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On the resolvent estimates of compressible flows with free 

surfaces 

Xin Zhang 

Abstract 

This report concerns some resolvent estimates arising from the study of compressible flows with 
free surfaces, which were obtain in the recent work [12]. In [12], the resolvent estimates of some 
compressible model problem were established for general (bounded or unbounded) domains within 
the framework of the maximal LP -Lq regularity. For simplicity, we outline the whole strategy of 
the proof in [12] for exterior domains in this report. 

1 Introduction 

1.1 Model problem 

Consider the free boundary value problem of the compressible Navier-Stokes equations 

in general domain r2t with taking the surface tension into account, 

OtP + div(pv) = 0 Ill LJ Ot x {t}, 
tE]O,T[ 

叫pv)+ Div(pv⑳ v) -Div 1'(v, μ(p)) = pf Ill u Dt x {t}, 
tE]O,T[ 

11'(v,p(p))nり ― a1-lい叫＝一Ponr,, Viぃ =V•nり on u ft X {t}, 
(1.1) 

tE]D,T[ 

v=O on Sx]O,T[, 

(p, v, Dt)lt=O = (Poo + Po, Vo, n). 

where the stress tensor'll'(v,p) :=§(v) -pll, §(u) :=μ]]})(u) + (v -μ) divull, ]]})(v)jk := 
如 j+ OjVk, j, k = l, ... , N, and the coefficients a,μ, v > 0. In addition, we also denote 
p00 := lim国→00 p(・, x) > 0. Furthermore, p = p(・）：股＋→ 股十 isa smooth pressure law, 

闘 isthe mean curvature of the surface rt for tミ0,nr, is the unit normal vector of rぃ

Po is the given pressure of the atmosphere, and f is some given external force. Here we 

call Vr, the normal velocity of rt. Moreover, S and rt are disjoint for any t~0. In fact, 

there is one typical case where Ot is an infinite layer with the moving top surface rt and 

the fixed bottom S. Of course, if S = 0, i.e. lack of (1.1)4, then Ot may stand for some 

bounded droplet, some exterior region or some half plane without the bottom. 
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To study (1.1), the key step is the linearization. By the so-called Lagrangian coordinates 

ふ（ふt):= l+ J u(t,s)ds E Ot, Vt E 0, 

゜one can transfer (1.1) to the following model problem in the fixed initial (or reference) 

domain 0, 

Ot'f/ +'Y1 divu = d in Dx]O,T[, 

面力u-Div (§(u) -12TJll) = F in Dx]O,T[, 

(§(u) -"Y2TJll) nr。+O'(m -ふ。）hnr。=g on r。x]O,T[,
(1.2) 

Oth-u・nr。=k on r。x]O,T[,
U=O on Sx]O,T[, 

(ry,u,h)lt=O = (Po,Vo,O) in n ， 

where 11 = ,1(x) and 12 =叫X)are uniformly continuous functions defined on n, nr。
stands for the unit normal vector field of r。and△r。isthe standard Laplace-Beltrami 

operator of r。.Although the equations in (1.2) are in the fixed domain, the role of the 

new variable h is to handle the variation of the ft in (1.1). The linearization approach is 

similar to the case of incompressible flows [9, 6], and we omit the details here. As (1.2) is 

more or less a standard system in n, we shall consider the solutions of (1.2) within the 
classical maximal LP -Lq regularity framework. 

Let us give some comments on the property of the maximal regularity here, while the 

interested reader may refer to [12, Sec. 1] for more detailed references on the compress-

ible flows. The maximal regularity is an important tool to understand the parabolic type 

equations. In particular, for the classic viscous fluid dynamics, the momentum conserva— 

tion law can be linearized to the second order parabolic equations. We ask that whether 

the second order derivatives of the velocity fields are integrable with LP in time and Lq 

in space for (p, q) E]l, oo[汽solong as such external forces are given. If so, we say such 

equations admit the so-called the maximal LP -Lq regularity. For instance, the maxi-

mal regularity property of the Stokes equations with respect to incompressible fluids are 

studied in e.g. [10, 4] for the non-slip boundary conditions and in e.g. [5, 1, 8] for the 

slip boundary conditions. For the compressible flow, the maximal regularity property of 

the Lame operators corresponding to compressible fluids is verified in e.g. [2, 3]. Let 

us emphasize that the equations for the compressible flow arc usually mixed with the 

hyperbolic part and the parabolic part as in (1.1). The progress in [12] concerns the 

maximal regularity property of the Lame operator with surface tension term involved, 

namely u > 0 in (1.2)3. 
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1.2 Notations 

