar way to Zlobin's. In this note, we study the 
interpolation function'¥ 臥s)from two different perspectives; one is on an ap-
plication and the other on intrinsic properties. We recall in§1 the definition 

and some basic properties of'¥ 訊s)investigated in [8], and introduce in§2 

an application of'¥ 瓜s)concerning multiple zeta values (cf. [6, 7]). In§3, we 
derive a function Qd(s; q) from wk(s) that can be used for studying intrinsic 

properties of multiple zeta values (cf. [2]). §1 and§2 are based on a joint 

work with Y. Kusunoki and Y. Sasaki, and§3 is based on a joint work with 
K. Ihara. 

1 Interpolation function 

In this section, we summerize basic properties of wk(s) investigated in [8]. 

For an index k = (kぃ．．．，如）€ （応）叫 putkj = (kぃ．．．，柘）， kj= 
(kj+l,・.. ,k叶 (0~j~d) with k。=kd = 0. 
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Definition 1 (Interpolaton function). We define the function虹 (s)for s E 

C ¥ Z<o recursively by 

虹(s)~ 言｛虹'~,-1) -汎,(:s:Ji,~1)} 
for d~l and W 0 (s) = 1 for d = 0, i. e., k = 0. 

It is easy to see that wk(O) =• • • = wk(d -1) = 0 hold. Fors= d > 0, 

虹 (d)= 
咋 (0)- Wk1(d) 

杓 (d+ 1)柘

虹 (1)'11kl (d + l) 
＋ 

外 (d+ 2)柘

虹 (2) 外 (d+ 2) 
＋ 

沢 (d+ 3)杞

＋・・・

1 
＝一匹(d-1) 
d柘

holds. Thus, we have the following property: 

Proposition 1.1 (Interpolation). For NEZ:::: ゚’

汎 (N)= { 0, 0さNさd-l, 
凪 (N), N~d 

holds. Hence, wk(s) interpolates the truncated multiple zeta values恥 (k)to 

SE (C ¥ Z<O・ 

As a function of a complex variable s, Wk (s) satisfies the followings, see 

[8] for proofs and details: 

Proposition 1.2 (Difference formula). Fors E CC¥ Z<o and for any index 

k = (k1, kり， itholds that 

1 
虹 (s+ 1)―虹(S)='Y  kl (S). 

(s + l)k1 

Proposition 1.3 (Meromorphicity). 汎 (s)is meromorphic with poles at 

s = -l (l E Z:c:: リoforder k = lkl = k1 +・ ・ ・+ ka. 
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Proposition 1.4 (Asymptotic estimates). Assume that I arg sl < n. As 
Isl→ oo, the following estimates hold: 

wk(s) = ((k) + O(lsl―杞+1)

for any admissible index k = (k1, kりE(Z2-:1)叫and,for an admissible index 
k'and l E Z2-:1, 

虹，..., 1,k'(s) = Pz(logs) + 0(1s1―1 logJ Isl) 
ヽ

with some J 2:'. 0 and a polynomial Pz (x) of degree at most l. 

For a tuple 1 = (lい..., ld), let 

国，...'l叶=L(ld□ ld-l ロ・• • □ Zi) 
ロ

where□ denotes , or = and the summation is taken over all combinations 
concerning□ . The notation* denotes the harmonic product, i.e., 

k * 1 = (k1, k1 * 1) + (li, k * 1り+(k1 + Zi, k1 *}り

for indices k = (k, kりandI= (l, Iり.Let (k)n be the rising factorial 

(k)n = k(k + 1)・・・ (k+n-1)

for k, n E Zc=:o• Then the derivatives of ¥JI k (s) can be represented as follows: 

Proposition 1.5 (Derivatives). Fork E (Z叫dand n E Zc=:1, 

dn d 

ds"虹(s)~(-l)"niL L (IIり;/'・)(虹+~,k•(S)
T=lI玉（互o)T i=l 

lT>O 
II叶=n

T-1 T-1 
← 

＋区（一1yーぅ：く(l(kT+ lT)t□ (ki + 1』K * kT)虹 +lれ (s) (1.1) ） 
氏=0 し=r.

whereく(0)= 1. 

We have the power series expansion of汎 (s).
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Theorem 1.1 (Taylor expansion). ¥JJk(s) can be represented around s = 0 

by oo 

¥JJk(s) = L(一ltan(k)sn
n=l 

with 

d v-1 
(k仇

叫 k)= L(一 It L IT L ((l(kv + lv)t口(kl+Ii)* kり.(1.2) 
し！

v=l I心(Z~o)v i=l i=O 

llvl=n 
lv>O 

2 Parity result of MZV 

In this section, as an application of the interpolation function ¥[I k (s), we 

introduce a parity result (cf. [1, 10]) of the multiple zeta values with an 
explicit relation formula. Please see [7] for details. 

