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New results for the Oseen problem with 

applications to the N avier-Stokes equations in 

exterior domains 

Thomas Eiter and Giovanni P. Galdi 

We prove new existence and uniqueness results in full Sobolev spaces for 

the steady-state Oseen problem in a smooth exterior domain of町， n::::2. 

These results are then employed, on the one hand, in the study of analogous 

properties for the corresponding (linear) time-periodic case and, on the other 

hand and more significantly, to prove analogous properties for their nonlinear 

counterpart, at least for small data. 

MSC2010: 35Q30, 35B10, 76D05, 76D07. 
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1 Introduction 

As is well known, the steady-state Oseen problem consists in solving the following set of 

equations 
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(1.1) 

where O is an exterior domain of町， f:O→記 and入(>0) are given external force 
and dimensionless (Reynolds) number, whereas u: 0→ 町 andp: 0→ 恥 areunknown 
velocity and pressure fields, respectively. 

Problem (1.1) has been investigated by a number of authors, beginning with the 

pioneering work [4]; for a rather detailed, yet incomplete, list of contributors and corre-

sponding contributions we refer the reader to [5, Chapter VII], [2] and the bibliography 

there included. The peculiarity of these results is due to the circumstance that the 

function space where u belongs is not a full Sobolev space but, instead, a homogeneous 
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Sobolev space. The latter means that for a given fin the Lebesgue space Lq3(0) (suit-

able q3 E (1, oo)), the associated velocity-field solution u, its first derivatives and its 

second derivatives belong, in the order, to different Lqi_spaces, i = 1, 2, 3, with 

侑＞卯>q3. (1.2) 

These findings are sharp, in the sense that, under the stated assumptions on f, it can 

be shown by means of counterexamples that the numbers q1, q2, q3 must, in general, be 

different and satisfy (1.2). 

However, particularly motivated by the recent approaches to the study of time-periodic 

well-posedness [9, 8] and time-periodic bifurcation [6, 7], we would like to investigate 

which further assumptions (if any) f must satisfy in order to ensure that u belongs to 

the full Sobolev space W2,q(D) (q三 q3).A positive answer to this question would, for 

example, allow to frame time-periodic bifurcation in a full Sobolev space and hopefully, 

analyze the phenomenon of secondary bifurcation in a similar way as that employed for 

flow in bounded domains [10]. Notice that the rigorous interpretation of this phenomenon 

in the case of an exterior domain is, to date, an entirely open problem. 

The main objective of this paper is to show that if, in addition to being in L凡fis 
in the dual, D01,r(D), of a suitable homogeneous Sobolev space1, with r = r(q,n), then 

there exists a unique (u,p) solving (1.1) with, in particular, u E w2,q(D), ▽ p E U(D). 

Moreover, the solution depends continuously on f, uniformly in入E(0, 入o)for arbitrarily 
fixed入。>O; see Theorem 2.1. 

In view of the results established in [9], Theorem 2.1 produces an immediate corollary 

that ensures that a similar property holds also for time-periodic solutions of period 7 > 0 
to the (linear) Oseen problem (see (2.7)), provided f is periodic of the same period 7; 
see Theorem 2.3. 

Finally, combining Theorem 2.1 and Theorem 2.3 with the contraction mapping the-

orem, we may extend the results proved there to the fully nonlinear Navier-Stokes case 

(see (2.10), (2.12)), on condition that the "size" off and入issuitably restricted, and 

n~3. We thus show existence in full Sobolev space for both steady-state (Theorem 
2.5) and time-periodic (Theorem 2.7) Navier-Stokes problems in exterior domain. 

The plan of the paper is as follows. In Section 2, after recalling some basic notation 

used in the paper, we state and comment our main results. In the subsequent Section 

3, we provide the proof of well-posedness for the steady-state (Theorem 2.1) and time-

periodic (Theorem 2.3) Oseen problem. Finally, in Section 4 we extend the results of 

the preceding section to the fully nonlinear case; see Theorem 2.5 and Theorem 2.7. 