Let us end up this part with some useful notations. Lg(G) is the standard Lebesgue 

space in the domain G C ]RN, and虎(G)with k E N and 1 < q < oo stands for the 
Sobolev space. In addition, the Besov space Bん(G)for some k -1 < sさkand for any 

(p, q) E]l, oo[2 is defined by the real interpolation functor 

叩 (G):= (ら(G)尻 (G)L;k,p"

In particular, we write w;(G) = Bi,/G) for simplicity, and wq-s(G) is the d叫 spaceof 

W忍(G)for 0 ―く 1and th・  <s e conJugate mdex q := q/(q -1). 

For any Banach spaces X, Y, the total of the bounded linear transformations from X to 

Y is denoted by .C(X; Y). We also write .C(X) for short if X = Y. In addition, Hol (A; X) 

denotes the set of X valued mappings defined on some domain A C <C. 

For入 ="(+ iT E <C, the Laplace transform and its inverse are formulated by 

.C[f](入）：= j e―入tf(t)dt = Ft[e―'Ytf(t)](T), 
IR 

_c-l[g](t) :=土1びg(T)dT= e社方[g(T)](t),

where Ft and F;1 denote the Fourier transformation and its inverse. For any X valued 

function f, we set A;J(t) := .c-1 [入s.C[J](入）] for any s > 0. Then the Bessel potential 

spaces are defined as follows, 

H;,,(旧；X) := {f E LP(股；X): e―,t(A;J)(t) E LP(旧；X)}, 

Hム，o(恥X):= {f E靡（戦；X) : f (t) = 0 fort < O}, 

for any 1 > 0 and 1 < pく 00.

2 Main results 

From now on, we assume that O is some exterior domain with the (compact) boundary 

r。only,and consider that 

Ot1/ +'Y1 divu = d in fl X股十9

州戊u-Div (§(u) -'Y2rJll) = f in fl X恥十9

(§(u) -1277ll) nr。+CJ(m―△r。)hnr。=g on r。x股十 9 (2.1) 

Oth-u・nr。=k on r。x股十 9

(1J,u,h)lt=o = (0,0,0) in n. 
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Above there exist constants p1, p2, p3 such that 

O<p1:s; 叫x):s; P2, 0く叫x):s; P2, V x E豆 (2.2) 

ll(V冗応）IILr(O) :s; P2, p3 := max {P2, lh112IIL叫）n和coi},

with N < r < oo. For the general domain n case, one may refer to [12] for more details. 

Now, let us fix the functional spaces for the data (d,f,g,k) in (2.1). For any (p,q) E 

]1,oo[2, we say (d,f,g,k) E名，ぃ (r> 0), if d, f, g and k fulfil that 

d E LP,,,o(股；H加））， fE LP,,,o(町；伝（叩），

g E Lp,,,o(民； H~(n)N) n H;~ 嘉（股；Lq(O)N), k E Lp,,,o (股； wi-l/q(ro)), 

with the quantity 

ll(d, f,g, k)ll§p,q,, :=lie―,tdllLp(lR;HJ(o)) + lie―刃t(f,A~12g)II ら（民，Lq(O))

+ lie―,tgll与（政，HJ(n))+ lie―,t kllLp(JR;w;-1/qげo))< 00. 

Next, we recall the smoothness of the domain and an auxiliary result proved in [7, 

Theorem 2.1] on the Laplace-Beltrami operator. 

Definition 2.1. We say that a connected open subset n in 記 (N~2} is of class 

uniform w;i-I/r for some integer m~2 and 1 < r < oo. if and only if the boundary 

叩 isuniformly characterized by local w;i-I/r graph functions. That is, for any point 

x0 = (x~, XoN) E 80, one can choose a Cartesian coordinate system with origin x。and

coordinates y = ( y ,yN) := (Yi, … ）  , yN_1, yN , as well as positive constants a, (3, K and 

some Wrm-I/r function h with 11h11 < K such that w;"―l/r(Bし(xbll-

{(y',y砂： h(y') -(3 < 恥 <h(y'), IY'I <a}= n n Ua,/3,h(xo), 

{(y', ぬ）： YN = h(y'), IY'I <a}= an n Ua,/3,h(xo), 

where Ua,/3,h(xo) := {(y', Y砂： h(y') -(3 < YN < h(y') + (3, IY'I < a} and B~(x~) := {y'E 

罠N-l: IY'-x~I < a}. Moreover, the choices of a, (3, K are independent of the location of 

Xo・anis uniform whenever an is compact. 

