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Abstract

The Tate conjecture predicts that the Galois invariant subspace of the `-adic coho-
mology group of a projective smooth variety over a field finitely generated over its prime
subfield is spanned by the classes of algebraic cycles. It is also expected that the assertion
of the Tate conjecture holds for the cohomology group with `-torsion coefficients of such a
variety for all but finitely many prime numbers `.

Madapusi Pera deduced the Tate conjecture for K3 surfaces in full generality from the
Tate conjecture for divisors on abelian varieties by using a period map from the moduli
space of K3 surfaces to the integral canonical model of an orthogonal Shimura variety,
called the Kuga-Satake morphism. The first part of this thesis is devoted to give further
applications of the Kuga-Satake morphism to the arithmetic of K3 surfaces. We prove
the Tate conjecture for the square of any K3 surface over a finite field of characteristic
different from 2 and 3. Moreover, we prove the torsion analogue of the Tate conjecture for
K3 surfaces.

The Tate conjecture and its torsion analogue guarantee that a projective smooth variety
over a field finitely generated over its prime subfield satisfies the property that the Galois
invariant subspace of the cohomology group with `-torsion coefficients coincides with the
reduction modulo ` of the Galois invariant subspace of the `-adic cohomology group for all
but finitely many prime numbers `. We can ask whether projective smooth varieties over
non-archimedean local fields satisfy the same property or not, although the assertion of the
Tate conjecture does not hold for such varieties in general. This leads to a torsion analogue
of the weight-monodromy conjecture. In the second part of this thesis, we formulate and
study a torsion analogue of the weight-monodromy conjecture for a proper smooth variety
over a non-archimedean local field. We prove it for proper smooth varieties over equal char-
acteristic non-archimedean local fields, surfaces, and set-theoretic complete intersections
in toric varieties. In the course of the proof for set-theoretic complete intersections in toric
varieties, we prove an `-independence result on étale cohomology of tubular neighborhoods
of rigid analytic varieties.

As a related topic, in the third part of this thesis, we study deformations of rational
curves on surfaces and their singularities in positive characteristic. One of the initial
motivations of this study is to construct infinitely many rational curves on a K3 surface.
It is known that rational curves on a K3 surface are important to study the Chow group
of it.
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CHAPTER 1

Introduction

1.1. Outline of this thesis

The theory of algebraic cycles has a lot of applications in many branches of mathematics,
such as algebraic geometry and arithmetic geometry. The Tate conjecture is one of the main
problems in the theory of algebraic cycles. In this thesis, we study the Tate conjecture, a
torsion analogue of it and related topics. More specifically, we prove the following results.

(1) The Tate conjecture holds for the square of any K3 surface over a finite field of
characteristic different from 2 and 3. See Chapter 2 for details. This result is
based on the joint work [65] with Tetsushi Ito and Teruhisa Koshikawa.

(2) A closed subvariety of a proper variety over an algebraically closed complete
non-archimedean field has a small open neighborhood in the analytic topology
such that, for every prime number ` different from the residue characteristic, the
closed variety and the open neighborhood have the same étale cohomology with
Fℓ-coefficients. See Chapter 3 for details. This result is based on the preprint [63].

(3) A torsion analogue of the weight-monodromy conjecture holds for proper smooth
varieties over equal characteristic non-archimedean local fields, abelian varieties,
surfaces, varieties uniformized by Drinfeld upper half spaces, and set-theoretic
complete intersections in toric varieties. See Chapter 4 for details. This result is
based on the preprint [64].

(4) If a proper smooth surface in positive characteristic p is dominated by a family
of rational curves such that one member has all δ-invariants strictly less than
(p − 1)/2, then the surface has negative Kodaira dimension. See Chapter 5 for
details. This result is based on the joint work [66] with Tetsushi Ito and Christian
Liedtke.

In Chapter 2, we study the integral canonical models of orthogonal Shimura varieties
and the Kuga-Satake construction for K3 surfaces. The result (1) is deduced from a theorem
on CM (complex multiplication) liftings of K3 surfaces. We also prove a torsion analogue
of the Tate conjecture for K3 surfaces.

In Chapter 4, inspired by a torsion analogue of the Tate conjecture, we formulate and
study a torsion analogue of the weight-monodromy conjecture for a proper smooth variety
over a non-archimedean local field. Then we prove the result (3). In the proof for set-
theoretic complete intersections in toric varieties, we need the result (2). Chapter 3 is
devoted to study local constancy of étale cohomology of rigid analytic varieties and prove
the result (2).

Finally, as a related topic, we study deformations of rational curves on surfaces and
their singularities in positive characteristic and prove the result (4) in Chapter 5.

In the rest of this chapter, we shall give precise statements of our results. At the
beginning of each chapter, a more detailed introduction will be provided.

1



2 1. INTRODUCTION

1.2. Kuga-Satake constructions for K3 surfaces

Let k be a field. Let k be an algebraic closure of k and ksep the separable closure of
k in k. The absolute Galois group Gal(ksep/k) of k is denoted by Gk. Let p ≥ 0 be the
characteristic of k.

Let X be an algebraic variety over k. Let ` 6= p be a prime number. The absolute Galois
group Gk naturally acts on the `-adic cohomology H i

ét(Xk,Qℓ), where we put Xk := X⊗kk.
We recall the following conjecture due to Tate [127, Section 1], called the Tate conjec-

ture.

Conjecture 1.2.1 (Tate). Let k be a field which is finitely generated over its prime
subfield. Let p ≥ 0 be the characteristic of k. Let X be a projective smooth variety over k.
Then, for every i, the `-adic cycle class map

cliℓ : Z
i(X)⊗Z Qℓ → H2i

ét (Xk,Qℓ(i))
Gk

is surjective for every prime number ` 6= p. Here Zi(X) denotes the group of algebraic
cycles of codimension i on X and (i) denotes the Tate twist.

Conjecture 1.2.1 is known to be true in the following cases. Let k be a field which is
finitely generated over its prime subfield. Let p ≥ 0 be the characteristic of k.

• Let A and B be abelian varieties over k. Then the natural morphism

Hom(A,B)⊗Z Qℓ → HomGk
(H1

ét(Bk,Qℓ), H
1
ét(Ak,Qℓ))

is an isomorphism for every ` 6= p. If k is a finite field, it was proved by Tate
[125]. If p = 0, it was proved by Faltings [40, 41]. For the case where p > 0 and
k is infinite, it was proved by Zarhin [136] if p > 2 and by Mori [92, Chapitre
XII, Théorème 2.5] if p = 2. This result implies the Tate conjecture for divisors
on abelian varieties over k.
• Let X be a K3 surface over k. The Tate conjecture for X is known to be true. If
p = 0, this follows from the work of Deligne [31] (see also André’s paper [1]). If
p > 0, many authors contributed to this conjecture [96, 97, 23, 88], and it was
proved in full generality by Madapusi Pera [85, 72].

Recall that a K3 surface X over a field is a projective smooth surface with trivial canonical
bundle and H1(X,OX) = 0.

The integral canonical models of orthogonal Shimura varieties and the Kuga-Satake
morphism have applications to the arithmetic of K3 surfaces. For example, Madapusi Pera
used it in his proof of the Tate conjecture for K3 surfaces. As a further application, we
will prove the following theorem in Chapter 2.

Theorem 1.2.2 (Theorem 2.1.4). Let Fq denote a finite field of cardinality q. As-
sume that Fq is of characteristic p ≥ 5. Let X be a K3 surface over Fq. Then the Tate
conjecture (Conjecture 1.2.1) for X ×SpecFq X is true.

Here, just for simplicity, we assume that p ≥ 5. Our results are valid over finite fields
of any characteristics; see [65] for details. Theorem 1.2.2 is deduced from a theorem on
CM liftings of K3 surfaces over finite fields; see Theorem 2.1.1.

As another application of the Kuga-Satake morphism, we will prove a torsion analogue
of the Tate conjecture for K3 surfaces in Chapter 2. More precisely, we will prove the
following theorem.
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Theorem 1.2.3 (Theorem 2.9.1). Let k be a field which is finitely generated over its
prime subfield, and X a K3 surface over k. Let p ≥ 0 be the characteristic of k. Then the
Chern class map for `-torsion coefficients

Pic(X)→ H2
ét(Xk,Fℓ(1))

Gk

is surjective for all but finitely many ` 6= p. Here (1) denotes the Tate twist.

We will also give an application to the finiteness of the Brauer group of a K3 surface
over a field finitely generated over its prime field in Chapter 2. If the characteristic of the
base field k is 0, Theorem 1.2.3 was proved by Skorobogatov-Zarhin [118]. For the proof,
we need the Kuga-Satake morphism. Even when k is of characteristic p > 0, we can use
the same methods to prove the result, as shown in [119] when p ≥ 3 and in [62] when
p = 2.

Remark 1.2.4. In characteristic p > 0, Theorem 1.2.3 also follows from a more general
result due to Cadoret-Hui-Tamagawa [21], which says that the Tate conjecture for divisors
implies the Tate conjecture with torsion coefficients for divisors, without using the Kuga-
Satake morphism. A key ingredient of the proof is the following result [20, Theorem 4.5],
which is also due to Cadoret-Hui-Tamagawa:

• Let k be a field which is finitely generated over Fp and X a proper smooth variety
over k. Then the natural map H i

ét(Xk,Zℓ)→ H i
ét(Xk,Fℓ) gives an isomorphism

H i
ét(Xk,Zℓ)

Gal(ksep/k.Fp) ⊗Zℓ
Fℓ ∼= H i

ét(Xk,Fℓ)
Gal(ksep/k.Fp)

for all but finitely many ` 6= p and for every i.

In Chapter 4, we investigate an analogue of [20, Theorem 4.5] for local fields. It leads
to a torsion analogue of the weight-monodromy conjecture, which we explain in the next
section.

1.3. A torsion analogue of the weight-monodromy conjecture

Let K be a non-archimedean local field, i.e. the field of fractions of a complete discrete
valuation ring whose residue field is a finite field Fq. Let K be an algebraic closure of K.
Let p > 0 be the characteristic of the residue field Fq.

1.3.1. The statement. Let X be a proper smooth variety over K and w an integer.
By Grothendieck’s quasi-unipotence theorem, the action of an open subgroup of the inertia
group IK of K on Hw

ét(XK ,Qℓ) defines the monodromy filtration

{Mi,Qℓ
}i

on Hw
ét(XK ,Qℓ). It is an increasing filtration stable by the action of GK . The weight-

monodromy conjecture due to Deligne states that the i-th graded piece

GrMi,Qℓ
:=Mi,Qℓ

/Mi−1,Qℓ

of the monodromy filtration on Hw
ét(XK ,Qℓ) is of weight w + i, i.e. every eigenvalue of a

lift of the geometric Frobenius element Frobq ∈ GFq is an algebraic integer such that the

complex absolute values of its conjugates are q(w+i)/2. When X has good reduction over the
ring of integers OK of K, it is nothing more than the Weil conjecture [32, 34]. In general,
the weight-monodromy conjecture is still open. We shall propose a torsion analogue of the
weight-monodromy conjecture and prove it in some cases.
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By the work of Rapoport-Zink [106] and de Jong’s alteration [28], we can take an open
subgroup J ⊂ IK so that the action of J on the étale cohomology group with Fℓ-coefficients
Hw

ét(XK ,Fℓ) is unipotent for every ` 6= p. By the same construction as in the `-adic case,
we can define the monodromy filtration

{Mi,Fℓ
}i

on Hw
ét(XK ,Fℓ) for all but finitely many ` 6= p, which is stable by the action of GK ; see

Section 4.3 for details.
We propose the following conjecture.

Conjecture 1.3.1 (A torsion analogue of the weight-monodromy conjecture,
Conjecture 4.3.4). Let X be a proper smooth variety over K and w an integer. For
every i, there exists a non-zero monic polynomial Pi(T ) ∈ Z[T ] satisfying the following
conditions:

• The roots of Pi(T ) have complex absolute values q(w+i)/2.
• We have Pi(Frob) = 0 on the i-th graded piece

GrMi,Fℓ
:=Mi,Fℓ

/Mi−1,Fℓ

for all but finitely many ` 6= p and for every lift Frob ∈ GK of the geometric
Frobenius element.

In Chapter 4, we will prove the following theorem.

Theorem 1.3.2 (Theorem 4.3.6). Let X be a proper smooth variety over K and w
an integer. Assume that one of the following conditions holds:

(A) K is of equal characteristic, i.e. the characteristic of K is p.
(B) X is an abelian variety.
(C) w ≤ 2 or w ≥ 2 dimX − 2.
(D) X is uniformized by a Drinfeld upper half space.
(E) X is a set-theoretic complete intersection in a projective smooth toric variety.

Then the assertion of Conjecture 1.3.1 for (X,w) is true.

The weight-monodromy conjecture for Qℓ-coefficients is known to be true for (X,w) if
one of the above conditions (A)–(E) holds. However, it seems that the weight-monodromy
conjecture for Qℓ-coefficients does not automatically imply Conjecture 4.3.4; see Section
4.3.3 for details. For the case (A), we will use an ultraproduct variant of Weil II established
by Cadoret [19].

As applications, we will show some finiteness properties of the Brauer group and the
codimension two Chow group of a proper smooth variety over K. See Section 4.10 for
details.

1.3.2. On `-independence for Huber’s tubular neighborhoods. We shall ex-
plain our next result, which is used in the proof of Theorem 1.3.2 in the case (E).

As in [114], by using the tilting equivalence of Scholze, we will deduce the case (E) from
the case (A). In his proof of the weight-monodromy conjecture for the case (E), Scholze
used a theorem of Huber on étale cohomology of tubular neighborhoods of rigid analytic
varieties, which we recall below.

We assume that K is of characteristic 0. Let Cp be the completion of the algebraic
closure K of K, which is a complete non-archimedean field. Let L ⊂ Cp be a complete
non-archimedean subfield. For a variety X over L, the rigid analytic variety associated
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with X is denoted by Xan. (Here we consider rigid analytic varieties as adic spaces.) For
a rigid analytic variety Y over L, let YCp denote the base change of Y to Cp.

The theory of étale cohomology for rigid analytic varieties was developed in [52]. Let
us recall the following theorem of Huber:

• Let Y be a proper variety over L and X ↪→ Y a closed immersion. We have a
closed immersion Xan ↪→ Y an of rigid analytic varieties over L. We fix a prime
number ` 6= p. Then, there is an open subset V of Y an containing Xan, such that
the pull-back map

Hw
ét(VCp ,Fℓ)→ Hw

ét(X
an
Cp
,Fℓ)

of étale cohomology groups is an isomorphism for every w.

The open subset V as above can be taken as a tubular neighborhood of Xan. (See Section
3.4 for the definition of tubular neighborhoods.)

In our case, we need the following uniform variant of Huber’s theorem:

Theorem 1.3.3 (Corollary 3.4.11). Let Y be a proper variety over L and X ↪→ Y
a closed immersion. We have a closed immersion Xan ↪→ Y an of rigid analytic varieties
over L. Then, there is an open subset V of Y an containing Xan, such that, for every prime
number ` 6= p, the pull-back map

Hw
ét(VCp ,Fℓ)→ Hw

ét(X
an
Cp
,Fℓ)

is an isomorphism for every w.

The same result holds for a complete non-archimedean field of positive characteristic.
We will prove Theorem 1.3.3 in Chapter 3.

1.4. Rational curves on surfaces

As a related topic, we will study deformations of rational curves on surfaces and their
singularities in positive characteristic.

Before stating our result, let us recall some classical invariants of singularities. Let C
be an integral curve over an algebraically closed field k of characteristic p > 0. For each
closed point x ∈ C, the δ-invariant and the Jacobian number of C at x are defined as
follows:

• The δ-invariant is defined by

δ(C, x) := dimk(π∗OC̃/OC)x,

where π : C̃ → C is the normalization morphism.
• The Jacobian number is defined by

jac(C, x) := dimk

(
OC/Fitt1OC

(Ω1
C/k)

)
x
,

where Fitt1OC
(Ω1

C/k) ⊂ OC is the first Fitting ideal of the sheaf Ω1
C/k of Kähler

differentials on C.

Let X be a proper smooth surface over k. A family of rational curves on X means
a closed subvariety C ⊂ U × X with projections π : C → U and ϕ : C → X where U is
an integral variety over k, π is proper flat, and every geometric fiber of π is an integral
rational curve. We say that a rational curve C ⊂ X is topologically non-rigid if there exists
a family of rational curves (π, ϕ) on X such that ϕ : C → X is dominant and such that
ϕ(Cu) = C for some closed point u ∈ U . Otherwise, we say that C is topologically rigid.

In Chapter 5, we will prove the following theorem.
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Theorem 1.4.1 (Theorem 5.1.1). Let X be a proper smooth surface over an alge-
braically closed field k of characteristic p > 0. Assume that X contains a topologically
non-rigid rational curve C ⊂ X satisfying one of the following conditions:

(1) The δ-invariants of C are strictly less than (p− 1)/2 at every closed point.
(2) The Jacobian numbers of C are strictly less than p at every closed point.

Then, X is separably uniruled and thus, has negative Kodaira dimension.

Our results are optimal in some sense; see Proposition 5.7.7.

Remark 1.4.2. It is conjectured that there are infinitely many rational curves on a K3
surface over an algebraically closed field; see [77, Conjecture in Introduction]. The initial
motivation of this work is to construct infinitely many rational curves on a K3 surface
X defined over a number field by lifting rational curves on the reduction of X modulo p
following methods given in [10, 77]. It is known that rational curves on a K3 surface are
important to study the Chow group of 0-cycles on it; see [57] for details.

1.5. Notation

The following notation will be used throughout this thesis.

(1) Let k be a field. An algebraic closure of k is denoted by k and a separable closure
of k is denoted by ksep (except for Chapter 3). We often take ksep as the separable
closure of k in k. The absolute Galois group Gal(ksep/k) of k is denoted by Gk.

(2) Let Fq denote a finite field of cardinality q. For a prime number `, let Zℓ be the
ring of `-adic integers and let Qℓ be the field of fractions of Zℓ.

(3) A non-archimedean local field is the field of fractions of a complete discrete valu-
ation ring whose residue field is a finite field.

(4) Let f : X → S be a morphism of schemes. For a morphism T → S of schemes,
the base change X×S T of X is denoted by XT and fT : XT → T denotes the base
change of f . If S = SpecR and T = SpecR′ are affine schemes, the base change
X ×SpecR SpecR′ is also denoted by XR′ or X ⊗R R′. We use similar notation for
the base change of group schemes, p-divisible groups, line bundles, étale sheaves,
morphisms between them, etc.

(5) Let k be a field. A variety X over k means a separated schemeX of finite type over
k such that Xk is connected. A surface over k means a variety of pure dimension 2
over k. Moreover, a curve over k means a variety of pure dimension 1 over k. For
a variety X (or a scheme X of finite type) over k, let dimX denote the dimension
of X.

(6) Let G be a group and letM be an abelian group equipped with an action of G. Let
MG denote the G-fixed part of M . Let MG denote be the group of G-coinvariants
of M .

(7) For a perfect field k of characteristic p, the ring of Witt vectors of k is denoted by
W (k). The Frobenius automorphism of W (k) is denoted by σ : W (k)→ W (k).



CHAPTER 2

Kuga-Satake constructions for K3 surfaces

2.1. Introduction

The integral canonical models of orthogonal Shimura varieties and the Kuga-Satake
morphism have applications to the arithmetic of K3 surfaces. For example, Madapusi Pera
used it to prove the Tate conjecture for divisors on K3 surfaces over finitely generated fields
[85, 72].

The aim of this chapter is to give further applications. The major part of this chapter
is devoted to prove the following results.

(1) (see Theorem 2.1.1) Every K3 surface X of finite height over a finite field Fq with
q elements admits a CM lifting after replacing Fq by its finite extension (i.e. it
admits a characteristic 0 lifting whose generic fiber has complex multiplication).

(2) (see Theorem 2.1.4) The Tate conjecture holds for algebraic cycles of codimension
2 on the square X ×X of any K3 surface X (of any height) over Fq.

These results are consequences of our results on characteristic 0 liftings of K3 surfaces;
see Theorem 2.1.6. These results were obtained in the joint work with Tetsushi Ito and
Teruhisa Koshikawa [65]. For simplicity, we will assume that the characteristic of the base
field is greater than or equal to 5. However, all of our results are valid over finite fields of
any characteristics; see [65] for details.

In the last section of this chapter, we prove the Tate conjecture with torsion coefficients
for a K3 surface over a field finitely generated over its prime field; see Theorem 2.9.1. If the
characteristic of the base field is 0, this was proved by Skorobogatov-Zarhin [118]. For the
proof, we need the Kuga-Satake morphism. Even when the base field is of characteristic
p > 0, we can use the same methods to prove the result, as shown in [119] when p ≥ 3
and in [62] when p = 2. However, in characteristic p > 0, the result also follows from
a more general result due to Cadoret-Hui-Tamagawa [21] without using the Kuga-Satake
morphism. See Section 2.9 for details. We will also give an application to the finiteness of
the Brauer group of a K3 surface over a field finitely generated over its prime field.

In the rest of this section, we shall first give precise statements of our results on CM
liftings and the Tate conjecture; see Theorem 2.1.1 and Theorem 2.1.4. Then we explain
our results on characteristic 0 liftings (see Theorem 2.1.6), and how to obtain the results
(1) and (2) from them.

2.1.1. CM liftings of K3 surfaces of finite height over finite fields. First we
state our results on CM liftings.

Recall that a projective smooth surface X over a field is called a K3 surface if its
canonical bundle is trivial and it satisfies H1(X,OX) = 0. More generally, an algebraic
space X over a scheme S is a K3 surface over S if X → S is proper, smooth, and every
geometric fiber is a K3 surface.

We say that a projective K3 surface Y over C has complex multiplication (CM ) if the
Mumford-Tate group associated with the singular cohomology H2

B(Y,Q) is commutative;

7



8 2. KUGA-SATAKE CONSTRUCTIONS FOR K3 SURFACES

see Section 2.7.1. We say that a K3 surface Y over a number field F has CM if YC has CM
for every embedding F ↪→ C.

Throughout this section, we fix a prime number p ≥ 5. Let q be a power of p. Let X
be a K3 surface over Fq. We say that X admits a CM lifting if there exist a number field
F , a finite place v of F with residue field Fq, and a K3 surface X over the localization
OF,(v) of the ring of integers OF of F at v such that the special fiber XFq is isomorphic to
X, and the generic fiber XF is a K3 surface with CM.

The height h of the formal Brauer group of X is called the height of X; it satisfies
1 ≤ h ≤ 10 or h = ∞. When 1 ≤ h ≤ 10 (resp. h = ∞), we say that X is of finite height
(resp. supersingular).

Here is the first main theorem of this chapter.

Theorem 2.1.1 (Corollary 2.7.10). Let X be a K3 surface over Fq. If X is of finite
height, then there is a positive integer m ≥ 1 such that XFqm

:= X ×SpecFq SpecFqm admits
a CM lifting.

Remark 2.1.2. Yang also proved the above theorem under the additional conditions
that p ≥ 5 and X admits a quasi-polarization whose degree is not divisible by p; see [134,
Theorem 1.6]. Our method and Yang’s method share several ingredients but there is one
difference; Yang used Kisin’s result [74, Theorem 0.4] on the CM liftings, up to isogeny,
of closed points of the special fiber of the integral canonical model of a Shimura variety of
Hodge type, while we give a refinement of Kisin’s result (or argument) itself; see Theorem
2.1.6 for details.

Remark 2.1.3. Deuring proved that every elliptic curve over a finite field admits a
characteristic 0 lifting whose generic fiber is an elliptic curve with CM; see [22, Theorem
1.7.4.6]. Theorem 2.1.1 is an analogue of this result for K3 surfaces of finite height. It
is an interesting question to ask whether Theorem 2.1.1 holds also for supersingular K3
surfaces over finite fields. Our methods in this chapter cannot be applied to supersingular
K3 surfaces.

2.1.2. The Tate conjecture for the squares of K3 surfaces over finite fields.
As the second main theorem of this chapter, we shall prove the Tate conjecture (Conjecture
1.2.1) for the square of a K3 surface over a finite field of characteristic p ≥ 5.

Theorem 2.1.4. Let X be a K3 surface (of any height) over Fq. We put X × X :=
X ×SpecFq X and XFq

×XFq
:= XFq

×SpecFq
XFq

. Then, for every i, the `-adic cycle class
map

cliℓ : Z
i(X ×X)⊗Z Qℓ → H2i

ét (XFq
×XFq

,Qℓ(i))
Gal(Fq/Fq)

is surjective for every prime number ` 6= p.

Here Zi(X ×X) denotes the group of algebraic cycles of codimension i on X ×X.

Remark 2.1.5. Theorem 2.1.4 was previously known to hold for some K3 surfaces.

(1) Theorem 2.1.4 obviously holds for any i /∈ {1, 2, 3}.
(2) The surjectivity of cl1ℓ and cl3ℓ follow from the Tate conjecture for X [85, 72]; see

also Lemma 2.8.5.
(3) Theorem 2.1.4 holds when X is supersingular. In fact, the Tate conjecture for

X implies the Picard number of XFq
is 22; see Lemma 2.8.2. Then the Tate

conjecture for the square X×X follows by the Künneth formula; see Lemma 2.8.3
and Remark 2.8.4.
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(4) Zarhin proved the Tate conjecture for X ×X when X is an ordinary K3 surface;
see [138, Corollary 6.1.2]. Here a K3 surface X is called ordinary if it is of height
1. (More generally, Zarhin proved the Tate conjecture for any power X × · · · ×X
of an ordinary K3 surface X.)

(5) Yu-Yui proved the Tate conjecture for X×X when X satisfies some conditions on
the characteristic polynomial of the Frobenius morphism; see [135, Lemma 3.5,
Corollary 3.6].

In the cases studied by Zarhin and Yu-Yui, it turns out that all the Tate cycles of
codimension 2 on X × X are spanned by the classes of the cycles of the form X × {x0},
{x0}×X, and D1×D2, and the classes of the graphs of powers of the Frobenius morphism
on X. Here x0 is a closed point on X, and D1 and D2 are divisors on X. In general, there
are Tate classes on X × X which are not spanned by these classes. Therefore, in order
to prove Theorem 2.1.4 in full generality, we shall prove the algebraicity of Tate cycles on
X ×X which are not spanned by Tate cycles considered by Zarhin and Yu-Yui. We shall
prove it by constructing characteristic 0 liftings, and applying the results of Mukai and
Buskin on the Hodge conjecture.

