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On  a compressible fluid model of Korteweg type in a maximal 

regularity class 

Hirokazu Saito 
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Tokyo University of Science 

1 Introduction 

This article shows local and global existence theorems in a maximal regularity class for 

a compressible fluid model of Korteweg type as follows: 

1 p(畑 +u▽u)~Div(S(:t~: □ ~~~~,; ロ［〗;,~\:, (LI) 

(p, u)lt=O =(Po+ Poo, uo) in D, 

where D is a domain in R凡N:::::2,w礼hbound紅 yrand Ti゚isa p。sitivenumb虹

Here p = p(x,t) and u = (附(x,t), ... , uN(x, t))Tl are respectively the fluid density and 

the fluid velocity at x = (x1, ... ,: 切v)E D and t E (0, T0); Pis a given function describing 

the pressure and I is the N x N identity matrix; S(u) is the viscous stress tensor given 

by S(u) =μD(u) + (v -μ) divul, whereμ, v > 0 are viscosity coefficients and D(u) is 

the doubled deformation tensor, i.e. D(u) is an N x N matrix whose (i,j) component is 

given by {Ji巧＋切uifor {Ji= 8/axi; K(p) is the so-called Korteweg tensor, i.e. 

K(p) =~(邸— I▽pl2)1 —K• pR ▽p 

I▽ Pl2 
=K,(心+ 2)1-K, ▽p⑳▽ P, (1.2) 

where 1,, > 0 is a capillarity coefficient and▽ pR ▽ pis an N x N matrix whose (i,j) 

component is given by (aip) (むp);n is the unit outward normal vector to r and a• 

b =~ ぶaibifor N-vectors a=  (a1, ... ,aN)T and b = (b1, ... , 加）T; Po = Po(x) and 

uo = (uo1(x), ... 墨ON(x)) T are given initial data, while p00 is a positive constant. 

Throughout this article, we assume 
1 MT  denotes the transpose of M. 
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A ssumption 11 (1) Th ffi e coe cientsμ, v, and氏 arepositive constants. 

(2) The pressure P : (p00/8, 8poo)→ R is smooth enough. 

Korteweg formulated in 1901 some tensor that included gradients of density in order to 

model fluid capillarity effects, and Dunn and Serrin [2] derived (1.2) in view of rational 

mechanics by introducing the thermodynamics of interstitial working. Concerning the 

mathematical analysis of Korteweg-type model, we refer e.g. to [5, 1, 4, 15] for the whole 

space problem and to [6, 7, 8, 9] for boundary value problems. On the other hand, [10] 

employs the Korteweg-type model in order to analyze the structure of liquid-vapor phase 

transition in numerical analysis. 

2 Preliminaries 

Let p E (1, oo), and let q E (1, oo) or q = oo. We here introduce function spaces used 

throughout this article as follows: 

• Lq(G) and H'J'(G), m E N, are respectively the usual Lebesgue spaces and the 

Sobolev spaces, where G is a domain in RN. The norm of Lq(G) is denoted by 

II・IILq(G), while the norm of H'J'(G) is denoted by II・IIH炉(G)・

• Let (・, ・)e,p be the real interpolation functor for 0 E (0, 1). Then the Besov spaces 

Bね21P(G)and B羞;21P(G)are defined as 

Bt,;21P(G) = (H:(G), Ht(G)h-1/p,p, B;,;21P(G) = (Lq(G), H;(G)h-1/p,p・ 

• Let X be a Banach space and I be an interval in R. Thenら(I,X) and H~(I, X) are 

respectively the X-valued Lebesgue spaces and the X-valued Sobolev spaces. The 

norm ofら(I,X) is denoted by 11・11ら(I,x),while the norm of H~(I, X) is denoted 

by I . IIHJ(J,X)・ 

• Let TE (0, oo) or T = oo. Then 。H~((O, T), X) is given by 

oH:((O,T),X) = {f E H:((O,T),X): flt=o = 0 in X}. 