The multiple polylogarithm 

Lik(z) = L z 
m1 00 戸

m1>叩＞＞叫>0 碕疇・ ··mや=~戸凪1(m -1) 

is holomorphic in I z I < 1, and continuous on I z I = 1 except for z = l. If k is 
admissible, the value Lik(l) exists and Lik(l) = ((k) holds. 

Assume that O < argz < 21r. Fork= (k1, kりE(Z2':1)叫let

2Jri Z8 
f臥z;s) = -Wk1(s -1). 

e加 is_ 1 8k1 

The function fk(z; s) is meromorphic, and has simple poles at s = m E Z砂

a pole of order k + l at s = 0 and poles of order lkり+1 at s = m E Z<O・ 

Form E Z::,:d, 

Resfk(z; s) 
s=m 

lim (s -m)A(z; s) 
S→m 

21ri(s -m) Z8 
lim -'Vk1(s -1) 
S→ m e2面 (s-m)- 1 S柘

m z 
-Hk1(m-l) 
mk1 

holds. Thus, we can represent the multiple polylogarithm by using the in-

terpolation function Wk (s), i.e., 

00 

Lik(z) = L Res . 
21ri Z8 

s=m e21ris - 1 S柘
一 虹(s-1). 

m=d 
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Then, by the residue theorem, the summation of residues of A(z; s) at all 
poles gives a formula concerning to multiple polylogarithms. Especially, con-
sidering the unit circle case directly, we can prove the parity result of multiple 

zeta values with an explicit formula. For simplicity, we use the following no-

tations: 

(k)n = 
(-lt(k)n 

叫

with k EN, n E Zc".0, and 

邸） = (2:;r Bnに）
with Bernouilli polynomials B土） • Further, we define 

dn 
(a-(k, n) = (-lt- = (-lran(k) 

dsn 虹(s)Is=O 

d V 

(k』し
v-1 

=(-1rど(-lt L IT L ← 

し！
く(l(kv+ lv)t口(kl+Ii)* kり

v=l l,.,E(Zュ0)"i=l l=O 

llvl=n 
l,.,>0 

for n > 0 and〈a(k,n) = 0 for n :=:; 0. If k = 0, 

譴，n)= {~: ~ ~ 心
Theorem 2.1 (Parity result [7]). Fork= (k1, ... , 加）， putk =柘十..・+kd. 
Assume that k + d is odd. Thenく(k)is a Q[〈(2)]-linear combination of 
multiple zeta values of depth at most d -1. The relation formula is given by 

く(k)+ (-l)d+k+lぐ(k)

n五2竺~lk'I (2,ri~:; Bn, (k1)n, { 1 S~-1 ,.l i一1)'

X ▽
 

n仇）心(ki,t1)ぐ(k1+匹 (kT+貸）
t玉 町

砂
i=2 

It叶=n3-(l(kT)1l+lkjI) 

d lk』

+ L(-l)jL 
(2而tBn

k3 k 
n! 

(a(・, I』-n) 
j=l n=O 

where Bn are Bernouilli numbers with B1 = --1 
2・
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3 Primitive function 

In this section, based on [2], we define a function Gd(s; q) from an integral 

representation of W臥s)and study intrinsic properties of wk(s). 

Assume that lql < 1 and lq』<1 (j = 1, ... , d). For a fixed complex 
numbers, we define meromorphic functions in q by 

び(s;q) = 
1-qs 

1-q 

and, in q = (q1, ... , q砂by

び(s;q) = 
1 {cd-1 cd-1 

1-qd 
(s; qd-1) - (s; (qd-2, qd-1仰））｝

for d~2, where argq is treated as zero for q8. 

Example 1. Let us consider the cased= 3. By the definition, we have 

び(s;q1, q2, q3) 

1 
＝ 

1-q3 
誓(s;q1,q2) —び(s;q1,q叩）｝

1 1 
= l-q3 {1-q2(G1(s;q1)-G1(s;q叩））｝

= 1~q3 (1~q2 (~ ――ぢ―]―ーな之）— 1 -1q2q3 (~ ロぢ―［口ぢ之雰））

Remark that Y. Komori defines essentially the same function asび(s;q) 
in his recent research. He expresses multiple polygamma functions in terms 

of certain contour integral ofび(s;q). See [4, 5] for details. On the other 

hand, we derive this function as an integrand of an integral representation of 

the interpolation function虹 (s).