2.1.3. Construction of characteristic 0 liftings preserving the action of tori.
Here we explain our results on the construction of characteristic 0 liftings of K3 surfaces.

Let X be a K3 surface over Fq, and L a line bundle on X defined over Fq which gives
a primitive quasi-polarization. Assume that X is of finite height. After replacing Fq by a
finite extension of it, the Kuga-Satake abelian variety A associated with (X,L ) is defined
over Fq. (Precisely, we shall use the Kuga-Satake abelian variety introduced by Madapusi
Pera in [86, 85], which has dimension 221; it is larger than the dimension of the classical
Kuga-Satake abelian variety. See Section 2.3.3.)

We have an action of a general spin group, denoted by GSpin(LQ) in this chapter, on
the cohomology of X and A. We put G := GSpin(LQ) in this section. We do not recall
the precise definition of G here. Instead, we give some of its properties:

• For every prime number ` 6= p, the group of Qℓ-valued points G(Qℓ) acts on the
primitive part

P 2
ét(XFq

,Qℓ(1)) := chℓ(L )⊥ ⊂ H2
ét(XFq

,Qℓ(1))

of the `-adic cohomology of X and the `-adic cohomology H1
ét(AFq

,Qℓ) of A.

• There is a G(Qℓ)-equivariant Qℓ-linear map

P 2
ét(XFq

,Qℓ(1))→ EndQℓ
(H1

ét(AFq
,Qℓ)

∨),

where ()∨ denotes the Qℓ-linear dual.
• There is an element Frobq ∈ G(Qℓ) such that its action on P 2

ét(XFq
,Qℓ(1)) (resp.

H1
ét(AFq

,Qℓ)) coincides with the action of the geometric Frobenius morphism on

the `-adic cohomology of X (resp. A).

Following Kisin [74], we attach an algebraic group I over Q to the quasi-polarized K3
surface (X,L ); see Definition 2.6.1. Instead of giving the precise definition here, we give
its properties:

• The group ofQ-valued points I(Q) is considered as a subgroup of the multiplicative
group of the endomorphism algebra of AFq

tensored with Q:

I(Q) ⊂ (EndFq
(AFq

)⊗Z Q)×.
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• For every prime number ` 6= p, there is an embedding IQℓ
↪→ GQℓ

, and an element
ofG(Qℓ) is in I(Qℓ) if and only if it commutes with Frobmq for a sufficiently divisible
m ≥ 1.
• The algebraic groups G and I have the same rank.

The existence of an algebraic group I over Q which satisfies these properties is not
obvious; it is considered as Kisin’s group-theoretic interpretation and generalization of
Tate’s original proof of the Tate conjecture for endomorphisms of abelian varieties over
finite fields.

As the third main theorem of this chapter, we shall construct a characteristic 0 lifting
of a quasi-polarized K3 surface of finite height preserving the action of a maximal torus of
the algebraic group I.

Theorem 2.1.6 (Theorem 2.7.7). Let T ⊂ I be a maximal torus over Q. Then there
exist a finite extension K of W (Fq)[1/p] and a quasi-polarized K3 surface (X ,L) over OK
such that the special fiber (XFq

,LFq
) is isomorphic to (XFq

,LFq
), and, for every embedding

K ↪→ C, the quasi-polarized K3 surface (XC,LC) satisfies the following properties:

(1) The K3 surface XC has CM.
(2) There is a homomorphism of algebraic groups over Q

T → SO(P 2
B(XC,Q(1))).

Here P 2
B(XC,Q(1)) is the primitive part of the Betti cohomology of XC.

(3) For every ` 6= p, the action of T (Qℓ) on P
2
B(XC,Q(1))⊗Q Qℓ is identified with the

action of T (Qℓ) on P
2
ét(XFq

,Qℓ(1)) via the canonical isomorphisms

P 2
B(XC,Q(1))⊗Q Qℓ

∼= P 2
ét(XC,Qℓ(1)) ∼= P 2

ét(XFq
,Qℓ(1))

(using the embedding K ↪→ C, we consider K as a subfield of C).
(4) The action of every element of T (Q) on P 2

B(XC,Q(1)) preserves the Q-Hodge struc-
ture on it.

Our construction of characteristic 0 liftings relies on the theory of integral canonical
models of Shimura varieties of Hodge type developed by Milne, Vasiu, Kisin, and Kim-
Madapusi Pera.

Remark 2.1.7. It is known that every K3 surface with CM is defined over a number
field; see Proposition 2.7.1 and Remark 2.7.2. Therefore, Theorem 2.1.6 implies Theorem
2.1.1.

Remark 2.1.8. When X is ordinary, Theorem 2.1.6 was essentially proved by Nygaard
in [96] although the algebraic group I did not appear there. When X is ordinary, the
canonical lifting of X is a CM lifting.

2.1.4. Outline of the proofs of the main theorems. We shall prove Theorem
2.1.1 and Theorem 2.1.6 at the same time. Then, combined with the results of Mukai and
Buskin, we shall prove Theorem 2.1.4.

Proofs of Theorem 2.1.1 and Theorem 2.1.6. In the following argument, we replace Fq
by a sufficiently large finite extension of it. We write W := W (Fq).

Let B̂r := B̂r(X) be the formal Brauer group associated with X. First we shall show

that IQp acts on B̂r, up to isogeny. Then we take a finite totally ramified extension E of

W [1/p], and a one-dimensional smooth formal group G over OE lifting B̂r such that the

action of IQp on B̂r lifts to an action of IQp on G, up to isogeny.
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The lifting G defines filtrations on P 2
cris(X/W )⊗W E and H1

cris(A/W )⊗W E as follows.
Here P 2

cris(X/W ) is the primitive part of the crystalline cohomology ofX. The Kuga-Satake
construction gives embeddings which are homomorphisms of F -isocrystals after inverting
p:

D(B̂r)(1) ⊂ P 2
cris(X/W )(1) ⊂ L̃cris ⊂ EndW (H1

cris(A/W )∨).

(Here D(B̂r) is the Dieudonné module of B̂r considered as a connected p-divisible group. For

the W -module L̃cris, see Section 2.5.) The lifting G defines a filtration on D(B̂r)(1)⊗W E:

Fil1(G) ⊂ D(B̂r)(1)⊗W E.

Thus, it gives the filtration on P 2
cris(X/W )(1)⊗W E:

Fil1(G) ⊂ Fil1(G)⊥ ⊂ P 2
cris(X/W )(1)⊗W E.

Take a generator e ∈ Fil1(G), and denote the image of the action of e by

Fil1 := Im(e) ⊂ H1
cris(A/W )⊗W E.

It gives a filtration on H1
cris(A/W )⊗W E, which does not depend on the choice of e.

When p ≥ 5, the results of Nygaard-Ogus [97] imply the existence of a lifting (X ,L)
over OE corresponding to the filtration defined as above.

We shall show that, for every embedding E ↪→ C, the action of an element of T (Q) on
P 2
B(XC,Q(1)) preserves the Q-Hodge structure. To show this, we note that each element

of T (Q) can be considered as an element of (EndFq(A)⊗Z Q)×. Since its action preserves
the filtration on H1

cris(A/W ) ⊗W E, it lifts to an element of (EndC(AC) ⊗Z Q)×, where
AC is the Kuga-Satake abelian variety over C associated with (XC,LC). In particular, it
preserves the Hodge structure on the singular cohomology H1

B(AC,Q). Since we have a
T (Q)-equivariant embedding respecting the Q-Hodge structures

P 2
B(XC,Q(1)) ↪→ EndC(H

1
B(AC,Q)∨),

the action of each element of T (Q) on P 2
B(XC,Q(1)) preserves the Q-Hodge structure on

it.
As the algebraic groups G and I have the same rank, we conclude that the Mumford-

Tate group of P 2
B(XC,Q(1)) is commutative. Thus XC is a K3 surface with CM. Con-

sequently, the quasi-polarized K3 surface (XE,LE) is defined over a number field, and
Theorem 2.1.1 and Theorem 2.1.6 are proved.

Proof of Theorem 2.1.4. We may assume that X is of finite height. Fix a prime number
` 6= p. By the Künneth formula, we have

H4
ét(XFq

×XFq
,Qℓ(2))

∼=
⊕

(i,j)=(0,4),(2,2)(4,0)

H i
ét(XFq

,Qℓ)⊗Qℓ
Hj

ét(XFq
,Qℓ)⊗Qℓ

Qℓ(2).

It is enough to show that every element fixed by Frobq in the component of type (2, 2) is
spanned by the classes of algebraic cycles of codimension 2 onX×X. By the Poincaré dual-
ity, such an element can be considered as an endomorphism of H2

ét(XFq
,Qℓ(1)) commuting

with Frobq.
Thus, we consider the action of I(Qℓ) on P

2
ét(XFq

,Qℓ(1)). It can be shown that, after
replacing Fq by a finite extension of it, there exist maximal tori T1, . . . , Tn ⊂ I over Q such
that the Qℓ-vector space of endomorphisms on P 2

ét(XFq
,Qℓ(1)) commuting with Frobq is

spanned by the images of T1(Q), . . . , Tn(Q).
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Therefore, it is enough to show that, for each i, the action of every element of Ti(Q)
on P 2

ét(XFq
,Qℓ(1)) comes from an algebraic cycle of codimension 2 on X × X. It can be

proved by combining Theorem 2.1.6 with the results of Mukai and Buskin on the Hodge
conjecture for certain Hodge cycles on the product of two K3 surfaces over C.

2.1.5. Outline of this chapter. In Section 2.2, we recall basic results on Clifford
algebras and general spin groups. Then, in Section 2.3 and Section 2.4, we fix notation and
recall necessary results on the integral canonical models of orthogonal Shimura varieties and
the Kuga-Satake morphism used in this chapter. In Section 2.5, we compare F -crystals
on Shimura varieties and the crystalline cohomology of K3 surfaces. In Section 2.6, we
define and study an analogue of Kisin’s algebraic group associated with a quasi-polarized
K3 surface of finite height over a finite field. We also study its action on the formal Brauer
group. In Section 2.7, we prove Theorem 2.1.1 and Theorem 2.1.6. In Section 2.8, combined
with the results of Mukai and Buskin, we prove Theorem 2.1.4. In Section 2.9, we prove a
torsion analogue of the Tate conjecture for K3 surfaces. We also give an application to the
finiteness of the Brauer group of a K3 surface over a field finitely generated over its prime
field.

2.1.6. Notation. Throughout this chapter, we fix a prime number p > 0, and q
denotes a power of p. We will assume that p ≥ 5 in several places in this chapter to avoid
technical issues.

A quadratic space over a commutative ring R means a free R-module M of finite rank
equipped with a quadratic form Q. We equip M with a symmetric bilinear pairing ( , )
defined by (x, y) = Q(x + y) − Q(x) − Q(y) for x, y ∈ M . For a module M over a
commutative ring R equipped with a symmetric bilinear form ( , ), we say that M (or the
bilinear form ( , )) is even if, for every x ∈M , we have (x, x) = 2a for some a ∈ R.

The base change of a module or a scheme is denoted by a subscript. For example,
for a module M over a commutative ring R and an R-algebra R′, the tensor product
M ⊗R R′ is denoted by MR′ . For a scheme (or an algebraic space) X over R, the base
change X ×SpecR SpecR′ is denoted by XR′ . We use similar notation for the base change
of group schemes, p-divisible groups, line bundles, morphisms between them, etc. For a
homomorphism f : M → N of R-modules, the base change fR′ : MR′ → NR′ is also denoted
by the same notation f if there is no possibility of confusion. For an element x ∈ M , the
R-submodule of M generated by x is denoted by 〈x〉. The dual of M as an R-module is
denoted by M∨ := HomR(M,R).

2.2. Clifford algebras and general spin groups

In this section, we introduce notation on quadratic spaces and Clifford algebras which
will be used in this chapter. Our basic references are [4] and [86, Section 1].

2.2.1. Embeddings of lattices. A quadratic space U := Zx⊕ Zy whose associated
bilinear form is given by (x, x) = (y, y) = 0 and (x, y) = 1 is called the hyperbolic plane.
The K3 lattice ΛK3 is defined by

ΛK3 := E8
⊕2 ⊕ U⊕3,

which is a quadratic space over Z. It is unimodular and the signature of it is (19, 3).
We fix a positive integer d > 0. Let L be an orthogonal complement of x− dy in ΛK3,

where x− dy is considered as an element in the third U . Hence L is equal to

E8
⊕2 ⊕ U⊕2 ⊕ 〈x+ dy〉,
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and the signature of it is (19, 2).
The following result is well known.

Lemma 2.2.1. Let p be a prime number. There is a quadratic space L̃ of rank 22 over
Z satisfying the following properties:

(1) The signature of it is (20, 2).

(2) L̃ is self-dual at p (i.e. the discriminant of L̃ is not divisible by p).

(3) There is an embedding L ↪→ L̃ as quadratic spaces which sends L onto a direct

summand of L̃ as a Z-module.

Proof. This result was proved in [86, Lemma 6.8] when p > 2. Here we briefly
give a proof which is valid for every prime number p. We consider a quadratic space
L′ := Zv1⊕Zv2 such that the associated bilinear form is given by (v1, v1) = 2d, (v2, v2) = 2p,
and (v1, v2) = 1. We put

L̃ := E8
⊕2 ⊕ U⊕2 ⊕ L′.

This is of signature (20, 2) and self-dual at p. We have an embedding of quadratic spaces

L = E8
⊕2 ⊕ U⊕2 ⊕ 〈x+ dy〉 ↪→ L̃

which is the identity on E8
⊕2 ⊕ U⊕2 and sends x+ dy to v1. �

2.2.2. Clifford algebras and general spin groups. In the rest of this chapter, we

fix an embedding of quadratic spaces L ⊂ L̃ as in Lemma 2.2.1.

Let Cl := Cl(L̃) be the Clifford algebra over Z associated with the quadratic space

(L̃, qL̃). There is an embedding of Z-modules L̃ ↪→ Cl which is universal for morphisms

f : L̃→ R of Z-modules into an associative Z-algebra R such that f(v)2 = qL̃(v) for every

v ∈ L̃. The algebra Cl has a Z/2Z-grading structure Cl := Cl+⊕Cl−, where Cl+ is a

subalgebra of Cl. The quadratic space L̃ is naturally embedded into Cl−.
Let Z(p) be the localization of Z at the prime ideal (p). We define the general spin

group G̃ := GSpin(L̃Z(p)
) over Z(p) by

G̃(R) := { g ∈ (Cl+R)
× | gL̃Rg−1 = L̃R in Cl−R }

for every Z(p)-algebra R. Since L̃ is self-dual at p, the group scheme G̃ is a reductive group
scheme over Z(p).

The special orthogonal group G̃0 := SO(L̃Z(p)
) is a reductive group scheme over Z(p),

whose generic fiber G̃0,Q := G̃0 ⊗Z(p)
Q is SO(L̃Q).

We have the canonical morphism G̃→ G̃0 defined by g 7→ (v 7→ gvg−1), whose kernel is
the multiplicative group Gm,Z(p)

over Z(p). We have the following exact sequence of group
schemes over Z(p):

1→ Gm,Z(p)
→ G̃ = GSpin(L̃Z(p)

)→ G̃0 = SO(L̃Z(p)
)→ 1.

2.2.3. Representations of general spin groups and Hodge tensors. We define

a Z-module H by H := Cl. We consider HZ(p)
as a G̃-representation over Z(p) by the left

multiplication. We have a closed embedding of group schemes over Z(p):

G̃ ↪→ GL(HZ(p)
).
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As in [73, (1.3.1)], let H⊗Z(p)
be the direct sum of all Z(p)-modules obtained from HZ(p)

by

taking tensor products, duals, symmetric powers, and exterior powers. (In fact, symmetric
powers and exterior powers are unnecessary; see [37].) By [73, Proposition 1.3.2], the

group scheme G̃ over Z(p) is the stabilizer of a finite collection of tensors

{sα} ⊂ H⊗Z(p)
.

(See also [72, Lemma 4.7].) In the rest of this chapter, we fix such tensors {sα}.
We regard L̃Z(p)

as a G̃-representation via the canonical homomorphism G̃ → G̃0 as
above. Then the injective homomorphism

i : L̃Z(p)
↪→ EndZ(p)

(HZ(p)
)

defined by v 7→ (h 7→ vh) is G̃-equivariant. The cokernel of this homomorphism i is
torsion-free as a Z(p)-module.

We end this section by describing filtrations on Clifford algebras defined by isotropic

elements. Let F be a field of characteristic 0. Take a non-zero element e ∈ L̃F satisfying
(e, e) = 0. We consider an endomorphism

i(e) := (i⊗Z(p)
F )(e) ∈ EndF (HF )

which is the image of e under the embedding i⊗Z(p)
F : L̃F ↪→ EndF (HF ). Let i(e)(HF ) be

the image of the endomorphism i(e) : HF → HF . Then we have the following proposition:

Proposition 2.2.2. The dimension of i(e)(HF ) as an F -vector space is 221.

Proof. We have a decomposition L̃F = 〈e〉 ⊕ 〈f〉 ⊕ (〈e〉 ⊕ 〈f〉)⊥ such that (e, f) = 1
and (f, f) = 0. Let v3, . . . , v22 be an orthogonal basis for (〈e〉 ⊕ 〈f〉)⊥. We have

HF =
⊕

aj∈{0,1}

〈ea1fa2va33 . . . va2222 〉

by [14, §9.3, Théorème 1]. Since e2 = 2−1(e, e) = 0 in the Clifford algebra HF = ClF , we
have

i(e)(HF ) =
⊕

aj∈{0,1}

〈efa2va33 . . . va2222 〉.

Hence the dimension of i(e)(HF ) as an F -vector space is 221. �

2.3. Shimura varieties

In this section, we recall basic results on Shimura varieties and their integral models
associated with general spin groups and special orthogonal groups. We follow Madapusi
Pera’s paper [86] for orthogonal Shimura varieties. (For integral models of more general
Shimura varieties of abelian type, see Kisin’s paper [73]. For the construction of 2-adic
integral canonical models, see also [72].)

We retain the notation of Section 2.2. Recall that we fix an embedding of quadratic

spaces L ⊂ L̃ as in Lemma 2.2.1.
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2.3.1. Orthogonal Shimura varieties over Q. Let XL̃ be the symmetric domain of

oriented negative definite planes in L̃R. We have Shimura data (G̃0,Q, XL̃) and (G̃Q, XL̃).
Each of them has the reflex field Q; see [1, Appendix 1, Lemma] for example. The canonical

homomorphism G̃→ G̃0 induces a morphism of Shimura data (G̃Q, XL̃)→ (G̃0,Q, XL̃).

We put K̃0,p := G̃0(Zp) (resp. K̃p := G̃(Zp)), which is a hyperspecial subgroup. Let K̃p
0 ⊂

G̃0(Ap
f ) (resp. K̃p ⊂ G̃(Ap

f )) be an open compact subgroup and K̃0 := K̃0,pK̃
p
0 ⊂ G̃0(Af )

(resp. K̃ := K̃pK̃
p ⊂ G̃(Af )). We have the Shimura varieties ShK̃0

:= ShK̃0
(G̃0,Q, XL̃),

ShK̃ := ShK̃(G̃Q, XL̃) associated with the Shimura data (G̃0,Q, XL̃), (G̃Q, XL̃). We assume

K̃p
0 and K̃p are small enough such that ShK̃0

and ShK̃ are smooth quasi-projective schemes

over Q. Moreover, we assume the image of K̃p under the homomorphism G̃ → G̃0 is K̃p
0.

Then we have a finite étale morphism over Q:

ShK̃ → ShK̃0
.

We also consider the reductive group SO(LQ) over Q. Let XL be the symmetric do-
main of oriented negative definite planes in LR. We have a Shimura datum (SO(LQ), XL)

and a morphism of Shimura data: (SO(LQ), XL) → (G̃0,Q, XL̃). Let K0,p ⊂ SO(LQ)(Qp)
be the maximal subgroup which stabilizes LZp and acts on L∨Zp

/LZp trivially. Let K
p
0 ⊂

SO(LQ)(Ap
f ) be an open compact subgroup which stabilizes LẐp and acts on L∨

Ẑp
/LẐp triv-

ially. We assume K
p
0 is small enough such that it is contained in K̃

p

0 and the associated
Shimura variety ShK0(SO(LQ), XL) is a smooth quasi-projective variety over Q, where
K0 := K0,pK

p
0. Note that we have K0,p ⊂ K̃0,p; see the proof of [86, Lemma 2.6]. Hence we

have a morphism of Shimura varieties over Q:

ShK0(SO(LQ), XL)→ ShK̃0
.

2.3.2. Symplectic embeddings of general spin groups. By [86, Lemma 3.6],
there is a non-degenerate alternating bilinear form

ψ : H ×H → Z

satisfying the following properties:

• The left multiplication induces a closed embedding of algebraic groups over Q

G̃Q ↪→ GSp := GSp(HQ, ψQ).

• The left multiplication induces a morphism of Shimura data

(G̃Q, XL̃)→ (GSp, S±),

where S± denotes the Siegel double spaces associated with the symplectic space
(HQ, ψ).

Let K′p ⊂ GSp(Ap
f ) be an open compact subgroup containing the image of K̃p. Let

K′p ⊂ GSp(Qp) be the stabilizer of HZp . We put K′ := K′pK
′p. After replacing K′p and

K̃p by their open compact subgroups, we may assume that the associated Shimura variety
ShK′(GSp, S±) is a smooth quasi-projective scheme over Q and the morphism of Shimura

data (G̃Q, XL̃)→ (GSp, S±) induces the following morphism of Shimura varieties over Q:

ShK̃ → ShK′(GSp, S±).



16 2. KUGA-SATAKE CONSTRUCTIONS FOR K3 SURFACES

Let us summarize our situation by the following commutative diagram of algebraic
groups over Q:

GSpin(LQ)
� � //

��

G̃Q

��

� � // GSp

SO(LQ)
� � //// G̃0,Q.

We also have the corresponding diagram of Shimura varieties over Q:

ShK̃ = ShK̃(G̃Q, XL̃)

��

// ShK′(GSp, S±)

ShK0(SO(LQ), XL) // // ShK̃0
= ShK̃0

(G̃0,Q, XL̃).

2.3.3. Integral canonical models and the Kuga-Satake abelian scheme. Since

K̃0,p ⊂ G̃0(Qp) and K̃p ⊂ G̃(Qp) are hyperspecial subgroups, the Shimura varieties ShK̃,
ShK̃0

admit the integral canonical models SK̃, SK̃0
over Z(p), respectively. (This result is

proved by Kisin when p 6= 2 [73], and by Kim-Madapusi Pera when p = 2 [72]. The integral
canonical models are characterized by the extension properties. See [73] for details.)

By the construction of SK̃0
, the morphism ShK̃ → ShK̃0

extends to a finite étale mor-
phism SK̃ → SK̃0

over Z(p).

Let m := |H∨Z/HZ| be the discriminant of HZ. We put g := (dimQHQ)/2 = 221. Let
A := Ag,m,K′ be the moduli space over Z(p) of triples (A, λ, ε

′p) consisting an abelian scheme
A of dimension g, a polarization λ : A→ A∗ of degree m, and a K′p-level structure ε′p. For
a sufficiently small K′p, this is represented by a quasi-projective scheme over Z(p). We have
a canonical open and closed immersion

ShK′(GSp, S±) ↪→ AQ

over Q. Hence, we have a morphism ShK̃ → AQ. over Q. By the construction of SK̃, this
morphism extends to a morphism SK̃ → A over Z(p); see [73, (2.3.3)], [72, Section 4.4].
In summary, we have the following diagram of schemes over Z(p):

SK̃

��

// A

SK̃0
.

Let AS
K̃
→ SK̃ be the abelian scheme corresponding to the morphism SK̃ → A . The

abelian scheme AS
K̃
is called the Kuga-Satake abelian scheme. We often drop the subscript

SK̃ in the notation. For every SK̃-scheme S, we denote the pullback of AS
K̃
to S by AS.

Remark 2.3.1. If the discriminant of the quadratic space L is divisible by p, we
do not yet have a satisfactory theory of integral canonical models of the Shimura va-
rieties ShK(GSpin(LQ), XL) and ShK0(SO(LQ), XL) associated with L. (The open com-
pact subgroup K0,p ⊂ SO(LQ)(Qp) may not be hyperspecial.) Following Madapusi Pera

[86, 85, 72], we embed L into L̃ whose discriminant is not divisible by p as in Lemma

2.2.1, and use the integral canonical models SK̃ and SK̃0
associated with L̃.
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2.3.4. Local systems on Shimura varieties. We recall basic results on (complex
analytic, `-adic, and p-adic) local systems on orthogonal Shimura varieties. (For details,
see [86, 72].)

The G̃-representation L̃Z(p)
and the G̃-equivariant embedding i : L̃Z(p)

↪→ EndZ(p)
(HZ(p)

)
induce the following objects:

• A Q-local system ṼB over the complex analytic space Shan
K̃,C and an embedding of

Q-local systems:

iB : ṼB ↪→ End(H∨B).

Here HB is the relative first singular cohomology with coefficients in Q of Aan
Sh

K̃,C

over Shan
K̃,C, and H

∨
B is its dual.

• An Ap
f -local system Ṽp over the integral canonical model SK̃ and an embedding

of Ap
f -local systems:

ip : Ṽp ↪→ End(V pA).

Here we put

V pA := (lim←−
p∤n
A[n])⊗Z Q

and consider it as an Ap
f -local system over SK̃.

• A Zp-local system L̃p over the Shimura variety SK̃,Q = ShK̃ and an embedding of
Zp-local systems:

ip : L̃p ↪→ End(TpASh
K̃
).

Here TpASh
K̃
is the p-adic Tate module of ASh

K̃
over ShK̃.

2.3.5. Hodge tensors. Recall that we fix tensors {sα} of H⊗Z(p)
defining the closed

embedding G̃ ↪→ GL(HZ(p)
) over Z(p); see Section 2.2.3. The tensors {sα} of H⊗Z(p)

give rise

to global sections {sα,B} of H⊗B , global sections {spα} of (V pA)⊗, and global sections {sα,p}
of (TpA)⊗.

We recall properties of these tensors. (See [74, (1.3.6)], [72, Proposition 4.10] for
details.)

• Let k be a field of characteristic 0. For every x ∈ SK̃,Q(k) and a geometric point

x ∈ SK̃,Q(k) above x, the stalk L̃p,x at x is equipped with an even perfect bilinear

form ( , ) over Zp. The bilinear form is Gal(k/k)-invariant, i.e. we have

(gy1, gy2) = (y1, y2)

for every y1, y2 ∈ L̃p,x and every g ∈ Gal(k/k).