2 Statement of the Main Results 

We begin to introduce our principal notation. Unless otherwise stated, by the symbol n 

we mean a (smooth) exterior domain of股叫 i.e.,the complement of a (smooth) compact 

set n。.With the origin of coordinates in the interior of n。weput BR := {x E町：
lxl < R}, 珈：=rlnBR,and研：= n ¥酌．

1See the next section for the precise definition of Da1'r(O). 
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For (t, x) E股.x D, we set Ot := 8/ot, Oj := 8/oxj, j = 1, ... , n, and, as customary, 

for a E N0 we set D°':=叩 ・・・o炉， anddenote by▽ ku the collection of all spatial 
derivatives D°'u of u of order lal = k. 

For A an open set of配 andq E [1, oo], we denote byい(A)and wk,q(A) the classical 

Lebesgue and Sobolev spaces of order k E N, equipped with norms ll・llq = ll・llq;A and 
ll・llk,q = ll・llk,q;A, respectively. We also consider homogeneous Sobolev spaces: 

ok,q(A) := {u E Lfoc(A) I Vku E U(A)}, 

with corresponding seminorm 

叫，q= lulk,q;A := II▽ kullq;A := L 11D"ullq;A, 
lal=k 

and D炉(A)obtained by (Cantor) completing C『(A)in the norm I・lk,q・We indicate 
the latter's dual space by D戸 (A),where q'= q/(q-1), q E (1, oo), with norm I・1-k,q'・ 
Let X be a seminormed vector space, T > 0, and q E [1, oo]. Then Lger(恥X)is the 
space of all measurable f: 股→ X such that f (t + T) = f (t) for almost all t E艮 and
11!11埠er(叩；X) < oo, where 

llfllqer(団，X):= (+ foTIIJ(t)II災 dt)¼ifq<oo, ll!IIL品(JR;X):= ess supllf(t) llx-
tElR 

For simplicity, we set Lger(〗屯 X A) := L名er(恥；Lq(A)) and llfllq := llfllq.r(恥い(A))for 
f E Lger(股xA). Moreover, we introduce the "maximal regularity space" 

W認，q(股xA):= {u ELに（股.X A) I U E Lier(恥w2,q(A)),atu ELぶer(罠 XA)}, 

equipped with the norm 

llull1,2,q := llullw此;•q(lRxA) := llullLger(lR;W2,q(A)) + ll8tulb(恥xA)・

For functions f E Lger (恥X)we introduce the projections 

1 7 
町：＝ーJJ(t) dt, 
T。 P_1_J := f-Pf, 

and we call Pf E X the steady-state part and P _!_J E Lier (恥X)the purely oscillatory 
part of f. Setting L~er,_!_ (恥X):=冗L侶謳X),we obtain the decomposition 

Lに（恥 X)=X 〶 Lに，J_(恥X).

We shall also use the notation 

L~er,_l_ (股 XA):= P_1_I心（良 XA), wょ名（股 XA):=冗 W此が（股 XA). 
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Unless otherwise stated, we do not distinguish between the real-valued function space 

X and its }Rn-valued analogue X叫nEN.

We use the letter C to denote generic positive constants in our estimates. The depen-

dence of a constant Con quantities a, b, ... , will be emphasized by writing C(a, b, ...). 

We are now in a position to state our main findings. We begin with the following 

theorem that, in fact, represents the key result upon which all the others rely. 

