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1 Introduction 

Harmonic numbers 
1 1 

Hn := 1 +—＋・・・十一
2 n 

have direct generalizations. One is the higher-order harmonic number, 

n 
1 

紺 =L---:;:・
j=l J 

(1) 
When r = 1, Hn =釦 isthe original harmonic number. The third type is 
related to this generalized harmonic number. Another is the hyperharmonic 

number, 
n 

犀：= L Hy-l) (r 2: 1) 
j=l 

(1) (0) 
with Hn = Hn and Hn = 1/n. The second type is related to this gener-

alized harmonic number. 

Harmonic numbers also have several different q-generalizations. Some 

keep good relations in extensive ways, and some do not. Any generalization 

has each advantages and disadvantages. We consider three different kinds 

of q-generalizations with their applications. 

One type of q-harmonic numbers [9] are defined by 

n k 

叫＝叫(q):= L q 
k=l 
l -qk・

Another type of q-harmonic numbers [4] are defined by 

n k-l 

H虚）=L后
k=l 
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1 -qk 
where [k位= . Still other q-harmonic numbers [2] are given by 

1-q 

n 

副(x)= L 1 
k=l 
[k -1 + x]gr・ 

2 First type of q-harmonic numbers 

The first type of q-harmonic numbers are related to the generating function 

of the sum of the jth powers of the divisors of n. If c,1(n) =~din d1, then 
for q E (C and lql < 1, 

00 00・  

と叫n)炉=I: ”炉1-qn. 
n=l n=l 

Van Hamme [7] gave the following identity. 

喜1)•-1 じ）］□ =戸 1~... ~ 叫， (1) 

where the q-binomial is defined as 

(n) := (q;q)n 
k q (q;q)k(q;q)n-k 

n-1 

with (a; q)n := IT (1 -aが）．
j=O 

There exist several generalizations of identity (1). 

The generalized q-harmonic numbers 1i炉 aredefined by 

n k 

碑叫=L q 
k=l 
(1 _ qk)m 

(n=l,2, ...), 

When m = 1 1-l , n 叫= is the q-harmomc number. 
We give a continued fraction expansion of the generaing funciton of gen-

eralized q-harmonic numbers, given by 

00 

加 (x):= I: 閏:-")砂． (2) 
n=l 
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Theorem 1. 

= 
こ咄叫n
n=O 

qx 

(1 -q)叫1-x)-
(1 -q)2=qx(l -x) 

(1 -q2四+(1-q四qx-
(1-q叩=qx

(1 -府）2rnq 
(l -q3匠+(1 -q2匠qx-

(1 -q4四+(1―q3匠qx-.

We study the summations 

n 

区戸叫~1,···,叩），

k=l 
n 

区qPk砂;~,--·,叫），
k=l 

n 

区qp(n-k)1-lkm1,…叫）＇
k=l 
n 

L qp(n-k)1-l~:t··, 叫），

k=l 

where 1-l伍1,…，叫） 1 . 1 1 
k are the mu tip e genera ized q-harmomc numbers defined 

by 

糾炉'…,叩）：＝ ど
心＋・・・十q切

(1-仲1)m1... (1 _ qkハ叩' (n=l,2, ...). 
l:Sk1:S…:Skt:Sn 

If m1 = m2 =・・・=mg= m and£= 1, the generalized q-harmonic numbers 

砥~) are studied in [8]. Note that糾炉'…,叫） can be considered as a q-
analogue of the multiple generalized harmonic numbers of order m 

H炉丘•四） = L 1 
炉 lk加..-k叩 (n=l,2, ...). 

1岱 1:s; …:'oke:'on 1 2 R 

We give some finite summation identities of generalized q-harmonic num-

bers. 