We identify Tp(Ax) with H1
ét(Ax,Zp)∨. The Gal(k/k)-module L̃p,x and the

homomorphism ip,x are characterized by the property that there is an isomorphism
of Zp-modules

HZp
∼= H1

ét(Ax,Zp)∨
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which carries {sα} to {sα,p,x} and induces the commutative diagram

L̃Zp

∼=
��

i // EndZp(HZp)

∼=
��

L̃p,x
ip,x // EndZp(H

1
ét(Ax,Zp)∨),

where L̃Zp
∼= L̃p,x is an isometry over Zp. (We will often drop the subscript x of

ip,x.)
• Let k a field of characteristic 0 or p. For every x ∈ SK̃(k) and a geometric point

x ∈ SK̃(k) above x, the stalk Ṽp
x at x has a bilinear form ( , ) over Ap

f satisfying

the same property as above with Zp replaced by Ap
f .

• For every x ∈ SK̃(C), the stalk ṼB,x at x has a bilinear form ( , ) over Q satisfying
the same property as above with Zp replaced by Q.

2.3.6. F -crystals. Let k be a finite field Fq or Fq. Let x ∈ SK̃,Fp
(k) be an element.

The G̃-representation L̃Z(p)
and the G̃-equivariant embedding i : L̃Z(p)

↪→ EndZ(p)
(HZ(p)

)

induces a free W -module L̃cris,x of finite rank and an embedding

icris : L̃cris,x ↪→ EndW (H1
cris(Ax/W )∨).

The W [1/p]-vector space L̃cris,x[1/p] has the structure of an F -isocrystal. Namely, it is
equipped with a Frobenius automorphism ϕ. The embedding icris induces an embedding
of F -isocrystals

icris[1/p] : L̃cris,x[1/p] ↪→ EndW [1/p](H
1
cris(Ax/W [1/p])∨).

There is an even perfect bilinear form on L̃cris,x. When p is inverted, we have

(ϕ(y1), ϕ(y2)) = σ(y1, y2)

for every y1, y2 ∈ L̃cris,x[1/p]. The tensors {sα} of H⊗Z(p)
give rise to Frobenius invariant

tensors {sα,cris,x} of H1
cris(Ax/W )⊗. There is an isomorphism of W -modules

HW
∼= H1

cris(Ax/W )∨

which carries {sα} to {sα,cris,x} and induces the following commutative diagram:

L̃W

∼=
��

i // EndW (HW )

∼=
��

L̃cris,x
icris // EndW (H1

cris(Ax/W )∨),

where L̃W ∼= L̃cris,x is an isometry over W . (For details, see [73, 74, 86, 72]. See also [65,
Section 4.6].)

2.3.7. Λ-structures for integral canonical models. Recall that we have fixed an

embedding of quadratic spaces L ↪→ L̃. Let Λ := L⊥ ⊂ L̃ be the orthogonal complement

of L in L̃, and ι : Λ ↪→ L̃ the natural inclusion.
We recall the definition of Λ-structures from [86].
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Definition 2.3.2 (see [86, Definition 6.11]). A Λ-structure for an SK̃-scheme S is a
homomorphism of Z(p)-modules

ιS : ΛZ(p)
→ EndS(AS)Z(p)

satisfying the following properties:

• For any algebraically closed field K of characteristic 0 and x ∈ S(K), there is an

isometry ιp : ΛZp → L̃p,x over Zp such that the homomorphism induced by ιS

ΛZp → EndZp(TpAx)
factors as

ΛZp

ιp−→ L̃p,x
ip−→ EndZp(TpAx).

• For any perfect field k of characteristic p and x ∈ S(k), there is an isometry

ιcris : ΛW → L̃cris,x over W such that the homomorphism induced by ιS

ΛW → EndW (H1
cris(Ax/W )∨)

factors as

ΛW
ιcris // L̃cris,x

icris // EndW (H1
cris(Ax/W )∨) .

It turns out that these conditions imply the following:

• By [86, Corollary 5.22], for every geometric point x → S, there is an isometry

ιp : ΛAp
f
→ Ṽp

x over Ap
f such that the homomorphism induced by ιS

ΛAp
f
→ EndAp

f
(V p(Ax))

factors as
ΛAp

f

ιp−→ Ṽp
x

ip−→ EndAp
f
(V p(Ax)).

• For every C-valued point x ∈ S(C), there is an isometry ιB : ΛQ → ṼB,x over Q
such that the homomorphism induced by ιS

ΛQ → EndQ(H
1
B(Ax,Q)∨)

factors as

ΛQ
ιB−→ ṼB,x

iB−→ EndQ(H
1
B(Ax,Q)∨).

We recall the definition of a Kp-level structure. Here Kp ⊂ GSpin(LQ)(Ap
f ) is an open

compact subgroup whose image under the homomorphism GSpin(LQ)(Ap
f )→ SO(LQ)(Ap

f )

is K
p
0.
Let S be an SK̃-scheme. For simplicity, we assume S is locally Noetherian and con-

nected. Let ε′ be the corresponding K′p-level structure on AS; as in [73, (3.2.4)], for a

geometric point s→ S, the K′p-level structure ε′ is induced by a K̃p-orbit ε̃ of an isometry

HAp
f

∼= V p(As) over Ap
f which carries {sα} to {spα,s} and carries L̃Ap

f
to Ṽp

s such that ε̃ is

π1(S, s)-invariant. Here π1(S, s) denotes the étale fundamental group of S, and the Tate
module V p(As) over Ap

f has a natural action of π1(S, s).

Definition 2.3.3. Let S be a locally Noetherian connected scheme over SK̃. Let s→ S
be a geometric point. A Kp-level structure on (S, ιS) is a π1(S, s)-invariant K

p-orbit ει of
an isometry of Ap

f -modules

HAp
f

∼= V p(As)
satisfying the following properties:
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• It carries {sα} to {spα,s}.
• The following diagram is commutative:

ΛAp
f

ι //

ιp ��@
@@

@@
@@

@
L̃Ap

f

∼=
��

i // EndAp
f
(HAp

f
)

∼=
��

Ṽp
s

ip // EndAp
f
(V p(As)).

• The Kp-orbit ει induces the K̃p-orbit ε̃ on S.

Definition 2.3.4. Let ZKp(Λ) be the functor on SK̃-schemes defined by

ZKp(Λ)(S) := { (ιS, ει) | ιS is a Λ-structure and ει is a Kp-level structure on (S, ιS) }

for an SK̃-scheme S.

Similarly, we can define a Λ-structure ι0,S for an SK̃0
-scheme S, a Kp

0-level structure
on (S, ι0,S) and a functor ZKp

0
(Λ). (See [86, Definition 6.11] for details.)

The following result was proved by Madapusi Pera.

Proposition 2.3.5 (Madapusi Pera [86]). The functor ZKp(Λ) (resp. ZK
p
0
(Λ)) is

represented by a scheme which is finite and unramified over SK̃ (resp. SK̃0
). Moreover

there is a natural morphism

ZKp(Λ)→ ZK
p
0
(Λ),

which is finite and étale.

Proof. See [86, Proposition 6.13]. �

2.4. Moduli spaces of K3 surfaces and the Kuga-Satake morphism

In this section, we recall definitions and basic properties of the moduli space of K3
surfaces and the level structure. Then we recall definitions and basic results on the Kuga-
Satake morphism over Z(p) introduced by Madapusi Pera [85, 72].

2.4.1. Moduli spaces of K3 surfaces. We say that f : X → S is a K3 surface over
S if S is a scheme, X is an algebraic space, and f is a proper smooth morphism whose
geometric fibers are K3 surfaces.

A quasi-polarization of f : X → S is a section ξ ∈ Pic(X /S)(S) of the relative Picard
functor whose fiber ξ(s) at every geometric point s→ S is a line bundle on the K3 surface
Xs which is nef and big. We say that ξ ∈ Pic(X /S)(S) is primitive if, for every geometric
point s → S, the cokernel of the inclusion 〈ξ(s)〉 ↪→ Pic(Xs) is torsion-free. We say that
ξ has degree 2d if, for every geometric point s → S, we have (ξ(s), ξ(s)) = 2d, where
( , ) denotes the intersection pairing on Xs. We say that a pair (f : X → S, ξ) is a
quasi-polarized K3 surface over S of degree 2d if f : X → S is a K3 surface over S and
ξ ∈ Pic(X /S)(S) is a primitive quasi-polarization of degree 2d.

Let M2d be the moduli functor that sends a Z-scheme S to the groupoid consists of
quasi-polarized K3 surfaces over S of degree 2d. The moduli functor M2d is a Deligne-
Mumford stack of finite type over Z; see [110, Theorem 4.3.4] and [88, Proposition 2.1].

We put M2d,Z(p)
:= M2d ⊗Z Z(p). Let S be an M2d,Z(p)

-scheme. For the quasi-polarized

K3 surface (f : X → S, ξ) associated with the structure morphism S → M2d,Z(p)
and a
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prime number ` 6= p, we equipped R2f∗Zℓ(1) with the negative of the cup product pairing.
Let

P 2f∗Zℓ(1) := chℓ(ξ)
⊥ ⊂ R2f∗Zℓ(1)

be the orthogonal complement of the `-adic Chern class chℓ(ξ) ∈ R2f∗Zℓ(1)(S) with respect
to the pairing. We set

P 2f∗Ẑp(1) :=
∏
ℓ̸=p

P 2f∗Zℓ(1).

The stalk of P 2f∗Zℓ(1) (resp. P 2f∗Ẑp(1)) at a geometric point s → S will be denoted by

P 2
ét(Xs,Zℓ(1)) (resp. P 2

ét(Xs, Ẑp(1))).
Let M sm

2d,Z(p)
be the smooth locus of M2d,Z(p)

over Z(p). Madapusi Pera constructed a

twofold finite étale cover M̃ sm
2d,Z(p)

→ M sm
2d,Z(p)

parameterizing orientations of P 2f∗Ẑp(1),
which satisfies the following property. For every morphism S → M̃ sm

2d,Z(p)
, there is a natural

isometry of Ẑp-local systems on S

ν : detL⊗Z Ẑp ∼= detP 2f∗Ẑp(1)

such that, for every s ∈ S(C), the isometry ν restricts to an isometry over Z

νs : detL ∼= detP 2
B(Xs,Z(1))

under the canonical isomorphism

P 2
B(Xs,Z(1))⊗Z Ẑp ∼= P 2

ét(Xs, Ẑp(1)),
where we put P 2

B(Xs,Z(1)) := chB(ξs)
⊥ ⊂ H2

B(Xs,Z(1)). See [85, Section 5] for details.
For an open compact subgroup K

p
0 ⊂ SO(LQ)(Ap

f ) as in Section 2.3.1, we recall the

notion of (oriented) K
p
0-level structures from [85, Section 3]. For simplicity, we only consider

the case S is a locally Noetherian connected M̃ sm
2d,Z(p)

-scheme. Let s → S be a geometric

point and π1(S, s) the étale fundamental group of S. A K
p
0-level structure on (f : X → S, ξ)

is a π1(S, s)-invariant K
p
0-orbit η of an isometry over Ẑp

ΛK3 ⊗Z Ẑp ∼= H2
ét(Xs, Ẑp(1))

which carries e− df to chẐp(ξ(s)) such that the induced isometry

detL⊗Z Ẑp ∼= detP 2
ét(Xs, Ẑp(1))

coincides with νs. Here the étale cohomology H2
ét(Xs, Ẑp(1)) has a natural action of

π1(S, s), and ΛK3 ⊗Z Ẑp has a natural action of K
p
0; see [86, Lemma 2.6].

Let M sm
2d,K

p
0,Z(p)

be the moduli functor over M̃ sm
2d,Z(p)

which sends an M̃ sm
2d,Z(p)

-scheme S to

the set of (oriented) K
p
0-level structures on the quasi-polarized K3 surface (f : X → S, ξ).

The following result is well known.

Proposition 2.4.1. If K
p
0 ⊂ SO(LQ)(Ap

f ) is small enough, M sm
2d,K

p
0,Z(p)

is an algebraic

space over Z(p) which is finite, étale, and faithfully flat over M sm
2d,Z(p)

.

Proof. This result was essentially proved by Rizov [110, Theorem 6.2.2], Maulik [88,
Proposition 2.8] and Madapusi Pera [85, Proposition 3.11]. Note that their proofs work in
every characteristic p, including p = 2. Their proofs rely on the injectivity of the map

Aut(X)→ GL(H2
ét(X,Qℓ))
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for every ` 6= p, where X is a K3 surface over an algebraically closed field of characteristic
p > 0. The injectivity was proved by Ogus when p > 2; see [99, Corollary 2.5]. (Precisely,
Ogus proved it for the crystalline cohomology. The injectivity for the `-adic cohomology
follows from Ogus’ results; see [110, Proposition 3.4.2].) Recently, Keum proved that the
injectivity holds also when p = 2; see [71, Theorem 1.4]. �

We will assume an open compact subgroup K
p
0 ⊂ SO(LQ)(Ap

f ) as in Section 2.3.1 is
small enough so that Proposition 2.4.1 can be applied.

2.4.2. The Kuga-Satake morphism. Rizov and Madapusi Pera defined the follow-
ing étale morphism over Q:

M sm
2d,K

p
0,Q
→ ShK0(SO(LQ), XL).

It is called the Kuga-Satake morphism over Q. (See [111, Theorem 3.9.1], [85, Corollary
5.4] for details.)

Since M sm
2d,K

p
0,Z(p)

is smooth over Z(p), the composite of the following morphisms over Q

M sm
2d,K

p
0,Q
→ ShK0(SO(LQ), XL)→ ShK̃0

extends to a morphism over Z(p)

M sm
2d,K

p
0,Z(p)

→ SK̃0

by the extension properties of the integral canonical model SK̃0
; see [73, (2.3.7)], [85,

Proposition 5.7].
The following results are proved by Madapusi Pera.

Proposition 2.4.2 (Madapusi Pera). There is a natural étale SK̃0
-morphism

KS: M sm
2d,K

p
0,Z(p)

→ ZK
p
0
(Λ).

Proof. The morphism ShK0(SO(LQ), XL)→ ShK̃0
over Q factors through the generic

fiber ZK
p
0
(Λ)Q of ZK

p
0
(Λ); see [86, 6.15] for details. Hence we have a morphism over Q

M sm
2d,K

p
0,Q
→ ZK

p
0
(Λ)Q.

This morphism extends to a SK̃0
-morphism

KS: M sm
2d,K

p
0,Z(p)

→ ZK
p
0
(Λ)

by [42, Chapter I, Proposition 2.7].
For the étaleness of the morphism KS, see the proof of [72, Proposition A.12]. For the

case where p = 2, see also [87] and [65, Section 6.4]. �
One usually calls the morphism KS in Proposition 2.4.2 a period map, and calls a

morphism from the moduli space of K3 surfaces to the moduli space of abelian varieties a
Kuga-Satake morphism. In this chapter, following Madapusi Pera, we call the morphism
KS a Kuga-Satake morphism for convenience.

Summarizing the above, we have the following commutative diagram of algebraic spaces
over Z(p):

ZKp(Λ) //

��

SK̃

��
M sm

2d,K
p
0,Z(p)

KS // ZK
p
0
(Λ) //// SK̃0

.
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Here SK̃ (resp. SK̃0
) is the integral canonical model of the Shimura variety associated with

G̃ = GSpin(L̃Z(p)
) (resp. G̃0 = SO(L̃Z(p)

)), and ZKp(Λ) (resp. ZK
p
0
(Λ)) is the scheme over

SK̃ (resp. SK̃0
) as in Definition 2.3.4 and Proposition 2.3.5.

2.5. F -crystals on Shimura varieties

In this section, we assume k is a finite field Fq or Fq. We shall study the W -module

L̃cris,s associated with a k-valued point s ∈ SK̃(k) of the integral canonical model SK̃. We
write W := W (k).

2.5.1. F -crystals on Shimura varieties and the cohomology of K3 surfaces.
We consider the following situation.

(1) Let s ∈ M sm
2d,K

p
0,Z(p)

(k) be a k-valued point on the smooth locus and (X,L ) a

quasi-polarized K3 surface over k of degree 2d associated with s ∈M sm
2d,K

p
0,Z(p)

(k).

(2) The image of s under the Kuga-Satake morphism KS is denoted by the same
notation s ∈ ZK

p
0
(Λ)(k). After replacing k by a finite extension of it, there is a

k-valued point of ZKp(Λ)(k) mapped to s. We fix such a point, and denote it also
by s ∈ ZKp(Λ)(k). Let As be the Kuga-Satake abelian variety over k associated
with the point s ∈ ZKp(Λ)(k).

(3) We take anOK-valued point t ∈M sm
2d,K

p
0,Z(p)

(OK) which is a lift of s ∈M sm
2d,K

p
0,Z(p)

(k).

The morphism

ZKp(Λ)→ ZKp
0
(Λ)

is étale by Proposition 2.3.5. Hence the image of the OK-valued point t under the
Kuga-Satake morphism lifts a unique OK-valued point on ZKp(Λ) which is a lift
of s ∈ ZKp(Λ). We also denote it by t ∈ ZKp(Λ)(OK).

(4) Let (Y , ξ) be a quasi-polarized K3 surface over OK of degree 2d associated with
t ∈ M sm

2d,K
p
0,Z(p)

(OK). We assume ξ is a line bundle whose restriction to every

geometric fiber is big and nef.
(5) Let t be a geometric point of ZKp(Λ) above the generic point of t ∈ ZKp(Λ)(OK).
We denote the orthogonal complements with respect to the cup product of the first

Chern class of ξ in the de Rham cohomology and in the crystalline cohomology by

P 2
dR(Y /OK) := chdR(ξ)

⊥ ⊂ H2
dR(Y /OK),

P 2
cris(X/W ) := chcris(ξ)

⊥ = chcris(L )⊥ ⊂ H2
ét(X/W ).

We use the following notation on twists of ϕ-modules. Let (N,ϕ) be a pair of a free
W -module of finite rank and a σ-linear map ϕ on N [1/p]. We denote the pair (N, p−iϕ)
by N(i). We put

L̃cris := L̃cris,s.

The Frobenius automorphism of L̃cris(−1)[1/p] maps the W -module L̃cris(−1) into itself.

Therefore L̃cris(−1) is an F -crystal. Let us recall the following proposition, which is im-
portant for the proof of the étaleness of the Kuga-Satake morphism and for the proofs of
our main results.

Proposition 2.5.1. We have an isomorphism of F -crystals

P 2
cris(X/W ) ∼= ιcris(ΛW )⊥(−1) ⊂ L̃cris(−1).
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Proof. This proposition was proved in [85, Corollary 5.14] when p 6= 2. A proof using
the integral comparison theorem of Bhatt-Morrow-Scholze [9] was given in [65, Proposition
6.4], which is valid for any characteristic p. �

In particular, we have the following composition

P 2
cris(X/W )(1) ↪→ L̃cris

icris−→ EndW (H1
cris(As/W )∨),

which is also denoted by icris. Similarly, we have the following map

idR : P
2
dR(Y /OK)(1)→ EndOK

(H1
dR(At/OK)∨)

which preserves Hodge filtrations. Via the isomorphisms of Berthelot-Ogus [8, Theorem
2.4], we have the following commutative diagram:

P 2
cris(X/W )(1)⊗W K

∼=
��

icris // EndK((H
1
cris(As/W )⊗W K)∨)

∼=
��

P 2
dR(YK/K)(1)

idR // EndK(H
1
dR(At/K)∨).

The commutativity of the diagram follows from the constructions of icris and idR; see also
[65, Section 6 and Section 11].

2.5.2. Formal Brauer groups. We consider the situation as in Section 2.5.1.

Let B̂r := B̂r(X) be the formal Brauer group associated with the K3 surface X. Recall

that B̂r is a one-dimensional smooth formal group scheme pro-representing the functor

Φ2
X : Artk → (Abelian groups)

defined by

R 7→ Ker(H2
ét(XR,Gm)→ H2

ét(X,Gm)),

where Artk is the category of local Artinian k-algebras with residue field k, and (Abelian
groups) is the category of abelian groups; see [2, Chapter II, Corollary 2.12]. (For basic
properties of the formal Brauer group, see also [79, Section 6].) The height h of the K3

surface X is defined to be the height of B̂r. We have 1 ≤ h ≤ 10 or h =∞.
There is a natural equivalence from the category of one-dimensional smooth formal

group schemes of finite height over k to the category of one-dimensional connected p-
divisible groups over k. If the height of X is finite, we identify the formal Brauer group

B̂r with the corresponding connected p-divisible group over k, and let B̂r
∗
be the Cartier

dual of B̂r.
Let CRIS(k/Zp) be the (absolute) crystalline site of k. For a p-divisible group G over

k, we have a (contravariant) crystal D(G ) over CRIS(k/Zp); see [7, Définition 3.3.6]. Its
value

D(G )(W ) := D(G )W�k

in (Spec k ↪→ SpecW ) is an F -crystal. For a crystal E over CRIS(k/Zp), we will denote
simply by the same letter E the value EW�k in (Spec k ↪→ SpecW ). By [7, (5.3.3.1)], we
have a canonical perfect bilinear form

D(B̂r
∗
)× D(B̂r)(−1)→ W (−2).

Proposition 2.5.2. Assume the height of X is finite. The following assertions hold:
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(1) There is an isomorphism of F -crystals

L̃cris(−1) ∼= D(B̂r
∗
)⊕ D(D)(−1)⊕ D(B̂r)(−1),

where D is an étale p-divisible group over k.

(2) Under this isomorphism, the bilinear form on L̃cris(−1) is the direct sum of a
perfect bilinear form

D(D)(−1)× D(D)(−1)→ W (−2)
and the canonical perfect bilinear form

D(B̂r
∗
)× D(B̂r)(−1)→ W (−2).

Proof. The breaking points of the Newton polygon of L̃cris(−1) lie on the Hodge
polygon of it; see [65, Lemma 6.8] and its proof.

By the Hodge-Newton decomposition [70, Theorem 1.6.1], there is a decomposition as
an F -crystal over W

L̃cris(−1) ∼= L̃1−1/h ⊕ L̃1 ⊕ L̃1+1/h,

where L̃λ is an F -crystal over W has a single slope λ for each λ ∈ { 1− 1/h, 1, 1 + 1/h }.
Via this decomposition, the bilinear form ( , ) is the direct sum of a perfect bilinear

form
L̃1 × L̃1 → W (−2)

and a perfect bilinear form

L̃1−1/h × L̃1+1/h → W (−2).
Similarly, we have a decomposition

P 2
cris(X/W ) ∼= L1−1/h ⊕ L1 ⊕ L1+1/h.

By Proposition 2.5.1, we have P 2
cris(X/W ) = ιcris(ΛW )(−1)⊥. Since ιcris(ΛW )(−1) is

contained in L̃1, we have

L1−1/h = L̃1−1/h and L1+1/h = L̃1+1/h.

We have a natural isomorphism of F -crystals over W

D(B̂r
∗
) ∼= L1−1/h.

(See [122, Proposition 7] for example. See also Remark 2.5.3.) Using the perfect bilinear
form

L̃1−1/h × L̃1+1/h → W (−2),
we identify L1+1/h with L∨1−1/h(−2) ∼= D(B̂r)(−1).

Since we have pL̃1 = ϕ(L̃1), there is an étale p-divisible group D over k such that

D(D)(−1) ∼= L̃1. �
Remark 2.5.3. We assume the height of X is finite. The proof of [122, Proposition

7] shows that there is a natural isomorphism of F -crystals over W

TC(B̂r) ∼= L1−1/h.

Here TC(B̂r) is the Cartier-Dieudonné module of typical curves of B̂r; see [2, I, Section

3] for example. The F -crystal TC(B̂r) is naturally isomorphic to the F -crystal D(B̂r
∗
) by

[15, (5.8)], [7, Théorème 4.2.14, (5.3.3.1)].
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2.6. Kisin’s algebraic groups

In this section, we attach an algebraic group I over Q to a quasi-polarized K3 surface
of finite height over Fq. It is a subgroup of the multiplicative group of the endomorphism
algebra of the Kuga-Satake abelian variety. Then we study its action on the formal Brauer
group of the K3 surface.

2.6.1. Kisin’s algebraic groups. Let s ∈ ZKp(Λ)(Fq) be an Fq-valued point and

s ∈ ZKp(Λ)(Fq) a geometric point above s. Let AutQ(As) be the algebraic group over Q
defined by

AutQ(As)(R) := (EndFq
(As)⊗Z R)

×

for every Q-algebra R.
After replacing Fq by a finite extension of it, we may assume that all endomorphisms

of As are defined over Fq. Namely we have

EndFq(As)⊗Z Q ∼= EndFq
(As)⊗Z Q.

The global sections {spα} of V p(A)⊗ give rise to global sections {sα,ℓ} of Vℓ(A)⊗. The

Ap
f -local system Ṽp and the embedding ip determine aQℓ-local system Ṽℓ and an embedding

Ṽℓ ↪→ End(Vℓ(A)) of Qℓ-local systems for every ` 6= p. The homomorphism ιp induced by

the Λ-structure for s ∈ ZKp(Λ)(Fq) determines a homomorphism ιℓ : ΛQℓ
→ Ṽℓ,s.

We fix an isomorphism HQℓ
∼= Vℓ(As) of Qℓ-vector spaces which carries {sα} to {sα,ℓ,s}

and induces the following commutative diagram:

ΛQℓ
//

ιℓ   A
AA

AA
AA

A
L̃Qℓ

∼=
��

i // EndQℓ
(HQℓ

)

∼=
��

Ṽℓ,s
iℓ // EndQℓ

(Vℓ(As)),

where L̃Qℓ
∼= Ṽℓ,s is an isometry over Qℓ.

Let HW
∼= H1

cris(As/W )∨ be an isomorphism as in Section 2.3.6. By [86, Lemma 2.8]
and the fact that every GSpin(LW [1/p])-torsor over W [1/p] is trivial (see [104, Theorem

6.4]), after inverting p and composing an element of G̃(W [1/p]), we can find an isomorphism

HW [1/p]
∼= H1

cris(As/W )∨[1/p]

which carries {sα} to {sα,cris,s} and induces the same diagram as above. See also the
arguments in [65, Section 7.3]. We fix such an isomorphism.

Kisin introduced an algebraic group Ĩℓ over Qℓ for every prime number ` (including

` = p), and an algebraic group Ĩ over Q as follows; see [74, (2.1.2)] for details.

