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1 Introduction 

This article is a survey of the work [6], which is a joint work with Takayuki Kobayashi, 
Professor of Osaka University and Takayuki Kubo, Professor of University of Tsukuba. 
We consider the local energy decay properties of solutions to the initial-boundary value 
problem of the hyperbolic type Stokes equations: 

｛信二t•+如 +(I+ 直）▽,~o 悶~:闊二
叫n= 0, (u, Otu)lt=O = (u。,u1) 

(HS) 

with unknown velocity field u = (u1(x, t), ... , un(x, t)), unknown pressure 7r = 1r(x, t) and 
given vector function (u0, u1). Here, T < 1 is a positive constant describing the relaxation 
parameter and n is a domain of 町 (n~2) with smooth boundary. We consider the 
following cases: 

(i) n is an exterior domain of then-dimensional Euclidean space股尺thatis, there exists 
a number r > 0 such that n ¥ Br =股n¥Br,where Br= {x E艮nI lxl < r }. 

(ii) n is a perturbed half-space, that is, there exists a number r > 0 such that n ¥ Br = 
記¥Br, where記={(x',xn) Ix'E股n-1,Xn > O}. 

This model arises from a time delayed version for the deformation tensor in the parabolic 
type Stokes equations (see [9]). 
The investigation of the local energy decay properties are essential step to prove the 
global-in-time unique existence theorem corresponding to the nonlinear problem in an 
exterior domain and a perturbed half-space. 
In the case of the parabolic type Stokes equations, when n is an exterior domain of 
恥n(n~3), Iwashita [5] investigated the local energy decay properties based on the resol-
vent expansion near the origin. Lator on lwashita's work, Dan, Kobayashi and Shibata 
[3] and Dan and Shibata [2] also proved the local energy decay estimate. They improved 
Iwashita's results and extended to 2D case. Here, the decay rate of the local energy decay 
estimate is t―1(logt)-2 (n = 2), rn/2 (n~3) as t→ 00. 
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When n is a perturbed half-space, Kubo and Shibata [8] proved the local energy decay 
estimate based on the resolvent expansion near the origin obtained in [7]. Here, the decay 
rate of the local energy decay estimate is r(n+l)/2 (n > 2) as t→ 00. 
In the case of the hyperbolic type Stokes equations (HS), when n is an exterior domain 
or a perturbed half-space, as far as we know, there are no results. The idea of our proof 
is based on Dan and Shibata [1]. They proved in [1] the local energy decay estimate to 
the dissipative wave equations in 2D exterior domain by use of the resolvent expansion 
for the Laplace operator. Therefore, we prove the local energy decay estimete to (HS) by 
use of the resolvent expansion for the Stokes operator. 

2 Main result 

To state our results more precisely, we outline our notaion. Let r。bea fixed constant 
satisfying (i) or (ii) in Section 1. We set Or = 0 n Br for r > r0 and 

C応(0)= {u E Cg"(O) I▽ ・u = 0 in O}, 

L加） = the completion of C, 芯(0)with respect to II・IIび (!1)'
H如(0)= the completion of C, 応(0)with respect to II・IIか (!1)'
尻 (0)= the completion of C, 盆(0)with respect to II▽ ・IIL叩），
G(O) = {▽ 1r E L叩） I 7r ELに(O)}.

We set v =如 and1[J = T (u, v) and define a Hilbert space尻 (0)by 

尻 (0)={1U=T(u,v)luE肱（切，vEL加）｝

with inner product 

(1U, W)虎 (!1)= (u,w)v +T(v,z), 

where (u,w)v = (▽ u, ▽ w). Moreover, we set且(0)= {f EL刊0)I suppf C Or} and 

如 (0)= {1U = T(u,v) E洸 (0)I suppu U suppv C叫・

We treat (HS) as the semigroup theoretical framework. To do this, we use the Helmholtz 
decomposition: L叩）＝び(0)①G(O), where① denotes the direct sum. Let P be a con-
tinuous projection from L加） to L即）• The Stokes operator A is defined by A = -P△ 
with domain~(A) =~ 此(0)n H叩） • We define an operator lL by 

lL =~(~ 了）
with domain 

叩(JL)= { 1[J =叫，v)E虎 (0)I u E飢A),vE 尻叫•
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Applying the projection P to (HS), the problem is written in the following form: 

d 
-1U(t) = -lL1U(t) fort> 0, 1Ult=O = 1U。,
dt 

where 1U。=T(u0,u1). Then, we obtain the following two theorems. 
Theorem 2.1. -lL generates a C,。contractionsemigroup {T(t) h:c:o on加 (!:1).
Theorem 2.2. Let n :::> 2 be an integer and let r > r0. Suppose that the initial data 
u0 E HJ,,;(!:1) and u1 E L即） and supp u。Usupp u1 C Or. Then, the solution u of (HS) 
holds the following properties: 