．． 
Propos1t10n 2.2. /7, Theorem 2.1} Let O < c < 1r/2, 1 < q, q':= q/(q -1) < oo, 

N < r < oo and r~max{ q, q'}. For any uniform w;-I/r boundary r c an, there exists 

a constantふ＝ふ(c,r) > 0, such that江，ふ iscontained in the resolvent set p(ふ） of 

ふ.That is, for any 入€ 江，入1and f E Wq-I/q(r), the resolvent problem 

（入—ふ）u = f on r 

admits a unique solution u E W 
2-1/q 
q (r) possessing the estimates 

llullw;-l/q(r)さcc,q,r,rllf llwq-1/q(ri. 
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Then we can establish the property of the maximal Lp-Lq regularity for (2.1) as follows. 

Theorem 2.3 (Maximal LP -Lq regularity). Let O < E: < 1r/2, u,μ,v,p1,p2,p3 > 0, 

1 < q, q':= q/(q -1) < oo, N < r < oo and r 2". max{q, q'}. Assume that the exterior 

domain n is of type w; 一1/r,m 2". 入(s,f0) by Proposition 2.2, and (2.2) is satisfied. 

Then there exist constants 10, C > 0 such that the following assertions hold true. For any 

(d, f,g, k) E名，q,10,(2.1) admits a unique solution 

'T/ E H£,10,o(股； HJ(D)), u E Lp,10,0(民； H;(n)N) n H;,10,0(股； Lq(n)N), 

h E Lp,10,0(正w:-11qげa))nHん。，o(民； w;-1/qげo)).

Moreover, we have 

lie―,ot(OtTJ, TJ)IILp(lR;HJ(fl)) + lie―,ot(OtU, A~~2v'u) IILp(lR;Lq(fl)) + lie―,otu IILp(lR;H~(fl)) 

+ lie―,otOthll1」p(艮，w;一1/q(ro))+ lie―,othllLp(』，w;-11q(ro))~こGIi(d, f, g, k) llffp,q,-.,0・ 

Similar to [12, Theorem 2.8], the fundamental step to prove Theorem 2.3 is to study 

the resolvent problem of (2.1), 

「+o,divu~d m 0 ， 

"(1入u-Div (§(u) -cy2TJll) = F m 0 ， 
(2.3) 

(§(u) -,2TJil)nr。+CJ(mー△叫hnr。=G on r。,
入h-u・nr。=K on r。・

To state the result of (2.3), we need some preparations. Firstly, we recall the definition 

of R-boundedness and the Fourier multiplier theory proved by L. Weis in [11] for the 

convemence. 

Definition 2.4. Let X, Y be two Banach spaces and ,C(X; Y) be the collection of all 

bounded linear operators from X to Y. We say that a family of bounded operators T C 

,C(X, Y) is R-bounded if for any N E N, 刀ET, Xj E X and the Rademacher functions 

叫）：= sign(sin 2国） defined for t E [O, 1], the following inequality holds, 

N N 

IILr尤Xjl~GP Lr凸 forsome p E [1, oo[. 
Lp([O,l];Y) Lp([O,l];X) 

j=l j=l 

Above the choice of GP depends only on p but not on N, 刀， xj,rj and 1~j さ N. The 

smallest GP is called R-bound of T, denoted by R.c(X;Y) (T). 

Theorem 2.5 (Weis). Let X and Y be two UMD Banach spaces and 1 < pく oo.Let 

M(•) be a mapping inび（股¥{O};,C(X; Y)) such that 

R.c(X;Y) ({ (T87/M(T): TE股¥{O}})さrb (£= 0, 1), 
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with some constant乃>0. Then the multiplier operator 7'. 叫）：= F-1 [ M F[cpl] for any 

cp ES(恥X)can be uniquely extended to a bounded linear operator fromら（恥X)into 

ら（恥；Y) with the bound 

IITMII < Cp,X,Y乃•
心（国；X); ら(JR;Y))-

Secondly, for any v, 入。>0 and O <巳<1r /2, we introduce the sectors 

江：= { z E C¥ {O} : I arg zl ::; 1r - c:}, 江，入。：= {z E江： lzl~ 柚｝，

Ac;, 入。={ z E I:0, 入。• （溌z+~+c:)2+(如）2~(~+ ず｝

One may refer to the following graphs for江，入。 andA0, 入。．

-~-

~z 

況z

(A)江，入。

';)'z 

/ --
戸(___ -~、．

（一午ー"''£C/し
rべ~、- --ィ)

(B) A,, 入。

FIGURE 1. Sectorial regions E0, 入0and A0, 入。

況z

With above definitions and comments, our main result for the model problem (2.3) is 

as follows. 