(1) For a prime number ` 6= p, let Frobq ∈ EndQℓ
(HQℓ

) be the Qℓ-endomorphism of
HQℓ

induced by the q-th power Frobenius of As. Since Frobq fixes the tensors

{sα,ℓ,s}, we have Frobq ∈ G̃(Qℓ). For every integer m ≥ 1, we define an algebraic

Qℓ-subgroup Ĩℓ,m of G̃Qℓ
by

Ĩℓ,m(R) := { g ∈ G̃(R) | g Frobmq = Frobmq g }

for every Qℓ-algebra R. For sufficiently divisible m ≥ 1, the algebraic group Ĩℓ,m
does not depend on m, and we denote it by Ĩℓ.
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(2) For ` = p, we define an algebraic group Ĩp,m over Qp by

Ĩp,m(R) := { g ∈ G̃(R⊗Qp W (Fqm)[1/p]) | gϕ = ϕg }.

For sufficiently divisible m ≥ 1, the algebraic group Ĩp,m does not depend on m,

and we denote it by Ĩp.

(3) Let Ĩ ⊂ AutQ(As) be the largest closed Q-subgroup of AutQ(As) mapped into Ĩℓ
for every ` (including ` = p).

Replacing Fq be a finite extension of it, we may assume Ĩℓ,1 = Ĩℓ and Ĩp,1 = Ĩp.
Kisin proved that the natural map

ĨQℓ
→ Ĩℓ

is an isomorphism of algebraic groups over Qℓ for every ` (including ` = p) [74, Corollary
2.3.2].

For our purpose, we need an algebraic subgroup I ⊂ Ĩ over Q defined using the Λ-
structure; see Definition 2.3.2. If L is self-dual at p, it coincides with Kisin’s algebraic group
associated with an Fq-valued point of the integral canonical model of ShK0(SO(LQ), XL)
taken in a similar way as in Section 2.5.1.

Definition 2.6.1.

(1) Let I ⊂ Ĩ be the algebraic subgroup over Q defined by

I(R) := { g ∈ Ĩ(R) | ghg−1 = h in EndFq
(As)R for every h ∈ ι(ΛQ) }

for every Q-algebra R.

(2) For a prime number ` 6= p, let Iℓ ⊂ Ĩℓ be the algebraic subgroup over Qℓ defined
by

Iℓ(R) := { g ∈ Ĩℓ(R) | ghg−1 = h in EndFrobq(HQℓ
)R for every h ∈ i(ΛQℓ

) }
for every Qℓ-algebra R.

(3) For ` = p, let Ip ⊂ Ĩp be the algebraic subgroup over Qp defined in a similar way
as above.

As in Kisin’s paper [74], we shall prove that the natural map

IQℓ
→ Iℓ

is an isomorphism of algebraic groups over Qℓ for every ` (including ` = p). Here we prove
it for some ` 6= p. The case of general ` will be proved later; see Corollary 2.7.9.

Proposition 2.6.2.

(1) For some prime number ` 6= p, the natural map IQℓ
→ Iℓ is an isomorphism of

algebraic groups over Qℓ.
(2) The algebraic groups I and GSpin(LQ) over Q have the same rank. (Recall that

the rank of an algebraic group over a field k is the dimension of a maximal k-torus
of it.)

Proof. (1) We fix a prime number ` 6= p such that GSpin(LQ) and G̃Q are split at `,
and all the eigenvalues of Frobq acting on HQℓ

are contained in Qℓ. We shall show that the
assertion (1) holds for such `. By the proof of [74, Corollary 2.1.7], the homomorphism

ĨQℓ
→ Ĩℓ
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is an isomorphism. (Precisely, Kisin proved it in [74] assuming p ≥ 3 and the restriction
of ψ to HZ(p)

is perfect. These assumptions are unnecessary; see the proof of [72, Theorem

A.8].) By Tate’s theorem, we have

EndFq(As)Qℓ
∼= EndFrobq(HQℓ

).

Now, the assertion (1) follows from the definitions of I and Iℓ.
(2) We follow Kisin’s proof of [74, Corollary 2.1.7]. Since Frobq and Iℓ act trivially on

i(ΛQℓ
), we have Frobq ∈ GSpin(LQℓ

) and Iℓ ⊂ GSpin(LQℓ
); see [86, (2.6.1)]. The element

Frobq ∈ GSpin(LQℓ
) is semisimple since the action of Frobq on Vℓ(As) is semisimple. Thus

the connected component S of the Zariski closure of the group 〈Frobq〉 generated by Frobq
is a split torus in GSpin(LQℓ

) by the hypotheses on `. Since Iℓ is the same as the centralizer
of Frobmq in GSpin(LQℓ

) for a sufficiently divisible m, it follows that Iℓ coincides with the
centralizer of S. Therefore, Iℓ contains a split maximal torus of GSpin(LQℓ

). (Hence Iℓ is
a connected split reductive group over Qℓ.) In particular, the rank of Iℓ as an algebraic
group over Qℓ is equal to the rank of GSpin(LQℓ

) as an algebraic group over Qℓ. Since we
have IQℓ

∼= Iℓ, the ranks of the algebraic groups I and GSpin(LQ) over Q are equal. �

2.6.2. The action of Kisin’s groups on the formal Brauer groups of K3 sur-
faces. We consider the situation as in Section 2.5.1 and keep the notation. We assume
the height h of X is finite.

As in the proof of Proposition 2.5.2, we have a decomposition

P 2
cris(X/W ) ∼= L1−1/h ⊕ L1 ⊕ L1+1/h.

Here, Lλ is an F -crystal overW which has a single slope λ for each λ ∈ {1−1/h, 1, 1+1/h}.
Moreover, there is an isomorphism of F -crystals over W :

D(B̂r) ∼= L1+1/h(1).

By Proposition 2.5.1, the algebraic group I acts on P 2
cris(X/W )(1)[1/p]. Hence we have

the following homomorphism of algebraic groups over Qp:

IQp → ResK0/Qp GL(P 2
cris(X/W )(1)[1/p]).

For a one-dimensional smooth formal group G over a ring A, let AutQp(G ) be the
Qp-group such that

AutQp(G )(R) := (EndA(G )⊗Zp R)
×

for every Qp-algebra R.

Lemma 2.6.3. There is a homomorphism

IQp → (AutQp(B̂r))
op

which is compatible with

IQp → ResK0/Qp GL(P 2
cris(X/W )(1)[1/p])

via the composite P 2
cris(X/W )(1) → L1+1/h(1) ∼= D(B̂r), where the first map is the projec-

tion.

Proof. We put Vλ := L1+λ(1)[1/p] for each λ ∈ {−1/h, 0, 1/h}. For an F -isocrystal
M over K0, let GLφ(M) be the algebraic group over Qp defined by

GLφ(M)(R) := { g ∈ GLK0⊗QpR
(M ⊗Qp R) | gϕ = ϕg }
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for every Qp-algebra R, where ϕ is the Frobenius of M . We have an isomorphism of
algebraic groups over Qp:

GLφ(P
2
cris(X/W )(1)[1/p]) ∼= GLφ(V−1/h)×GLφ(V0)×GLφ(V1/h).

Let IQp → GLφ(V1/h). be the composite of the map IQp → GLφ(P
2
cris(X/W )(1)[1/p]) with

the projection GLφ(P
2
cris(X/W )(1)[1/p])→ GLφ(V1/h). We have an isomorphism

(AutQp(B̂r))
op ∼= GLφ(V1/h).

Hence we have a homomorphism of algebraic groups IQp → (AutQp(B̂r))
op over Qp. �

2.7. Lifting of K3 surfaces over finite fields with actions of tori

2.7.1. K3 surfaces with complex multiplication. In this subsection, we recall the
definition and basic properties of K3 surfaces with complex multiplication over C.

Let Y be a projective K3 surface over C. Let
TY := Pic(Y )⊥Q ⊂ H2

B(Y,Q(1))

be the transcendental part of the singular cohomology, which has the Q-Hodge structure
coming from H2(Y,Q(1)).

Let
EY := EndHdg(TY )

be the Q-algebra of Q-linear endomorphisms on TY preserving the Q-Hodge structure on
it. We say that Y has complex multiplication (CM) if EY is a CM field and dimEY

(TY ) = 1.
Here a number field is called CM if it is a purely imaginary quadratic extension of a totally
real number field.

Let MT(TY ) be the Mumford-Tate group of TY . By the definition, it is the smallest
algebraic Q-subgroup of SO(TY ) such that hY (S(R)) ⊂ MT(TY )(R), where

hY : S→ SO(TY )R

is the homomorphism over R corresponding to the Q-Hodge structure of TY . By the results
of Zarhin [137, Section 2], the K3 surface Y has CM if and only if the Mumford-Tate group
MT(TY ) is commutative; see [122, Proposition 8] for example.

In the rest of this subsection, we fix a C-valued point t ∈ M sm
2d,K

p
0,Q

(C). Let (Y, ξ) be a

quasi-polarized K3 surface over C associated with t. The image of t under the Kuga-Satake
morphism KS is also denoted by t ∈ ZK

p
0
(Λ)(C).

Proposition 2.7.1. Assume Y is a K3 surface with CM over C. Then there exist
a number field F ⊂ C and an F -valued point t0 ∈ M2d,K

p
0,Q(F ) such that the morphism

t : SpecC→ ZK
p
0
(Λ) factors through the image of t0 under KS.

Proof. This proposition follows from Rizov’s result [111, Corollary 3.9.4] as follows.
The image of t ∈ ZK

p
0
(Λ)(C) under the morphism ZK

p
0
(Λ) → SK̃0

is denoted by the same
symbol t. If Y has CM, then the residue field of the image t ∈ SK̃0

(C) is a number
field by the definition of the canonical model SK̃0,Q = ShK̃0

over Q. Since the morphism

ZK
p
0
(Λ)→ SK̃0

is finite by Proposition 2.3.5, the residue field of t ∈ ZK
p
0
(Λ)(C) is a number

field. Now, the assertion follows from the étaleness of the Kuga-Satake morphism KS (in
characteristic 0). �

Remark 2.7.2. Pjateckĭı-Šapiro and Šafarevič also showed every K3 surface with CM
is defined over a number field; see [103, Theorem 4].
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For the quasi-polarized K3 surface (Y, ξ) over C, the primitive singular cohomology is
defined by

P 2
B(Y,Q(1)) := chB(ξ)

⊥ ⊂ H2
B(Y,Q(1)).

We fix a C-valued point of ZKp(Λ) mapped to t, and also denote it by t ∈ ZKp(Λ)(C).
We have the Kuga-Satake abelian variety At over C corresponding to t ∈ ZKp(Λ)(C). The
stalk

Ṽt := ṼB,t

satisfies the following properties:

• Ṽt admits a perfect bilinear form ( , ) over Q which is a quasi-polarization.

• There is a homomorphism ιB : ΛQ → Ṽt preserving the bilinear forms and the
Q-Hodge structures.
• There is an isometry over Q

P 2
B(Y,Q(1)) ∼= ιB(ΛQ)

⊥

preserving the Q-Hodge structures.
• The following diagram commutes:

GSpin(Ṽt)R

��

// GL(H1
B(At,Q)∨)R

S
h0

//

h

;;vvvvvvvvvvv
SO(Ṽt)R,

where h0 is the homomorphism of algebraic groups over R corresponding to the

Q-Hodge structure on Ṽt and the composite of the following homomorphisms

S h→ GSpin(Ṽt)R → GL(H1
B(At,Q)∨)R

is the homomorphism corresponding to the Q-Hodge structure on H1
B(At,Q)∨.

Proposition 2.7.3. The K3 surface Y has CM if and only if the Kuga-Satake abelian
variety At has CM.

Proof. This proposition was essentially proved by Tretkoff; see [132, Corollary 3.2].
We give an argument from the point of view of algebraic groups. Since h0 is the composite
of hY with the following inclusions

SO(TY )R ↪→ SO(P 2
B(Y,Q(1)))R ↪→ SO(Ṽt)R,

we have MT(TY ) ∼= MT(Ṽt). We shall show that MT(Ṽt) is commutative if and only if
MT(H1

B(At,Q)∨) is commutative. It suffices to show that MT(H1
B(At,Q)∨) is commutative

if MT(Ṽt) is so since MT(H1
B(At,Q)∨) is contained in GSpin(Ṽt) and MT(Ṽt) is contained

in the image of MT(H1
B(At,Q)∨).

We assume MT(Ṽt) is commutative. Then the inverse image of MT(Ṽt) under the homo-

morphism GSpin(Ṽt)→ SO(Ṽt) is a solvable algebraic group and contains MT(H1
B(At,Q)∨).

Since MT(H1
B(At,Q)∨) is a reductive group (see [36, Proposition 3.6]), it is commuta-

tive. �
Corollary 2.7.4. Let F be a field which can be embedded in C. Let Z be a K3 surface

over F . If Z⊗F,j C has CM for an embedding j : F ↪→ C, then Z⊗F,j′ C has CM for every
embedding j′ : F ↪→ C.
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Proof. The assertion follows from Proposition 2.7.3 and the fact that, for an abelian
variety A over C with CM and every automorphism f : C ∼= C, the abelian variety A⊗C,f C
has CM. �

Remark 2.7.5. Let F be a field of characteristic 0 which can be embedded into C, and
Z a K3 surface over F . We say that Z has CM if Z ⊗F,j C has CM for some embedding
j : F ↪→ C, in which case Z ⊗F,j′ C has CM for every embedding j′ : F ↪→ C by Corollary
2.7.4.

2.7.2. A lemma on liftings of formal groups with action of tori. The following
result on characteristic 0 liftings of one-dimensional smooth formal groups is presumably
well known. (For the definition of AutQp(G0) and AutQp(G), see Section 2.6.2.)

Lemma 2.7.6. Let G0 be a one-dimensional smooth formal group over Fq. Let Tp be
an algebraic torus over Qp and

ρ : Tp → AutQp(G0)
a homomorphism of algebraic groups over Qp. Assume that the height of G0 is finite, and
the Frobenius Φ of G0 over Fq is contained in ρ(Tp(Qp)). Then, there exist a finite totally
ramified extension E of K0 and a smooth formal group G over OE satisfying the following
properties:

(1) The special fiber of G is isomorphic to G0.
(2) The homomorphism ρ factors as

Tp → AutQp(G)→ AutQp(G0).

Proof. We fix an isomorphism G0 ∼= Spf Fq[[x]] and consider G0 as a formal group law
in Fq[[x, y]]. The composite of the following homomorphism

Tp
ρ−→ AutQp(G0) −→ AutQp(G0,Fq

)

is also denoted by ρ. Take a maximal Qp-torus T
′
p of AutQp(G0,Fq

) containing ρ(Tp).

It is well known that EndFq
(G0,Fq

) ⊗Zp Qp is a central division algebra over Qp and

EndFq
(G0,Fq

) is the maximal order of it; see [49, Corollary 20.2.14]. Hence, there is a
maximal commutative Qp-subalgebra

K ′ ⊂ EndFq
(G0,Fq

)⊗Zp Qp

such that K ′× = T ′p as algebraic groups over Qp, and we have OK′ ⊂ EndFq
(G0,Fq

). More-

over, since T ′p(Qp) contains the Frobenius Φ of G0 over Fq, the endomorphisms in K ′

commute with Φ. Hence, we have OK′ ⊂ EndFq(G0).
We regard the formal group law G0 as a formal OK′-module over Fq in the sense of [49,

(18.6.1)]. The universal formal OK′-module Guniv exists and it is a formal OK′-group over
a polynomial ring OK′ [(Si)i∈N] with infinitely many variables over OK′ ; see [49, (21.4.8)].
(Note that Guniv does not classify isomorphism classes of formal OK′-modules, but formal
OK′-modules.)

We take a finite totally ramified extension E of K0 such that E is a K ′-algebra. Then
there is a formal OK′-module G ∈ OE[[x, y]] over OE whose reduction modulo the maximal
ideal of OE is equal to G0 such that the homomorphism OK′ → EndFq(G0) factors as

OK′ → EndOE
(G)→ EndFq(G0).

It follows that ρ factors as Tp → AutQp(G)→ AutQp(G0). �
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2.7.3. Liftings of K3 surfaces over finite fields with actions of tori. Let (Y, ξ)
be a quasi-polarized K3 surface over a field k of characteristic 0 or p. Let k be an algebraic
closure of k. For a prime number ` 6= p, the primitive part of the `-adic cohomology is
denoted by

P 2
ét(Yk,Qℓ(1)) := chℓ(ξ)

⊥ ⊂ H2
ét(Yk,Qℓ(1)).

It is equipped with a canonical action of Gal(k/k). When k is a subfield of C, we have a
canonical isomorphism

P 2
ét(Yk,Qℓ(1)) ∼= P 2

B(YC,Q(1))⊗Q Qℓ,

where P 2
B(YC,Q(1)) denotes the primitive part of the singular cohomology of YC.

We consider the situation as in Section 2.5.1 and keep the notation. In particular,
(X,L ) is a quasi-polarized K3 surface over Fq. We assume that the height h of X is
finite. We attach the algebraic group I over Q to the Fq-valued point s ∈ ZKp(Λ)(Fq); see
Definition 2.6.1.

The following theorem concerns characteristic 0 liftings of K3 surfaces of finite height
over finite extensions of W (Fq)[1/p]. Since every K3 surface with CM is defined over a
number field (see Proposition 2.7.1 and Remark 2.7.2), Theorem 2.7.7 implies Theorem
2.1.1; see Corollary 2.7.10.

Theorem 2.7.7. We assume that p ≥ 5. Let T ⊂ I be a maximal torus over Q.
Then there exist a finite extension K of W (Fq)[1/p] and a quasi-polarized K3 surface
(X ,L) over OK such that the special fiber (XFq

,LFq
) is isomorphic to (XFq

,LFq
), and, for

every embedding K ↪→ C, the quasi-polarized K3 surface (XC,LC) satisfies the following
properties:

(1) The K3 surface XC has CM.
(2) There is a homomorphism of algebraic groups over Q

T → SO(P 2
B(XC,Q(1))).

(3) For every ` 6= p, the action of T (Qℓ) on P
2
B(XC, Q(1))⊗Q Qℓ is identified with the

action of T (Qℓ) on P
2
ét(XFq

,Qℓ(1)) via the canonical isomorphisms

P 2
B(XC,Q(1))⊗Q Qℓ

∼= P 2
ét(XC,Qℓ(1)) ∼= P 2

ét(XFq
,Qℓ(1)))

(using the embedding K ↪→ C, we consider K as a subfield of C).
(4) The action of every element of T (Q) on P 2

B(XC,Q(1)) preserves the Q-Hodge struc-
ture on it.

Proof. Recall B̂r = B̂r(X) is the formal Brauer group associated with X. Since the

height of X is h < ∞, there is a natural homomorphism IQp → (AutQp(B̂r))
op by Lemma

2.6.3. Hence we have a homomorphism

TQp → AutQp(B̂r)

of algebraic groups over Qp.
By Lemma 2.7.6, there exist a finite totally ramified extension E of K0 and a one-

dimensional smooth formal group G over OE whose special fiber is isomorphic to B̂r such
that the homomorphism ρ factors as

TQp → AutQp(G)→ AutQp(B̂r).

We have the filtration associated with G
Fil1(G) ↪→ D(B̂r)⊗W E ↪→ P 2

cris(X/W )(1)⊗W E.
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This is an isotropic line on P 2
cris(X/W )(1) ⊗W E. Let K be the composition of E and

W (Fq)[1/p]. Since p ≥ 5, by the proof of [97, Proposition 5.5], there exists a quasi-
polarized K3 surface (X ,L) over OK such that the special fiber (XFq

,LFq
) is isomorphic to

(XFq
,LFq

) and Fil1Hdg ⊂ P 2
Hdg(XK/K)(1) coincides with Fil1(G) ⊗E K under the isomor-

phism of Berthelot-Ogus

P 2
cris(X/W )(1)⊗W K ∼= P 2

dR(XK/K)(1).

Let s̃ ∈M sm
2d,K

p
0,Z(p)

(OK) be the OK-valued point corresponding to (X ,L). Since ZKp(Λ)→
ZKp

0
(Λ) is étale, the image of s̃ in ZKp

0
(Λ)(OK) under the Kuga-Satake morphism KS

canonically lifts to an element s̃ ∈ ZKp(Λ)(OK) which is a lift of s ∈ ZKp(Λ)(Fq).
We have the following commutative diagram:

P 2
cris(X/W )(1)⊗W K

∼=
��

icris // EndK((H
1
cris(As/W )⊗W K)∨)

∼=
��

P 2
dR(XK/K)(1)

idR // EndK(H
1
dR(As̃/K)∨),

Take a generator e of Fil1(G), and consider the endomorphism

icris(e) : (H
1
cris(As/W )⊗W K)∨ → (H1

cris(As/W )⊗W K)∨.

Since idR preserves filtrations, it follows from Proposition 2.2.2 that the 0-th piece

Fil0s̃ ⊂ (H1
cris(As/W )⊗W K)∨ ∼= H1

dR(As̃/K)∨

of the Hodge filtration coincides with the image icris(e)(H
1
cris(As/W )∨ ⊗W K).

Since the embedding icris is IQp-equivariant and the action of TQp on P
2
cris(X/W )(1)⊗WE

preserves Fil1(G), we see that the action of T on H1
dR(As̃/K)∨ preserves Fil0s̃. Therefore

the Q-torus T can be considered as a Q-torus in (EndOK
(As̃)⊗Z Q)×.

We choose an embedding K ↪→ C. We shall show that X ⊗OK
C satisfies the con-

ditions of Theorem 2.7.7. We denote by x the C-valued point comes from s̃ and the
embedding K ↪→ C. The algebraic group T over Q can be considered as a subgroup of
GL(H1

B(Ax,Q)∨). We fix an isomorphism of Q-vector spaces HQ ∼= H1
B(Ax,Q)∨ which

carries {sα} to {sα,B,x} and induces the following commutative diagram:

ΛQ //

ιB   B
BB

BB
BB

B
L̃Q

∼=
��

i // EndQ(HQ)

∼=
��

ṼB,x
iB // EndQ(H

1
B(Ax,Q)∨).

This isomorphism identifies GSpin(Ṽ ) with GSpin(Ṽx,B) and identifies GSpin(Ṽx,B) with

the subgroup of GL(H1
B(Ax,Q))∨ defined by {sα,B,x}, where Ṽ := L̃Q. Since T is contained

in Ĩ, we can consider T as a subgroup of GSpin(Ṽx,B). Moreover, since T is contained in
I, we see that T is compatible with ι(Λ⊗Z Q). Hence we have

T ↪→ GSpin(P 2
B(XC,Q(1))).

Composing this homomorphism with

GSpin(P 2
B(XC,Q(1)))→ SO(P 2

B(XC,Q(1))),
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we have a homomorphism of algebraic groups over Q

T → SO(P 2
B(XC,Q(1))).

The base change of this homomorphism to Qℓ is identified with the homomorphism

TQℓ
→ SO(P 2

ét(XFq
,Qℓ(1)))

via the canonical isomorphism P 2
B(XC,Q(1))⊗Q Qℓ

∼= P 2
ét(XFq

,Qℓ(1)).
Finally, we shall prove the K3 surface XC has CM. It is enough to show that the

Mumford-Tate group of P 2
B(XC,Q(1)) is commutative; see Section 2.7.1. It suffices to

prove the image of

S→ SO(P 2
B(XC,R(1)))

is contained in the image of TR. To prove this, it suffices to show that the image of

S→ GSpin(P 2
B(XC,R(1)))

is contained in TR. By Proposition 2.6.2, it follows that T is a maximal Q-torus of
GSpin(P 2

B(XC,Q(1))). Therefore, it suffices to show that the image of S is contained
in the centralizer of TR. Since T (Q) is Zariski dense in TR, this follows from the fact that
every element of T (Q) comes from an element of EndC(Ax)⊗Z Q. �

Remark 2.7.8. Theorem 2.7.7 is also valid for p = 2, 3; see [65, Theorem 9.7]. Since
we are assuming that p ≥ 5, a result stronger than Theorem 2.7.7 can be obtained. In
fact, the quasi-polarized K3 surface (X ,L) over OK in the proof above can be defined
over OE by the results of Nygaard-Ogus [97]. Currently, we do not know how to obtain a
quasi-polarized K3 surface over OE as in Theorem 2.7.7 for p = 2, 3.

Using Theorem 2.7.7, we can show that the assertion of Proposition 2.6.2 (1) holds for
every ` (including ` = p).

Corollary 2.7.9. For every prime number ` (including ` = p), the canonical homo-
morphism IQℓ

→ Iℓ is an isomorphism.

Proof. The assertion follows from Proposition 2.6.2 and Theorem 2.7.7. (See the
proof of [74, Corollary 2.3.2] for details.) �

We shall give an application of Theorem 2.7.7 to CM liftings of K3 surfaces of finite
height over a finite field. For the definition of CM liftings used in this chapter, see Section
2.1.1.

Corollary 2.7.10. Let X be a K3 surface of finite height over Fq. Then there is a
positive integer m ≥ 1 such that XFqm

admits a CM lifting.

Proof. After replacing Fq by its finite extension, we may assume X comes from an
Fq-valued point s ∈ M sm

2d,K
p
0,Z(p)

(Fq) satisfying the conditions as in Section 2.5.1. After

replacing Fq by its finite extension again, there exist a number field F , a finite place v
of F with residue field Fq, and a K3 surface X over OF,(v) whose special fiber XFq is
isomorphic to X, and generic fiber XF is a K3 surface with CM over F by Theorem 2.7.7
and Proposition 2.7.1. �

2.8. The Tate conjecture for the square of a K3 surfaces over finite fields

In this section, we will prove Theorem 2.1.4.
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2.8.1. Previous results on the Tate conjecture. In this subsection, we recall
previously known results on the Tate conjecture which will be used to prove Theorem
2.1.4.

Lemma 2.8.1. Let V be a projective smooth variety over Fq. Let ` be a prime number
different from p. Let i be an integer, and m ≥ 1 a positive integer. If the Tate conjecture
holds for algebraic cycles of codimension i on the variety VFqm

over Fqm, then the Tate
conjecture holds for algebraic cycles of codimension i on the variety V over Fq.

Proof. See [131, Section 2, p.6] for example. �

The followings results on supersingular K3 surfaces are well known.

Lemma 2.8.2. Let X be a K3 surface over an algebraically closed field k of character-
istic p > 0. Then X is supersingular (i.e. the height of X is ∞) if and only if the rank of
the Picard group Pic(X) is 22.