Theorem 2. If p and n are positive integers and m 1, m2, ... , mg are complex 
numbers, the 

文q''閏匹，叫） ~l~q,{f:(-1)叩—.s(m,p-'泣巳，m,_,.s)+ 
k=l s=l 

） 
(-1四言言 (;,-:__¥)q咽臼，m,_,)_ qp(n+k)'/l臼，m,)}・(3) 
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Some particular cases of Theorem 2 can be seen in simple forms. For 

example, 

• When m1 =・・・=me= 1 and p = 1: 

n n 

こ砂紺,£)= 
1 _ qn+l 

紺,£)-
1 

1-q 1-q 
こ咋p.e-1)

k=l t=l 
l',-1 
. 1-qn+l 直(1-q門

= I:(一1)2 咄い）＋（一1)
i=O 

(1 -q)i+l (1 -q)2・

Corollary 1. If p, n and s are positive integers, then 

n 

と杞叫~t四） =q―ps (F(n + s,p, 碕）ー F(s,p,屑）），
k=l 

where 
n 

F(n,p, 屑）：=L戸叫加，．．，叩）
k=l 

with碕=(mぃ．．．，叫）．

Some particular cases of Corollary 1 can be seen in simple forms. For 

example, 

• When s = n, m1 =・ ・・＝叩=1 and p = 1: 

n C-1 

ぃ昌 =q―nI:(-ll 
,~1 (~o (1 -q)'+l 
X ((1 -q2n+l) 1{尉―i)_ (l -qn+l)栂 C-i))+ (-1) cqn+l(l―砂）

(1 -q)2) . 

Theorem 3. Ifp andn are positive integers andm1,m2, ... ,mg are complex 

numbers, then 

n 
江 p(n-k)11,(m1,…，叫） 1 _ qP(n+l) m1,---,mi) q p(n+l) 

k = 1-l~-
k=l 

l -qP l -qP 

信(p+:-1)11~ 叩叫—1叫—,)+立 (m't}1-2),,'0-p)11j™'• ,m,_,)} 



96

Corollary 2. If p, n and s are positive integers then 

n 

L qp(n-k)Hf")_~,--·, 叩） = G(n+ s,p, 屑）一qPnG(s,p,屑），
k=l 

where 
n 

G(n,p同）：= L qp(n-k)1-[~m1, ... , 叫）

k=l 

with可=(m1,-.. , 四）．

3 Second type of q-harmonic numbers 

In [4], a q-hyperharmonic number Ht)(q) is defined by 

n 

犀 (q)=Lq1Hy-i)(q) (r,n21) 
j=l 

with 

H四(q)= 1 
q[n]q. 

In this q-generalization, 

n 
(1) 

j-1 

凡 (q)=凡 (q)= L仁
j=l 
[J]q 

(4) 

(5) 

is a q-harmonic number. When q→ 1, Ht)= limq→ 1H訊q)is the hyper-
harmonic number and Hn = limq→1几 (q)is the original harmonic number. 
Weighted sums of this kind of q-hyperharmonic numbers can be ex-

pressed in terms of several types of q-analogue of the sum of consecutive 

integers. 

Theorem 4. For positive integers n and r, 

n 

ど］一i[l]q叩 (q)= q犀 (q)-峠 [n+r] が[n-l]q[n]q n + r -l 

l=l [r + l]q ([r + l]q)2 (r  -l)  q 

[n]q[r] が―1 n+r 
= [r + 1]: HA7'+1)(q) + [r + l]q C + 1) q. 
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Remark. When q→ 1, we have for n, r 2'. 1, 

立研 =n(n+r)H炉ー (n-1)(r+l) 
l=l 

r+l (r-l)!(r+1)2 

= /: 1 Hfir+l) + r ! 1 (;: ~)' 

where (x)(n) = x(x + 1)・・・ (x+ n -l) (n 2'. 1) denotes the rising factorial 
with (x)(O) = 1. 

Next, we show a square weighted summation formula, which is yielded 

from the following identity. 