Theorem 2.6. Let O < E: < 1r/2, O', μ, v > 0, 1 < q, q':= q/(q-1) < oo, N < rく ooand 

r~max{q,q'}. Assume that thee乱eriordomain D is of type Wr 
3-1/r 

, m~ ふ(c,r0) by 

Proposition 2.2, and (2.2) is satisfied. Set that 

Xq(D) := H~(D) X Lq(D)N X H~(D)N X wg-1/q(ro), 

; t'q(D) := H~(D) X Lq(D)N X Lq(D)N X H~(D)N X wg-1/q(ro)-



32

For any (d, F, G, K) EX叩）， thereexist constants入。，rbミ1and operator families 

P(入,D) E Hol (い。；£(ふ(D);If団））），

A(入,D) E Hol (い。；£(訓）；H加）N)), 

叩，D)E Hol (Ae:,>.0; £(ぶ(D);w;-1/qげo)))'

such that ('TJ, u, h) := (P(閂），A(入，n),1-l(入,D))(d,F,臼 G,G, K) is the unique solu-

tion of (2.3). Moreover, we have 

髯 q(fl);H即））（｛（喝）e (>-P(入,n)) : 入EAe:,入。｝）さ瓦

髯ゆ），H~一］（叩）（｛（喝）£(入j/2A(入，n)): 入EA→}) ::::; rb, 

髯 q(fl);Wi-l/q-,'(I'o))({ (叫(>.位（入，n)): 入EAe:, 入。｝）さ乃，

for£,j'= 0, 1, j = 0, 1,2, and T :=';,s入.Above the choices of入。 andrb depend solely on 

the parameters c:, u, m, μ, v, q, r, N, Pi, P2, p3 and n. 

By Theorem 2.6, we can also prove that the linearized model problem (1.2) is charac-

terized by a semigroup structure. Thus we consider the following homogeneous system 

atT/十11divu = 0 in fl X 股十 9

碕 'tu-Div (S(u) -"(2rtll) = 0 in f2 X 股十 9

(S(u) -"(2rJll)nr。+u(mーふ。）hnr。=0 on r。x艮十 9 (2.4) 

8th-u・nr。=0 on r。x恥十 9

(ry, u, h)lt=O = (rJo, uo, h。) in n. 

Note that the free boundary condition in (2.4) is equivalent to 

(§(u)nr。))r。=0, §(u)nr。・nr。一訊+a(m-ふ）hlr。=0, (2.5) 

where fr := f -(f・nr。)nr。standsfor the tangential component of f along r。.Then 

we set 

ふ(n):= H~(n) x Lq(n)N x wg-11qげo),

叩 A):={(1J,u,h) Eい）： UE~ 加）N, hEW, □ (fo), (2.5) holds}, 

endowed with the norms 

ll(TJ, u, h)llxq(Ol := IITJIIHJ(o) + llullLq(Ol + llhllw; 一1/q(f'o)'

ll(TJ, u, h)llvq(A) := IITJIIHJ(o) + llullHJ(o) + llhllwt一 1/q(f'o). 
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Furthermore, define the linear operator 

AU  ~ [炉 Di~ーロ；〗:這）］ for U := (TJ, u, h) E T>q(A), 

and the following functional space by the real interpolation theory, 

'Dq,p(!:t) := (3祠(n),Vq(A))i_11P,P c H~(n) x B; 位―1/pl(n)x B;,;1/q-lfp(r。)，

with ll('TJ, u, h)llvq,v(!1) := llrJIIHJ(ri) + llullB~ 位―1/p¥ri)+ llh、IIB:,;;lfq-l/p(い） • Thanks to above 

settings, (2.4) can be regarded as the abstract Cauchy problem 

atu -AU= 0 for t > 0, Ult=O = (rJo, Uo, ho), 

whose resolvent problem is formulated as follows 

入U-AU=Ffor入ECand F = (d,f,k) E況(fl).

