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1 Introduction

Harmonic numbers ! !
Hn::1+_+...+_
2 n

have direct generalizations. One is the higher-order harmonic number,
=1
(r) — il
s =31
=1

When r =1, H, = 557(11) is the original harmonic number. The third type is
related to this generalized harmonic number. Another is the hyperharmonic
number,

g =3 "H"Y (r>1)
Jj=1

with H,(ll) = H,, and H7(LO) = 1/n. The second type is related to this gener-
alized harmonic number.

Harmonic numbers also have several different g-generalizations. Some
keep good relations in extensive ways, and some do not. Any generalization
has each advantages and disadvantages. We consider three different kinds
of g-generalizations with their applications.

One type of g-harmonic numbers [9] are defined by

n k

q
Ho = Halq) ::Zl_ k-
=1 4

Another type of g-harmonic numbers [4] are defined by
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k

— 9 Still other g-harmonic numbers [2] are given by
—q

where [k], =

h(s Z —1+m

k:l

2 First type of ¢-harmonic numbers

The first type of g-harmonic numbers are related to the generating function
of the sum of the jth powers of the divisors of n. If o;(n) = >_y, d’, then
for g € C and |g| < 1,

00 [ nd g™
> oyl =30 228
n=1

ol
n=1 q

Van Hamme [7] gave the following identity.

" N S
>0 () S - Y = e 0
k=

k=1 =4

where the ¢g-binomial is defined as
(n) = @ with  (a;q), := H(l —aq’).
k)y (@)@ Dok i

There exist several generalizations of identity (1).
The generalized g-harmonic numbers 7-[( ™) are defined by

HM) = Z 1_q (n=1,2,...),
k=1

When m =1, 7—[(1) = H,, is the g-harmonic number.

We give a continued fraction expansion of the generaing funciton of gen-
eralized g-harmonic numbers, given by

= i Hm) gn, (2)
n=1
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Theorem 1.

S e
n=0

qx

(1—q)?™mqz(1 —x)

1-q¢m(1 —x)— — 2\ 2Zmgy
(1_q2)m+(1_q)7nqx_ (1 q ) q

17327"’1'
(1 =)™ + (1~ g2)mae — . R

(T—g)m+1—-a¥)mqr — .

We study the summations

n

Z qperEth“.,mz)’ Zn: qp(nfk:)/’1_[’(67711,...,mz)7

k=1 k=1

n n
Z qpkH£T11€7~--7mZ)’ Z qp(nfk)ng':]lﬁu---»mZ)’
k=1 k=1

where H,(le""’m” are the multiple generalized g-harmonic numbers defined
by

k1 k
gFr 4 g
2 (m,eme) , (n=1,2,...).
" P DI e o ey

If mi =mg=---=my =m and £ = 1, the generalized ¢g-harmonic numbers
H;m) are studied in [8]. Note that H;ml"“’m") can be considered as a ¢-
analogue of the multiple generalized harmonic numbers of order m

1

k.ml ka . kmé
1<k1<--<k<n 1 72 ¢

HT(Lml,m,me) —

(n=1,2,...).
We give some finite summation identities of generalized ¢g-harmonic num-
bers.

Theorem 2. Ifp andn are positive integers and myi, mo, . .., my are complex
numbers, the

- ( 1 P ( )
pk mi,...,myp) __ _1\me—s mi,...,My—1,8
k§71q 1! _1_qp{§:( 1) <m8_8> ¢ +

s=1

n p—my+1

(_l)mg Z Z (;Z[ﬂ) qjt,Ht(mh...,mz_l) _ qp(n+1)H§Lm1,...,mg)}' (3)

t=1 j=1



Some particular cases of Theorem 2 can be seen in simple forms. For
example,

e Whenm;=---=my=1andp=1:
n n+1
k(10 _ 1 —4 (1,0) 1 (1,6-1)
S0 = g0 LS g
k=1 1-q 1_qt1
6—1

120" ey | qyeal =)

— +1 — )2
z:O (1—q) (1-q)

Corollary 1. If p,n and s are positive integers, then
quk””/(ﬁi’ ) = P (F(n+ s,p,my) — F(s,p,im})) .

where

F(n,p,my) : Zq”kﬂml’ o

with ﬂ—lz = (ml,... ,Mg).

Some particular cases of Corollary 1 can be seen in simple forms. For
example,

e When s=n,my=---=my=1and p=1:
(-1 ;
kg (1,0) =
Zq ok =1 < (1—q)itt

s » n+1 1 — g
< ((1 _ q2n+1)zH§££ ) _ (1— qn+1)H£Ll,é z)) + (_1)éq ( )q )) .