Next, we introduce the definition of uniformび domains.

Definition 2.1 ([3, 14]). Let D be a domain in RN with boundary 8D. Then D is 

called a uniform C3 domain, if there exist positive constants a, (3, and K such that 

the following assertion holds: for any x。=(x01, ... , XoN) E 8 D, there are coordinate 
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number j and a C3 function h(x') (x'= (xい..., Xj-1, Xj+l, ・ ・ ・, 砂）） on B~(x~), with 

x~= (x01, ... , x。j-1,Xoj+l, ・ ・ ・, XoN), 

B~(x~) = {x E RN I Ix'-x~I < a}, llhllH品 (B~(x(i)) ご; K, 

such that 

DnB13(xo) = {x E RN: Xj > h(x'),x'EB訊x~)} n B13(xo), 

8DnB土0)= {x E RN: Xj = h(x'),x'EB以叫）}nB土o)-

Here B13(xo) = {x E RN: Ix -xol < (3}. 

Remark 2.2. Typical examples of uniform C3 domains are as follows: bounded domains; 

exterior domains; half-spaces, layers, tubes, and their perturbed domains. 

3 Local solvability 

3.1 Linearization 

Let us start with the linearization of (1.1). Replace p by p+ p00 in (1.1). Then the first 

equation becomes 

如 +Poo divu = -pdivu -u・ ▽ p; 

the second equation becomes 

Poo8tu -Div(S(u) + t,,p00△ pl) = -p8tu -(p + Poo)u・ ▽u 

+ Div(K(p + p00)―町Poo△pl) 

(3.1) 

-P'(p + Poo)▽ p, (3.2) 

where P'(s) = (dP/ds)(s). To prove the local solvabiliity, we further rewrite (3.1) and 

(3.2) as follows: 

如 +(Po+Poo) divu = -(p -Po) divu -u・ ▽p 

=: F(p, u); 

forμ=μ パandv = 11/t,,, 

(Po+ Poo凰uー叫Div(μD(u)+ (v -μ) divul +(Po+ Poo)△ pl) 

= -(p -Po)8tu -(p + Poo)u・ ▽u 

+ Div(K(p + p00)一 t,,(po+ Poo)△ pl) -P'(p + Poo)▽p 

=: G(p, u). 
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Setting,= p0 + p00, we have achieved the following equivalent system of (1.1): 
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in fl X (0, J;。)，

in fl X (0, J;。)，
(3.3) 

on r x (0, To), 

inn. 

3.2 Linearized problem 

For a positive number S, we consider a linearized problem associated with (3.3) as 

follows: 

｛畑— oi'Div 伍D(u) + (祁一叫~:~▽ :;:~~:.l:f 口~:\~〗 (3.4) 

(p, u)lt=o = (Po, uo) inn, 

where n and 1; = 1;(x) (i = 1, 2, 3, 4) satisfy the following assumption. 

Assumption 3.1. (1) The domain n is a uniform C3 domain in R凡N 2'. 2, and its 

boundary is denoted by「.

(2) The coefficients 1; =叫x)(i = 1, 2, 3, 4) are uniformly Lipschitz continuous functions 

on TI, i.e. there exists a positive constant rL such that l,;(x) -1;(Y)I :::; rLlx -YI for 

any x,y E百andfor i = 1, 2, 3, 4. In addition, there exist positive constants ,., 1* 

such that,.:::; 叫x):::;1* for any x E TI and for i = 1,2,3,4. 

Let q E (1, oo) andふ =If団） xL叩）N. We define an operator Aq by 

出(p,u) = (→ 1 divu, 幻 Div伍D(u)+ (洒一叫divul十11△pl)), 

with the domain D(Aか

D(Aq) = {(p, u) E xH;(n) x Hi(n)N In・Vp = 0, u = 0 on r}. 