Theorem 3.1 ([2]). 1 

For応>0, we have 

(-l)k-d 1 1 d 

汎 (s)= rrt=l「(kz)1 .. ・［び(s;q)リ(logqz)杯 1dq1・ ・ ・dqa 

= (-1)k-d oo oo d 
ITf=l r(kz) 1 . ・・［ び(s;e―t1,e―t2, ... , e―td)リが―1dt1・ ・ ・dta. 

1 Let me express my gratitude for Prof. S. Yamamoto concerning his suggestion about 
a method for proving the convergence of the integration. 
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3.1 Values ofび(s;q) at positive integers 

If d = l and NE  Z2'.1, 

び(N;q) = 1 + q + ... + qN-1 

holds. Because of the property limq→1び(N;q) = N -l, G1(N; q) is called 
q-integer. Let us consider the case d > l. 

Example 2. Ford= 3 ands= 4, by the definition, we have 

び(4;q1,q2,q砂

1 { 1 ((1 + q1 + qf + qr)ー (1+麟＋点+3 3 
1 -q3 1 -q2 

麟））

1 

l-q四3
((1 + q1 + qf + qr) -(1 + q1麟 +qf2試+qfq髯））｝

1~q3 { 1~q2 (qi (l一 q2)+ q『(1-qり+qr(l -叫）））

1 

l-q汎3
- (q1(l -麟） + qf(l -q詞） + qr(l -q髯））｝

1 

1-q3 
伽+qf (1 + q2) + qr(l +卯+qり）

-(q1 + qf(l +麟） + qr(1 +麟＋忍））｝
1 

(q『の(1-q3) + qfq2(l -q3) + qfq芸(1-qD) 
1-q3 

贔＋贔＋髯(1+ q3) 
贔＋ 贔 +q髯 ＋ 髯q3

Thus, G刊4;qぃq2,q3) is a polynomial of degree (4 -1)! = 6. 

In general, we have the following: 

Proposition 3.1 ([2]). For a positive integer N, we have 

び(N;q) = L 
N>li>l2>…＞炉::O

li l2 
ql q2 

ld ... qd・ (3.1) 

Putting AN the set of exponents in the polynomial expression (3.1) of 
び(N;q), one can express the truncated multiple zeta values as 

叫 N-1)= L 1 

(Zi + 1)ki ... (ld + 1)幻
(h, …心）EAN 

(3.2) 

where入+1 = (li + 1, Z2 + 1, ... , Zn + 1). 



262

3.2 Addition and Product 

For complex variables s and t, we have the following properties: 

Proposition 3.2 ([2]). Fors, t EC, 

d-1 j+l 

び(s+t;q)~ び(s;q)+q仰 (t;q)+q; 苫a•-; (s月q,,qj+l)匂；q, 位（阻1げ）

and 

＼
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3.3 Harmonic product 

For two tuples of parameters p = (p, pりandq = (q,qりwheredepths of p 
and q need not be the same, let杢bean operation defined by 

P主q=(P1,P1主q)+ (q1, p五） + (p1q1, P1五）．

We call the operation (multiplicative) harmonic product. 

Theorem 3.2 ([2]). 

G(s;p)G(s;q) = G(s;p_:1:.q) (3.3) 

where ommiting upper subscripts are taken suitably depending on the depth 

of each tuple of parameters. 

Ifs = N is a positive integer, since Gd(N; q) is a polynomial, the assertion 

of Theorem 3.2 is obvious. Let us see an example. 

Example 3. For the cases= 4, the product of G刊4;p1,P2)and G3(4; q1, q2, q3) 
is 

G2(4;p1,Pりび(4;q1, q2, q3) 

= (p1q州q2+ (p団）加+(p1q1)喝 +(p叩）喝(q3p2)

+ (p1q1)2(p2q2) + (p1q1)3(p2q2) + (p1q1)3(p2q2)2 + (p1q1)3(p2q2)2q3 
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2 3 3 2 3 2 
+q伊1q2+叩1卯+q1(P叩） + ql (p1q砂(p2q3)

＋ 
3 2 

詔 2P1

＋髯(p叩）

＋ 
3 2 

qlp直2

+q詞(p叩）

+ qf(P1ゅ）加

+ qf(p叩）2P2 

＋ 
3 2 

P直直2

+ (p叩）喩q3

+pfo『(p加）
+ (p辺1)喝P2

+pf(p叫1)2q2

+ (P1鱈尋

That is, 

び(4;p1,Pりび(4;q1, q2如）

ぴ(4;p直1,q2辺＋卯）＋び(4;p2qぃP2位 q3)+び(4;qぃ扇2,q3p2) 

＋び(4;q1, q2,Pl, q叩）＋び(4;q1, q2,P叩，p砂＋び(4;qぃPl,q2,P叩）

＋び(4;q1,P1,P四2,qサ＋び(4;肛扇2,q3,pり＋び(4;qぃ扇2,P2, q3) 

＋び(4;p1,q1, q2,P叩）＋び(4;扇 1,q2, qぁ四）＋び(4;p1,q1,P叩，qり

＋び(4;扇 1,q2,P2, q3) +び(4;p1,P叫1,q2, q3) +び(4;扇 1,P公⑫，q3)

G(4; (P1,P心(q1,q2, q3)) 

holds. 