(i) When n is an exterior domain, it holds that 

llu(t) 11が (Or)+../Tll8tu(t)llu⑬)  ::::; Cn,r(l + t)青 (lluollが (!1)+ ../Tllu1IIL2(n)) 

for any t :::> 0. 

(ii) When !:1 is a perturbed half-space, it holds that 

llu(t)IIH⑩)  + ../Tll8tu(t)IIL2(flr)::::; Cn,r(l + t)―吋l(lluollか (!1)+ ../Tlluillu(n)) 

for any t :::> 0. 

Remark 2.1. The decay rate of (ii) in Theorem 2.2 is one half better compared with the 
case (i) because the order of asymptotic behavior of the Stokes resolvent near the origin 
in Proposition 3.1 is one half better compared with the exterior domain case due to the 
reflection principle on the boundary in the half-space unlike the whole space. 

3 Key lemma 

We consider the resolvent problem: 

入u+Au= f in 0, (3.1) 

where入EI:e,e = {入 EC¥{O} 11入I<£,I arg刈<1r - E }, 0 <£< 1, 0 < E < 1r /2 and A is 
the Stokes operator. Let S(入）f be defined as a solution to (3.1), TV; 戸(D)be a weighted 
Sobolev space defined by 

w戸(D)= { f I (1 +I・ ド）；的fE L2(D), k ::; m} 

for皿 ynon-negative integer m and real numbers. Moreover, for s > n/2 ands'< -n/2, 
we set 

B1 = .C (L;(D) n W~·2(nt, L;(D) n W;,•2(nt), 

82 = .C (L;(D) n L;(D), L;(D) n H2(Dr)). 

Then, by [2, Proposition 3.6], [5, Theorem 3.1, Corollary 3.2] and [8, Theorem 3.1], it 
holds that the following proposition. 
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Proposition 3.1. There exist an£> 0 and an S(入） E Hol (図B1)which has the 
following expansion formula: 

zs an exterior domain (i) When 0 ・ ， 

S(入） = { G1応 log入＋叫＋伍（入）入~-1
G1入い+G2(入）＋ら（入）入~-1

where n is even, 

where n is odd, 

where G1 E 81, G2(入） is a polynomial of入ofdegG2(入)::;: [n/2] -1 andら（入）→O 
as入→ 0. Particularly in case of n = 2, the following holds: 

S(入） =Vi+怜(log入）―1+ 0 ((log入）―2)'

where Vi,½E 82. 

(ii) When rl is a perturbed half-space, 

S(入）＝｛い）汀 +H心）入いog入＋几（入）
H1(入）豆 +H心）入デlog入＋凡（入）

wheTe n is even, 

wheTe n is odd, 

where H1, H2 E Hol (均，El凡） and H3 E Hol (冨U{O},B砂

In Section 4, we investigate the stability of (入lI+ JL)-1 near the origin. To do this, we 
use the class Ck defined as follows and the properties of the class. 

Definition 3.2 ([1]). Let X be a Banach space with norm I・Ix-Let N 2". 0 be an integer 
and k = N + a with O <a:::; 1. Set 

び(R,X)= {f E C00(R ¥ {O},X) I《f》k,X< OO}, 

where 

N 

《f》k,X=戸J二（羞）J f(s) x ds +~~~1:1" 1: ふ（羞）N f(s) x ds (0 <a< 1), 
《fい＝戸J二（瓜）j f(s) x ds 十悶叶~[: △ ~(羞） N f (s) x ds (a = l) 
Here, we have set 

△ hf(s) = J(s + h) -J(s), ~U(s) = J(s + h) -2f(s) + J(s -h). 

Proposition 3.3 ([10]). Let N be a positive integer and X be a Banach space with norm 
・Ix-Assume that f E C00(R ¥ {O}, X), f(s) = 0 if Isl 2 2 and set I= (-2, 2). 