Note that D(A砂cXq and Aq : D(Aq)→ Xq. One then has 

Lemma 3.2 ([12]). Let q E (1, oo) and suppose that Assumption 3.1 holds. Then Aq 

generates an analytic C,。-semigroup{ e心 h?:oon Xq. In addition, there exist constants 

ふ2'.1 and CN,q,J1 > 0 such that for any t > 0 

lie心t(Po,uo) llxq :S; CN,q,o, e伍12ltII (Po, uo) llxq ((Po, uo) E X砂
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ll8teA0t(Po, uo) llx0 ::; CN,q,81 eC0il2ltr1 II (Po, uo) llx0 ((Po, uo) E Xq), 

ll8teA0t(Po, uo)llx0さCN,q,01e(ふ12ltll(Po,uo)IID(A0) ((Po, uo) E D(Aq)), 

where 11・IID(Ao) denotes the graph norm of Aq. 

Setting Dq,p(O) = (Xq, D(A砂）1-1/p,p for p, q E (1, oo), we have 

Lemma 3.3 ([12]). Let (p, q) E (1, oo) and suppose that Assumption 3.1 holds. Then, for 

any (p0, u0) E Dq,p(r2), (p, u) = eA0t(p0, u0) is a unique solution to the system (3.4) under 

the condition of (f, g) = (0, 0). In addition, 

訊PIILp((O,S),H,}(!1))+ IIPII伍((O,S),H詞）

+I⑰ ullら((O,S),£0(!1JN)+ llullら((O,S),H即）州

さCN,p,q,81eふ8II (Po, uo) IID0,p(!1) 

for some positive constant CN,p,q,o1 independent of S, whereふisthe same constant as in 

Lemma 3.2. 

The following lemma is also proved in [12]. 

Lemma 3.4 (Maximal regularity). Let p, q E (1, oo) and suppose that Assumption 3.1 

holds. Then, for (p0, u0) = (0, 0) and for any f and g with 

fEら((0,S), HJ(O)), g Eら((O,S),伝(0)州，

the system (3.4) admits a unique solution (p, u) with 

pE。Hi((O,S), HJ(O)) n 1ぅ，((O,S),]f乳切），

u E 0Hi((O, S), 1可(0)州nlぅ，((0,S), H;(O)州．

In addition, the solution (p, u) satisfies the estimate: 

訊PIILp((O,S),H,}(!1))+ IIPIILp((O,S),H詞）

+ IIBtullら((O,S),L0(!1)N)+ llullら((O,S),H即）N) 

さCN,p,q,82戸 (llf11Lp((O,S),HJ(!1)) + llgllLp((O,S),Lq(!1)N)) 

for positive constants釣 andCN,p,q,02 independent of S. 

3.3 Local existence theorem 

Let (p, q) E (2, oo) x (N, oo) and (p0, u0) E Bq,p(D)3-2IP(D) x B~,;2/P(D)N with the 

following conditions: 

n・Vp0 = 0, u。=0 on r, (3.5) 
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号：：：：： Po(x) + Poo :::; 年 (xE TI), (3.6) 

and let (p., uリ=e心t(Po,uo) for 11 = ,, 12 =μ, 而=v, and 14 =芥―1.Then, setting 

p =CJ+ p. and u = v + u. in (3.3), we observe that 

at(J +祠ivv= F(CJ + p., v + u.) inn x (0, T0), 

恥ー 1―1叫 Div(μD(v)+ (v -μ) div vi+ 1△ CJI) 

=, ―1G(CJ + p., V + uリ inOX (0, To), (3.7) 

Il・ ▽ p = 0, U = 0 on f X (0, Ti。)，

(CJ, v)lt=O = (0, 0) inn. 

To use the contraction mapping principle, we introduce the following notation: 

• For T > 0, o幻：= oZj, X。存 with

oZ} = oH;((o, T), ~ れ0))n Lp((O, T), Hi(n)), 

oZ名=oH;((o, T), Lq(n)N) n Lp((O, T), H;(n)N). 