Theorem 2.1. Let D c 町， n~2, and let q E (1,oo), r E (n+1 
n , n + l), 0 <入三入。・

(n+l)r 
Sets:= . Then, for every n+l-r fEL叩）nno計噴籾 there exists a solution 

u E 02,q(nt n D冒ntnい(D)尺 JJ E D1,q(D) 

to (1.1). This solution satisfies 81u E Lq(Dr and obeys the estimates 

鳳，T 十入註~llull辛 ::::;c入― n~l lfl-1,r, 

lul2,q +入ll81ullq+ II▽ Pllq::::; C(llfllq + .x-贔fl-1,r)

for some constant C = C(n, q, r, n, 入o)> 0, where 
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(2.3) 

(1H)0 (l+J)0 

入n+lllullq +炉(n+i)lul1,q + lul2,q :=; C(llfllq +入―n名1lfl-1,r) (2.4) 

(2.5) 

Moreover, if (u立 1)is another solution to (1.1) that belongs to the same function class 

as (u,p), then u = u1 and p = p1 + c for some constant c E恥

Additionally, if r >丑1,we can choose p such that p E U(!t). Then 81u E u-1,r(n) 
and it holds 

IIPllr +訊ul-1,r::::;C入―nど1lfl-1,r・ (2.6) 

Remark 2.2. Note that the conditions :':'.: q is equivalent to½:':'.: ~ ー ¼i- Therefore, the 

assumption r > n!l in Theorem 2.1 implies the necessary condition q >翌f.
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The first, important consequence of this theorem is presented in the next one concern-
ing the corresponding linear time-periodic problem 

9
,
9
,
9，
恥E
 

8
 

x

x

 x

t

 

股

股

股

n
 

.
m
.
m
 

゜

f
o
o
化

=

＝

＝

＝

 
ヽ`＇’／x
 

p

u

u

 

▽

>

'

 
t
 

・1d

(

 u
 

＋
 

00 

u
 

m
↓
 

ー8
 
A

l

i

|

 
8
 

+

|

 

u
 

△
 

u
 
Ot 
,

V

、

(2.7) 

with f: 股 xn→町 agiven time-periodic external force. Precisely, we will prove the 
following. 

Theorem 2.3. Let O c 町， n~2, and letq E (1,oo), r E (n+l 
n , n+ 1) and O <入<入O・

(n+l)r Set s := . Then, for every f Eい（股xn)n with Pf E 0-1,r (Ot there is a solution n+l-r 
(u,p) = (v+w,p+q) to (2.7) with 

VE D2,q(nr n D1,r(nr nい(n)叫

wEW心巳（股 Xf2)叫

PE 01,q(n), 

q E L~er,_l_ (恥01,叩）），

which satisfies 

lvl1,r十入畠llvlls:::;C入―恙IPfl-1,r,

lvl2,q +入ll81vllq+ IIVPllqさC(IIPJllq+ A-贔Pfl-1,r), (2-8) 

llwll1,2,q + II▽ qllq:::: CIIP_1_Jllq 

Jo,,. a constant C = C(q, ,,., D, 入0)> 0 and M and b as in (2.3). MornoveT, if (u心 1)is 
anotheT solution to (2. 7) that belongs to the same function class as (u, p), then u = u1 
and p = P1 + Po foT some T-peTiodic function Po: 股→R 

1,2,q 
In particula'r, ifs:::; q, then u E Wper (股 Xnt and 

旦土壁 (1十8)0

入n+lllvllq +炉(n+l)加11,q+ lvl2,q:::; C(IIPJllq + A-贔Pfl-1,r) (2.9) 

whern 0 E [O, 1] is given in (2.5). 

RemaTk 2.4. The observation made in Remark 2.2 applies to Theorem 2.3 as well. 

Next, combining the above theorems with the contraction mapping theorem, we are 

able to extend analogous results to the nonlinear case, under the assumption of "small" 

data. 

More specifically, let us begin to consider the steady-state problem 
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Theorem 2.5. Let D C 町， n~3, and let q, r E (1, oo) with 

n l 1 1 2 4 1 2 <1<{デ ifn = 3,4, 
q~3' 函十 n+l:S:-;:, q―五さ;' n+l―； 出 ifn~5. 