(i) Let k = N + a with O <びく land f satisfy the following condition (a). 
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(a) For any s E I¥ {O}, 

d i に） J(s) さCt for any integer j E [O, N -l], 
X 

d 
N 

d 
N+l 

に） J(s) x :S C1lsl"―1, い） J(s) x :S C1lsl"-2 

Then, J E Ck (R, X) satisfies 

《f》k,X:S Cu,NCf, 

(ii) Let k = N + l and f satisfy the following conditions (a) and (b). 

(a) There exist f O E X and a X -valued function Ji (s) defined on I such that 

d 
N に） f(s) = fa log Isl+ fi(s) for s EI¥ {O}. 

(b) For any s EI¥ {O}, 

d i に） f(s) :S Ct for any integer j E [O, N -l], 
X 

lfolx :S Ct, lfi(s)lx :S Ct, (羞）NH f(s) :S Ctlsl―1, 

(f,)"" f(s) x,; G1lsl―'. X 

Then, f Eび(R,X) satisfies 

《f》k,X:S Cu,NCt, 

Proposition 3.4 ([1]). Let X be a Banach space with norm I・Ix-Let f(s) E C2(R ¥ 

{O},X). If (羞）i f(s) :S Ctlsl-j for any s ER¥ {O} and j = 0, 1, 2. Then, it holds 
that x 

土1:△ hf(s)lx ds :S Ct. 
Proposition 3.5 ([10]). Let X be a Banach space with norm I• Ix-Let N~0 be an 
integer and O <び :S1. Assume that f E CN+"(R,X). Set 

1 00 
F(t) =云loof(s)eitsds. 

Then, the following estimate holds: 

IF(t)lxさ： C(l + ltl)―(N+u)《f》N+び，x・
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4 Outline of the proof 

Theorem 2.1 follows from the Lumer-Phillips theorem. Hereafter, We concentrate the 
proof of Theorem 2.2. 

Lemma 4.1. Set 

a 
b(a) = 
2a而+2(3aT + l)VT言・

Then for any a > 0, there exists an Ma  > 0 such that 

11 (入ll+lL)-1llc(心(n))S:: Ma  

for入EDa,b(a) = {入 ECIIRe入Iさb(a),IIm入12".a} U {入 ECl Re入2".b(a)}. 

In what follows, £> 0 denotes the same positive number in Proposition 3.1. Moreover, 
let <fJr be a function in C0 (R門suchthat叫x)=liflxlさrand叫x)=Oiflxl2".r+l
and let Pd be a function in C0(R) such that Pd(s) = 1 if Isl < d/2 and四(s)= 0 if Isl> d. 

Lemma 4.2. Let Qd = {入 ECIO<Re入<d,IIm刈<d}. Then the following assertions 
hold. 

(i) There exist a d > 0 and an艮（入） E Hol (Qd, .C(加 (D),1-l(Dr))) such that 

艮（入）X=  (入II+JL)―1X for XE洸 (D) and 入EQ小

where we have set 

1-l(Dr) = {T(f,g) If EH尺Dr)n L;(D), g E L2(Dr) n L;(D)}. 

(ii) For any X E加 (D),YE洸 (D)and a < d, there exists a positive constant C = 
Cn,r,pふ'Prsuch that the following assertions hold. 

(a) When n is an exterior domain, the following estimate holds. 

〈〈Pd「(・)(9つr股(a:+i-)X, Y)£(n) 〉〉 ~,R さ c11x11.Yt'(n)IIYll£(fl)・ 

(b) Tf'hen D is a perturbed half-space, the following estimate holds. 

《Pd(・)(叫珈+i-)X, Y)加(!1) 》 ~,R~CIIXII加(nJIIYII加(!1) ・

Proof. (i) In terms of S(入）， weshall represent (入II+JL)-1. If we set :X = r(J, g) and 

虞+lL)1U = :X for 1U E~(lL), 

we have 

V=入u-J and {入(T入+1) + A}u = (T入+l)J + Tg. 
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We take£'<£so small that there exists an E1 < 1r /2 such that入(T入+l)E 喜 if 入 E 江，E'•
If we set 

股（入）＝［い+l)S(入(T入+1)) TS(入(T入+1))] 
入(T入+l)S(入(T入+1)) -1 T入S(入(T入+1))' 

(4.1) 

we obtain 

股（入）X=  (入lI+ JL)―1:X for :XE洸 (!:1) and 入 E 均，€’’

because罠（入）XE !!J(JL) as it follows from the fact that S(入(T入+1)) E£(£2(!:1), H2(!:1)). 
Therefore, 艮（入） satisfies the property of (i) with d = 2£'/3. 
(ii) follows from Proposition 3.1, 3.3 and 3.4. ロ

By Theorem 2.1, the following estimate holds: 

IIT(t) lie(洸 (CT)):S: 1, Vt 2:: 0. 