Here the norm 11・11。Zrof。幻 isgiven by 

ll(P, u)II。Zr= IIPIIHJ((O,T),HJ(fl)) + IIPll1」p((O,T),Hデ(rl))

+ llullHJ((o,T),Lq(ri)N) + llullら((O,T),H的(rl)外

• For T > 0 and r > 0, 

辺 (r):= {(T,w) E 0幻： ll(T, w)II。Zr::; r, 

門::;T(X, t) +叫x,t) + p00 ::; 4p00 for any (x, t) E TIX [O, T] }-

Let (T, w) E 0Zr(L) for a suitable positive number Land for T > 0, and replace (r,, v) 

by (T, w) in the right-hand sides of (3.7). Then, by the maximal regularity stated in 

Lemma 3.4, we can define a contraction mapping <I>: 0Zr(L)う (T,w)← (r,, v) E。Zr(L)
for a sufficiently small TE (0, T0). We thus obtain by the contraction mapping principle 

a local existence theorem in the maximal regularity class as follows: 

Theorem 3.5. Assume that fl is a uniform C3 domain in R凡 N~2, with boundary r. 
Let (p,q) E (2,oo) x (N,oo), and let R be an arbitrary positive number. Then there exist 

positive constants L and T E (0, T0) such that, for any (Po, u0) E B!,;21P(f2) x B;,;21P(f2)N 

satisfying II (Po, uo) IIBe,p(ri)s-2/v(ri)xB;:;2/p(rJ)Nさ： R with (3.5) and (3.6), the system (3.7) 

admits a unique solution (r,, v) on (0, T) in。幻(L).
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4 Global solvability 

Throughout this section, we assume 

A ssumption 4.1. (1) The domain n is a bounded domain in記， N ::::: 2, with C3 

boundary r. 

(2) P'(Poo) > 0. 

4.1 Linearization 

Letμ00 =μ/p00, v00 = v/p00, and露＝心P'(p00).Then we rewrite (3.1) and (3.2) as 

follows: 

OtP + Poo div u = -div(pu) =: F(p, u) 

and 

畑— Div(µ00D(u) + (v00―μ00) div ul + K△ pl)+ 100▽p 

＝心{-p畑 ー (p+ Poo)u・ ▽u 

+ Div(K(p + Poo) -KPoo△ pl) -(P'(p + Poo) -P'(Poo))▽ P} 

=: G(p, u). 

Thus we have achieved the following equivalent system of (1.1) with Tc。=oo: 

l iJ,u -Div(1,00D(u) + (v00―1,00) divul + K~;; :~:';;: こ：:; :: ~: 塁：二
Il・ ▽ p=O, u=O onfx(O,oo), 

(p, u)lt=O = (po, uo) inn. 
(4.1) 
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To construct an analytic C,。-semigroupsassociated with (4.2), we set for q E (1, oo) 

H!(O) = {p E If, 団）：J pdx = 0}, Xq = H!(O) x L印）凡
!1 

and also 

H罰） =If, 罰） nH加）．

Their norms are given by 

IIPIIHJ(n) = IIPIIHJ(n), ll(P, u)IIHJ(!1)xL.(!1)N = IIPIIHJ(n) + llullz」q(!1)N'

IIPII喝(!1)= IIPIIH詞・

In addition, an operator Aq is defined by 

Aq(p, u) = (-p= div u, Div(μ=D(u) + (v= -μ 叫divul+ K△ pl)+'Y=▽ p), 

with the domain D(Aけ：

D(Aq) = {(p, u) E H!(O) x~ 加）N: Il・ ▽ p = 0, u = 0 on r}. 