(2.11) 

Then there is入。>0 such that for all O <入<入owe may find E > 0 such that for all 
f E Lq(n) n D計,r(n)satisfying ll!llq + 111-i,rさ： E there exists a pair (v, p) with 

v E 02,q(n) n D囁） nL昂翌(0), 81v EL叩）， pE D1,q(O) 

satisfying (2.10). In particular, ifs :Sq, then v E W2,q(O)匹

Remark 2.6. As in Remark 2.2, the additional assumption s :S q is equivalent to½:S 

｝ーニ.Therefore, the upper bound in (2.11) leads to the necessary conditions 

n(n + 1) 
q > if n = 3,4, 
炉— n-1

Likewise, consider the problem 

n+l 
q > if n 2". 5. 
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(2.12) 

where f is a suitably prescribed time-periodic function. We shall prove the following. 

Theorem 2.7. Let D c町， n2". 3, and let q, r E (1, oo) with 

n+2 

3 
さqさn+l,

2 4 1 2 
--―こーこー，
q n r q 

n(n + 1) 
炉— n-l

< q, 

ぃl く［千 ifn = 3,4, 
q n+ l―r < { ;,}i- if n 2'. 5. 
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Then there is入。>0 such that for all O <入こ入。 wecan find s > 0 such that for all 
f E Lge繹 X nt with pf E Dol,r (nt satisfying llf llq + IP fl-1,r :s; c there exists a 
unique solution 

(v,p) E W点盈，q(囮xntxL名er(股；D1,q(O)), Pp E U(O) 

to (2.12). 

Remark 2.8. For n = 3, condition (2.13) yields q E (璧，4]. For n~4, the second 
restriction in (2.13) is redundant and it simplifies to q E (吋汽n+l].
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3 Proofs of Theorem 2.1 and Theorem 2.3 

In order to prove Theorem 2.1, we first establish the following density result, which 

enables us to consider problem (1.1) only for right-hand sides f E C0(0)匹

Proposition 3.1. Let O c町 bean arbitrary domain and let q,r E (1,oo). Then 
C『(0)is a dense subset of Lq (0) n D訃詞・

Proof. The space L叩） nD訃叩） can be identified with the dual space of Lq'(0) + 

Dげ(0),where s'= s/(s -1). Identifying elements of C0(0) with the corresponding 
， 

functionals, we consider g E Lq (0) + D信(0)that is an element of the kernel of each 
functional in C『(0),i.e., 

J rpgdx=O 
N 

for all rp E C『(0).This implies g = 0. Consequently, by a standard duality argument, 

C0(0) is dense in L叩） nD忙叩）． ロ

We recall the notion of weak solutions: A pair (u, p) E D訳（叩 xLに(0)is called 
weak solution to (1.1) if divu = 0 and 

L Vu: 匹＋峨U・凸=L p div叶!・叫 X
for all'-P E C0(D)n with div'-P = 0. We show that weak solutions have better regularity 

when f is sufficiently regular. 

Lemma 3.2. Let D c町 bean exterior domain of class C2. Let q, r, s E (1, oo), 
fEC『(D)叫 andlet (u, p) E (D1,r(n)n n L8(D)n) x L[0c(D) be a weak solution to (1.1). 
Then u E D2,q(Dt, 81u E Lq(D)n and p E D1,q(D), and for each R > 0 with叩 CBR 
there exists C = C(n, q, D, R) > 0 such that 

lul2,q +入ll81ullq+ IPl1,q::; C(l +入り(llfllq + llullq叩+111-11転叫. (3.1) 

Proof. By [5, Theorem VII.1.1], we have u E Wば(D)nC00(D)and p E Wば(D)nC00(D).
Let O < R。＜凡く Rsuch that 8B R。cD, and let X E C『(BR1)with X = 1 on BRo・We 
set v := (1-x)u十お (u•▽ x), where SB denotes the Bogovski'i'. operator, and p := (1-x)p. 