S
Il
<)

(1-q)?

Theorem 3. Ifp andn are positive integers and my, mo, . .., my are complex
numbers, then

1 — gp(nt1) H(ml me) gP(t1)
1—qP 1 —qP

3 grn=R)gy(maeme)
k=1

mp—1
p + s — 1 (m1,...,mp_1,mg—8) my + ] 2(j—p) (m1,....,mp—1)
X{ > < s ) n +ZZ ¢V IH, :

s=1 (=1 j=1
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Corollary 2. If p,n and s are positive integers then
Zq”(” D = Gn o+ s, p,img) — P G(s, p, )

where

G(n,p,mp) Zq pln=k)qlmme)
k=1

with my = (ma, ..., mg).
3 Second type of g-harmonic numbers

In [4], a g-hyperharmonic number ir (q) is defined by
H (g Z 7H (@) (rn>1) )

with

In this g-generalization,
(1) 3 ¢

is a g-harmonic number. When ¢ — 1, Hff) = limg_1 H,(f)(q) is the hyper-
harmonic number and H,, = lim,_,; H,(q) is the original harmonic number.

Weighted sums of this kind of ¢-hyperharmonic numbers can be ex-
pressed in terms of several types of g-analogue of the sum of consecutive
integers.

Theorem 4. For positive integers n and r,

- - () [n]q[ ] (r) 7qr[n_]-]q[n]q n+r—1
2 ) = S T ( 1 >
]

_ [nlglrlg iy ¢t (n+r
S L @+ 5, <r+1>q
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Remark. When ¢ — 1, we have for n,r > 1,

ZlH(r) )H('r‘) _ (n=1tmry
+1 " (r—1l(r+1)2

_ gy L (AT
r+1"" r+1\r+1/)’

where (2)(™ = 2(x4+1)---(x4+n — 1) (n > 1) denotes the rising factorial
with (z)© = 1.

Next, we show a square weighted summation formula, which is yielded
from the following identity.

Theorem 5. For positive integers n and r,

qul €+1 (T)()

_ [ lg[n +7]g([2lgln +2]4 + qg[r —1gn+1) ¢
N [+ 1q[r + 24 HT(‘)(q)

. n4r—1\ [2glr+22 4+ ¢*[r +1)2[n - 2],
‘Q[”‘”q[”]q( Pl )q [+ 120+ 22

Remark. When ¢ — 1, we have

z":W FnED - n(n + r() ((r+Dn+(r+3)) O

— r+1)(r+2)
n+r—1\(r+1)>%n+2(2r +3)
—een( ) S

Combining Theorem 4 and Theorem 5, we can obtain the square weighted
summation formula.

Corollary 3. For positive integers n and r,

qu 1 H(T)( )

_ [ lgln + rlg(1 + q[r + 1q[nlq) (v
- e, @
, n+r—1\ qr+ 1]3[”](1 - q3[?‘]3 + 2,
4 [”‘”q[”]q< Pl >q [+ 120+ 22
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Remark. When ¢ — 1, we have for n,r > 1,

z": g
=1

n(n+r)((r+1)n+1) HO (n =1 ((r + 1) — (r? - 2))
(r+1)(r+2) " (r—=1D)(r+1)%(r +2)2

We can obtain the following summation of the cubic powers, but no
g-generalization has been found yet. For n,r > 1,

()
> PH
=1

_n(n+ r)((r + D) +2)n2+3(r+1n—1r+ 1)
B (r+1)(r+2)(r+3)

(n— 1) ((r+ 1% (r +2)%0% — (r+ 1)2(2r2 + 2r — T)n + (r* — 2r3 — 17r? — 12r 4 6))
B (r—Dr+1)2(r + 2)2(r + 3)2 ’

H

Nevertheless, when r = 1, we can get more general summation formulas.
Fpr example,

Theorem 6. For n, N > 1, we have

Zq“ [0+ 1)g... [0+ N —1],H(q)

[nlyln 4]y [0+ N, N -1 & n+l—1
B [N +1], Hulq) = [N+1]qlz_;qlmq< I+1 >q'

