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Abstract 

We introduce a poset that generically adds a continuously increasing epsilon-chain of a length the least 
uncountable cardinal. This poset is similar to a poset that consists of finite conditions and generically adds a 

closed cofinal subset of the least uncountable cardinal. As an application, we consider a poset for the Strong 
Reflection Principle of S. Todorcevic along this line. 

Introduction 

Let us review a poset that generically adds a closed cofinal subset of w1 by finite conditions. 

Defimt10n. Let p E P, if 

• p is a finite partial function from w1 to w1・

• If i E dom(p), then i S p(i). 

• If i1, i2 E dom(p) with i1 < i2, then p(i1) < i2. 

For p, q E P, let q Sp in P, if q ;;i p. 

Hence if 
pEP, 

dom(p) = {xo < x1く・・・<Xk-1}, 

p = { (xo,p(xo)), (a辻，p(x1)),・ ・ ・, (xk-1,P(Xk-1)) }, 

then 

xo S p(xo) < x1 Sp(叫く・・・<Xk-1 S p(Xk-1) <山1・

The following is standard. 

Lemma. (1) Pis proper. 

(2) Let G be P-generic over the ground model V. Then the collection of points in the domains forms a 
closed cofinal subset of w1. More precisely, let 

C=LJ{dom(p) pEG}={i<w1 IヨpEGヨjs.t. (i,j) E p}. 

Then C is a closed cofinal subset of吋

Let 1,, be a re~ular cardinal with 1,, 2吟 Inthis note, we present a similar proper poset that generically 

add a sequence〈M;Iiく 叫 overthe ground model V such that 

• M; EV and, in V, Mi is a countable elementary substructure of (H~, E). 

• If i < j < w1, then Mi E島

• If j is a limit ordinal, then MJ = LJ{Mi i < j}. 

・虎 =LJ{M,liく叫｝．

In particular, {w1 n M; Iiく叫 formsa closed cofinal subset of匹

As an application of this line of poset, we present a poset for the Strong Reflection Principle (SRP) of 
S. Todorcevic. (see [B] for a natural construction by the initial segments). There is another application of 
this method in [MY], where we present a poset for the Mapping Reflection Principle (MRP) of J. Moore. 

(see [M] for a natural construction by the initial segments.) 
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Question. Do you see any new application of a plausible reflection principle that combines the two 
features of SRP and MRP ? 

The poset 

Definition. Let 1,, be a regular cardinal with 1,, 2'. wz. Let us first form a relational structure 

(H,..,E). 

Then we form a club C in [H,.. ドthatconsists of the countable elementary substructures of (H,.., E). Hence 

C={NE [H』w I N-< (H", E)}, 

CcH"・

We next form a relational structure with an additional unary predicate C 

(H,.,E,C). 

Then we similary form a club D in [Hぷ'thatconsists of the countable elementary substructures of 

(H",E,C). Hence 

V =  {ME [H叫w IM--< (H,., E,C)}, 

VcCcH応

Proposition. Let M E  V. Then for any x EM, there exists NEC n M with x EN. 
Hence M is a union of countable elementary substructures N of (H氏， E)that belong to M. More 

precisely, 

M=LJ(cnM). 

Proof. Let x EM. Then (H,., E,C) knows that there exists NEC such that x EN. Since x EM--< 
(H,., E, C), we can take NE  Mas such. Conversely, if NEC n M, then N is countable. Hence NE  MED  

entails N = e[w] C M, where e : w一N onto with e E M. 

Definition. Let p E P, if 

• pis a finite partial function from D to C such that (dom(p), E)巨"linear".

• If ME  dom(p), then M E  p(M). 

• If M1,M2 E dom(p) with M1 E M2, then p(M1) E M2. 

For p, q E P, let q::; pin P, if q ;2 p. 

Hence if 

then 

pEP, 

dom(p) = {X。EX1 E・・・EXぃ｝，

p={(X。,Yo), (Xi, Yi),・・・, (Xk-i, Yiい）｝，

(dom(p), E) ~ ({w1 n MIME <lornゆ）} , <) isomorphic by M - w1 n M, 

X。EYi。EX1 E Y1 E・ ・ ・E Xk-1 E Yk-1・

ロ
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Lemma. For any p E P and a E H氏， thereexists q E P such that q :c; pin Panda E LJ dorn(q). 

Proof. Let p E P and a E H氏. Take (M, N) such that 

•p,aEMEN. 

• MED. 

•NEC. 

Let q = p U {(M, N)}. Then q E P, q :c,; pin P, and a EM  E dorn(q). 

Lemma. P is proper. 

口

Proof. Let p E P and H",C,V,p,P E M*(countable)--< H入. Then M := H" n M* E D. Let N E C 
with MEN. LetpM• =pU{(M,N)}. ThenpM• EPandpM• SpinP. 

Claim. PM• is (P,M*)-generic. 

Proof. Let D E M* be predense in P. We show that D n M* is predense below PM•. To this end, let 
p s加.in P. Let q s p and d E D w礼hq s din P. 覇畑叫紅皿 M囁 PY(り,d',1kり 直 い ぃ 邸
follows. Since H入 knowsthat there exists (q',d',M') EH" such that 

• q'E P. 

