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Tight relative t-designs on two shells in hypercubes,
and Hahn and Hermite polynomials
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AREOHNEITIRANZE— K, WABE K. X Yan Zhu K & OILFRZEIZIED L,

(X, %), #={Ro,Ry,...,R.}, X TV VT =Y avAFx—L0L L, Ay A,... A,
EBEEEATS. By, B, ... B, 2 FIAREETLTE (TY VIV a v AF—LOEHPZ
DEARNZLMEFIZOWTIX[S, 20 F2 I N\, BUF, Ey, By, ..., B, 13 Q-ZIHA
772895, 1728008 X TIRATAIT O NFEREHITH2ED T C-REz My (C)
&35, AR EEIIM(C)DIETHD, 72 X THIDPRAFNT O N EHAMER
7 NIVEEDRT C-RZ7 MVEMEZV =CY 2L, @EOITILI— MNEEZ ANSD,

(Y,w) % X OEANEENEAL TS, Thbb, Y CXPDw:Y — (0,00) TH
%, ZEUARTIHwly) =0 (ye X\Y) & LTwDEREEZ X 2MRITHEREL, 51
X LoBBzERIZV OuEA—MHT 5, HoTwe VIFFFART PLTHD, 2D
Y =suppw &72 %, (RDEFHIL Delsarte [9] 12X 5 :

Definition 1. A weighted subset (Y,w) of X is called a t-design in (X, %) if E;w =0 for
1<igt.

ZDEBRIINREBNTDH 255, Delsarte [9, 10] % Johnson A F — A & Hamming A ¥ — LD
BT, -7 A OB (BAETF L) MAE (v, k,\) THA 2 RORE ¢ DERE
FleZNENRAMETH D Z L ER LT, MOV DROEHRWRT Y T —YayAFx—
LDRFNZIDOWT, ZOBERO R ASIRET T A% 5 nT\w 5 ([10, 12, 21, 25)).

X DUWDESY OFMERZ MVEY eV 295, 1 HES {y} DEARBIz ) &L
Zlitd s, MR, THREl v e X 2EET 5, Delsarte [11] & -7 ¥4 » OBER%EIRD
TR L K

Definition 2. A weighted subset (Y,w) of X is called a relative t-design in (X, %) (with
respect to x) if Eyw € span{E;z} for 1 <1i < t.

Delsarte [11] 12 Z QXS -7 A 2 UTH, HIKARFNIZE U CHA TR 1T
252 TWS, ARTIEnRITHELGE Q, (= 2 # Hamming A ¥ — A H(n,2)) IZEHT

Uz = (0,0,...,0) T3 &, M -FHA LIk BEAE L FHIER 05



AV EAETH D, ThbH, {1,2,...,n} DIEED i gEBHEE (727200 <) 1T/ L,
TNEEL Ty ZJOEADHMN i ZITTIRELERTH S,

Delsarte 12 & % Q-ZIHAA X — L4 LD -7 541 > Ok, Delsarte-Goethals-Seidel
[13] 12 & 0 FEEALERIA 235 DR t- 7 1 > QBRI S v, 2L 512 Neumaier—
Seidel [22] (cf. [14]) IZ & D EEDO DRI LD —2 Y v -7 H A VIR I iz i,
=20y Rt-THA U Fa—2 0y RERIZAT 2 -7 51 v OBl AlE 5,
ZORUTDWTIERA- KN B3] BFCTWnWd, BEE o BT 2Y o X, Xy,..., X, &

Xi={ye X :(z.y) € R} (0<i<n)
LEDD, o, BANESHIES (Yw) iZH LT
L=Ly={(:YNX, #0)

EBE (Yw) B e, Xe THR—DPEIND, LWVWHZ2IZTE, ZDEE, RHVED
AYA®IH

Proposition 3 (cf. [3, Theorem 4.5]). Let (Y,w) be a weighted subset supported on
e Xe- Then, (Y,w) is a relative t-design if and only if

(w,v) = Z <Vu}()j|l> <Xg,v>

t
for everyv e Y. E;V.