Then v E W~~~(町） nI匹（町）「中国） andp E W旦（町） satisfy 

｛心＋峨v十▽p= F in町，

divv = 0 in股n
(3.2) 

with 

F := (1 -x)f + 2▽ x・ ▽ u+△ xu —入81xu+ p▽ x+[ー△＋入釘お(u.▽ x). 
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By [5, Theorem VII.7.1], there exists a solution (v1,p1) E D2,q(D) x D1,q(D) to (3.2) that 

satisfies 

加12,q+入ll81v1llq + IP1l1,q~CIIFllq• (3.3) 

Now set w := v-v1. Then w is a solution to the homogeneous Oseen system in the whole 

space. Therefore, w = v-v1 is a polynomial, which can be readily shown with the help of 

Fourier transform. From [5, Theorem VII.6.1] and f EC『(0)we conclude D°'u(x)→ 0 
and thus D°'v(x)→ 0 as lxl→ oo for each a E N0. In virtue of D叫 EL叩） for lal = 2, 
the polynomial D°'w = D°'v -D°'v1 must thus be zero, i.e., D°'w = 0 for lal = 2. In 

the same way we conclude 8畑=0 and, in consequence, ▽ q = 0. Hence we can replace 

(v1,P1) with (v,p) in estimate (3.3). Since u = v and p = p on n殴 estimate(3.3) thus 
implies 

lul2,q;nR1 +、,>-ll81ullq;nR1 + IPl1,q;nR1さlvl2,q+、,>-ll81vllq + IPl1,q 
(3.4) 

さ： C(llfllq + (1 +入)llull1,q叫 1+ IIPllq;nRJ. 

To derive the estimate near the boundary, we use another cut-off function Xl E C0(BR) 

with Xl三 1on BR1, and we set v := x1u andp := x1P-Then (v,p) E W2位）xW噸）
is a solution to 

｛心＋▽p~xif-2• XI. • u —• x,u-XI入如+p▽XI in珈，

divv=u• ▽ X1 in D凡

v = 0 on 8珈．

It is well known (see [5, Exercise IV.6.3] for example) that then (v,p) is subject to the 
estimate 

llvll2,q + IIVPllqさ： C(llfllq;r!R + (1 +入)llull 1,q;nR + IIPllq;nR)・ 

Since u = v and p = p on DR1, a combination of this estimate with (3.4) yields 

lul2,q +入ll81ullq+ IPl1,qさ： C(l +入）(llfl履+(1 +入)llull 1,q;nR + IIP llq;nR)・ 

Finally, an application of Ehrling's inequality 

lul1砂 R::; C(s―1llullq両+slul2,q; 叫

(see [1, Theorem 5.2]) for c > 0 sufficiently small leads to (3.1). 口

Proof of Theorem 2.1. For the moment, consider f E C『(0).The existence of a weak 
solution (u,p) to (2.1) withu E D1,r(n)nL叩）satisfying (2.1) follows from [11, Theorem 

M 

2.2]. In the case q >三 oneshows P E U(O) and IIPllr :S:: C入―n+IIf 1-i,r in the same 
way as in [5, Proof of Theorem VII.7.2]. Then, for cp E C0(叩 wehave 

ゾ~a四・ cpdx = in (f• cp + p div cp―▽ u: ▽ cp) dx :S:: (lfl-1,r + IIPllr + II▽ ullr) II匹 llr',
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where r'= r/(r -1), which implies 81u E D01,r(D) and 

訊 ul-1,r:::;C(lfl-1,r + IIPllr + IIVullr)さC,¥-贔fl-1,r・

This shows (2.6) if r >丑1.If this is not the case, we instead obtain a local estimate in 
the following way: First of all, by [5, Lemma VII.1.1] we have p E U(O幻forall R > 0 
with 8BR C !1. For fixed R, we can add a constant top such that Ji。Rp = 0. Now let 
心EW6'r'叫）叫 r'=r/(r -1), be a solution to the problem 

1 
divゆ=1Plr-2P―|伽11。RIP 1r-2p dx =: g in伽，

which exists since g has vanishing mean value and satisfies g E Lr'(枷） (see [5, Theorem 
III.3.6] for example). Moreover, we have 