Theorem 5. For positive integers n and r, 

文l-1は[£+l]qHY)(q) 
£=1 

[n]q[n + r]q([2]q[n + 2]q + q3[r -l]q[n + 1]) 
＝ 

[r + l]q[r + 2]q 
q H炉(q)

ー qr[n-l]q[n]q ( 
n+r-1 [2]q[r+2]~+ が [r + 1]加ー2]q
r-1)q [r+lg[r+2]~ 

Remark. When q→ 1, we have 
n 

四(£+l)Hい＝ n(n + r)((r + l)n + (r + 3)) H(r) 
£=1 

(r+l)(r+2) n 

_ (n _ l)n(n + r -l) (r + l)2n + 2(2r + 3) 
r -l (r + 1)叩+2)2 ・

(6) 

Combining Theorem 4 and Theorem 5, we can obtain the square weighted 

summation formula. 

Corollary 3. For positive integers n and r, 

n 

戸叫]q戸Ht¥q)
C=l 

叫 [n+叫(1+ q[r + l]q[n]q) 
＝ 
[r + 1位[r+ 2]q 

直 (q)

ーが[n-l]q[n]q ( 
n + r -1)吋 +1闘［叫ー q3[喝+[2]q 
r-1 q [r+lg[r+2]~ 
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Remark. When q→ 1, we have for n, r 2: 1, 
n 

ど鳴(r)
l=l 

= n(n+r)((r+l)n+l)如） _ (n-l)(r+ll((r+1)2n-(芦-2)) 
(r+l)(r+2) n (r-l)!(r+l戸(r+ 2)2 ・

We can obtain the following summation of the cubic powers, but no 
q-generalization has been found yet. For n, r 2: 1, 

n 

Ll3Ht) 
l=l 

n(n + r)((r + l)(r + 2)炉+3(r + l)n -r + l ）加）＝ 
(r + l)(r + 2)(r + 3) n 

(n -l)(r+ll((r + 1)2(r + 2)2n2 -(r + 1)2(2r2 + 2r -7)n + (r4 -2r畜3- 17r2 -12r + 6)) 

(r -l)!(r + 1)2(r + 2)2(r + 3)2 

Nevertheless, when r = 1, we can get more general summation formulas. 
Fpr example, 

Theorem 6. For n, N~l, we have 

n 

Ll-1は[£+l]q ... [£+ N -l]qHg(q) 
£=1 

[n位[n+ l]q・ ・ ・[n + N] [N -1] I 
N 

= [N + l]q q几 (q)- [N + 1]:・ 苫り［ル (n7:~l)q·

Remark. When q→ 1, we have the ordinary relation 
n 

四(£+1) ... (£+ N -l)He 
£=1 

~ n(n + 1) ・・・ (n+N)几— 心―十{'含("71~1)
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4 Third type of q-harmonic numbers 

The results for the third type of q-harmonic numbers are yielded from Abel's 

Lemma on summation by parts [1], for two sequences {fk} and {gk}: 

n n-1 

Li心卯=fn伽+1-f咽m — Lgk+l△fk' 
k=m k=m 

where△在=Tk+l -Tk is a forward difference of an arbitrary complex 

sequence {叫．
There are many definitions for q-zeta functions. For O < x :S 1, s E CC, 
and沢e(s)> 1, define the Hurwitz q-zeta function ([5]) as 

(q(s,x) = L 
00 q<n+x)r 

n=O 
[n+x]ふ・

When x = l, (q(s) = (q(s, 1) is the q-zeta function. Following [2], define a 
(s) 

generalized q-harmonic number hn (x) by 

n 

心(x)= L 1 
k=l 
[k-1 +x]ふ・

The main result can be stated as follows. 

Theorem 7. Farr EN, 0 < x~lands E <C with叫 (s)> 1, we have 

L 
00 q(n-l+x)r心(x)
n=l [n + x]qr[n -1 + x]が

= (q(s + l,x). 

When x = 1 in Theorem 7, we have the following corollary. 

Corollary 4. 

I: 
00 q町炉(1)

n=l [n]qr[n + 1]が
= (q(s + 1). 

Remark. When q→ 1, Corollary 4 is reduced to 

f Sj~s) 

n(n + 1) =((s+l) 
n=l 
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([6]). 