• d'ED. 

• q's d'in P. 

• M'E dom(q'). 

• q'nM'=(qnM). 

Since H", P, D, (q n M) EM* --<瓜 wecan take (q', d', M') EH" n M* =Mas such. Let r = q U q'. 
Then r E P and r S紅 'inP. Hence D n M* is predense below PM•. 

Lemma. Let G be P-generic over the ground model V. In the generic extension V[G], let 

Then 

M = LJ{dom(p) p E G}. 

McD  

LJM=H;:', 

(M,E)巨"linear".

c: (M, E) --+ (w1, <) by M 曰 c(M)= w1 n M is order preserving. 

ロ

口

Since the range of c is cofinal in w1, the well-order~type of (M, E) is e芥actlyw1. Hence there exists an 
isomorphism 1r: (w1, <)一 (M,E). We simply write Mi for 1r(i). Hence M gets represented as an E-chain 

〈MiIi< W1〉.

Proof. We show that (M, E) p="linear". Let M1, M2 EM  s.t. M1 -/c M2. Take p E G s.t. M1, M2 E 
dom(p). Since (dom(p), E)巨"linear",either M1 E M2 or M2 E M1 holds. 
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Lemma. In V[G], let〈ふ Ik < w〉besuch that Xk E .Mand Xk E .Xk+l for all k < w. Then 

LJ{ふ Ik < w} E .M. 

Hence〈M;Iiく叫 iscontinuously c-increasing. 

ロ

Proof. Let p I← p"ふ E.M and Xk E .Xk+l for all k < w". Since P preserves凸， wecan assume, by 
extending p, that there exists 8 < w1 such that p卜p"6=sup{w1n.XkI k<w}". 

Claim 1. There exists XE  dorn(p) s.t. 8 = w1 n X. 

Proof. Suppose not. Then we have (q, M) such that 

• q E P. 

• q~p. 

• ME  dorn(q). 

● w1nM<ふ

• If Z E dorn(p) with山1n Z < 8, then p(Z) E M. 

• 8 < w1 n q(M). 

Hence q I卜p''thereexists no X E .M with山1nMく 山1n X < 8". This would be absurd. 

Claim 2. Let XE  dom(p) s.t. 8 = w1 n X. Then p lf-p"LJ{ふ Ik < w} = X E .M". 

ロ

Proof._ Let G be ?-generic over V with p E G. Argue in V[G]. Since w1 nふ<8 = w1 n X and 
ぶ XEM, we have Xk EX. Hence 

LJ{ふ lk<w}C::X.

Conversely, let x EX  and fi :c:; pin P. Since X E 7J and so X = LJ(C n X), there exists (M, N) such 
that 

• MENEX. 

• ME'D. 

•NEC. 

• fjnX EM. 

• X E  N. 

Let q = fiU {(M,N)}. Then q E P, q :c:; fi, and qi卜p"ヨふ s.t. x ENEぶ'.Hence p I卜p"Xこ
U{ふ k<w}". 

ロ

口

SRP 

Definition. ([Bl) The Strong Reflection Principle (SRP) holds, if for any set X with山1C:: X, any 
Sc::[X]竺皿dany regular cardinal入s.t.X,[X]w,SEH入， thereexists a sequence〈MiIiく叫 suchthat 



146

• M, are countable elementray substructures of a first order structure (H入， E:,X, S), where X and Sare 
constants. 

• If i < j < w1, then M, E: M1・

• If jく叫 isa limit, then Mj = LJ{M; I i < j}. 

• For each iく叫， either(yes) or (nono) holds. 

(yes) X n M; E: S. 

(nono) For any countable elementary substructure M'of (H入， E:,X, S) such that Mi <;;w, M', we have 
X n M'fc S, where let Mi <;;w, M'abbreviate Mi<;; M'and w1 n Mi= w1 n M'. 

In [Bl, a natural semi-proper poset for SRP by the initial segments is used under the Semi Proper 
Forcing Axiom (SPFA). We design a semi-proper poset along the line of previous section. 

Definition. Let us form a closed cofinal set C in [H入ド by

C={NE: [H入]wIN-<(H入， E:,X,S)}.

Then we form a closed cofinal set D in [ Hふ by

'D= {NE: [H入iwIN-< (H入， E:,X, S, C)}, where C is a unary predicate. 

Let p E P, if 

• pis a finite partial function from V to C such that (dom(p), E)戸linear".

• If ME  domゆ）， thenM E  p(M). 

• If M1, M2 E dom(p) with M1 E M2, then p(M1) E M2. 

• For each ME  dom(p), either the following (yes) or (nono) holds. 

(yes) X n MES. 

(nono) If M <;;w, M'EC, then X n M'rfc S. 

For p, q E P, let q~pin P, if q ;;2 p. 

Lemma. (Pre-Semi-Generic) Let p E P, M* be a countable elementary substructure of 

(H0,E,H入， X,S,C,P),

where H入，X,S, C, P as constants, and p E M*. Then there exists M△ (countable) -< (He, E, H入，X,S,C,P)

such that 

• M*こw,M八

• H入nM△ ED. 