II心lli,r1;nR:=; Cllgllr'叫：：：： CIIPII~ 晶・

Since (u, p) is a weak solution and p has vanishing mean value on伽 wededuce 

IIPll;;nR = lnR P div叫+lnR pdx I伽~RI 1。R1Plr-2p dx 
=! ▽ u: ▽心—峨U·心-f・心dx
％ 

：：：： C(l十入。）(II▽ ullr + llfll-1,r;nR) II心111,r';珈
：：：： C(l +入。）(II▽ ullr + lfl-1,r) IIPII~; 五．

Using estimate (2.1), this leads to 

IIPllr叫 :::;c入― ¾i1Jl-1,r· (3.5) 

Next, by Lemma 3.2, from f E C『(0)we conclude u E D2,q(O) and jJ E D1,q(O) and 

the validity of (3.1). We apply the estimate 

llullq;nR::::; C(c:)llull→ + c:lul1,q叫
for c: > 0 andび E(1, oo) several times to deduce 

llullq; 伽::::;C(s)llulls + C(s)lul1,r + slul2,q, 

IIPllq; 叫::::;C(s)IIPllr叫+slPl1,q・ 

Choosing s > 0 sufficiently small and combining these with the estimates (3.1), (2.1) and 
(3.5), we conclude (2.2) for f E C『(D).Employing the above estimates and Proposition 
3.1, we can finally extend the result to general f E Lq(D) n D計,r(D) by a standard 
density argument. 
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Moreover, the additional assumption s :::; q yields the embedding 

じ(n)n 02,q(n) <-+ w2,q(n), 

so that u E W2, 叩） in this case, and the Gagliardo-Nirenberg inequality (see [3]) implies 

(1十8)0

llullq:::; Cllullり叫蒻゚ :::;c入― n+l (llfllq + A-贔ll-1,r)

and 

叫，q::;Cllullげ lul~;J:::;c入
- (1十8)0 M 

2(n+l) (llfllq +入―n+Ilfl-1,r),

where we used (2.2). This shows estimate (2.4) and completes the proof. ロ

Now let us turn to the time-periodic Oseen problem (2.7). We recall the following 

result, which treats the case町 =0.

Theorem 3.3. Let O c町， n2'. 2, be an exterior domain of class C汽qE (1, oo) and 
入E[O, 入。］，入。>0. For any f E Lに，J_(股 Xn)n there is a solution 

(u, p) E W! し翌（股 X D)n X 1ier, 上（恥01, 叩））

to (2. 7), which satisfies 

llull1,2,q + II▽ Pllq ::::: Cllfllq (3.6) 

for a constant C = C(n, q, 0, 入o)> 0. If (u⑰ 1) E Wl,2,q (股 XOt X Lier, 上（恥D1,q(O))per,1-
is another solution to (2.7), then u = u1 and p =Pi+ Po for some T-periodic function 
枷：良→良．

Proof. The result for n = 3 has been established in [9, Theorem 5.1]. The general case 

n~2 is proved along the same lines. ロ

A combination of Theorem 2.1 and Theorem 3.3 allows us to treat general time-

periodic forcing terms and immediately leads to a proof of Theorem 2.3. 

Proof of Theorem 2.3. Set Ji := Pf and h := 1互f.Let (v,p) E (L8nD2,q(O)) xD1,q(O) 
be a solution to (1.1) with right-hand side f = Ji that exists due to Theorem 2.1. 
Moreover, let (w, q) E W 

1,2,q 
per, 上償 x0) x Lq 償；D1,q(O)) per, 上 be a solut10n to (2.7) with 

right-hand side f = h that exists due to Theorem 3.3. Then (u,p) := (v+w,p+q) is a 
solution to (2.7) with the asserted properties. The uniqueness statement is deduced in 

a similar way. ロ
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4 Proofs of Theorem 2.5 and Theorem 2. 7 

In the following we focus on the time-periodic case and the proof of Theorem 2.7. The 

proof of Theorem 2.5 is very similar but less involved, and we will sketch it at the end 

of this section. 