Remark. When ¢ — 1, we have the ordinary relation

Z€£+1 .(l+N-1)H,

Cn(n+1)---(n+ N) (N—DI N fn+l-1
- N +1 Ha = N+1 Zl( >



4 Third type of g-harmonic numbers

The results for the third type of g-harmonic numbers are yielded from Abel’s
Lemma on summation by parts [1], for two sequences {fx} and {gx}:

n n—1
D kg = fagnir = Fngm — > Ger1DSr,
k=m k=m
where A1, = 7,41 — 7 is a forward difference of an arbitrary complex

sequence {73}

There are many definitions for g-zeta functions. For 0 < x < 1, s € C,
and Re(s) > 1, define the Hurwitz ¢-zeta function ([5]) as
q(n+z)r

S
ot [n + az]qr

Cq(sv x) =

When z = 1, {4(s) = (4(s,1) is the g-zeta function. Following [2], define a

generalized g-harmonic number hgf) (z) by

h(s Z —1+ac

k:l
The main result can be stated as follows.

Theorem 7. Forr € N, 0 <z <1 and s € C with Re(s) > 1, we have

i q(n 1+z)rh(5)( )
N+ z]gr[n — 1+ x]gr

n=1

=((s+1,2).

When x = 1 in Theorem 7, we have the following corollary.

Corollary 4.
e an thS) (1)

Ml iy @Y

n=1
Remark. When ¢ — 1, Corollary 4 is reduced to

0o (s)
Znn—i—l (s+1)
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([6]).
In order to get more g-generalization results, we introduce different two
g-binomial coefficients. We define the shifted ¢-binomial coefficients by

<n+x> _ptaydn a1yt -kt
B, K] |

n

k>Q1,qz by

(&), = T

We define more generalized Hurwitz g-zeta functions (; 4(s, z) by

We define the (g1, g2)-binomial coefficients (

qrt(ner)

n=0 [n + SC]Zr 7

Ctvq(87 x) = (7)
where r,t € N, 0 <z <1 and s € C,Re(s) > 1. We define the generalized
g-harmonic numbers hgs,)L(a:) by

n qrt(kfl#»z)

Bi(e) = Wiiag(@) =3 g
q’!‘

- ""tn,gq
k=1
It is clear that the right hand side of (7) is absolutely convergent as 0 < ¢ <
1. When s =1 and 0 < ¢ < 1, the right hand side of (7) is also absolutely
convergent. We have hgsy)b(x) = (i q(s,2) (n — 00).
With the help of Abel’s Lemma on summation by parts, we show that

infinite sums involving the generalized g-harmonic numbers hﬁf,fb(x) in terms
of linear combinations of the generalized Hurwitz g-zeta values (; 4(s, z).

Theorem 8. Forr,s,t,a € Nwitht>s,a>1and0<x <1, we have

B (2)q" ™) a — 1]

n=1
a—1
-1 s—lqrb —rb(i—s
- Z %(Qs-‘rl#ﬁla z)— ¢ PG g(1 a4+ b))
b=1 7

+ 3 ()T g ()RS (1)



i R (@)g" (1) ]

clnta—1+zafgphn—1+aly

- Ct+1’q($ + 1’ l') + Z (71)S_m<t—s+m7q(m, l')h(s m+1)( )

l,a—1
m=2
a—1 s r
qub _—rb(t—s+1)
+ Z s (<t75+1,q(17 .%') q ths+1,q(17 T+ b)) .
— [b]or

0 h(s) )r(n—i—x) k [_1](1—2

q T [a]qfr[a - l]q*T k
Z (n 1+m+k)qr - az:; [a — 1]qT (a) - )Aa7

n=1

o] (5) r(n+z
he) (x)g" ()
2

~ n + T — 1] <n71+$+/€)qr

k

= g laler
= az:; ldy (a) (qirqu)(Ct-i-l,q(S +1,2) + Ag),

where

Aa = 3 (1 G rmg(m, ) (1)

(—1)5 g™ b 1
T(Ct—s-i—l,q(la r)—q " (t=s+ )Ct—s+1,q(1,95 +b)).
b=1 q"

When ¢ = 1, G—s+1,1(1,2) — G—s11,1(1, 2 + ) is interpreted as

ht>(1,b) = E:k_1+x (8)

When ¢ — 1 and z = 1 in Theorem 8, we get the following formulas

which are given in [6].

Corollary 5.

> a—l (s)

a—1  \s+l . S
e S S LR SR lSUR

=1
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j=1 J? i=2
i 7
n=1 (nzk)
K k = (_1)5—&-157) - s— H—l)
=>-oe(}) Dy e e
r=2 j=1 =2
oo 7(15)
2 Y
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