Note that D(Aq) c Xq and Aq : D(Aq)→ Xq. 
Now we introduce the generation of an analytic Ci。-semigroup{ eい}t:::,0on Xq and its 

exponential stability. To this end, we consider the following resolvent problem: 

｛入u-Div(1,00D(u) + (v00―1,00) divul + ,~~:00,:~ ▽:: ; : ［ 
ll・ ▽ p = 0, u = 0 on r, 

(4.3) 

where入isthe resolvent parameter varying in C+,8 = { z E C : 応>b} for b E R. By 

[12] and a small perturbation method, we have 

Lemma 4.2. Let q E (1, oo) and suppose that Assumption 4.1 holds. Then there exists a 

positive number 63 such that, for any入EC豆 3and (f, g) E Xq, the system (4.3) admits 

a unique solution (p, u) E H罰） xH即）N. In addition, the solution (p, u) satisfies the 

estimate: 

|入lll(P,u)llxq + ll(P, u)IIH~(!1)xH名 (!1)N さ： CN,q,6』IU,g)llxq 

for some positive constant CN,q,03 independent of入EC心・

Let C+ = C+,o = { z E C : 溌z:::0: O}. Combining Lemma 4.2 with a homotopic 

argument2 and the closed graph theorem then yields 

2We refer e.g. to [3, Section 7]. 
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Lemma 4.3. Let q E (1, oo) and suppose that Assumption 4.1 holds. Then, for any入E

C+ and (f, g) E Xq, the system (4.3) admits a unique solution (p, u) E H加(D)x~ 位(D)N_

In addition, the solution satisfies the estimate: 

|入111(p, u) llxq + II (p, u) II国(O)xHJ(n)N:=; CN,qll (f, g) llxq 

for some positive constant CN,q independent of入ECニ
By Lemma 4.3 and the standard theory of analytic C,。-semigroups,we have 

Lemma 4.4. Let q E (1, oo) and suppose that Assumption 4.1 holds. Then Aq generates 

an analytic C,。-semigroup{ eAqth::::o on Xq. In addition, there there exist constants心E

(0, 1) and CN,q,a4 > 0 such that for any t > 0 

lleAqt(Po, uo)llxq::; CN,q,a4e―284tll(Po, uo)llxq ((po, uo) E Xq), 

ll8teAqt(Po, uo)llxq::; CN,q,a4e―284tt―111 (Po, uo) llxq ((Po, uo) E Xq), 

ll8teAqt(Po, uo) llxqさ（フN,q,a4e-284tll(Po,uo)llo(Aq) ((Po, uo) E D(Aq)), 

where 11・llo(Aq) denotes the graph norm of Aq. 

Similarly to [13], we have by setting D□切=(Xq, D(Aq)h-1/p,p 

Lemma 4.5. Let p, q E (1, oo) and suppose that Assumption 4.1 holds. Then, for any 

(p, u) E Dq,p(O), (p, u) = e位t(p0,u0) is a unique solution to the s詞 em(4.2) under the 

condition of (f, g) = (0, 0). In addition, 

lie噸 PIIら((O,oo),H!(O))+ lie必tPIIら((O,oo),H即））

+ lie噸 ullLp((O,oo),Lq(O)N)+ lle84tullLp((O,oo),H即）州

さCN,p,q,a4II (Po, uo) II Dq,p(O) 

for some positive constant CN,p,q,84, whereふisthe same constant as in Lemma 4.4. 

Next, we introduce a maximal regularity with exponential stability for (4.2). To this 

end, we start with the standard maximal regularity following from [12] with a small 

perturbation method as follows: 

Lemma 4.6. Let p, q E (1, oo) and suppose that Assumption 4.1 holds. Then there exists 

a positive number 65 such that, for (p0, u0) = (0, 0) and for any f and g with 

e―85tf E Lp((O,oo),H以0)), e―85tg E Lp((O, oo), Lq(O)N), 

the system (4.2) admits a unique solution (p, u) with 

p E Hi,10c((O, oo), H!(O)) n Lp,loc((O, oo), H~(O)), 
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u E Hi,10J(O,oo),Lq(!J)N) nLp,loc((O,oo), 虎(!J)州．

In addition, the solution (p, u) satisfies the estimate: 

lie―囀Pli£p((O,oo),Hi(n))+ lie―妬tPII ら((O,oo),H~(!1))