First, we reformulate (2.12) as a problem with homogeneous boundary conditions. For 

this purpose, let R > 0 with fJB R c 0, and let'P E C0 (即） with'P三 1on BR. We 
define the function V: 町→ ~n by 

入
V(x) = -[—•+• div] ('P(x)x和）．
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(4.2) 

where 

N(u) = -u• ▽ U-U• ▽ V-V• ▽ u-V• ▽ v+△ V-峨 V.

We will show existence of a solution to (4.2) in the function space 

xr := { u E wt~~,q(JR x nr I divu = 0, ul阻,xao= O, 117フull入く 00}, 

llvll入:= lvl2,q + lvl1,r +入ヰ1llvlls, 
(n + l)r 

s := 
n+l-r' 

which we equip with the norm 

llullxtr := IIPull 入 +IIP」_ulli,2,q•

Then xr is a Banach space since s ::::; q by (2.14). The following lemma enables us to 
derive suitable estimates for N(u) when u E xr. 
Lemma 4.1. Let q, r E (1, oo) satisfy (2.13) and (2.14), 0 <入こ入。， andlet u1, u2 E 

xr. Set Vj := Puj, Wj := P_1_切 forj = 1, 2. Then 
゜llv1・ ▽叫lqさC入―n+lllv1 II入llv叫I入，

lvi・ ▽叫-1,r:::;C入―土llv1II刈Iv叫I入，
llw1・ ▽ w2llq:::; Cllwill1,2,qllw叫11,2,q,

IP(w1・ ▽ w2)l-1,r:::; Cllwill1,2,qllw2ll1,2,q, 
__L 

llv1・ ▽ w2llq:::; C入―n+lllv1 II入llw2ll1,2,q,
__L 

llw1・ ▽叫lqさC入―n+lllw1 lli,2,q llv叫I入，

(4.3) 

(4.4) 

(4.5) 

(4.6) 

(4.7) 

(4.8) 
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where (E [O, 1) and 0,'f/ E [O, 2]. Moreover,'f/ = 2 if and only if r = (n + 1)/2. 

Proof. Due to (2.14), the Gagliardo-Nirenberg inequality (see [3]) implies 

llvill3q さ;c1vi1 名~qllv1ll!-01, llv2 ll3q/2 :S Clv2 l~~q llv2 ll!-02' 

for 01, 02 E [O, 1]. An application of Holder's inequality thus yields 

llv1・▽叫q::::;llvill3qll詞 113q/2::::; Clv1 I店llv111□Iv叶気llv叫1!-02さC入―丑1llv1 II入llv2IIふ
which is (4.3) with 0 = 2 -01 -02. Since½-¾::::; 心::::;¼, in the same way one shows 
(4.4) by estimating 

lv1・Vv叫ーl,r= ldiv(v10v2)l-l,rさCllv1ll2rllv2lb::::;C、)―;；缶llv1II〉,llv2ll.x-

Note that (2.14) implies 7J E [O, 2]. To derive (4.5), we distinguish two different cases. 
On the one hand, if q > max{2, n/2}, Holder's inequality and the embedding theorem 
from [9, Theorem 4.1] yield 

llw1・ ▽ w2 llq ::::; llw1 II Lier(民；L00(nJJII▽w叫IL品（賊，L叩））さ Cllw1ll1,2,qllw2 ll1,2,q-

On the other hand, if (n + 2)/3::::; qく (n+ 1)/2, we conclude in the same way 

llw1・ ▽ w2llq::::; llw1 IIL認(IR;L戸翌苅(n))II▽w叫IL認(IR;L亭国）） ::::; Cllw1111,2,q llw2 II 1,2,q・ 

This yields (4.5). Since (2.13) and (2.14) imply -> 1 社 6-- and we have --2 -< r - nq n 'q  n -
..!.. < l, for the derivation of (4.6) we can again use Holder's inequality and [9, Theorem 2r -q 
4.1] to deduce 

IP(w1・v'w2)l-1,r = ldivP(w1 0 w2)l-1,r::::; Cllw1 0 w2IILi0,(IR;U(n)) 