•M• satisfies either the following (yes) or (nono). 

(yes) Xn  (H入nM勺 ES.

(nono) For any M's.t. (H入n M勺 三 M'EC,we have X n M'rfc S. 

Hence if N E C with H入n M△ EN皿 dwe set 

q=pU{(H入nM△,N)}, 

then q E P, q <; p, and H入nM△ E dom(q). 
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Proof. Let p, M*, H0 as as above. 

Case 1. There exists M'E C s.t. H入nM* C:::w, M'and X n M'E S. Let 

M△ : = {f(s) If EM* ands E (<wx)nM'}. 

Then 

Claim. (1) M△ --< (H0, E,H>-,X,S,C,P). 

(2) H入nM△ ED. 

(3) X nM△ =XnM'. 

(4) M* c:::w, M△. 

Proof. (1): We check by the Tarski's criterion. Let 

(H0,E,H入，X,S,C,P)F"ヨ匹(y,fi(s1), ・ ・ ・, fk(sk))". 

Then there exists g : <w X ------> H。s.t.g E H。皿dfor any (y,t1,・・・,t砂withy EH,。,t1,・・・,tkE <wX,if 

(H0,E,H入， X,S,C,P)F "¢,(yふ (t1),・ ・ ・, fk(tk))", 

then 

(H0,E,H入，X,S,C,P)F "¢(g((t1,・・・,t砂），fi(t1),・ ・ ・,fk(tk))", 

where〈t1,・ ・ ・, t砂isregarded as an element of <w X. 

Since X, 〈Ji,... ふ〉 EM*-<(H0, E,H入，X,S,C, P), we can take g EM*. Hence 

(H0, E,H入，X,S,C,P)F "¢(g(〈s1,・・・,Bk)), fi(s1), ・ ・ ・, fk(sk))", 

g((s1, ・ ・ ・, s砂） EM△． 

Hence M△ -< (He,E,H入， X,S,C,P).

(2): Since M△ -< (He, E,H入，X,S,C,P),we have H入nM△ -< (H入， E,X, S, C) by the Tarski's criterion 
and relativizations. Hence H入nM△ E 7J. 

(3): Let x EX  n M'. We want to show x E X  n M△ . Let us consider a map 

f: <wx —• He, 

伍，．．．，％〉 r+X1 LJ・ ・ ・LJ Xn. 

Then f EM*, 〈x〉E(<w X) n M', and J(〈m〉)=xEXnM△. 

Conversely, let y = f(s) E X  n M△ . Then there exists g E M* s.t. g : <w X → X, if f(t) E X, then 
g(t) = f(t). We have g EH入nM*三 M'.Hence y = g(s) EX  n M'. 

(4): Let a EM*. We first show that a E M△ . Let us consider f : <w X→ {a} s.t. constantly f(t) = a. 
Then f E M* and a = J(0) E M△ . Next since X n M△ = X nM', we have 

w1nM△ = (w1 nX)nM△＝州 (XnM州

= w1 n (X n M') = (w1 n X) n M'= w1 n M'= w1 n M*. 

Case 2. For any M'E C s.t. H入nM*こw1M', we have X n M'st S. Let M△ : = M*. Then this M△ 

works. 

ロ
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Lemma. (Generic) Let M△ be a countable elementary substructure of (H。,E,H入， X,S,C,P),q E P, 
and H入nM△ E dorn(q). Then q is (P, M勺-generic. 

Proof. Let DEM△ be predense in P. We want to show that D n M△ is predense below q. To this 

end, let q <:'. q in P. Let r <:'. q, din P s.t. d E D. We consider M△ -copy (r',d',M') of (r,d,H入nM勺 as
follows. 

(H,。,E,H入，X,S,C, P) knows that there exists (r', d', M') EH入 suchthat 

• r'E P. 

• d'ED. 

• r'<:'. d'in P. 

• M'E dorn(r'). 

• r'nM'=(rn(H入nM勺）．

Since H入， P,D,(r n (H入nM勺） EM△ --< (H0,E,H入，X,S,C,P),we can take (r',d',M') EH入nM△

as such. Let u = r Ur'. Then u E P and u <:'. r, r'. Hence D n M△ is predense below q. 

ロ

Lemma. (Semi-Generic) Let p E P, M* be countable, and M* --< (Ho, E, H入，X,S,C,P).Then there 
exists q :S: pin P s.t. q is (P, M*)-semi-generic. 

Proof. Let M△ be as in the previous lemma. Then we had q E P such that q :S: p in P and H入nM△ € 

dom(q). Hence q is (P,M勺—generic. Since M*三 M△， weconclude that q is (P M* . . ,)-sem1-genenc as 
follows. q I← p"0nM△ [G] = 0nM△ ". Hence q I← p"wYnM*[G] c::wr nM△囮l= wr nM△ =wY nM*". 

Hence q日p"wYn M*[G] = wr n M*". 

Corollary. ([Bl) Assume SPFA. Then SRP holds. 

Proof. Apply SPFA to P. 
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