Z DFERITIEE, Terwilliger RELDFEARM R FIHZ HNVTEGITREIND, £0<i<n
U, MAfTH B = EX(x) € Mx(C) %

(Ez‘ )y,y = . (y € X)
0 otherwise,

WX OED D, 178 B X (X, Z) DR EETLEMEND, (X, Z) D Terwilliger &
BT =T(x) &1, BEEATH] Ag, Ay, .. A, (BOWIZEIBAR %58 By, By, ..., E,) JROM
HREETLES B, B ETERINDS My (C) DESMRETH 2 [27). Delsarte FLFHT
B RATHE CHERR & N5 AT HRET H % Bose Mesner fREDNF 7t % B2 U 7225,
FEX -7 91 > O FRITIETTHAEI T H 5 Terwilliger FE D HGR & AHEA R W (cf. [6]).
VI IVEIZEULT

Xi=EX=Ai (0<i<n)

EWVWIEADNEO IO NS, T-HHET IZDOWT

Tz = span{XZ- c0<i<n}=span{FE;x:0<i<n}
ERBIEDN D, Tildn+ TIRGTEHEN T-NHETH L Z BT SHEND S0 (cf. 27,
Lemma 3.6])). UIEUIEE T-M#F LTINS, @83 2RTICE Y Bw eV D Ti

NORFY 2 ZH D ITHET ER W,
KRR DIFED HFE IR DFERTH > 72
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Theorem 4. Let (Y,w) be a relative t-design supported on | |,c, X¢. Then (Y N Xy, EBjw)
is a relative (L — |L| + 1)-design for every ¢ € L.

FEHHIZERE, Delsarte [11, Theorem 8.4] 1Z & % Assmus—Mattson BEHLDEE (T X 5 JIFE
PH [26, Theorem 4.3] WK ZD X EHMTH 2 H . Z DFERIFIKN-IKAN-Zhu 7, Theorem
3.3] DGR D ME & Adet, & SIT&FIIFL (17, Proposition 1] DR E —f&ILL 72 %
DTH 5,

N3N [3, Theorem 4.8] I&FEXS t-7 % A > DY A XD Fisher MAERZ /R U7z

Theorem 5. Let (Y,w) be a relative 2e-design (e € N) supported on | |,.; Xo. Then

|Y|>dhn<§:ﬂj><§2lﬂv>4

el

Definition 6. A relative 2e-design (Y, w) is called tight if equality holds above.

Xiang [28] 1% n IRTCHENL iR Q, IZDWT, & TCDLle L e< (< n—c &S HE
IZ Fisher BIREAD AW EFHFAL 7= ¢

dim (z E;) (Z w) - {i}< ")

el =0 =0

Xiang DFEHRD Terwilliger &% W72 HIFEIH L [6, Theorem 2.7, Example 2.9] & S X
N7,

D, ARETIX Q, EDO XA M 2e-TH A V2 ERT S, |L| =1 DHEAITEHED
ZA PRAGE 2e-T YA 2 TH Y, Delsarte B [9] IZE>TI T R e D Q-ZIHAAF—
LAFET B, £ L= {k} LT B L. KO c REHRDEEH 2 TELTRITNIER

—£, —e,e—n

S5V EHRIND ¢
'k - 5
1p6(§)_3F2<k—n+1,1—k 1> € R[¢]

B, ZERA YO X, MBMELLEADOHEETH S Askey AF— A4 [18, 19 BT S
Hahn ZIH:X [19, §1.5| D—MTH 5, KW [1] 12 Z DRI RHERMEZHNT, Ke =5
R UCIEEIFZR XA MLAYE 2e-T VA VB EX ARELLEFEEL RV L Z2GEHL 72
(cf. [15, 23, 29]), ARDOEHMIEZI NS DFERE |L| =2 DHEICHERT 22 TH D, X
DERE Tz HED B

Assumption 7. For the rest of this report, let (Y, w) be a tight relative 2e-design (e € N)
in Q,, supported on two shells X, L X,,, where

e<l<m<n—L(<n—e).

COBEIRFI, F—BERZESBDOTRBRWI LITERET 2, HE EH4LZ
DDV 2 VADHIIRE (Y N X, Bjw) KO (Y N X, Bjw) 1EENENHAE (20— 1)- 744
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22D T, FIZIES L I< el >n—e RO XHHFITHPRTY A 20, fEo
THEEFMAE 2T A ViZhoTWD, Thbb, ZHEIAREMIZ L =1 D5HET
HB, m<elrm>n—eDEETLFAKTH D, £/, £T70Y 7 OMESEID Z LI
0 LEmBENE N L L n-mIIEDLZDT, BEIGUTIDOLEHRET>T L
DHREIFETELDTH S,

ARED—DHDEMRIZIRTH 5 -
Theorem 8. Recall Assumption 7. The following hold:

(1) Y induces a coherentl configuration of lype [etl eil].

(ii) The zeros of the polynomial

e,e—n—1

¢£m(§) =3l <_§’ B
m—mn,—{

1>€RH

of degree e are integral.