Then we can furnish the following results from Theorem 2.6 and the standard semigroup 

theory. 

Theorem 2. 7 (Generation of the C0 semigroup). Let O < E: < 1r /2, u, μ, v, pぃP2内>0, 

1 < q, q':= q/(q -1) < oo, N < rく ooand r~max{ q, q'}. Assume that the exterior 

domain n is of type w; 戸， m~ 入1(c,f。)by Proposition 2.2, and (2.2) is satisfied. Denote 

that U。:= (1Jo, u0, h0). Then there exist positive constants 10, C such that the following 

assertions hold true. 

1. The operator A generates a C0 semigroup {T(t)}t:>。m疋q(D),which is analytic. 

Moreover, we have 

11u11品(11)+ t(I協Ull:xq(!1)+ IIUllvq(AJ)さCe'otllU。II和(!1)'

軌UII和r11)+ 11u11巧(A)::::; Ce1ot11u。llvq(A),
with U := T(t)U。•

2. For any U。E叩 (0),(2.4) admits a unique solution 

e―,ot(rJ,u,h) EH; 仇；ふ(0))叫（恥⑰q(A)), 

satisfying the estimates 

lie―,otat(T/, u, h) IILp(IR+; 疋q(O))+ lie―,ot(T/, u, h)IILp(IR+;'Dq(A))さCII(T/o, uo, ho) llvq,p(n)・
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3 Boundary estimates 

To obtain the resolvent (or elliptic type) estimates in Theorem 2.6, we observe that 

(2.3) can be reduced to some generalized model problem. More precisely, let us introduce 

some parameter (fulfilling I (I ::; ,。 andeither of the following cases 

(Cl) (=入―1; (C2) (E江 and叙く O; (C3)扮く 2:0. 

Then set that 

い。,~F:入； C 沢入:>I墨11s入I,況入ミ入。｝

｛入 E(C: 挽入ミふ｝

for (Cl), 

for (C2), 

for (C3). 

(3.1) 
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(3.2) 

0 < P1:::; 刀(x)さP2, 0く 13(X) :::; p3, ¥:j X E豆 II(▽ ,1, ▽沼）11Lr(!1) :::; p3, (3.3) 

for some constants pぃP2,p3 > 0 and N < rく oo.Note that (3.2) under the assumption 

(Cl) can be derived from (2.3) by eliminating T/・ 

Theorem 3.1. Let O < E: < 1r /2, び，μ,V > 0, 1 < qく oo,N < rく ooand r~q. Assume 

that the exterior domain O is of type W; 一1/r1m~ ふ(c,f0) by Proposition 2.2, and (3.3) 

is satisfied. Set that 

Yq(O) := 1召(O)NX HJ(n)N X H;(n), : 凶(0):= 1召(O)Nx Yq(O). 

For any (f,g,k) E Yq(O), there exist constants 入。心 ~1 and operator families 

Ao(入,0) E Hol (い。，心（ふ(O);H加）り），

柏（入，0)E Hol (い。,,:;;.C(Y印）；H罰））），

such that (v, h) := (Ao(入，0),1-lo(入，O))(f,入112g,g, k) is a solutions of (3.2). Moreover, 

we have 

髯団），HJ一3い） ({ (T馴（入jf2A。（入，D)) 入Eじ，心})::; 加

髯 q(!1);Hi一11(!1)) ({ (T馴（入］知（入，D)): 入Eじ，入。,(})::; 乃，
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for£,j'= 0,1, j = 0,1,2, andT :='s入.Above the constants入。 andrb depend solely on 

E, a, m, μ, v, (o, q, r, N, Pl, P2, p3 and n. 

It is nor hard to see that Theorem 2.6 is immediate from Theorem 3.1. The complicated 

part of the proof of Theorem 3.1 is the boundary estimate as (3.2) is elliptic type system. 

The idea for the boundary estimates is very classical. Firstly, we state the model problem 

in the half space via the technique from Fourier analysis. Then we review the bent half 

space case which characterizes the behaviour of the boundary points on「0.Finally, one 

can conclude Theorem 3.1 by the boundary estimates and interior estimates, which we 

will omit. The interested reader may refer to the last part of [12] for more details. 