+ lie―6吼 ullLp((O,oo),Lq(O)N)+ lie―他tull伍((O,oo),H名（叩）

さCN,p,q,o5(lie―ふtill伍 ((O,oo),Hi(n))+ lie―妬tgllら((0,oo),Lq(O)N))

for some positive constant C N,p,q,oか

Similarly to [11], we can prove by Lemmas 4.4 and 4.6 

Lemma 4.7 (M邸 imalregularity with exponential stability). Let p, q E (1, oo) and sup-

pose that Assumption 4.1 holds. Then there exists a positive numberぷぅ E(0, 1) such that, 

for (Po, uo) = (0, 0) and for any f and g with 

e06t f E Lp((0, oo), H!(r2)), e妬tgE Lp((O, oo), Lq(rl)N), 

the system (4.2) admits a unique solution (p, u) with 

pEaH:((O,oo),H以!J))n Lp((O, oo), H~(!J)), 

u E aH:((0,oo),l勺(!J)N)n 1勺，((O,oo),Jク(!J)N).

In addition, the solution (p, u) satisfies the estimate: 

lie噸 PIIら((O,oo),Hi(n))+ lie妬tPIIら((O,oo),H~(!1))

+ lie噸 ullLp((O,oo),Lq(fl)N)+ lie妬tullLp((O,oo),HJ(O)り

~CN,p,q,05 (lie妬tfll伍 ((O,oo),Hi(n))+ lie妬tgllら((0,oo),Lq(fl)N))

for some positive constant C N,p砂・

4.3 Global existence theorem 

Let p,q E (2,oo) x (N,oo) and (po,uo) E Dq,p(O) with ll(Po,uo)llo.,p(!1)::::; 釘 forsome 

positive number釘 E (0, 1) determined below, and let (p., u.) = eA't(p0, u0). Then, 

setting p = u + p. and u = v + u. in (4.1), we observe that 

OtO'+ Poo divv = F(u + p., v + uり innX (O,oo), 

OtV -Div(μ00D(v) + (v00―μ00) div vi+ Ii△ ul) + 100▽ぴ

= G(び十 p.,V + U*) in f1 X (0, oo), (4.4) 

n-Vび =0, v=O onfx(O,oo), 

（び，v)lt=O= (0, 0) inn. 

To use the contraction mapping principle, we introduce the following notation: 
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●。Zoo:=o恐 x。恐 with

oZ~= oH以(O,oo),H以n))nら((0,oo), HJ(D)), 

oZ~= oHれ(0,oo), Lq(D)州nら((0,oo), ~ 点n)州．

In addition for 8>0 

ll(P, u)II。z&c,:= lle0tOtPIILp((O,oo),HJ(!1)) + lle0tPIILp((O,oo),H9(!1)) 

+ lie閲 ullら((O,oo),L血）N) + lle°tpllら((O,oo),H即）外

• For o > 0 and r > 0, 

o恐(r):= {(T,w) E。Zoo:ll(T, w)ll0zぶs;r, w = 0 on r, 

勺S::T(x, t) +叫x,t)+p00さ4p00for any (x, t) E TI x [O, oo) }・ 

Let (T, w) E o恐（叫 fora suitable positive number o E (0, 1) and for s2 E (0, 1), and 

replace (び，v)by (T, w) in the right-hand sides of (4.4). Then, by the maximal regularity 

with exponential stability stated in Lemma 4. 7, we can define a contraction mapping 

q> : 0瓜(s砂う (T,w)→(u,v) E o恐（叫 forsufficiently small positive numbers s1 and 

s2. We thus obtain by the contraction mapping principle a global existence theorem in 

the maximal regularity class as follows: 

Theorem 4.8. Let (p,q) E (2,oo) x (N,oo) and suppose that Assumption 4.1 holds. 

Then there exist positive numbers o, 釘， ands2 such that, for any (p0, u0) E Dq,p(n) with 

II (Po, uo) lloq,p(!1) S:: 釘， thesystem (4.4) admits a unique global solution (u, v) in。Z!,(s2).
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