Proof. See [79, Theorem 4.8] for example. (Precisely, the characteristic p is assumed
to be odd in [79, Theorem 4.8]. But the same proof works in the case p = 2 because the
Tate conjecture for K3 surfaces in characteristic 2 is now proved by [72, Theorem A.1].) �

Lemma 2.8.3. Let X be a supersingular K3 surface over Fq. Then the Tate conjecture
for X × X holds for the `-adic cohomology for every prime number ` 6= p, and for the
crystalline cohomology.

Proof. Fix a prime number ` 6= p. After replacing Fq by a finite extension of it,
we may assume H2

ét(XFq
,Qℓ(1)) is spanned by classes of divisors on X defined over Fq by

Lemma 2.8.2. We have an isomorphism

H4
ét(XFq

×XFq
,Qℓ(2))

∼=
⊕

(i,j)=(0,4),(2,2),(4,0)

H i
ét(XFq

,Qℓ)⊗Qℓ
Hj

ét(XFq
,Qℓ)⊗Qℓ

Qℓ(2)

by the Künneth formula. Hence H4
ét(XFq

×XFq
,Qℓ(2)) is spanned by classes of algebraic

cycles of codimension 2 on X ×X. Thus the Tate conjecture holds for X ×X. The same
proof works for the crystalline cohomology. �

Remark 2.8.4. By the same argument, we can prove the Tate conjecture holds for
any power X × · · · ×X for a supersingular K3 surface X over Fq.

2.8.2. Endomorphisms of the cohomology of a K3 surface over a finite field.
Let X be a K3 surface of finite height over Fq. After replacing Fq by its finite extension, we
may assume X comes from an Fq-valued point s ∈M sm

2d,K
p
0,Z(p)

(Fq) satisfying the conditions

as in Section 2.5.1. Let I be the algebraic group over Q associated with s ∈ ZKp(Λ)(Fq);
see Definition 2.6.1.

In this subsection, we fix a prime number ` 6= p. Let

Vℓ := chℓ(Pic(XFq
))⊥ ⊂ H2

ét(XFq
,Qℓ(1))

be the transcendental part of the `-adic cohomology. By the Tate conjecture for X, every
eigenvalue of Frobq is not a root of unity.

Lemma 2.8.5.
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(1) There is a Gal(Fq/Fq)-equivariant isomorphism

H4
ét(XFq

×XFq
,Qℓ(2))

∼= Qℓ ⊕ (Pic(XFq
)⊗2 ⊗Z Qℓ)⊕ (Pic(XFq

)⊗Z Vℓ)
⊕2 ⊕ EndQℓ

(Vℓ).

(2) The Tate conjecture holds for X ×X if and only if the Qℓ-vector subspace

EndFrobq(Vℓ) = EndQℓ
(Vℓ)

Gal(Fq/Fq)

is spanned by classes of algebraic cycles of codimension 2 on X ×X.

Proof. (1) We have

H i
ét(XFq

,Qℓ) ∼=


Qℓ i = 0

(Pic(XFq
)⊗Z Qℓ(−1))⊕ Vℓ(−1) i = 2

Qℓ(−2) i = 4

0 i 6= 0, 2, 4.

By the Poincaré duality, we have isomorphisms

Vℓ ⊗Qℓ
Vℓ ∼= V ∨ℓ ⊗Qℓ

Vℓ ∼= EndQℓ
(Vℓ).

Hence the assertion (1) follows by the Künneth formula.
(2) The Qℓ-vector space Pic(XFq

)⊗Z Vℓ has no non-zero Gal(Fq/Fq)-invariants. Hence
the assertion (2) follows. �

Since the action of I(Qℓ) on the primitive part P 2
ét(XFq

,Qℓ(1)) commutes with Frobq,
it also acts on Vℓ. For a sufficiently divisible m ≥ 1, the following conditions are satisfied:

• Iℓ = Iℓ,m = IQℓ
(for the definition of Iℓ, Iℓ,m, see Section 2.6.1).

• The image of Iℓ,m under the homomorphism GSpin(Vℓ) → SO(Vℓ) is equal to the
centralizer SOFrobmq (Vℓ) of Frob

m
q in SO(Vℓ).

In the rest of this subsection, we fix an integer m ≥ 1 satisfying the above conditions.
Let EndFrobmq (Vℓ) be the set of Qℓ-linear endomorphisms of Vℓ commuting with Frobmq .

Similarly, let EndFrobmq (Vℓ ⊗Qℓ
Qℓ) be the set of Qℓ-linear endomorphisms of Vℓ ⊗Qℓ

Qℓ

commuting with Frobmq . We have a map

I(Qℓ)→ EndFrobmq (Vℓ).

Similarly, we also have a map

I(Qℓ)→ EndFrobmq (Vℓ ⊗Qℓ
Qℓ).

Lemma 2.8.6. The Qℓ-vector space EndFrobmq (Vℓ ⊗Qℓ
Qℓ) is spanned by the image of

I(Qℓ).

Proof. Let R ⊂ EndQℓ
(Vℓ ⊗Qℓ

Qℓ) be the Qℓ-vector subspace generated by the image

of I(Qℓ). Since the action of I(Qℓ) on Vℓ ⊗Qℓ
Qℓ is semisimple, R is a semisimple Qℓ-

subalgebra. Hence it suffices to prove every element of EndFrobmq (Vℓ⊗Qℓ
Qℓ) commutes with

every element in the commutant of R.
Since the action of Frobmq preserves the bilinear form on Vℓ, if α is an eigenvalue of

Frobmq , then α
−1 is also an eigenvalue of Frobmq . Since all the eigenvalues of Frobmq on Vℓ

are not roots of unity, we denote the distinct eigenvalues of Frobmq by α1, α
−1
1 , . . . , αr, α

−1
r ∈
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Qℓ. Let W1,W
−
1 , . . . ,Wr,W

−
r be the eigenspaces of the eigenvalues α1, α

−1
1 , . . . , αr, α

−1
r ,

respectively. Since Frobmq acts semisimply on Vℓ, we have

Vℓ ⊗Qℓ
Qℓ
∼=

r⊕
i=1

(Wi ⊕W−
i ).

Hence we have

EndFrobmq (Vℓ ⊗Qℓ
Qℓ) ∼=

r⊕
i=1

(EndQℓ
(Wi)⊕ EndQℓ

(W−
i )),

SOFrobmq (Vℓ ⊗Qℓ
Qℓ) ∼=

r∏
i=1

GL(Wi).

By Schur’s lemma, every element g ∈ EndQℓ
(Vℓ ⊗Qℓ

Qℓ) in the commutant of R is written
as

g =
r⊕
i=1

(gi ⊕ g−i ),

where g1, g
−
1 , . . . , gr, g

−
r are multiplication by scalars. Hence g commutes with every element

of EndFrobmq (Vℓ ⊗Qℓ
Qℓ). �

Lemma 2.8.7. Let G be an algebraic group over an algebraically closed field k of
characteristic 0. Let V be a finite dimensional k-vector space, and ρ : G → GL(V ) a
morphism of algebraic groups over k. For any Zariski dense subset Z ⊂ G(k), we have
〈ρ(Z)〉 = 〈ρ(G(k))〉, where 〈ρ(Z)〉 (resp. 〈ρ(G(k))〉) is the k-vector subspace of Endk(V )
spanned by ρ(Z) (resp. ρ(G(k))).

Proof. We put d := dimk〈ρ(G(k))〉. Let ψ be the composite of the following maps

G(k)d :=
d∏
i=1

G(k)→
d∏
i=1

Endk(V )→ ∧d Endk(V ).

If dimk〈〈ρ(Z)〉 < d, we have ψ(Zd) = {0}. Since Zd ⊂ G(k)d is Zariski dense, we have
ψ(G(k)d) = {0}, which is absurd. The contradiction shows dimk〈ρ(Z)〉 = d. �

Lemma 2.8.8.

(1) As a Qℓ-vector space, EndFrobmq (Vℓ) is spanned by the image of semisimple elements
in I(Q).

(2) There exist maximal tori T1, . . . , Tn ⊂ I over Q such that the Qℓ-vector space
EndFrobmq (Vℓ) is spanned by the image of T1(Q), . . . , Tn(Q).

Proof. (1) Since I is a connected reductive algebraic group over Q, the set of semisim-
ple elements in I(Q) is Zariski dense in I(Qℓ); see [SGA 3, Expose XIV, Corollaire 6.4].
By Lemma 2.8.6 and Lemma 2.8.7, the Qℓ-vector space EndFrobmq (Vℓ⊗Qℓ

Qℓ) is spanned by
the image of semisimple elements in I(Q). Since

EndFrobmq (Vℓ ⊗Qℓ
Qℓ) = EndFrobmq (Vℓ)⊗Qℓ

Qℓ,

the Qℓ-vector space EndFrobmq (Vℓ) is spanned by the image of semisimple elements in I(Q).
(2) The assertion follows from the fact that every semisimple element of I(Q) is con-

tained in a maximal torus of I over Q. �
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2.8.3. The results of Mukai and Buskin. The following theorem will be used in
our proof of Theorem 2.1.4.

Theorem 2.8.9 (Mukai, Buskin). Let T and S be projective K3 surfaces over C.
Let ψ : H2

B(S,Q) ∼= H2
B(T,Q) be an isomorphism of Q-vector spaces which preserves the

cup product pairings and the Q-Hodge structure. Let [ψ] ∈ H4
B(S × T,Q(2)) be the class

corresponding to ψ by the Poincaré duality and the Künneth formula. Then [ψ] is the class
of an algebraic cycle of codimension 2 on S × T .

Proof. See [18, Theorem 1.1], [93, Theorem 2]. (See also [58, Corollary 0.4].) �
2.8.4. Proof of Theorem 2.1.4. In this subsection, we shall prove Theorem 2.1.4.
By Lemma 2.8.3, it is enough to prove Theorem 2.1.4 for K3 surfaces of finite height.

Let X be a K3 surface of finite height over Fq. After replacing Fq by its finite extension, we
may assume X comes from an Fq-valued point s ∈M sm

2d,K
p
0,Z(p)

(Fq) satisfying the conditions

as in Section 2.5.1. Let I be the algebraic group over Q associated with s ∈ ZKp(Λ)(Fq);
see Definition 2.6.1.

We fix a prime number ` 6= p. We take a sufficiently divisible integer m ≥ 1 as in
Section 2.8.2. Replacing Fq by a finite extension of it (see Lemma 2.8.1), we may assume
m = 1.

By Lemma 2.8.8, there exist maximal tori T1, . . . , Tn ⊂ I over Q such that EndFrobq(Vℓ)
is spanned by the image of T1(Q), . . . , Tn(Q). By Lemma 2.8.5, it is enough to show that,
for every i with 1 ≤ i ≤ n, the image of Ti(Q) in EndFrobq(Vℓ) is spanned by classes of
algebraic cycle of codimension 2 on XFq

×XFq
.

Fix an integer i with 1 ≤ i ≤ n. By Theorem 2.7.7, there exist a finite extension
K of W (Fq)[1/p] and a quasi-polarized K3 surface (X ,L) over OK whose special fiber is
isomorphic to (XFq

,LFq
) such that, for any embedding K ↪→ C, there is a homomorphism

of algebraic groups over Q
Ti → SO(P 2

B(XC,Q(1))),

and the action of every element of Ti(Q) on P 2
B(XC,Q(1)) preserves the Q-Hodge structure

on it. We extend the action of Ti(Q) on the primitive part P 2
B(XC, Q(1)) to the full

cohomology H2
B(XC, Q(1)) so that every element of Ti(Q) acts trivially on the first Chern

class chB(LC). Hence we have a homomorphism of algebraic groups over Q
Ti → SO(H2

B(XC,Q(1)))

whose image preserves the Q-Hodge structure on H2
B(XC,Q(1)).

By the results of Mukai and Buskin (see Theorem 2.8.9), the image of every element of
Ti(Q) in SO(H2

B(XC,Q(1))) is a class of an algebraic cycle of codimension 2 on XC ×XC.
Taking the specialization of algebraic cycles, we conclude that the image of every ele-

ment of Ti(Q) in EndFrobq(Vℓ) is a class of an algebraic cycle of codimension 2 on XFq
×XFq

.
The proof of Theorem 2.1.4 is complete. �

2.9. The Tate conjecture with torsion coefficients for K3 surfaces

In this section, by using the methods of Skorobogatov-Zarhin [118, 119, 62], we will
prove the following theorem. Let char(F ) denote the characteristic of a field of F .

Theorem 2.9.1. Let k be a field which is finitely generated over its prime subfield, and
X a K3 surface over k. Then the Chern class map for `-torsion coefficients

Pic(X)→ H2
ét(Xk,Fℓ(1))

Gal(ksep/k)



2.9. THE TATE CONJECTURE WITH TORSION COEFFICIENTS FOR K3 SURFACES 39

is surjective for all but finitely many ` 6= char(k).

Before proving Theorem 2.9.1, we recall well known results on the Chern class maps
for divisors. Let Z be a proper smooth scheme over a field F . Let NS(ZF ) be the Néron-
Severi group of ZF , which is a finitely generated Z-module. The absolute Galois group
GF := Gal(F sep/F ) of F acts on NS(ZF ) via the isomorphism Aut(F/F ) ∼= GF . Let
Λℓ be either Qℓ or Zℓ. We put NS(ZF )Λℓ

:= NS(ZF ) ⊗Z Λℓ. The Chern class map with
Λℓ-coefficients gives an injection

NS(ZF )Λℓ
↪→ H2

ét(ZF ,Λℓ(1))

for every ` 6= char(F ).

Lemma 2.9.2. Let the notation be as above. Let Λℓ = Qℓ (resp. Λℓ = Zℓ). Then
there exists a Λℓ-submodule Mℓ ⊂ H2

ét(ZF ,Λℓ(1)) stable by the action of GF such that the
injection NS(ZF )Λℓ

↪→ H2
ét(ZF ,Λℓ(1)) gives a GF -equivariant isomorphism

H2
ét(ZF ,Λℓ(1))

∼= NS(ZF )Λℓ
⊕Mℓ

for every ` 6= char(F ) (resp. all but finitely many ` 6= char(F )).

Proof. We may assume that Z is connected. We first assume that Z is projective.
Let d := dimZ. If d = 1, then NS(ZF )Λℓ

→ H2
ét(ZF ,Λℓ(1)) is an isomorphism for every

` 6= char(F ) and the assertion is trivial. So we assume that d ≥ 2. Let D be an ample
divisor on Z. The cohomology class of D in H2

ét(ZF ,Λℓ(1)) is also denoted by D. Let
Dd−2 ∈ H2d−4

ét (ZF ,Λℓ(d− 2)) be the (d− 2)-times self-intersection of D with respect to the
cup product. We have the following GF -equivariant map:

fD : H2
ét(ZF ,Λℓ(1))→ HomΛℓ

(NS(ZF )Λℓ
,Λℓ)

x 7→ (y 7→ tr(Dd−2 ∪ x ∪ y)),

where Dd−2 ∪ x ∪ y ∈ H2d
ét (ZF ,Λℓ(d)) is the cup product of the triple (Dd−2, x, y), and

tr : H2d
ét (ZF ,Λℓ(d)) → Λℓ is the trace map. For every ` 6= char(F ) (resp. all but finitely

many ` 6= char(F )), the restriction of the map fD to NS(ZF )Λℓ
is an isomorphism, and

hence fD gives a GF -equivariant splitting of NS(ZF )Λℓ
↪→ H2

ét(ZF ,Λℓ(1)). This proves our
claim.

The general case can be reduced to the case where Z is projective as follows. We may
assume that F is perfect after replacing F by the perfect closure of it. By [28, Theorem
4.1], there exists an alteration Z ′ → Z such that Z ′ is a projective smooth connected
scheme over F . Since we have already proved the assertion for Z ′, it suffices to prove that
the pull-back map NS(ZF )Λℓ

→ NS(Z ′
F
)Λℓ

gives a decomposition

NS(Z ′
F
)Λℓ
∼= NS(ZF )Λℓ

⊕Nℓ

as a GF -module for every ` 6= char(F ) (resp. all but finitely many ` 6= char(F )). The pull-
back map NS(ZF )Q → NS(Z ′

F
)Q is a GF -equivariant injection. Since both NS(ZF ) and

NS(Z ′
F
) are finitely generated Z-modules and the action of GF on NS(Z ′

F
) factors through

a finite quotient of GF , the claim follows. �
Proof of Theorem 2.9.1. Let X be a K3 surface over a field k which is finitely gen-

erated over its prime subfield. We claim that there exists a finite separable extension k′ of
k and an ample line bundle L on Xk′ such that the pair (Xk′ ,L) lies on the smooth locus
M sm

2d,K
p
0,Z(p)

of the moduli space of K3 surfaces as in Section 2.4. Indeed, if k is of character-

istic 0, then the assertion is trivial since the moduli space of K3 surfaces of characteristic
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0 is smooth. If char(k) = p > 0, then the claim follows from [38, Proposition 4.2] and [99,
Proposition 2.2]. (We note that the assertion of [38, Proposition 4.2] is also valid if p = 2
and X is supersingular since the Tate conjecture for X is true; see [62, Lemma 2.5].)

By replacing k′ by its separable finite extension, we may assume further that (Xk′ ,L)
satisfies the conditions as in Section 2.5.1. In particular, we have the Kuga-Satake abelian
variety A over k′. After possibly replacing K

p
0 by its open compact subgroup, we have a

natural Gk′-equivariant homomorphism

iℓ : P
2
ét(Xk,Zℓ(1))→ EndZℓ

(H1
ét(Ak,Zℓ)

∨)

for every ` 6= char(k) (see also Section 2.3.4).
By Lemma 2.9.2, for all but finitely many ` 6= char(k), we have a decomposition

H2
ét(Xk,Zℓ(1)) ∼= NS(Xk)Zℓ

⊕Mℓ

as a Gk-module over Zℓ. By the Tate conjecture for X, we have (Mℓ)
Gk = 0 for all

but finitely many ` 6= char(k). Then, by [119, Proposition 4.2], we obtain that (Mℓ ⊗Zℓ

Fℓ)Gk = 0 for all but finitely many ` 6= char(k). (We remark that [119, Proposition 4.2] is
deduced from the Tate conjecture for torsion coefficients for endomorphisms of the abelian
variety A.) Now the assertion of Theorem 2.9.1 follows from the fact that the natural map
Pic(X)→ (NS(Xk)⊗Z Fℓ)Gk is surjective for all but finitely many ` 6= char(k). �

Remark 2.9.3. Let k be a field which is finitely generated over Fp, and X a projective
smooth variety over k. In [21], Cadoret-Hui-Tamagawa proved that the Tate conjecture
for divisors on X implies that the Chern class map for `-torsion coefficients

Pic(X)→ H2
ét(Xk,Fℓ(1))

Gal(ksep/k)

is surjective for all but finitely many ` 6= p. A key ingredient of the proof is the following
theorem which is also due to Cadoret-Hui-Tamagawa: Let Z be a proper smooth scheme
over a finitely generated field k over Fp. Then the natural map H i

ét(Zk,Zℓ)→ H i
ét(Zk,Fℓ)

gives an isomorphism

H i
ét(Zk,Zℓ)

Gal(ksep/k.Fp) ⊗Zℓ
Fℓ ∼= H i

ét(Zk,Fℓ)
Gal(ksep/k.Fp)

for all but finitely many ` 6= p and for every i; see [20, Theorem 4.5].

Finally, as a corollary of Theorem 2.9.1, we give an application to the finiteness of the
Brauer group of a K3 surface over a field which is finitely generated over its prime subfield.

For a scheme Z, let Br(Z) := H2
ét(Z,Gm) be the cohomological Brauer group. Recall

that Br(Z) is a torsion abelian group if Z is a Noetherian regular scheme; see [47, Corollaire
1.8]. For an integer n, let Br(Z)[n] be the set of elements killed by n. For a prime number
p > 0, let Br(Z)[p′] be the prime-to-p torsion part, i.e. the set of elements x ∈ Br(Z) such
that we have nx = 0 for some non-zero integer n which is not divisible by p.

Proposition 2.9.4. Let k be a field which is finitely generated over its prime field.
Assume that char(k) = 0 (resp. char(k) = p). Let X be a projective smooth variety over k.
We assume that the Tate conjecture for divisors on Z is true, i.e. the `-adic Chern class
map

Pic(X)⊗Z Qℓ → H2
ét(Xk,Qℓ(1))

Gal(ksep/k)

is surjective for every ` 6= char(k). We assume further that the Chern class map for
`-torsion coefficients

Pic(X)→ H2
ét(Xk,Fℓ(1))

Gal(ksep/k)
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is surjective for all but finitely many ` 6= char(k). Then Br(Xk)
Gk (resp. Br(Xk)[p

′]Gk) is
finite.

Proof. We first claim that the Gk-fixed part Br(Xk)[`]
Gk is zero for all but finitely

many ` 6= char(k). Indeed, the Kummer sequence gives a short exact sequence

0→ NS(Xk)⊗Z Fℓ → H2
ét(Xk,Fℓ(1))→ Br(Xk)[`]→ 0

for every ` 6= char(k). Thus, by Lemma 2.9.2, there is a decomposition

H2
ét(Xk,Fℓ(1)) ∼= (NS(Xk)⊗Z Fℓ)⊕ Br(Xk)[`]

as a Gk-module for all but finitely many ` 6= char(k). Hence the claim follows from the
assumption on the Chern class map for `-torsion coefficients.

So it remains to prove that the union ∪n Br(Xk)[`
n]Gk is finite for every ` 6= char(k)

under the assumptions. We put

Tℓ Br(Xk) := lim←−
n

Br(Xk)[`
n]

and Vℓ Br(Xk) := Tℓ Br(Xk) ⊗Zℓ
Qℓ. As above, the Kummer sequence and Lemma 2.9.2

give a decomposition

H2
ét(Xk,Qℓ(1)) ∼= NS(Xk)Qℓ

⊕ Vℓ Br(Xk)

as a Gk-module for every ` 6= char(k). By the assumption, we have (Vℓ Br(Xk))
Gk = 0.

Since Tℓ Br(Xk) is torsion-free, we have (Tℓ Br(Xk))
Gk = 0 for every ` 6= char(k). It follows

that ∪n Br(Xk)[`
n]Gk is finite for every ` 6= char(k). �

Corollary 2.9.5 ([118, 119, 62, 21]). Let k be a field which is finitely generated
over its prime subfield, and X a K3 surface over k. Assume that char(k) = 0 (resp.
char(k) = p). Then Br(Xk)

Gk (resp. Br(Xk)[p
′]Gk) is finite.

Proof. This follows from the Tate conjecture for X, Theorem 2.9.1, and Proposition
2.9.4. �

Remark 2.9.6. Let k be a field which is finitely generated over Fp. Let X be a
projective smooth variety over k. Cadoret-Hui-Tamagawa proved that the Tate conjecture
for divisors on X implies that Br(Xk)[p

′]Gk is finite; see [21, Corollary 1.5]. (If k is finite,
this result was proved by Tate; see also the references given in [127, Section 4].)





CHAPTER 3

On `-independence for Huber’s tubular neighborhoods

3.1. Introduction

We prove some `-independence results on local constancy of étale cohomology of rigid
analytic varieties. As a result, we show that a closed subscheme of a proper scheme over an
algebraically closed complete non-archimedean field has a small open neighborhood in the
analytic topology such that, for every prime number ` different from the residue charac-
teristic, the closed subscheme and the open neighborhood have the same étale cohomology
with Z/`Z-coefficients. The existence of such an open neighborhood for each ` was proved
by Huber. A key ingredient in the proof is a uniform refinement of a theorem of Orgogozo
on the compatibility of the nearby cycles over general bases with base change. This chapter
is based on the preprint [63].

Let K be an algebraically closed complete non-archimedean field whose topology is
given by a valuation | · | : K → R≥0 of rank 1. Let O := OK be the ring of integers of K.

3.1.1. A main result. In this chapter, we study local constancy of étale cohomology
of rigid analytic varieties over K, or more precisely, of adic spaces of finite type over
Spa(K,O). The theory of étale cohomology for adic spaces was developed by Huber; see
[52]. Huber obtained several finiteness results on étale cohomology of adic spaces in a series
of papers [53, 54, 56]. Let us recall one of the main results of [54]; see [54, Theorem 3.6]
for a more precise statement.

Theorem 3.1.1 (Huber [54, Theorem 3.6]). We assume that K is of characteristic 0.
Let X be a separated adic space of finite type over Spa(K,O) and Z a closed adic subspace
of X. Let n be a positive integer invertible in O. Then there exists an open subset V of X
containing Z such that the restriction map

H i(V,Z/nZ)→ H i(Z,Z/nZ)
on étale cohomology groups is an isomorphism for every integer i. Moreover, we can assume
that V is quasi-compact. (In this chapter, we drop the subscript and write H i(Z,Z/nZ)
instead of H i

ét(Z,Z/nZ).)

It is a natural question to ask whether we can take an open subset V as in Theorem
3.1.1 independent of n. In the present chapter, we answer this question in the affirmative
for adic spaces which are arising from schemes of finite type over SpecO.

More precisely, we will prove the following theorem. For a scheme X of finite type over

SpecO, let X̂ denote the $-adic formal completion of X , where $ ∈ K× is an element

with |$| < 1. The Raynaud generic fiber of X̂ is denoted by (X̂ )rig in this section, which

is an adic space of finite type over Spa(K,O). (It is denoted by d(X̂ ) in [52] and in the
main body of this chapter.)

Theorem 3.1.2 (Theorem 3.4.9). Let Z ↪→ X be a closed immersion of separated

schemes of finite type over O. We have a closed embedding (Ẑ)rig ↪→ (X̂ )rig. Then there

43
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exists an open subset V of (X̂ )rig containing (Ẑ)rig such that, for every positive integer n
invertible in O, the restriction map

H i(V,Z/nZ)→ H i((Ẑ)rig,Z/nZ)
on étale cohomology groups is an isomorphism for every integer i. Moreover, we can assume
that V is quasi-compact.

A more precise statement is given in Theorem 3.4.9. We will use de Jong’s alterations
in several ways. This is the main reason why we restrict ourselves to the case where adic
spaces are arising from schemes of finite type over SpecO. We remark that, in our case, we
need not impose any conditions on the characteristic of K. We will also prove an analogous
statement for étale cohomology with compact support; see Theorem 3.4.8.