In order to get more q-generalization results, we introduce different two 

q-binomial coefficients. We define the shifted q-binomial coefficients by 

(n+x) = [n+叫[n+ x -l]q・ ・ ・[n + x -k + l]q 
k q [k]砂

We define the (q汀 2)-binomialcoefficients ( n k¥1m by 

じ）伽，q2)= [k]q1 喜~!k]q2!
We define more generalized Hurwitz q-zeta functions (t,q(s, x) by 

00 rt(n+x) 
(t,q(s, x) =ど q

n=O 
[n+x]ふ'

(7) 

where r, t E汎〇<x :S: 1 and s E C, 9te(s) > 1. We define the generalized 
(s) 

q-harmomc numbers ht,n(x) by 

n rt(k-l+x) 
虞(x)= h畠(x):= L q 

k=l 
[k-1 +鳴r . 

It is clear that the right hand side of (7) is absolutely convergent as O < qさ
1. When s = 1 and O < q < l, the right hand side of (7) is also absolutely 
convergent. We have h且(x)→(t,q(s, x) (n→ oo). 
With the help of Abel's Lemma on summation by parts, we show that 

（） infinite sums involving the generalized q-harmonic numbers ht~n(x) in terms 
of linear combinations of the generalized Hurwitz q-zeta values (t,q(s, x). 

Theorem 8. For r, s, t, a EN with t~s, a> l and O < x :S 1, we have 

oo h且(x)qr(n丑）[a-1]が
L 
n=l 

a-l 

＝区
b=l 

(-1)8-lqrb 

閾
((t-s+l,q(l, x) -q―rb(t-s+l)(t-s+l,q(l, X + b)) 

+ど-l)s-m(t-s+m,q(m,X)hi:;,rr_臼(1).
m=2 
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00 心(x)qr(~-~+x)[a]が
と—
n=l 

s 

= (t+l,q(s + 1, x) + L (-l)s-m(t-s+m,q(m, x)ht;_門+1)(1)
m=2 

a-1 (-l)s-lqrb 

+L ((t-s+1,q(l, x) -q -rb(t-s+l) 

b=l [b]gr 
(t-s+l,q(l, X + b)). 

oo h且(x)qr(n+x) k [-1]戸[a]q-r[a-l]q-r k 
〗に―lkx+k)qr =~[a -1加し）(q八qr)Aa, 

t 似(x)qr(n+x)
n-l+x+k 

n=l [n + x -1加(k)qr 
k [-1 a-1 

心
lq-r [a]q-r k 

a=2 [a]がし）(q-r,qr) (如l,q(s+ 1, x) + Aa), 
where 

s 

Aa= L(一1)8-m(t-s+m,q(m,x)h后汀+1¥1)
m=2 
a-1 

+L 
b=l 

(-l)s-lqrb 

[b]か
((t-s+1,q(l, x) -q―rb(t-s+l)(t-s+1,q(l, X + b)). 

When q→ 1, (t-s+1,1(l,x) -(t-s+1,1(1,x + b) is interpreted as 

b 
1 

h凸 (1,b)= L 
k-l+x・ 
k=l 

(8) 

When q→ 1 and x = 1 in Theorem 8, we get the following formulas, 
which are given in [6]. 

Corollary 5. 

oo (a -l)Sj~) a-1 (-l)s+lSjj s 
L 
n=l 
(n + l)(n + a) 

＝区 ・s + L(ー1y-i的~~li+l) く (i) . 
j=l J i=2 
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00 ( 

戸n〉~)a)
a-1 (-l)s+lSjj s 

+ L(-l)s-i叫:-1i+l)((i) . ＝く(s+ 1) + L jB , 
j=l i=2 

文（竺~~
n=l k) 

＝言（一1)牙じ）（苫(-lj:'YJ,+竺—w-,,,『•-;i+l) く(i))

oo (s) 

L nn = ((s+ i) 
n=l n(ntり

＋含—l)" I Iじ）（苫(-1);:'SJ,十竺—l)''SJ『':;i+') く (i))
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