FEEFDZIHA om(€) X130 Hahn 2RO —MTH 5, FEHTIX Q, D Terwilliger
REUD KB G0 % BRAE S D (cf. [16], 20, §10]). 7A2HB. e =1 DEHFHIFIKN-RN-IRA [5] A
BOHE->TW5, e=2DHHIIDWTLARIZHRARS,

Example 9. e =20 & &

e _ 1, COE20 =) | (61 =211~ m)(2—n)
) = S T T i mm —n D=0 — 02
L 2nDE (=12~

(n—=m)t  (n—m)(n—m—1)¢C-1)
L7325, WH-IKA-Zhu [7] BRDIRFT A =RD XA MEAX 4-FH 1 V22T T0D

n £ m £
22 6 7 3,5
22 6 15 1,3

A DINTR U2 B SIS ISR Th 5. —FH. FUMX[7, §6) T, IRD/NXT A =X
D XA MEX 4T A /(Dﬁf FEEAEDP R L 72> Tz

n L m 13
37 9 16 %(71 ++/337)
37 9 21 i(55 +/337)

14
41 15 16 55(237 +V/1569)
41 15 25 (153 £ v/1569)

UL Ui o FmUdBE TRz, FFEEVEL ITRmI N D,
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IZ, RN (1] DFERD |L| = 2 DGENDILEREEZHE A 5, Ak TIEFERNIEEE L 220 s,
Hahn ZIHADIGE & U T Hermite ZIHAMME 5N 5 Z L IXR SN TE D (cf. [18, 19]).
JNIE Hermite ZIHADF G ONFREZ FHWTIRD & S gz i7- 72 ¢
Step 1: HBEEL7ze > 5IC0 U TIHEEAMWRX A MEEE 2e-(n, k,\) THA 2 (22T

n > 2k) DRRETFET 2 LIEL. TNSITIGT D08 k/n € [0,1] DEGDE
MRP120ATHY, AREDOHINEHRNTn=2k+1, 45T &R,
Step 2: ¢F(&) = >0 jai Tt ERT L, BRVPRLTEETHLIL LD a;/ag € Z (0

i <e) D H, Schur [24, Satz [[ IZ XK 2RDEIZFAVT, n=2k+172561F
NWARARETH DI L &2mT ¢
Theorem 10. Let a,t € N (a > €). Then the product of € consecutive odd integers

<
-
—

s§=(2a+1)2a+3)---(2a+2¢—1)

has a prime factor greater than 28 + 1, except for the following cases: (i) € = 2 and
5=25-27; (i)t =1 ands =3" (i > 2).

Loz E 7T ORMWD FT L] =2 DHGEITHEELZWOTH D0, FEx O
WHoTz, HIZIE, TAREZIZDVTRIED XA MR 2e-T V1 > DA RERED 2
EREL T, XNInd B xy-Fil LD (¢/n,m/n) € (0,12 DEFREEZER D L, yBAD
12252 8 FmEDDTH LM, 2OV TIHTEFS ARV (L Bbhd), £z,
EELOD Schur DEHZ () WHAL L5 & LTH, (OB RSBRVDT, ER
SEEBMEDTG 72 SN TU £ 5 FTREMED BRI T E W, T DT FER L IZFTVHEWDY, Bl
BRI Oz MM e NITAZ 8T, ROEMZREHL 72 ¢
Theorem 11. For any 6 € (0,1/2), there exists eg = eo(0) > 0 with the property that,
for every given integer e > ey and each constant ¢ > 0, there are only finitely many tight
relative 2e-designs (Y,w) (up to scalar multiples of w) supported on two shells X, U X,
in Q, satisfying Assumption 7 such that

{<c-nl.

B, Schur OEHIZZFDE FTIEMHERZ VDT, FEHO T HEEZEA L TIRO A%
iU, EEL 11 OFEHHIZAWTRA L7

Proposition 12. For any v > 0 and 6 € (0,1/9), there exists €y = €(0,0) > 0 such that
the following holds for every given integer £ > €o and each constant ¢ > 0: for all but
finitely many pairs (a,b) of positive integers with

b<c- a‘s,
the product of € consecutive odd integers
(2a+1)(2a43)---(2a+ 2t — 1)

has a prime factor which is greater than 28 + 1 and whose exponent in this product is
greater than that in
(6+1)(b+2)---(b+ [VE]).



WA (2, 4 &= D DFELNERE ED X A bea—2 )y R i-7H A VBT 5/4D
FERZEZD, RHOMBEILM S OFEE (O—8) D Q, IR BHEM L b AT D,
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