Then, by a lemma due to Huang [4, Lemma 1], we have the following lemma. 

Lemma 4.3. For any a > 0 and X E虎 (n)'set

g(w) = ll((a + iw)II + JL)-1XII加 (CT)• 

Then, g(w) Eび(R)and 

lim g(w) = 0, 
回→00

/00 g(w)2dwさ匹IIXIIシ(CT)・
-oo a 

(4.2) 

Now, we shall give a proof of Theorem 2.2. Since the proofs of an exterior domain 
case and a perturbed half-space case are essentially the same, we only prove an exterior 
domain case. To do this, it is sufficient to prove the following proposition. 

p ropos1t10n 4.4. Let [2 be an exterior domain,'Pr be the same in Lemma 4.2. Then, it 
holds that 

記T(t)XII加 (nJ:S: C(l + t)舟 IIXll£(Q) (4.3) 

for any t 2 0 and X E忽 (D),where C = C払，n,<pr,and Ma denotes the constant arising 
from Lemma 4.1. 

Proof. Since (4.2) holds, we have the following expression formula: 

1 a+iw 
T(t)X = J四正1-iwe>.t (>.IT十lL)-1Xd入， a>0. 

Hereafter, we set p(s) = Pd(s). Let us take a< d, XE 尻~(D) and YE洸つ(D).Then, we 
see 

にT(t)X,Y)死 (O)= Jo(t) + J00(t), 
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where 

Jo(t) = _!_eat Joo eistp(s) (叫(a+is)IT + lL)―1:X, Y)加 (nJds, 
21r -oo 

loo(t) =土eatJ鷹Jwげ (1-p(s)) (叫(a+is)IT + lL)-1:X, Y)尻 (nJds. 
-w 

By Lemma 4.2 and Proposition 3.5, we obtain 

I Ja(t) IさCe"t(l+ t)―号IIXll£(n)IIYll£(n)・

We set 

1 
Joo(t) =―e"t lim Lw(t), 
21r w→00 

where 

馴＝「戸(1-p(s)) (叫(a+is)ll+lL)―ix:,Y)加 cnJds. 
-w 

By the relation (it)-1deist/ds = eist and integration by parts, we have 

£(l)k-l (1)1 
Lw(t) = L―砧(t)+― M以t),
k=l 
(it)k (it)l 

where 

砧(t)= [eist ::k~l { (1-p(s)) (叫(a+is)ll + 1L)-1X:, Y)加 (Qi}r=W l 
s=-w 

w 

叫） = J i•t竺{(1 -p(s)) (叫(a+is)ll + 1L)-1X:, Y)虎 (ni}ds.
-w ds1 

Since we have by Lemma 4.1 

dJ 
((a+is)ll+lL)-1 : こj!Mgll((a+is)ll+lL)-111 
dsJ 

£(洸(fl))

it follows from Lemma 4.3 that 

砧(t)I→ 0, w→ 00. 

£(虎(fl))

Using the Leibniz rule and the adjoint operator lL* of lL, we obtain 

for Isl 2: a, 

(4.4) 

(4.5) 

叫）さnj (1-p(s)) (((a+is)ll+lL)ーロ((a-is)ll + lL*)督立）虎(fl)Ids 
和:Isl全w

＋と（りk!j :~:kp(s) I (叫(a+is)ll + JL)-k-1:x, Y)心） ds 
k=O 和<;lsl<;d

= K1 +K2. 
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If we take a< d/2, by Lemma 4.1 and Lemma 4.3, we have 
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Combining (4.5), (4.6) and (4.7), we obtain 

e 
at 

IJoo(t)I :=:; 戸―1Ce,MaIIXll£(0) IIYII加(0)

(4.6) 

(4.7) 

(4.8) 

for any l 2". 1. Letting a→ 0 in (4.4) and (4.8), we obtain (4.3) for any XE洸 (0). ロ
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