Remark 3.1.3. In [114], Scholze proved the weight-monodromy conjecture for a pro-
jective smooth variety X over a non-archimedean local field L of mixed characteristic (0, p)
which is a set-theoretic complete intersection in a projective smooth toric variety, by re-
duction to the function field case proved by Deligne. In the proof, Scholze used Theorem
3.1.1 to construct, for a fixed prime number ` 6= p, a projective smooth variety Y over a
function field of characteristic p and an appropriate mapping from étale cohomology with
Z/`Z-coefficients of X to that of Y . The initial motivation for the present study is, follow-
ing the method of Scholze, to prove that an analogue of the weight-monodromy conjecture
holds for étale cohomology with Z/`Z-coefficients of such a variety X for all but finitely
many ` 6= p by reduction to an ultraproduct variant of Weil II recently established by
Cadoret [19]. For this, we shall use Theorem 3.1.2 instead of Theorem 3.1.1. See Chapter
4 for details.

3.1.2. Local constancy of higher direct images with proper support. For the
proof of Theorem 3.1.2, we need to investigate local constancy of higher direct images with
proper support for morphisms of adic spaces. Before stating our results on higher direct
images with proper support, let us give an outline of the proof of Theorem 3.1.1.

Sketch of the proof of Theorem 3.1.1. We assume that K is of characteristic 0. For

simplicity, we assume that the closed embedding Z ↪→ X is of the form (Ẑ)rig ↪→ (X̂ )rig
for a closed immersion of finite presentation Z ↪→ X as in Theorem 3.1.2. By considering
the blow-up of X along Z, we may assume further that the closed subscheme Z is defined
by one global function f ∈ OX (X ). Let

f : X → SpecO[T ]
be the morphism defined by T 7→ f . The Raynaud generic fiber of the $-adic formal
completion of SpecO[T ] is the unit disc B(1) := Spa(K〈T 〉,O〈T 〉). The set of K-rational
points of B(1) is identified with the set

B(1)(K) = {x ∈ K | |x| ≤ 1}.
The morphism f induces the following morphism of adic spaces:

f rig : (X̂ )rig → B(1).

The inverse image (f rig)−1(0) of the origin 0 ∈ B(1) is the closed subspace (Ẑ)rig.
We fix a positive integer n invertible in O. We want to take an open subset V in

Theorem 3.1.1 as the inverse image

V = (f rig)−1(B(ε))
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of the disc B(ε) ⊂ B(1) of radius ε centered at 0 for a small ε ∈ |K×|. Such a subset is

called a tubular neighborhood of (Ẑ)rig. For this, we have to compute étale cohomology with
Z/nZ-coefficients of (f rig)−1(B(ε)) for a small ε ∈ |K×|. By the Leray spectral sequence
for f rig, it suffices to compute the cohomology group

H i(B(ε), Rjf rig
∗ Z/nZ)

for all i, j. The key steps are as follows.

• By [54, Theorem 2.1], the étale sheaf Rjf rig
∗ Z/nZ is an oc-quasi-constructible étale

sheaf of Z/nZ-modules in the sense of [54, Definition 1.4]. It follows that there
exists an element ε1 ∈ |K×| such that the restriction (Rjf rig

∗ Z/nZ)|B(ϵ1)\{0} is a
locally constant Z/nZ-sheaf of finite type.
• By the p-adic Riemann existence theorem of Lütkebohmert [82, Theorem 2.2],
there exists an element ε0 ∈ |K×| with ε0 ≤ ε1 such that (Rjf rig

∗ Z/nZ)|B(ϵ0)\{0}
is trivialized by a Kummer covering ϕm : B(ε1/m0 )\{0} → B(ε0)\{0} defined by
T 7→ Tm.

Then the desired result can be obtained by explicit calculations. �
In our case, the problem is to show that ε0 and ε1 in the above argument can be

taken independent of n. To overcome this problem, by using de Jong’s alterations and
cohomological descent, we will reduce to the case where there exists an element ε ∈ |K×|
with ε ≤ 1 such that the restriction

(f rig)−1(B(ε)\{0})→ B(ε)\{0}
of f rig is smooth. In this case, we will analyze the higher direct image sheaf with proper
support

Rjf rig
! Z/nZ

on B(1), which is defined in [52, Definition 5.4.4]. An important fact is that, since f rig is

smooth over B(ε)\{0}, the restriction (Rjf rig
! Z/nZ)|B(ϵ)\{0} is a constructible étale sheaf of

Z/nZ-modules (in the sense of [52, Definition 2.7.2]) for every positive integer n invertible
in O by [52, Theorem 6.2.2].

Our main result on local constancy of higher direct images with proper support is as
follows. We do not suppose that K is of characteristic zero. For elements a, b ∈ |K×| with
a < b ≤ 1, let B(a, b) ⊂ B(1) be the annulus with inner radius a and outer radius b centered
at 0.

Theorem 3.1.4 (Proposition 3.6.6 and Theorem 3.6.10). Let f : X → SpecO[T ]
be a separated morphism of finite presentation. We assume that there exists an element
ε ∈ |K×| with ε ≤ 1 such that the induced morphism

f rig : (X̂ )rig → B(1)
is smooth over B(ε)\{0}. Then there exists an element ε0 ∈ |K×| with ε0 ≤ ε such that,
for every positive integer n invertible in O, the following two assertions hold:

(1) The restriction (Rif rig
! Z/nZ)|B(ϵ0)\{0} is a locally constant Z/nZ-sheaf of finite type

for every i.
(2) For elements a, b ∈ |K×| with a < b ≤ ε0, there exists a composition

h : B(c1/m, d1/m) φm−→ B(c, d) g−→ B(a, b)
of a Kummer covering ϕm of degree m, where m is invertible in O, with a finite
Galois étale morphism g, such that (Rif rig

! Z/nZ)|B(a,b) is trivialized by h for every
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i. If K is of characteristic zero, then we can take g as a Kummer covering. (The
morphism h possibly depends on n.)

Under the assumptions of Theorem 3.1.4, the same results hold for the higher direct
image sheafRif rig

∗ Z/nZ by Poincaré duality [52, Corollary 7.5.5], which will imply Theorem
3.1.2.

A key ingredient in the proof of Theorem 3.1.4 is the following uniform variant of a
theorem of Orgogozo [100, Théorème 2.1] on the compatibility of the sliced nearby cycles
functors with base change. We also obtain a result on uniform unipotency of the sliced
nearby cycles functors. See Section 3.2.1 for the definition of the sliced nearby cycles
functors and see Definition 3.2.2 for the terminology used in the following theorem.

Theorem 3.1.5 (Corollary 3.3.17). Let S be a Noetherian excellent scheme and
g : Y → S a separated morphism of finite type. There exists an alteration S ′ → S such
that, for every positive integer n invertible on S, the following assertions hold:

(1) The sliced nearby cycles complexes for the base change gS′ : YS′ → S ′ of g and the
constant sheaf Z/nZ are compatible with any base change.

(2) The sliced nearby cycles complexes for gS′ : YS′ → S ′ and the constant sheaf Z/nZ
are unipotent.

Theorem 3.1.5 is a corollary of a more general result (Theorem 3.2.7), which may be of
independent interest. The proof of Theorem 3.1.5 is quite similar to that of [101, Théorème
3.1.1]. A key ingredient in the proof is de Jong’s alteration.

By using a comparison theorem of Huber [52, Theorem 5.7.8], we will deduce Theorem
3.1.4 from Theorem 3.1.5. Roughly speaking, Theorem 3.1.4 (1) can be deduced from
Theorem 3.1.5 (1) by considering a specialization map from an adic space of finite type
over Spa(K,O) to its reduction; see Section 3.5.3 and Section 3.6.2 for details. Theorem
3.1.4 (2) can be deduced from Theorem 3.1.5 (2) and a study of the discriminant function

δh : [0,∞)→ R≥0
associated with a finite Galois étale covering h : Y → B(1)\{0} defined in [82, 105, 83].
See Section 3.6.1 and Appendix 3.A for details.

3.1.3. The outline of this chapter. This chapter is organized as follows. In Section
3.2, we first recall the definition of the sliced nearby cycles functors. Then we formulate
our main result (Theorem 3.2.7) on the sliced nearby cycles functors. In Section 3.3, we
prove Theorem 3.2.7.

In Section 3.4, we recall the definition of tubular neighborhoods, and then we state our
main results (Theorem 3.4.8 and Theorem 3.4.9) on étale cohomology of tubular neighbor-
hoods. In Section 3.5, we recall a comparison theorem of Huber and use it to study the
relation between higher direct images with proper support for morphisms of adic spaces
and the sliced nearby cycles functors. In Section 3.6, we prove Theorem 3.1.4. Section 3.5
and Section 3.6 are the technical heart of this chapter. In Section 3.7, we prove Theorem
3.4.8 and Theorem 3.4.9 (and hence Theorem 3.1.2) by using the results of Section 3.6.

Finally, in Appendix 3.A, we prove two theorems (Theorem 3.6.2 and Theorem 3.6.3) on
finite étale coverings of annuli in the unit disc, which are essentially proved in [82, 105, 83].

3.2. Nearby cycles over general bases

In this section, we formulate our main results on nearby cycles over general bases. We
will use the following notation. Let f : X → S be a morphism of schemes. For a morphism
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T → S of schemes, the base change X ×S T of X is denoted by XT and the base change
of f is denoted by fT : XT → T . For a commutative ring Λ, let D+(X,Λ) be the derived
category of bounded below complexes of étale sheaves of Λ-modules on X. For a complex
K ∈ D+(X,Λ), the pull-back of K to XT is denoted by KT . We often call an étale sheaf
on X simply a sheaf on X.

3.2.1. Sliced nearby cycles functor. In this chapter, a scheme is called a strictly
local scheme if it is isomorphic to an affine scheme SpecR where R is a strictly Henselian
local ring. Let f : X → S be a morphism of schemes. Let q : U → S be a morphism from
a strictly local scheme U . The closed point of U is denoted by u. Let η ∈ U be a point.
Let η → U be an algebraic geometric point lying above η, i.e. it is a geometric point lying
above η such that the residue field κ(η) is a separable closure of the residue field κ(η)
of η. The strict localization of U at η → U is denoted by U(η). We have the following
commutative diagram:

XU(η)

j //

��

XU

fU
��

Xu
ioo

��
U(η)

// U u.oo

Let Λ be a commutative ring. We have the following functor:

RΨfU ,η := i∗Rj∗j
∗ : D+(XU ,Λ)→ D+(Xu,Λ).

This functor is called the sliced nearby cycles functor in [60]. Let K ∈ D+(XU ,Λ) be a
complex. We have an action of Gκ(η) = Gal(κ(η)/κ(η)) on RΨfU ,η(K) via the canonical
isomorphism

Aut(U(η)/ Spec(OU,η)) ∼= Gal(κ(η)/κ(η)).

Let q : V → U be a local morphism of strictly local schemes over S, i.e. a morphism
over S which sends the closed point v of V to the closed point u of U . Let ξ ∈ V be a
point with image η = q(ξ) ∈ U . For an algebraic geometric point ξ → V lying above ξ,
we have an algebraic geometric point η → U lying above η by taking the separable closure
of κ(η) in κ(ξ). We call η → U the image of ξ → V under the morphism q. We have the
following commutative diagram:

XV(ξ)

j′ //

q

��

XV

q

��

Xv
i′oo

q

��
XU(η)

j // XU Xu,
ioo

where the vertical morphisms are induced by q. For a complex K ∈ D+(XU ,Λ), we have
the following base change map:

q∗RΨfU ,η(K)→ RΨfV ,ξ
(KV ).

We will use the following terminology.

Definition 3.2.1. Let G be a group and X a scheme. We say that a sheaf F of Λ-
modules on X with a G-action is G-unipotent if F has a finite filtration which is stable
by the action of G such that the action of G on each successive quotient is trivial. We say
that a complex K ∈ D+(X,Λ) with a G-action is G-unipotent if its cohomology sheaves
are G-unipotent.
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Definition 3.2.2. Let f : X → S be a morphism of schemes. Let Λ be a commutative
ring and K ∈ D+(X,Λ) a complex.

(1) We say that the sliced nearby cycles complexes for f and K are compatible with
any base change (or simply that the nearby cycles for f and K are compatible with
any base change) if for every local morphism q : V → U of strictly local schemes
over S and every algebraic geometric point ξ → V with image η → U , the base
change map

q∗RΨfU ,η(KU)→ RΨfV ,ξ
(KV ).

is an isomorphism.
(2) We say that the sliced nearby cycles complexes for f and K are unipotent (or simply

that the nearby cycles for f and K are unipotent) if for every morphism q : U → S
from a strictly local scheme U , a point η ∈ U , and an algebraic geometric point
η → U lying above η, the complex RΨfU ,η(KU) is Gκ(η)-unipotent.

Remark 3.2.3. We can restate Definition 3.2.2 (1) in terms of vanishing topoi as
follows. Let f : X → S be a morphism of schemes. Let

X
←
×S S

be the vanishing topos, where the étale topos of a scheme X is also denoted by X by abuse
of notation. See [61, Exposé XI] and [60] for the definition and basic properties of the

vanishing topos X
←
×S S. Let Λ be a commutative ring. We have a morphism of topoi

Ψf : X → X
←
×S S. The direct image functor

RΨf : D
+(X,Λ)→ D+(X

←
×S S,Λ)

defined by Ψf is called the nearby cycles functor. For a morphism q : T → S of schemes,

we have a morphism of topoi
←
q : XT

←
×T T → X

←
×S S and a 2-commutative diagram

XT
//

RΨfT
��

X

RΨf

��

XT

←
×T T

←
q // X

←
×S S,

where XT → X is the projection. For a complex K ∈ D+(X,Λ), we have the base change
map

cf,q(K) : (
←
q )∗RΨf (K)→ RΨfT (KT ).

For a morphism f : X → S of schemes and a complex K ∈ D+(X,Λ), the sliced nearby
cycles complexes for f and K are compatible with any base change in the sense of Definition
3.2.2 (1) if and only if, for every morphism q : T → S of schemes, the base change map
cf,q(K) is an isomorphism. This follows from the following descriptions of the stalks of the
nearby cycles functor and the sliced nearby cycles functors.

Let x→ X be a geometric point of X and let s→ S denote the composition x→ X →
S. Let t→ S be a geometric point with a specialization map α : t→ s, i.e. an S-morphism
α : S(t) → S(s), where S(s) (resp. S(t)) is the strict localization of S at s→ S (resp. t→ S).

The triple (x, t, α) defines a point of the vanishing topos X
←
×S S and every point of X

←
×S S

is of this form (up to equivalence). The topos X
←
×S S has enough points. For the stalk

RΨf (K)(x,t,α) of RΨf (K) at (x, t, α), we have an isomorphism

RΨf (K)(x,t,α) ∼= RΓ(X(x) ×S(s)
S(t),K);
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see [60, (1.3.2)]. Here the pull-back of K to X(x)×S(s)
S(t) is also denoted by K and we will

use this notation in this chapter when there is no possibility of confusion.
We have a similar description of the stalks of the sliced nearby cycles functors. More

precisely, let q : U → S be a morphism from a strictly local scheme U and η → U an
algebraic geometric point. Let x→ Xu be a geometric point of the special fiber Xu of XU .
Then, since the morphism XU(η)

→ XU is quasi-compact and quasi-separated, we have

(3.2.1) RΨfU ,η(KU)x ∼= RΓ((XU)(x) ×U U(η),KU).

3.2.2. Main results on nearby cycles over general bases. A proper surjective
morphism f : X → Y of Noetherian schemes is called an alteration if it sends every generic
point of X to a generic point of Y and it is generically finite, i.e. there exists a dense open
subset U ⊂ Y such that the restriction f−1(U)→ U is a finite morphism. If furthermore X
and Y are integral schemes, then f is called an integral alteration. An alteration f : X → Y
is called a modification if there exists a dense open subset U ⊂ Y such that the restriction
f−1(U)→ U is an isomorphism.

Let f : X → S be a morphism of finite type of Noetherian schemes. In [100], Orgogozo
proved the following result:

Theorem 3.2.4 (Orgogozo [100, Théorème 2.1]). For a positive integer n invertible
on S and for a constructible sheaf F of Z/nZ-modules on X, there exists a modification
S ′ → S such that the sliced nearby cycles complexes for fS′ and FS′ are compatible with
any base change in the sense of Definition 3.2.2 (1).

Proof. See [100, Théorème 2.1] for the proof and for a more general result. (Actually,
Orgogozo formulated his results in terms of vanishing topoi. See Remark 3.2.3.) �

To prove Theorem 3.1.2, we need a uniform refinement of Theorem 3.2.4. More precisely,
we need a modification (or an alteration) S ′ → S such that, for every positive integer n
invertible on S, the sliced nearby cycles complexes for fS′ and the constant sheaf Z/nZ are
compatible with any base change, under the additional assumption that S is excellent.

In order to prove the existence of such a modification, we will use the methods developed
in a recent paper [101] of Orgogozo. In fact, by the same methods, we can also prove that
there exists an alteration S ′ → S such that, for every positive integer n invertible on S,
the sliced nearby cycles complexes for fS′ and the constant sheaf Z/nZ are unipotent in
the sense of Definition 3.2.2 (2). Such an alteration is also needed in the proof of Theorem
3.1.2.

To formulate our results, we need to recall the definition of a locally unipotent sheaf on
a Noetherian scheme from [101]. Let X be a Noetherian scheme. In this chapter, we call a
finite set X = {Xα}α of locally closed subsets of X a stratification if we have X =

∐
αXα

(set-theoretically). We endow each Xα with the reduced subscheme structure.

Definition 3.2.5 (Orgogozo [101, 1.2.1]). Let X be a Noetherian scheme and X a
stratification of X. We say that an abelian sheaf F on X is locally unipotent along X if, for
every morphism q : U → X from a strictly local scheme U and every Xα ∈ X, the pull-back
of F to U ×X Xα has a finite filtration whose successive quotients are constant sheaves.

Remark 3.2.6. If a constructible abelian sheaf F on a Noetherian scheme X is locally
unipotent along a stratification X, then it is constructible along X, i.e. for every Xα ∈ X,
the pull-back of F to Xα is locally constant. (See [101, 1.2.2].)

The main result on nearby cycles over general bases is as follows.
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Theorem 3.2.7. Let S be a Noetherian excellent scheme. Let f : X → S be a proper
morphism. Let X be a stratification of X. Then there exists an alteration S ′ → S such that,
for every positive integer n invertible on S and every complex K ∈ D+(X,Z/nZ) whose
cohomology sheaves are constructible sheaves of Z/nZ-modules and are locally unipotent
along X, the following two assertions hold.

(1) The sliced nearby cycles complexes for fS′ : XS′ → S ′ and KS′ are compatible with
any base change.

(2) The sliced nearby cycles complexes for fS′ : XS′ → S ′ and KS′ are unipotent.

In fact, as in [100], we can show a more precise result for the compatibility of the sliced
nearby cycles functors with base change as a corollary of Theorem 3.2.7:

Corollary 3.2.8. Under the assumptions of Theorem 3.2.7, there exists a modification
S ′ → S such that, for every positive integer n invertible on S and every complex K ∈
D+(X,Z/nZ) whose cohomology sheaves are constructible sheaves of Z/nZ-modules and
are locally unipotent along X, the sliced nearby cycles complexes for fS′ : XS′ → S ′ and KS′
are compatible with any base change.

Proof. This follows from Theorem 3.2.7 together with [100, Lemme 3.2 and Lemme
3.3]. �

3.3. Proof of Theorem 3.2.7

3.3.1. Nodal curves. In this subsection, we recall some results on nodal curves from
[29, 101]. Let f : X → S be a morphism of Noetherian schemes. We say that f is a nodal
curve if it is a flat projective morphism such that every geometric fiber of f is a connected
reduced curve having at most ordinary double points as singularities. We say that f is
a nodal curve adapted to a pair (X◦, S◦) of dense open subsets X◦ and S◦ of X and S,
respectively, if the following conditions are satisfied:

• f is a nodal curve which is smooth over S◦.
• There is a closed subscheme D of X which is étale over S and is contained in the
smooth locus of f . Moreover we have f−1(S◦) ∩ (X\D) = X◦.

The following proposition will be used in the proof of Theorem 3.2.7, which is one of
the main reasons why we introduce the notion of locally unipotent sheaves.

Proposition 3.3.1 (Orgogozo [101, Proposition 2.3.1]). Let S be a Noetherian
scheme and f : X → S a nodal curve adapted to a pair (X◦, S◦) of dense open subsets
X◦ and S◦ of X and S, respectively. Let u : X◦ ↪→ X denote the open immersion. Assume
that S◦ is normal. Then, for every positive integer n invertible on S and every locally
constant constructible sheaf L of Z/nZ-modules on X◦ such that u!L is locally unipotent
along the stratification X = {X◦, X\X◦} of X, the sheaf

Rif∗(u!L)
is locally unipotent along the stratification S = {S◦, S\S◦} of S for every i.

Proof. See [101, Proposition 2.3.1]. �
Remark 3.3.2. The proof of Theorem 3.2.7 is inspired by that of Proposition 3.3.1.

In fact, we can show that, with the notation of Proposition 3.3.1, the nearby cycles for f
and u!L are compatible with any base change and unipotent. Since we will not use this
fact in the proof of Theorem 3.2.7, we omit the proof of it.
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We say that a morphism f : X → S of Noetherian integral schemes is a pluri nodal
curve adapted to a dense open subset X◦ ⊂ X if there are an integer d ≥ 0, a sequence

(X = Xd →
fd
Xd−1 → · · · → X1 →

f1
X0 = S)

of morphisms of Noetherian integral schemes, and dense open subsets X◦i ⊂ Xi for every
0 ≤ i ≤ d with X◦d = X◦ such that fi : Xi → Xi−1 is a nodal curve adapted to the pair
(X◦i , X

◦
i−1) for every 1 ≤ i ≤ d. If d = 0, by convention, it means that X = S and f is the

identity map.
The following theorem of de Jong plays an important role in the proof of Theorem

3.2.7.

Theorem 3.3.3 (de Jong [29, Theorem 5.9]). Let f : X → S be a proper surjective
morphism of Noetherian excellent integral schemes. Let X◦ ⊂ X be a dense open subset.
We assume that the geometric generic fiber of f is irreducible. Then there is the following
commutative diagram:

X0
f ′ //

��

S ′

��
X

f // S,

where the vertical maps are integral alterations and f ′ is a pluri nodal curve adapted to a
dense open subset X◦◦0 ⊂ X0 which is contained in the inverse image of X◦ ⊂ X.

Proof. See [29, Theorem 5.9] and the proof of [29, Theorem 5.10]. We note that if
the dimension of the generic fiber of f is zero, then f is an integral alteration. Hence we
can take S ′ as X and take f ′ as the identity map on X in this case. �

3.3.2. Preliminary lemmas. We shall give two lemmas, which will be used in the
proof of Theorem 3.2.7.

We will need the following terminology.

Definition 3.3.4. Let f : X → S be a morphism of schemes. Let Λ be a commutative
ring and K ∈ D+(X,Λ) a complex. Let ρ be an integer.

(1) We say that the sliced nearby cycles complexes for f and K are ρ-compatible with
any base change (or simply that the nearby cycles for f and K are ρ-compatible
with any base change) if for every local morphism q : V → U of strictly local
schemes over S and every algebraic geometric point ξ → V with image η → U ,
we have τ≤ρ∆ = 0 for the cone ∆ of the base change map:

q∗RΨfU ,η(KU)→ RΨfV ,ξ
(KV )→ ∆→ .

(2) We say that the sliced nearby cycles complexes for f and K are ρ-unipotent (or
simply that the nearby cycles for f and K are ρ-unipotent) if for every morphism
q : U → S from a strictly local scheme U , a point η ∈ U , and an algebraic geometric
point η → U lying above η, the complex

τ≤ρRΨfU ,η(KU)
is Gκ(η)-unipotent.

Lemma 3.3.5. Let f : X → Z and g : Z → S be morphisms of schemes. Let h := g ◦ f
denote the composition. Let K ∈ D+(X,Z/nZ) be a complex.
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(1) Assume that g is a closed immersion. If the nearby cycles for f and K are ρ-
compatible with any base change (resp. are ρ-unipotent), then so are the nearby
cycles for h and K.

(2) Assume that f is a closed immersion. If the nearby cycles for h and K are ρ-
compatible with any base change (resp. are ρ-unipotent), then so are the nearby
cycles for g and f∗K.

Proof. (1) Let q : U → S be a morphism from a strictly local scheme U and η → U
an algebraic geometric point. If the image of η in S is not contained in Z, then we have
RΨhU ,η(KU) = 0. If the image of η in S is contained in Z, then U ′ := Z ×S U is a strictly
local scheme and η induces an algebraic geometric point η′ → U ′. We have U ′(η′)

∼= Z×SU(η),

and hence RΨhU ,η(KU) ∼= RΨfU′ ,η
′(KU ′). The assertion follows from this description.

(2) Let q : U → S and η → U be as above. Let u ∈ U be the closed point. Then we
have (fu)∗RΨhU ,η(KU) ∼= RΨgU ,η((f∗K)U), where fu : Xu → Zu is the base change of f .
Since (fu)∗ is exact, the assertion follows from this isomorphism. �

As in [100], we need some results on cohomological descent. See [SGA 4 II, Exposé
Vbis] and [33, Section 5] for the terminology used here. Let f : Y → X be a morphism of
schemes. Let

β : Y• := cosq0(Y/X)→ X

be the augmented simplicial object in the category of schemes defined as in [33, (5.1.4)],
so Ym is the (m + 1)-times fiber product Y ×X · · · ×X Y for m ≥ 0. We can associate to
the étale topoi of Ym (m ≥ 0) a topos (Y•)

∼; see [33, (5.1.6)–(5.1.8)]. Moreover, as in [33,
(5.1.11)], we have a morphism of topoi

(β∗, β
∗) : (Y•)

∼ → X∼ét

from (Y•)
∼ to the étale topos X∼ét of X.

Lemma 3.3.6. Let f : X → S be a morphism of schemes. Let β0 : Y → X be a proper
surjective morphism. We put β : Y• := cosq0(Y/X) → X. Let F be a sheaf of Z/nZ-
modules on X and Fm := β∗mF the pull-back of F by βm : Ym → X. The composition
f ◦ βm is denoted by fm. Let ρ ≥ −1 be an integer.

(1) If the nearby cycles for fm and Fm are (ρ −m)-compatible with any base change
for every 0 ≤ m ≤ ρ+1, then the nearby cycles for f and F are ρ-compatible with
any base change.