3.1 Model problem in the half space 

In [12], we consider the following model problem in闘

F(u):~~::,~ 二。（十二:~二。 ~G
入h-u•n。 =K

in 記，

on 鯰，

on 認，

(3.4) 

where鯰：= {x = (x',xN) E酎： xN = O}, n。:= (0, ... ,0,-l)T and •':=~ 芦1釘・
On恥点， theLaplace-Beltrami operator degenerates to the classical operator△'. Moreover, 

the parameter (and the constants 11, 13 fulfil the conditions 

1(1 :S〈o, 0 < Pl :S行さ P2, 0 < 13 :S p3 (3.5) 

for some p1, p2, p3 > 0. Then recalling the definition of r 0, 入。，,in (3.1), our main result for 

(3.4) reads: 

Theorem 3.2. /12, Theorem 3.1} Assume that O < E: < 1r/2, O', m, μ, v > 0, 1 < q < oo 
and (3.5) is satisfied. Set that 

％（旧翌）：＝ら（日~)N X H:(囮岱）N X H;(恨翌）， 其（旧翌）：＝ら（恨グ）N X Yq(良グ）．

For any (F, G, K) E Yq(認）， thereexist constants入。心 21 and operator families 

Ao(入，認） E Hol (い。，心（汎（記）；虎（記）N)), 

糾（入認） E Hol (い。，心（汎（記）；虎（記））），

such that (u, h) := (A。（入，囮lj_),Ho(入，良lj_))(F, 入112G,G, K) is a solution of (3.4). More-

over, we have 

髯因），H炉（認）N) ({属）£(入j/2Ao(入，記））・入 E い。，d)~ 乃，

髯因），H~-1'(和）（｛（喝）£(入国（入，記））：入 E じ，入。,(})~ 乃，
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for£,j'= 0, 1, j = 0, 1,2, and T :='s入.Above the choices of入。 andrb depend solely on 

E, a, m, μ, v, q, N, (o, P1, P2, p3. 

3.2 Model problem in the bent half space 

To describe the result for the bent half space, we need to introduce some notations on 

the domains. Let <I> be a C1 diffeomorphism from認 onto認 and<I>―1 be the inverse of 

<I>. Assume that 

▽E屈 (t):=A+ JB(t) = [ aij LxN + [bij(t) LxN' 

叫：＝叩<I>―1)丁Ix=鮫） =A_十正(t)= [aij LxN + [bij(t)LxN' 

for some constant orthogonal matrices A and A_. Moreover, denote fl+ := <I>(幻)and 

r + := an+ = <I>(良点） • Then几 ischaracterized by the equation (い）N(x) = 0, and the 

unit outer normal n+ to r + is given by 

n+(剃f))= = -
吟 n。 （▽謹闊）僅(f))
ld<1>nol I(▽泣計）⑲(f)) I 

国＋い((),... 亙NN+い(l))T 

（二 cl(―)  
2 1/2 

恥 +b尋））

with n。=(0,... ,0,-1)丁・

For such r + characterized by H: (良州 mapping,we consider the following model prob-

lem, 
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(3.6) 

0 < P1 ::; ,1(x), 令::;P2, 0く況(x),令::;p3,'ef XE瓦， (3.7) 

LIi咋一和1ら (fl+)::; M1 < 1, L llv'1allL叫 +l::;CM2, 
a=l,3 a=l,3 

for some constants P1, p公 p3> 0. The main result for (3.6) reads: 

Theorem 3.3. /12, Theorem 4-1} Let O < E < n/2, CJ,m,μ,v,(0 > 0, 1 < q < oo, 
N < r < oo and r~q. Assume that (3.7) is satisfied. For D+ given above, we set that 

Yq(D→ _) := Lq(D+)N x H:(n→ _)N X H~(Q• .), Yq(D→ _) := Lq(D+)N X Yq(D+)-
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Then for any (f,g,k) E Yq(O』,there exist constants 入。， rb~1 and operator families 

Ao(瓜） E Hol (い。，心(Yq(O+);~ 訊）り），

珀（叫） E Hol (い。，心(Yq仇）；H訊））），

such that (v, h) := (Ao(入，CT+),1-l。（入，O+))(f,入1!2g,g,k) is a solution of (3.6). Moreover, 

we have 

疇氾），H~-i(い）（｛（喝）R(入jf2A。（入，9』)：入 Eい。，c:}):S乃，

髯血+);Hg一i'(年））（｛属）罰11io(叫））入 Eい。,(}):S乃，

for£,j'= 0,1, j = 0,1,2, andT := 8'入.Above the constants入。 andrb depend solely on 

E, a, m, μ, v, q, r, N, (o, P1, P2, p3. 
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