Combining Theorem 3.1 and Theorem 3.2, we have the following: 

Theorem 3.3 ([2]). W瓜s)w1(s)= wk*1(s) holds. 

3.4 Behavior around O and 1 

By the definition, it is easy to see that 

Proposition 3.3 ([2]). 

び(s;0, ... , 0 
ヽ

） 

d 

:= lim び(s;qい...,q叶
(q1, ... , 知）→(0, ... ,0) 

1

0

 
｛
 

＝
 

d = 1, 

d 2'. 2. 
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On the other hand, q = (1, ... , 1) is a singularity ofび(s;q) for a variable 
q. However, we have the following properties: 

Theorem 3.4 ([2]). For q = (q1, ... , q砂，

Gd(s; 1, ... , 1) := lim び(s;q) 、 (ql,・・・叩）→(1, ... ,1) 
d 

＝（；）， 
G竹s;1, ... , 1, q叶：= lim lim び(s;q) 、 知ー1→1 (ql,・・・,qd-2)→ (1, ... ,1) 

d-1 

~(qd~))d (位一旦（；）如ーl)')'

び(qd-1,1) : = limび(s;q) 
知→1

(-l)d-1s rr: 二~qJ

叩 (1-rr: ニ砂）

+ z: 
d-1 (-l)d-1-l (rr: ニllqj)び(qz-1,rr::11も）

l=l IT! 二i(l-IT1二詞） ． 

Combining Proposition 3.2 and the first result of Theorem 3.4, we have 
formulas for binomial coefficients. 

Corollary 3.1. Fors, t EC and d E Z20, 

(s;t)~ 竺 G)(d~j)
and 

(~)~ 苫 C〗&~'じ）じ）い）じ）
holds. 

Acknowledgements: The author thanks the organizer, Prof. H. Furusho, 
for giving me the opportunity to give a talk in the conference Various Aspects 

of Multiple Zeta Values. 



265

References 

[1] J. M. BORWEIN and R. GIRGENSOHN, Evaluation of triple Euler 

sums, The Electronic Journal of Combinatorics 3, no. 1 (1996), R23. 

[2] K. IHARA and Y. NAKAMURA, Integral representation of interpolant 

of multiple harmonic sum, in preparations. 

[3] G. KAWASHIMA, A class of relations among multiple zeta values, J. 

Number Theory, 129 (2009), 755-788. 

[4] Y. KOMORI, Finite Multiple Zeta Values, Multiple Zeta Functions and 

Multiple Bernoulli Polynomials, Kyushu Journal, to appear. 

[5] Y. KOMORI, Finite Multiple Zeta Values, Multiple Zeta Functions and 

Unified Multiple ZetaFunctions, preprint. 

[6] Y. KUSUNOKI, Y. NAKAMURA and Y. SASAKI, Analytic continuation 

of double polylogarithm by means of residue calculus, Comment. Math. 

Univ. St. Pauli, 67, no. 1 (2019), 49-63. 

[7] Y. KUSUNOKI, Y. NAKAMURA and Y. SASAKI, Functional rela-

tion formula for analytic continuation of multiple polylogarithm, Acta 

Arithmetica, to appear. 

[8] Y. KUSUNOKI and Y. NAKAMURA, An interpolation function of mul-

tiple harmonic sum, submitted. 

[9] V. LAKSHMIKANTHAM and DONATO TRIGIANTE, Theory of difference 

equations: Numerical methods and applications, Marcel Dekker, 2002. 

[10] H. TSUMURA, Combinatorial relations for Euler-Zagier sums, Acta 

Arithmetica 111, no. 1 (2004), 27-42. 

[11] S. A. ZLOBIN, Relations for Multiple Zeta Values, Mathematical Notes, 

2008, Vol. 84, No. 6, pp. 771-892. Pleiades Publishing Ltd., 2008. 

Matematicheskie Zametki, 2008, Vol. 84, No. 6, pp. 825-837. 