(2) If the nearby cycles for fm and Fm are (ρ −m)-unipotent for every 0 ≤ m ≤ ρ,
then the nearby cycles for f and F are ρ-unipotent.

Proof. The assertion (1) is [100, Lemme 4.1]. (See also Remark 3.2.3.) Although it
is stated for constant sheaves, the same proof works for sheaves of Z/nZ-modules (or more
generally, for torsion abelian sheaves).

The assertion (2) can be proved by the same arguments as in the proof of [100, Lemme
4.1]. We shall give a sketch here. Let q : U → S be a morphism from a strictly local scheme
U and η → U an algebraic geometric point with image η ∈ U . Let u ∈ U be the closed
point. We have the following diagram:

(Y•)U(η)

j• //

β

��

(Y•)U

β

��

(Y•)u
i•oo

β

��
XU(η)

j // XU Xu,
ioo
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where β : (Y•)U → XU is the base change of β, etc. By [SGA 4 II, Exposé Vbis, Propo-
sition 4.3.2], the morphism β0 : Y → X is universally of cohomological descent, and hence
we have FU ∼= Rβ∗β

∗FU . Using this isomorphism and the proper base change theorem, we
obtain

RΨfU ,η(FU) ∼= Rβ∗(i•)
∗R(j•)∗(j•)

∗β∗FU .
The pull-back of the complex

(i•)
∗R(j•)∗(j•)

∗β∗FU
to (Ym)u is isomorphic to RΨ(fm)U ,η((Fm)U) for every m ≥ 0. Thus we have the following
spectral sequence:

Ek,l
1 = Rl(βk)∗RΨ(fk)U ,η((Fk)U)⇒ Rk+lΨfU ,η(FU).

(See [33, (5.2.7.1)].) The assertion follows from this spectral sequence since the sheaf

Rl(βk)∗RΨ(fk)U ,η((Fk)U) ∼= Rl(βk)∗τ≤lRΨ(fk)U ,η((Fk)U)
is Gκ(η)-unipotent if k + l ≤ ρ by our assumption. �

3.3.3. Proof of Theorem 3.2.7. In this subsection, we prove Theorem 3.2.7. Let us
stress that the proof is heavily inspired by the methods of [100, 101].

In this section, we use the following terminology.

Definition 3.3.7. Let S be a Noetherian scheme and f : X → S a morphism of finite
type. Let ρ be an integer.

(1) Let X be a stratification ofX. We say that an alteration S ′ → S is ρ-adapted to the
pair (f,X) if, for every positive integer n invertible on S and every constructible
sheaf F of Z/nZ-modules on X which is locally unipotent along X, the nearby
cycles for fS′ : XS′ → S ′ and FS′ are ρ-compatible with any base change and
ρ-unipotent.

(2) Let u : U ↪→ X be an open immersion. We say that an alteration S ′ → S is
ρ-adapted to the pair (f, U) if, for every positive integer n invertible on S and
every locally constant constructible sheaf L of Z/nZ-modules on U such that
u!L is locally unipotent along the stratification {U,X\U}, the nearby cycles for
fS′ : XS′ → S ′ and (u!L)S′ are ρ-compatible with any base change and ρ-unipotent.

Let S be a Noetherian excellent integral scheme. Let ρ and d be two integers. We shall
consider the following statement P(S, ρ, d):

P(S, ρ, d): Let T → S be an integral alteration and f : Y → T a proper
morphism such that the dimension of the generic fiber of f is less than or
equal to d. Let Y be a stratification of Y . Then there exists an alteration
T ′ → T which is ρ-adapted to (f,Y) in the sense of Definition 3.3.7 (1).

Remark 3.3.8.

(1) P(S,−2, d) holds trivially for every Noetherian excellent integral scheme S and
every integer d.

(2) For an integral scheme T and a proper morphism f : Y → T , the condition that
the dimension of the generic fiber is less than or equal to −1 means that f is not
surjective. The statement P(S, ρ,−1) is not trivial.

Lemma 3.3.9. To prove Theorem 3.2.7, it is enough to prove that statement P(S, ρ, d)
holds for every triple (S, ρ, d), where S is a Noetherian excellent integral scheme, and ρ
and d are integers.
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Proof. Let S be a Noetherian scheme and f : X → S a morphism of finite type. Let
N be the supremum of dimensions of fibers of f . Let q : U → S be a morphism from a
strictly local scheme U and η → U an algebraic geometric point. Then, for every sheaf F
of Z/nZ-modules on X, where n is a positive integer, we have for i > 2N

RiΨfU ,η(FU) = 0

by [100, Proposition 3.1]; see also Remark 3.2.3. By using this fact, the assertion can be
proved by standard arguments. �

We will prove P(S, ρ, d) by induction on the triples (S, ρ, d). For two Noetherian excel-
lent integral schemes S and S ′, we denote

S ′ ≺ S

if S ′ is isomorphic to a proper closed subscheme of an integral alteration of S. For a
Noetherian excellent integral scheme S and an integer ρ, we also consider the following
statements.

• P(S, ρ, ∗): The statement P(S, ρ, d′) holds for every integer d′.
• P(∗ ≺ S, ρ, ∗): The statement P(S ′, ρ, d′) holds for every Noetherian excellent
integral scheme S ′ with S ′ ≺ S and every integer d′.

We begin with the following lemma.

Lemma 3.3.10. Let S be a Noetherian excellent integral scheme and ρ an integer. If
P(∗ ≺ S, ρ, ∗) holds, then P(S, ρ,−1) holds.

Proof. This lemma can be proved by the same arguments as in [100, Section 4.2] by
using [101, Proposition 1.6.2] instead of [100, Lemme 4.3]. We recall the arguments for
the reader’s convenience.

We assume that P(∗ ≺ S, ρ, ∗) holds. Let T → S be an integral alteration and let
f : Y → T be a proper morphism. We assume that f is not surjective. Let Y be a
stratification of Y . Let Z := f(Y ) be the schematic image of f . We write g : Y → Z for
the induced morphism. By applying P(∗ ≺ S, ρ, ∗) to each irreducible component of Z, we
can find an alteration Z ′ → Z which is ρ-adapted to (g,Y). By [101, Proposition 1.6.2],
there is an alteration T ′ → T such that every irreducible component of ZT ′ := Z ×T T ′
endowed with the reduced closed subscheme structure has a Z-morphism to Z ′.

Let F be a constructible sheaf of Z/nZ-modules on Y which is locally unipotent along
Y, where n is a positive integer invertible on T . We shall show that the nearby cycles for
fT ′ and FT ′ are ρ-compatible with any base change and ρ-unipotent. By Lemma 3.3.5 (1),
it suffices to show that the same properties hold for the nearby cycles for gT ′ : YT ′ → ZT ′
and FT ′ . We put

W0 :=
∐
α∈Θ

(YT ′ ×ZT ′
Zα),

where {Zα}α∈Θ is the set of the irreducible components of ZT ′ , and put

β : W• := cosq0(W0/YT ′)→ YT ′ .

By the constructions of Z ′ and T ′, and by Lemma 3.3.5 (1), we see that the nearby cycles
for gm and Fm are ρ-compatible with any base change and ρ-unipotent for every m ≥ 0,
where we write Fm := β∗mFT ′ and gm := gT ′ ◦ βm. By Lemma 3.3.6, it follows that the
nearby cycles for gT ′ : YT ′ → ZT ′ and FT ′ are ρ-compatible with any base change and
ρ-unipotent. �
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Our next task is to show the following lemma.

Lemma 3.3.11. Let (S, ρ, d) be a triple of a Noetherian excellent integral scheme S and
two integers ρ and d. Assume that d ≥ 0. If P(S, ρ, d−1), P(S, ρ−1, ∗), and P(∗ ≺ S, ρ, ∗)
hold, then P(S, ρ, d) holds.

The proof of Lemma 3.3.11 is divided into two steps. The first step is to prove the
following lemma.

Lemma 3.3.12. We assume that P(S, ρ, d−1), P(S, ρ−1, ∗), and P(∗ ≺ S, ρ, ∗) hold.
Under this assumption, to prove P(S, ρ, d), it suffices to prove the following statement
Pnd(S, ρ, d):

Pnd(S, ρ, d): Let T → S be an integral alteration and f : Y → T a pluri
nodal curve adapted to a dense open subset Y ◦ ⊂ Y such that the dimen-
sion of the generic fiber of f is less than or equal to d. Then there is an
alteration T ′ → T which is ρ-adapted to (f, Y ◦) in the sense of Definition
3.3.7 (2).

Proof. We assume that Pnd(S, ρ, d) holds. Let T → S be an integral alteration and
f : Y → T a proper morphism such that the dimension of the generic fiber of f is less than
or equal to d. Let Y be a stratification of Y . We want to prove that there is an alteration
T ′ → T which is ρ-adapted to (f,Y).

Step 1. It suffices to prove the following claim (I):

(I) Let u : Y ◦ ↪→ Y be an open immersion. Then there is an alteration T ′ → T which
is ρ-adapted to (f, Y ◦).

Indeed, by replacing Y by a stratification refining it, we may assume that Y is a
good stratification in the sense of [101, Section 1.1] (it is called a bonne stratification in
French). Then every sheaf F of Z/nZ-modules on Y which is constructible along Y has
a finite filtration such that each successive quotient is of the form u!L where u : Yα ↪→ Y
is an immersion for some Yα ∈ Y and L is a locally constant constructible sheaf of Z/nZ-
modules on Yα; see [101, Proposition 1.1.4]. If furthermore F is locally unipotent along
Y, then so is every successive quotient of this filtration. Since Y consists of finitely many
locally closed subsets, by using Lemma 3.3.5 (2), we see that it suffices to prove the claim
(I).

Step 2. To prove the claim (I), we may assume that Y is integral, the morphism f is
surjective, and the geometric generic fiber of f is irreducible.

Indeed, there is a field L which is a finite extension of the function field of T such that,
every irreducible component of Y ×T SpecL is geometrically irreducible. Let T ′ → T be
the normalization of T in L. We put

β0 : W0 :=
∐
α∈Θ

Yα → YT ′ ,

where {Yα}α∈Θ is the set of the irreducible components of YT ′ . By P(S, ρ − 1, ∗) and
Lemma 3.3.6, it suffices to show that there is an alteration T ′′ → T ′ which is ρ-adapted to
(f0, β

−1
0 (Y ◦T ′)), where f0 := fT ′ ◦β0. It is enough to show that the same assertion holds after

restricting to each component Yα. By P(∗ ≺ S, ρ, ∗) and Lemma 3.3.10, we may assume
that Yα → T ′ is surjective. Then, by the construction of T ′, the geometric generic fiber of
Yα → T ′ is irreducible. This completes the proof of our claim.
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Step 3. We may assume that Y ◦ is non-empty. We claim that we may assume further
that f : Y → T is a pluri nodal curve adapted to a dense open subset Y ◦◦ ⊂ Y with
Y ◦◦ ⊂ Y ◦.

Indeed, by Theorem 3.3.3, there is the following commutative diagram:

Y0
f ′ //

β

��

T ′

��
Y

f // T,

where the vertical maps are integral alterations and f ′ is a pluri nodal curve adapted to a
dense open subset Y ◦◦0 ⊂ Y0 which is contained in β−1(Y ◦). The generic fiber of YT ′ → T ′

is irreducible. Let W0 be the disjoint union of Y0 and the irreducible components of YT ′
which do not dominate T ′. Then the natural morphism W0 → YT ′ is a proper surjective
morphism. By the same arguments as in the proof of the previous step, we see that it
suffices to prove that there is an alteration T ′′ → T ′ which is ρ-adapted to (f ′, β−1(Y ◦)).

Step 4. Finally, we complete the proof of the claim (I).
Let u′ : Y ◦◦ ↪→ Y and u′′ : Y ◦◦ ↪→ Y ◦ denote the open immersions. Let n be a positive

integer invertible on T and L a locally constant constructible sheaf of Z/nZ-modules on
Y ◦ such that u!L is locally unipotent along the stratification Y = {Y ◦, Y \Y ◦}. We have
an exact sequence

0→ u′!u
′′∗L → u!L → G → 0.

The sheaf u′!u
′′∗L is locally unipotent along the stratification {Y ◦◦, Y \Y ◦◦}. The sheaf

G is supported on Y \Y ◦◦ and the restriction of G to Y \Y ◦◦ is locally unipotent along
the stratification {Y ◦\Y ◦◦, Y \Y ◦}. By applying P(S, ρ, d − 1) to Y \Y ◦◦ → T and the
stratification {Y ◦\Y ◦◦, Y \Y ◦} and using Lemma 3.3.5 (2), we see that Pnd(S, ρ, d) implies
the claim (I) by dévissage.

The proof of Lemma 3.3.12 is now complete. �
Next, we prove Pnd(S, ρ, d) in Lemma 3.3.12 under the assumptions:

Lemma 3.3.13. We assume that P(S, ρ, d−1), P(S, ρ−1, ∗), and P(∗ ≺ S, ρ, ∗) hold.
Then the statement Pnd(S, ρ, d) in Lemma 3.3.12 is true.

Proof. Let u : Y ◦ ↪→ Y denote the open immersion. Let T → S be an integral
alteration and f : Y → T a pluri nodal curve adapted to a dense open subset Y ◦ ⊂ Y such
that the dimension of the generic fiber of f is less than or equal to d. If f is an isomorphism,
then there is nothing to prove. Hence we may assume that f is not an isomorphism, and
hence there are a factorization

Y
h //

f

77X
g // T

and a dense open subset X◦ ⊂ X such that h : Y → X is a nodal curve adapted to the pair
(Y ◦, X◦) and g : X → T is a pluri nodal curve adapted to X◦. Since P(S, ρ, d− 1) holds,
we may assume that the identity map T → T is ρ-adapted to the following two pairs

(Y \Y ◦ → T, {Y \Y ◦}) and (g, {X◦, X\X◦}).
By replacing T with its normalization, we may assume that T is normal.

We claim that the identity map T → T is ρ-adapted to (f, Y ◦). The proof is divided
into two parts. First, we prove the assertion after restricting to the smooth locus Y ′ ⊂ Y
of h. Then, we prove our claim by using the results on the smooth locus Y ′.
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Claim 3.3.14. Let a : Y ′ → T denote the restriction of f to Y ′. Let n be a positive
integer invertible on T and L a locally constant constructible sheaf L of Z/nZ-modules on
Y ◦ such that u!L is locally unipotent along the stratification Y := {Y ◦, Y \Y ◦}. Let F be
the pull-back of u!L to Y ′. Then the following assertions hold:

(1) The nearby cycles for a : Y ′ → T and F are ρ-compatible with any base change.
(2) The nearby cycles for a : Y ′ → T and F are ρ-unipotent.

Proof. (1) We fix a local morphism q : V → U of strictly local schemes over T and
an algebraic geometric point ξ → V with image η → U . In the following, for a morphism
φ : Z → T and a complex K ∈ D+(Z,Z/nZ), the cone of the base change map

q∗RΨϕU ,η(KU)→ RΨϕV ,ξ
(KV )

is denoted by ∆(φ,K). For a morphism φ : Z → W of T -schemes and a T -scheme T ′, the
base change ZT ′ → WT ′ is often denoted by the same letter φ when there is no possibility
of confusion.

We want to show τ≤ρ∆(a,F) = 0. It suffices to prove that τ≤ρ∆(a,F)x = 0 at every
geometric point x→ Y ′s , where s ∈ V is the closed point. The morphism

(q∗RΨaU ,η(FU))x → RΨaV ,ξ
(FV )x

on the stalks induced by the base change map can be identified with the pull-back map

RΓ((Y ′U)(x) ×U U(η), u!L)→ RΓ((Y ′V )(x) ×V V(ξ), u!L).

(See also (3.2.1) in Remark 3.2.3.) Since the sheaf u!L is locally unipotent along Y =
{Y ◦, Y \Y ◦}, we may assume that L = Λ is a constant sheaf on Y ◦ by dévissage.

Note that Y ◦ is contained in Y ′. Since we have the following exact sequence of sheaves
on Y ′

0→ u!Λ→ Λ→ v∗Λ→ 0,

where v : Y ′\Y ◦ ↪→ Y ′ is the closed immersion and the open immersion u : Y ◦ ↪→ Y ′ is
denoted by the same letter u, it suffices to prove that τ≤ρ∆(a,Λ) = 0 and τ≤ρ∆(a, v∗Λ) = 0.

It follows from the assumption on T that the nearby cycles for a ◦ v and the constant
sheaf Λ are ρ-compatible with any base change. Hence we have τ≤ρ∆(a, v∗Λ) = 0 by
Lemma 3.3.5 (2). By the assumption on T again, the nearby cycles for g and the constant
sheaf Λ are ρ-compatible with any base change. Since the composition b : Y ′ ↪→ Y → X
is smooth, we have ∆(a,Λ) ∼= b∗∆(g,Λ) by the smooth base change theorem. Hence we
obtain that

τ≤ρ∆(a,Λ) ∼= τ≤ρb
∗∆(g,Λ) ∼= b∗τ≤ρ∆(g,Λ) = 0.

(2) Let q : U → T be a morphism from a strictly local scheme U , a point η ∈ U , and an
algebraic geometric point η → U lying above η. Let s ∈ U be the closed point. We want
to show that the complex

τ≤ρRΨaU ,η(FU)
is Gκ(η)-unipotent.

We first claim that, for every i ≤ ρ, the sheaf RiΨaU ,η(FU) is constructible. Since we
have already shown that the nearby cycles for a and F are ρ-compatible with any base
change, we may assume that U is the strict localization of T at s → T , in particular,
we may assume that U is Noetherian. Then, by using [EGA II, Proposition 7.1.9], we
may assume that U is the spectrum of strictly Henselian discrete valuation ring, and in
this case, the claim follows from [SGA 41

2
, Th. finitude, Théorème 3.2]. (See also [100,

Section 8].)
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Now, it suffices to prove that, for every geometric point x→ Y ′s , the complex

τ≤ρRΨaU ,η(FU)x ∼= τ≤ρRΓ((Y
′
U)(x) ×U U(η), u!L)

is Gκ(η)-unipotent; see [101, Lemme 1.2.5]. Since the sheaf u!L is locally unipotent along
Y = {Y ◦, Y \Y ◦}, we reduce to the case where L = Λ is a constant sheaf on Y ◦ by dévissage.

By the exact sequence 0 → u!Λ → Λ → v∗Λ → 0, it suffices to prove that the nearby
cycles for a and the sheaf v∗Λ (resp. the constant sheaf Λ) are ρ-unipotent. By using the
assumption on T , we conclude by the same argument as in the proof of (1). �

Claim 3.3.15. Let n be a positive integer invertible on T and L a locally constant
constructible sheaf L of Z/nZ-modules on Y ◦ such that F := u!L is locally unipotent along
the stratification Y = {Y ◦, Y \Y ◦}. Then the following assertions hold:

(1) The nearby cycles for f and F are ρ-compatible with any base change.
(2) The nearby cycles for f and F are ρ-unipotent.

Proof. (1) We fix a local morphism q : V → U of strictly local schemes over T and an
algebraic geometric point ξ → V with image η → U . We retain the notation of the proof
of Claim 3.3.14 (1). We write ∆ := ∆(f,F). We want to show τ≤ρ∆ = 0. Let c : Z ↪→ Y
be a closed immersion whose complement is the smooth locus Y ′ of h. By Claim 3.3.14
(1), we have

τ≤ρ∆ ∼= c∗c
∗τ≤ρ∆,

and hence it suffices to show that c∗τ≤ρ∆ = 0. Since the composition d : Z → Y → X is a
finite morphism, it is enough to prove that

d∗c
∗τ≤ρ∆ = 0.

By using τ≤ρ∆ ∼= c∗c
∗τ≤ρ∆, we obtain an isomorphism d∗c

∗τ≤ρ∆ ∼= τ≤ρRh∗∆. By the
proper base change theorem, we have Rh∗∆ ∼= ∆(g,Rh∗F). Note that X◦ is normal
since T is normal. Hence the cohomology sheaves of Rh∗F are locally unipotent along
the the stratification {X◦, X\X◦} by Proposition 3.3.1. By the assumption on T , we have
τ≤ρ∆(g,Rih∗F) = 0 for every i. It follows that τ≤ρ∆(g,Rh∗F) = 0. This completes the
proof of (1).

(2) Let q : U → T be a morphism from a strictly local scheme U , a point η ∈ U , and
an algebraic geometric point η → U lying above η. We write K := RΨfU ,η(FU). Let
e : Y ′ → Y denote the open immersion. We have the following distinguished triangle:

e!e
∗τ≤ρK → τ≤ρK → c∗c

∗τ≤ρK → .

By Claim 3.3.14 (2), it suffices to prove that c∗τ≤ρK is Gκ(η)-unipotent. Since d is a finite
morphism, it suffices to prove that

d∗c
∗τ≤ρK

is Gκ(η)-unipotent. We have the following distinguished triangle:

Rh∗e!e
∗τ≤ρK → Rh∗τ≤ρK → d∗c

∗τ≤ρK → .

Since the complex Rh∗e!e
∗τ≤ρK is Gκ(η)-unipotent by Claim 3.3.14 (2), it is enough to show

that τ≤ρRh∗τ≤ρK ∼= τ≤ρRh∗K is Gκ(η)-unipotent. By the proper base change theorem, we
have

Rh∗K ∼= RΨgU ,η((Rh∗F)U).
As above, by Proposition 3.3.1 and the assumption on T , it follows that the complex
τ≤ρRΨgU ,η((Rh∗F)U) is Gκ(η)-unipotent, whence (2). �

The proof of Lemma 3.3.13 is complete. �
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Now Lemma 3.3.11 follows from Lemma 3.3.12 and Lemma 3.3.13. Finally, we prove
the following proposition which completes the proof Theorem 3.2.7.

Proposition 3.3.16. For every triple (S, ρ, d) of a Noetherian excellent integral scheme
S and two integers ρ and d, the statement P(S, ρ, d) holds.

Proof. We assume that P(S, ρ, d) does not hold. Then, by Lemma 3.3.10 and Lemma
3.3.11, we can find infinitely many triples {(Sn, ρn, dn)}n∈Z≥0

with the following properties:

(1) P(Sn, ρn, dn) does not hold for every n ∈ Z≥0.
(2) (S0, ρ0, d0) = (S, ρ, d).
(3) For every n ∈ Z≥0, we have

(a) Sn+1 ≺ Sn,
(b) Sn+1 = Sn, ρn+1 = ρn − 1, and dn ≥ 0, or
(c) Sn+1 = Sn, ρn+1 = ρn, and dn+1 = dn − 1 ≥ −1.

By [101, Lemme in 3.4.4], there is an integer N ≥ 0 such that Sn+1 = Sn for every n ≥ N .
Since P(S ′,−2, d′) holds trivially for every Noetherian excellent integral scheme S ′ and
every integer d′, there is an integer N ′ ≥ N such that dn+1 = dn − 1 ≥ −1 for every
n ≥ N ′. This leads to a contradiction. �

For future reference, we state the following immediate consequence of Theorem 3.2.7
as a corollary.

Corollary 3.3.17. Let S be a Noetherian excellent scheme and f : X → S a separated
morphism of finite type. Then there exists an alteration S ′ → S such that, for every
positive integer n invertible on S, the sliced nearby cycles complexes for fS′ : XS′ → S ′ and
the constant sheaf Z/nZ are compatible with any base change and are unipotent

Proof. The morphism f has a factorization f = g ◦ u where u : X ↪→ P is an open
immersion and g : P → S is a proper morphism. Let q : U → S be a morphism from a
strictly local scheme U and η → U an algebraic geometric point. Let u ∈ U be the closed
point. Then the restriction of RΨgU ,η(Z/nZ) to Xu is isomorphic to RΨfU ,η(Z/nZ). Thus,
by applying Theorem 3.2.7 to g : P → S and the stratification {P} of P , we obtain the
desired conclusion. �

3.4. Tubular neighborhoods and main results

In this section, we will state the main results of Chapter 3.

3.4.1. Adic spaces and pseudo-adic spaces. In this chapter, we will freely use the
theory of adic spaces and pseudo-adic spaces developed by Huber. Our basis references
are [50, 51, 52]. We will use the terminology in [52, Section 1.1], such as a valuation of
a ring, an affinoid ring, a Tate ring, or a strongly Noetherian Tate ring.

An adic space is by definition a triple

X = (X,OX , {vx}x∈X)
where X is a topological space, OX is a sheaf of topological rings on the topological space
X, and vx is an equivalence class of valuations of the stalk OX,x at x ∈ X which is locally
isomorphic to the affinoid adic space Spa(A,A+) associated with an affinoid ring (A,A+);
see [52, Section 1.1] for details. In this chapter, unless stated otherwise, we assume that
every adic space is locally isomorphic to the affinoid adic space Spa(A,A+) associated with
an affinoid ring (A,A+) such that A is a strongly Noetherian Tate ring. So we can use the
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results in [52]; see [52, (1.1.1)]. In particular, we only treat analytic adic spaces; see [52,
Section 1.1] for the definition of an analytic adic space.

A pseudo-adic space is a pair

(X,S)

where X is an adic space and S is a subset of X satisfying certain conditions; see [52,
Definition 1.10.3]. If X is an adic space and S ⊂ X is a locally closed subset, then (X,S)
is a pseudo-adic space. Almost all pseudo-adic spaces which appear in this chapter are
of this form. A morphism f : (X,S) → (X ′, S ′) of pseudo-adic spaces is by definition a
morphism f : X → X ′ of adic spaces with f(S) ⊂ S ′.

We have a functor X 7→ (X,X) from the category of adic spaces to the category of
pseudo-adic spaces. We often consider an adic space as a pseudo-adic space via this functor.

A typical example of an adic space is the following. Let K be a non-archimedean field,
i.e. it is a topological field whose topology is induced by a valuation | · | : K → R≥0 of rank
1. We assume that K is complete. Let O = K◦ be the valuation ring of | · |. We call O the
ring of integers of K. Let $ ∈ K× be an element with |$| < 1. Let X be a scheme of finite

type over O. The $-adic formal completion of X is denoted by X̂ or X ∧. Following [52,

Section 1.9], the Raynaud generic fiber of X̂ is denoted by d(X̂ ), which is an adic space of

finite type over Spa(K,O). In particular d(X̂ ) is quasi-compact. For example, we have

d((SpecO[T ])∧) = Spa(K〈T 〉,O〈T 〉) =: B(1).