::::; CllvllLi0,(戦；L2r(n)) llwl1Lie,(IR;L2r(n)) ::::; Cllvll 1,2,q llwll 1,2,q・ 

The remaining estimates (4. 7) and (4.8) follow in a similar fashion. ロ

Proof of Theorem 2. 7. It suffices to show existence of a solution to (4.2). Consider the 

solution operator 

s入：（い(D)nn D訊r(Dt) 〶 Lに，J_(政 x叩→xr, f→ u, 
where u is the unique velocity field of the solution (u, p) E X1'r x Lger(恥D1,q(D))to 
(2.7) that exists due to Theorem 2.3. This yields a family of continuous linear operators 

with 

IIS>.fllx叉,rさC(llfllq+ .x-贔Pfl-1,r), (4.9) 
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with M as in (2.3), comp紅 eestimate (2.8). Then (u,p) is a solution to (4.2) if u is a 
fixed point of the mapping 

F:xr→X翌 u→ ふ(J+N(u)). 

Now consider u E Ap := { u E xr I llull入さ p}for a radius p > 0 that will be chosen 
below, and set v := Pu, w := P_i_u. Then we have 

PN(u) = -v・ ▽ v -P(w• ▽ w)-v• ▽ V-V• ▽ v-V• ▽ v+△ V-峨 V,

P-1N(u) = -v・ ▽ W-W• ▽ v-P_1(w• ▽ w)-w• ▽ V-V• ▽ w, 

and an application of estimates (4.9) and (4.1) together with Lemma 4.1 leads to 

IIF(u)llx叉,r::::;C(llf +N(u)llq +入―n名1IP(f +N(u))l-1,r) 

::::: c(11111q + >.-贔fl-1,r+ (1 + >.-刷（入＋入り

（ 
。ふ…

+ 1十入―n+l十入―れ十1十入― n+i)(llullx叉,r+ IIVllxtr)2) 

さ C(>.-贔E+ 入）＋（入―出＋入―¼i +入― ~tl)(p+ 汀）．

Similarly, for u1, 四 EAp we obtain 

IIF(u1) -F(四）llxtr::; C(IIN(u1) -N(四）llq +入―-!fr_lP(N(u1)-N(い）1-1,r) 

::; C(l 十入― n!l 十入―ふ十入―~t;)(llu1 II入+II四llx叉,r+ IIVllxtr)llu1 —叫x叉, r
_L  

::; C(入―出＋入―n+l十x野）(p+入）llu1 -叫x叉,r,

Note that the assumptions imply max{0, (, M +TJ} < n+ 1-M, so that we can consider 
'YE恥 with

n+l n+l 
1 ::::; 
n+l-M 

<"'(< 
max{0, (, M + ry} 

Now we choose入=c = p'and p > 0 so small that 

C(p'一閏+p2-,nil十p2ーニI+p2-, 詞）臼 P, c(p1-,n!1十p1-疇 f+p1-,1:t;1) < ! 
-2 

This ensures that F: Ap→ Ap is a contractive self-mapping, and the contraction map-
ping principle finally yields the existence of a fixed point of F. This completes the 
proof. ロ

Proof of Theorem 2.5. We may proceed in a similar way as in the previous proof. Here 
we introduce the function space 

勾：= { u E D2,q(Ot n D1,r(Ot nい(nrI divu = 0, ulan = o}, 

llullz叉,r:= llull入:= lul2,q + lul1,r +入¾illulls, s := (n + l)r 
n+l-r' 
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and the solution operator S入： (L叩）nno訃叩）n)→ zr, f 1---t u, where u is the unique 
velocity field of a solution (u,p) to (1.1) that exists due to Theorem 2.1. Then (v,p) is 

a solution to (2.10) if and only if (u, j.1) : = (v -V, p) is a fixed-point of the mapping 

F: 勾→ Z翌 u曰ふ(J+N(u)), 

where V and N(u) are given as before. The existence of such a fixed point can then be 

shown as in the proof of Theorem 2. 7 by making use of estimates (4.3) and (4.4). ロ
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