We often identify d((SpecO[T ])∧) with B(1). For a morphism f : Y → X of schemes of

finite type over O, the induced morphism d(Ŷ) → d(X̂ ) is denoted by d(f) (rather than

d(f̂)).
Important examples of pseudo-adic spaces for us are tubular neighborhoods of adic

spaces. In the next subsection, we will define them in the case where adic spaces are
arising from schemes of finite type over O.

3.4.2. Tubular neighborhoods. Let X = (X,OX , {vx}x∈X) be an adic space. Let
U ⊂ X be an open subset and g ∈ OX(U) an element. Following [52], for a point x ∈ U ,
we write |g(x)| := vx(g). (Strictly speaking, we implicitly choose a valuation from the
equivalence class vx.)

As in the previous subsection, let K be a complete non-archimedean field with ring of
integers O.

Proposition 3.4.1. Let X be a scheme of finite type over O and Z ↪→ X a closed
immersion of finite presentation. Let ε ∈ |K×| be an element.

(1) There exist subsets

S(Z, ε) ⊂ d(X̂ ) and T (Z, ε) ⊂ d(X̂ )

satisfying the following properties; for any affine open subset U ⊂ X and any set
{g1, . . . , gq} ⊂ OU(U) of elements defining the closed subscheme Z ∩ U of U , we
have

S(Z, ε) ∩ d(Û) = {x ∈ d(Û) | |gi(x)| < ε for every 1 ≤ i ≤ q}

:= {x ∈ d(Û) | |gi(x)| < |$(x)| for every 1 ≤ i ≤ q}



3.4. TUBULAR NEIGHBORHOODS AND MAIN RESULTS 61

and

T (Z, ε) ∩ d(Û) = {x ∈ d(Û) | |gi(x)| ≤ ε for every 1 ≤ i ≤ q}

:= {x ∈ d(Û) | |gi(x)| ≤ |$(x)| for every 1 ≤ i ≤ q},

where $ ∈ K× is an element with ε = |$| and the element in Od(Û)(d(Û)) arising
from gi is denoted by the same letter. Moreover, they are characterized by the
above properties.

(2) The subset T (Z, ε) is a quasi-compact open subset of d(X̂ ). The subset S(Z, ε)
is closed and constructible in d(X̂ ). (See [52, (1.1.13)] for the definition of a
constructible subset.)

(3) For a morphism f : Y → X of finite type, we have

S(Z ×X Y , ε) = d(f)−1(S(Z, ε)) and T (Z ×X Y , ε) = d(f)−1(T (Z, ε)).

Proof. (1) Let $ ∈ K× be an element with ε = |$|. Let U ⊂ X be an affine open
subset. It suffices to show that the subsets

{x ∈ d(Û) | |gi(x)| < ε for every 1 ≤ i ≤ q}
and

{x ∈ d(Û) | |gi(x)| ≤ ε for every 1 ≤ i ≤ q}
are independent of the choice of a set {g1, . . . , gq} ⊂ OU(U) of elements defining the closed
subscheme Z ∩ U of U . Let {h1, . . . , hr} ⊂ OU(U) be another set of such elements. Then,
for every i, we have

gi = Σ1≤j≤rsijhj

for some elements {sij} ⊂ OU(U). Since we have |sij(x)| ≤ 1 for every x ∈ d(Û) and every
sij, the assertion follows.

(2) We may assume that X is affine. The subset T (Z, ε) is a rational subset of the

affinoid adic space d(X̂ ), and hence it is open and quasi-compact. The subset S(Z, ε) is
the complement of the union of finitely many rational subsets. It follows that S(Z, ε) is
closed and constructible.

(3) We may assume that X and Y are affine. Then the assertion follows from the
descriptions given in (1). �

The subsets T (Z, ε) and S(Z, ε) in Proposition 3.4.1 are called an open tubular neigh-

borhood and a closed tubular neighborhood of d(Ẑ) in d(X̂ ), respectively. For an element
ε ∈ |K×|, we also consider the following subsets:

Q(Z, ε) := d(X̂ )\S(Z, ε).

This is a quasi-compact open subset of d(X̂ ).
For a locally closed subset S of an adic space X, the pseudo-adic space (X,S) is often

denoted by S for simplicity. For example, the pseudo-adic spaces (d(X̂ ), S(Z, ε)) and

(d(X̂ ), T (Z, ε)) are denoted by S(Z, ε) and T (Z, ε), respectively.

Remark 3.4.2. For a formal scheme X of finite type over SpfO and a closed immer-
sion Z ↪→ X of finite presentation (in the sense of [43, Chapter I, Definition 2.2.1]), we
can also define tubular neighborhoods of d(Z ) in d(X ) in the same way. However, we will
always work with algebraizable formal schemes of finite type over O in this chapter.

We end this subsection with the following lemma.



62 3. ON ℓ-INDEPENDENCE FOR HUBER’S TUBULAR NEIGHBORHOODS

Lemma 3.4.3. Let X be a scheme of finite type over O and Z ↪→ X a closed immersion

of finite presentation. For a constructible subset W ⊂ d(X̂ ) containing d(Ẑ), there is an
element ε ∈ |K×| such that T (Z, ε) ⊂ W .

Proof. We may assume that X is affine. Then the underlying topological space of

d(X̂ ) is a spectral space. We have

d(Ẑ) =
⋂

ϵ∈|K×|

T (Z, ε).

Hence the intersection ⋂
ϵ∈|K×|

T (Z, ε) ∩ (d(X̂ )\W )

is empty. In the constructible topology, the subsets T (Z, ε) and d(X̂ )\W are closed,

and d(X̂ ) is quasi-compact. It follows that there is an element ε ∈ |K×| such that the

intersection T (Z, ε) ∩ d(X̂ )\W is empty, that is T (Z, ε) ⊂ W . �
3.4.3. Main results on tubular neighborhoods. In this subsection, let K be an

algebraically closed complete non-archimedean field with ring of integers O.
To state the main results on tubular neighborhoods, we need étale cohomology and

étale cohomology with proper support of pseudo-adic spaces. See [52, Section 2.3] for
definition of the étale site of a pseudo-adic space. As shown in [52, Proposition 2.3.7], for
an adic space X and an open subset U ⊂ X, the étale topos of the adic space U is naturally
equivalent to the étale topos of the pseudo-adic space (X,U). For a commutative ring Λ,
let D+(X,Λ) denote the derived category of bounded below complexes of étale sheaves of
Λ-modules on a pseudo-adic space X.

Let f : X → Y be a morphism of analytic pseudo-adic spaces. We assume that f is
separated, locally of finite type, and taut. (See [52, Definition 5.1.2] for the definitions of
a taut pseudo-adic space and a taut morphism of pseudo-adic spaces. For example, if f is
separated and quasi-compact, then f is taut.) For such a morphism f , the direct image
functor with proper support

Rf! : D
+(X,Λ)→ D+(Y,Λ)

is defined in [52, Definition 5.4.4], where Λ is a torsion commutative ring. Moreover, if
Y = Spa(K,O), we obtain for a complex K ∈ D+(X,Λ) the cohomology group with proper
support

H i
c(X,K).

Example 3.4.4. Let X be a separated scheme of finite type over O and Z ↪→ X a
closed immersion of finite presentation.

(1) The adic spaces d(Ẑ) and d(X̂ ) are separated and of finite type over Spa(K,O).
The morphism d(X̂ )\d(Ẑ) → Spa(K,O) is separated, locally of finite type, and
taut; see [52, Lemma 5.1.4].

(2) The pseudo-adic spaces S(Z, ε), T (Z, ε), and Q(Z, ε) are separated and of finite
type (and hence taut) over Spa(K,O).

(3) For a subset S of an analytic adic space X, the interior of S in X is denoted by
S◦. The morphism S(Z, ε)◦ → Spa(K,O) is separated, locally of finite type, and
taut [53, Lemma 1.3 iii)].

Let us recall the following results due to Huber in our setting.
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Theorem 3.4.5 (Huber [53, Theorem 2.5], [54, Theorem 3.6]). We assume that K
is of characteristic 0. Let X be a separated scheme of finite type over O and Z ↪→ X a
closed immersion of finite presentation. Let n be a positive integer invertible in O and let

F be a constructible étale sheaf of Z/nZ-modules on d(X̂ ) in the sense of [52, Definition
2.7.2].

(1) There exists an element ε0 ∈ |K×| such that, for every ε ∈ |K×| with ε ≤ ε0, the
following natural maps are isomorphisms for every i:

(a) H i
c(S(Z, ε),F|S(Z,ϵ))

∼=→ H i
c(d(Ẑ),F|d(Ẑ)).

(b) H i
c(T (Z, ε),F)

∼=→ H i
c(T (Z, ε0),F).

(c) H i
c(Q(Z, ε),F)

∼=→ H i
c(d(X̂ )\d(Ẑ),F).

(2) We assume further that F is locally constant. Then there exists an element ε0 ∈
|K×| such that, for every ε ∈ |K×| with ε ≤ ε0, the restriction maps

H i(T (Z, ε),F)
∼=→H i(S(Z, ε),F|S(Z,ϵ))
∼=→ H i(S(Z, ε)◦,F)

∼=→ H i(d(Ẑ),F|d(Ẑ))
are isomorphisms for every i.

Proof. See [53, Theorem 2.5] for the proof of (1) and a more general result. (See [52,
Remark 5.5.11] for the constructions of the natural maps.) See [54, Theorem 3.6] for the
proof (2) and a more general result. �

Remark 3.4.6. For an algebraically closed complete non-archimedean field K of posi-
tive characteristic, an analogous statement to Theorem 3.4.5 (1) is proved in [56, Corollary
5.8].

Remark 3.4.7. If the residue field of O is of positive characteristic p > 0, the as-
sumption that n is invertible in O in Theorem 3.4.5 is essential. For example, the étale
cohomology group H1(B(1),Z/pZ) is an infinite dimensional Z/pZ-vector space; see the
computations in [5, Remark 6.4.2]. However we have H1({0},Z/pZ) = 0 for the origin
0 ∈ B(1).

The main objective of this chapter is to prove uniform variants of Theorem 3.4.5 for
constant sheaves. The main result on étale cohomology groups with proper support of
tubular neighborhoods is as follows.

Theorem 3.4.8. Let K be an algebraically closed complete non-archimedean field with
ring of integers O. Let X be a separated scheme of finite type over O and Z ↪→ X a closed
immersion of finite presentation. Then there exists an element ε0 ∈ |K×| such that, for
every ε ∈ |K×| with ε ≤ ε0 and for every positive integer n invertible in O, the following
natural maps are isomorphisms for every i:

(1) H i
c(S(Z, ε),Z/nZ)

∼=→ H i
c(d(Ẑ),Z/nZ).

(2) H i
c(T (Z, ε),Z/nZ)

∼=→ H i
c(T (Z, ε0),Z/nZ).

(3) H i
c(Q(Z, ε),Z/nZ)

∼=→ H i
c(d(X̂ )\d(Ẑ),Z/nZ).

The main result on étale cohomology groups of tubular neighborhoods is as follows.

Theorem 3.4.9. Let K be an algebraically closed complete non-archimedean field with
ring of integers O. Let X be a separated scheme of finite type over O and Z ↪→ X a closed
immersion of finite presentation. Then there exists an element ε0 ∈ |K×| such that, for
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every ε ∈ |K×| with ε ≤ ε0 and for every positive integer n invertible in O, the restriction
maps

H i(T (Z, ε),Z/nZ)
∼=→ H i(S(Z, ε),Z/nZ)

∼=→ H i(S(Z, ε)◦,Z/nZ)
∼=→ H i(d(Ẑ),Z/nZ)

are isomorphisms for every i.

Remark 3.4.10. In Theorem 3.4.8 and Theorem 3.4.9, the assumption that the closed
immersion Z ↪→ X is of finite presentation is not important in practice. Indeed, if we are

only interested in the adic spaces d(Ẑ) and d(X̂ ), then by replacing Z with the closed
subscheme Z ′ ↪→ Z defined by the sections killed by a power of a non-zero element in the
maximal ideal of O, we can reduce to the case where Z is flat over O without changing

d(Ẑ). Then Z is of finite presentation over O by [108, Première partie, Corollaire 3.4.7],
and hence Z ↪→ X is also of finite presentation.

The proofs of Theorem 3.4.8 and Theorem 3.4.9 will be given in Section 3.7. In the
rest of this section, we will restate Theorem 3.4.9 for proper schemes over K.

Let L ⊂ K be a subfield of K which is a complete non-archimedean field with the
induced topology. Let OL be the ring of integers of L. For a scheme X of finite type over
L, the adic space associated with X is denoted by

Xad := X ×SpecL Spa(L,OL);
see [51, Proposition 3.8]. For an adic space Y locally of finite type over Spa(L,OL), we
denote by

YK := Y ×Spa(L,OL) Spa(K,O)
the base change of Y to Spa(K,O), which exists by [52, Proposition 1.2.2].

Corollary 3.4.11. Let X be a proper scheme over L and Z ↪→ X a closed immersion.
We have a closed immersion Zad ↪→ Xad of adic spaces over Spa(L,OL). Then, there is a
quasi-compact open subset V of Xad containing Zad such that, for every positive integer n
invertible in O, the restriction map

H i(VK ,Z/nZ)→ H i((Zad)K ,Z/nZ)
is an isomorphism for every i.

Proof. There exist a proper scheme X over SpecOL and a closed immersion Z ↪→ X
such that the base change of it to SpecL is isomorphic to the closed immersion Z ↪→ X by
Nagata’s compactification theorem; see [43, Chapter II, Theorem F.1.1] for example. As
in Remark 3.4.10, we may assume that Z ↪→ X is of finite presentation. Let

X := X ×SpecOL
SpecO and Z := Z ×SpecOL

SpecO

denote the fiber products. We have d(Ẑ) ∼= d(Ẑ)K and d(X̂ ) ∼= d(X̂ )K . For an element

ε ∈ |L×|, we have T (Z, ε)K = T (Z, ε) in d(X̂ ). By [52, Proposition 1.9.6], we have

d(Ẑ) = Zad and d(X̂ ) = Xad. Therefore, the assertion follows from Theorem 3.4.9. �

3.5. Étale cohomology with proper support of adic spaces and nearby cycles

In this section, we study the relation between the compatibility of the sliced nearby
cycles functors with base change and the bijectivity of specialization maps on stalks of
higher direct image sheaves with proper support for adic spaces by using a comparison
theorem of Huber [52, Theorem 5.7.8].
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3.5.1. Analytic adic spaces associated with formal schemes. In this subsection,
we recall the functor d(−) from a certain category of formal schemes to the category of
analytic adic spaces defined in [52, Section 1.9].

Following [52], for a commutative ring A and an element s ∈ A, let

A(s/s)

denote the localization A[1/s] equipped with the structure of a Tate ring such that the
image A0 of the map A→ A[1/s] is a ring of definition and sA0 is an ideal of definition.

We record the following well known results.

Lemma 3.5.1. Let A be a commutative ring endowed with the $-adic topology for an
element $ ∈ A satisfying the following two properties:

(i) A is $-adically complete, i.e. the following natural map is an isomorphism:

A→ Â := lim←−
n

A/$nA.

(ii) Let A〈X1, . . . , Xn〉 be the $-adic completion of A[X1, . . . , Xn], called the restricted
formal power series ring. Then A〈X1, . . . , Xn〉[1/$] is Noetherian for every n ≥ 0.

Then the following assertions hold:

(1) For every ideal I ⊂ A〈X1, . . . , Xn〉, the quotient A〈X1, . . . , Xn〉/I is $-adically
complete.

(2) Let B be an A-algebra such that the $-adic completion B̂ of B is isomorphic to

A〈X1, . . . , Xn〉. Let I ⊂ B be an ideal. Then, the $-adic completion B̂/I of B/I

is isomorphic to B̂/IB̂.
(3) The Tate ring A($/$) is complete and we have for every n ≥ 0

A〈X1, . . . , Xn〉[1/$] ∼= A($/$)〈X1, . . . , Xn〉.

Here A($/$)〈Y1, . . . , Ym〉 is the ring defined in [52, Section 1.1] for the Tate ring
A($/$). In particular, the Tate ring A($/$) is strongly Noetherian.

Proof. See [43, Chapter 0, Proposition 8.4.4] for (1). The rest of the proposition is
an immediate consequence of (1). We will sketch the proof for the reader’s convenience.

(2) By (1), the ring B̂/IB̂ is $-adically complete. Hence we have

B̂/I = lim←−
n

(B/I)/$n ∼= lim←−
n

(B̂/IB̂)/$n ∼= B̂/IB̂.

(3) Let A0 be the image of the map A → A[1/$]. By (1), the ring A0 is $-adically
complete, and hence A($/$) is complete. It is clear from the definitions that

A0〈Y1, . . . , Ym〉[1/$] ∼= A($/$)〈Y1, . . . , Ym〉.

Let N be the kernel of the surjection B := A[X1, . . . , Xn]→ A0[X1, . . . , Xn]. By using (2),
we have the following exact sequence:

N ⊗B B̂ → B̂ → A0〈Y1, . . . , Ym〉 → 0.

Since N [1/$] = 0, we have (N ⊗B B̂)[1/$] = 0, and hence

B̂[1/$] ∼= A0〈Y1, . . . , Ym〉[1/$].

This completes the proof of (3). �
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Let C be the category whose objects are formal schemes which are locally isomorphic to
Spf A for an adic ring A with an ideal of definition $A such that the pair (A,$) satisfies
the conditions in Lemma 3.5.1. The morphisms in C are adic morphisms. A formal scheme
in C satisfies the condition (S) in [52, Section 1.9] by Lemma 3.5.1 (3). In [52, Proposition
1.9.1], Huber defined a functor

d(−)
from C to the category of analytic adic spaces. For a formal scheme X in C, the adic space
d(X ) is equipped with a morphism of ringed spaces

λ : d(X )→X .

This map is called a specialization map. If A and $ ∈ A satisfy the conditions in Lemma
3.5.1, then we have

d(Spf A) = Spa(A($/$), A+)

where A+ is the integral closure of A in A($/$) = A[1/$]. The map λ : d(Spf A)→ Spf A
sends x ∈ d(Spf A) to the prime ideal {a ∈ A | |a(x)| < 1} ⊂ A. If f : X → Y is an adic
morphism of formal schemes in C, then the induced morphism d(f) : d(X ) → d(Y ) fits
into the following commutative diagram:

d(X )
λ //

d(f)
��

X

f

��
d(Y )

λ // Y .

For the sake of completeness, we include a proof of the following result on the compat-
ibility of the functor d(−) with fiber products.

Proposition 3.5.2. Let f : X → Y be a morphism locally of finite type of formal
schemes in C. Let Z → Y be an adic morphism of formal schemes in C. Then the
morphism

d(X ×Y Z )→ d(X )×d(Y ) d(Z )

induced by the universal property of the fiber product is an isomorphism.

Proof. First, we note that the fiber product d(X )×d(Y ) d(Z ) exists by [52, Propo-
sition 1.2.2] since d(f) : d(X )→ d(Y ) is locally of finite type.

We may assume that X = Spf A, Y = Spf B, and Z = Spf C are affine, where B and
C satisfy the conditions in Lemma 3.5.1 for some element $ ∈ B and for its image in C,
respectively. We may assume further that A is of the form B〈X1, . . . , Xn〉/I. We write
D := A⊗B C. The source of the morphism in question is isomorphic to

Spa((D̂)($/$), E+)

where D̂ is the $-adic completion of D and E+ is the integral closure of D̂ in (D̂)[1/$].
On the other hand, the target of the morphism in question is isomorphic to

Spa(D($/$), F+)

where F+ is the integral closure of D in D[1/$]. Let D0 be the image of the map D →
D[1/$]. Clearly, the completion of D($/$) is isomorphic to (D̂0)($/$). By a similar

argument as in the proof of Lemma 3.5.1 (3), we have (D̂)($/$) ∼= (D̂0)($/$). This
completes the proof of the proposition since the adic spaces associated with an affinoid
ring and its completion are naturally isomorphic (see [51, Lemma 1.5]). �
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A valuation ring R is called a microbial valuation ring if the field of fractions L of R
admits a topologically nilpotent unit $ with respect to the valuation topology; see [52,
Definition 1.1.4]. We equip R with the valuation topology unless explicitly mentioned
otherwise. In this case, the element $ is contained in R, the ideal $R is an ideal of

definition of R, and we have L = R[1/$]. The completion R̂ of R is also a microbial
valuation ring.

Let R be a complete microbial valuation ring. It is well known that

R〈X1, . . . , Xn〉[1/$] ∼= L〈X1, . . . , Xn〉

is Noetherian for every n ≥ 0; see [11, 5.2.6, Theorem 1]. A formal scheme X locally of
finite type over Spf R is in the category C.

3.5.2. Étale cohomology with proper support of adic spaces and nearby
cycles. We shall recall a comparison theorem of Huber. To formulate his result, we need
some preparations.

Let R be a microbial valuation ring with field of fractions L. We assume that R is a
strictly Henselian local ring. Let $ be a topologically nilpotent unit in L. Let L be a
separable closure of L and let R be the valuation ring of L which extends R.

We will use the following notation. For a scheme X over R, we write

X := X ×SpecR SpecR and X ′ := X ×SpecR SpecR/$R.

Let η ∈ SpecR and η ∈ SpecR be the generic points. We define

Xη := X ×SpecR η and Xη := X ×SpecR η.

The $-adic formal completion of a scheme (or a ring) X over R is denoted by X̂ . Let
s ∈ SpecR be the closed point and Xs the special fiber of X . We will use the same
notation for morphisms of schemes over R when there is no possibility of confusion.

We write

S := Spa(L,R) = d(Spf R̂) and S := Spa(L,R) = d(Spf R̂).

Let t ∈ S and t ∈ S be the closed points corresponding to the valuation rings R and R,
respectively. The pseudo-adic space (S, {t}) is also denoted by t. The natural morphism
ξ : t→ S is a geometric point with support t ∈ S in the sense of [52, Definition 2.5.1].

Let f : X → SpecR be a separated morphism of finite type of schemes. The induced
morphism

d(f) : d(X̂ )→ S

is separated and of finite type; the separatedness can be checked for example by using

Proposition 3.5.2. (We often write d(f) instead of d(f̂).)

There is a natural morphism d(X̂ )→ Xη of locally ringed spaces; see [52, (1.9.4)]. An

étale morphism Y → Xη defines an adic space d(X̂ ) ×Xη Y , which is étale over d(X̂ ); see
[51, Proposition 3.8] and [52, Corollary 1.7.3 i)]. In this way, we get a morphism of étale
sites

a : d(X̂ )ét → (Xη)ét.
Let Λ be a torsion commutative ring. Let F be an étale sheaf of Λ-modules on X . Let

Fa denote the pull-back of F by the composition

d(X̂ )ét
a→ (Xη)ét → Xét.
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Recall that we have the direct image functor with proper support

Rd(f)! : D
+(d(X̂ ),Λ)→ D+(S,Λ)

for d(f) by [52, Definition 5.4.4]. We define Rnd(f)!Fa := Hn(Rd(f)!Fa).We will describe
the stalk

(Rnd(f)!Fa)t := Γ(t, ξ∗Rnd(f)!Fa)
at the geometric point ξ : t→ S in terms of the sliced nearby cycles functor relative to f .
Recall that we defined the sliced nearby cycles functor

RΨf,η := i∗Rj∗j
∗ : D+(X ,Λ)→ D+(Xs,Λ)

in Section 3.2. Here we fix the notation by the following commutative diagram:

Xη
j //

��

X

��

Xs
ioo

��
η // SpecR s.oo

Now we can state the following result due to Huber:

Theorem 3.5.3 (Huber [52, Theorem 5.7.8]). There is an isomorphism

(Rnd(f)!Fa)t ∼= Hn
c (Xs, RΨf,η(F))

for every n. This isomorphism is compatible with the natural actions of GL on both sides.

Proof. We recall the construction of the isomorphism since it is a key ingredient in
this chapter and the construction will make the compatibility of it with specialization maps
clear; see the proof of Proposition 3.5.5.

First, we recall the following fact. Let F be the pull-back of F to X . By [52, (1) in
the proof of Proposition 4.2.4], we see that the base change map

(3.5.1) RΨf,η(F)→ RΨf,η(F)

is an isomorphism, where f : X → SpecR is the base change of f .
There is a factorization f = g ◦ u where u : X ↪→ P is an open immersion and g : P →

SpecR is a proper morphism by Nagata’s compactification theorem. By using the valuation

criterion [52, Corollary 1.3.9], we see that the morphism d(g) : d(P̂) → S is proper; see
also the proof of [89, Lemma 3.5].

Let q : SpecR → SpecR denote the morphism induced by the inclusion R ⊂ R. The
base change of it will be denoted by the same letter q when there is no possibility of
confusion. We have the following Cartesian diagram:

d(X̂ )
d(u)

//

d(q)

��

d(P̂)

d(q)

��

d(X̂ )
d(u)

// d(P̂).

By [52, Proposition 2.5.13 i) and Proposition 2.6.1], we have

(3.5.2) (Rnd(f)!Fa)t ∼= (Rnd(g)∗d(u)!Fa)t ∼= Hn(d(P̂), d(q)∗d(u)!Fa).
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(See [52, Section 2.7] for the functor d(u)!.) By [52, Proposition 5.2.2 iv)], we have
d(q)∗d(u)!Fa ∼= d(u)!d(q)

∗Fa. The sheaf d(q)∗Fa is isomorphic to the pull-back of F by
the composition

d(X̂ )ét
a→ (Xη)ét → (X )ét.

Therefore, in view of (3.5.1), we reduce to the case where R = R. Therefore, in view of
(3.5.1), we reduce to the case where R = R. The construction given below shows that the
desired isomorphism is GL-equivariant.

Let λ : d(X̂ )ét → (X ′)ét denote the morphism of sites defined by sending an étale

morphism h : Y → X ′ to d(Ỹ ) → d(X̂ ) where Ỹ → X̂ is an étale morphism of formal

schemes lifting h; see [52, Lemma 3.5.1]. Similarly, we have a morphism λ : d(P̂)ét → (P ′)ét
of sites. By applying [52, Corollary 3.5.11 ii)] to the following diagram

d(X̂ )ét
d(u)

//

λ
��

d(P̂)ét
λ
��

(X ′)ét
u′ // (P ′)ét,

we have Rλ∗d(u)!Fa ∼= u′!Rλ∗Fa. Moreover, by applying [52, Theorem 3.5.13] to the fol-
lowing diagram

d(X̂ )ét
a //

λ
��

(Xη)ét
j

��
(X ′)ét

i′ // Xét,

we have an isomorphism Rλ∗Fa ∼= i′∗Rj∗j
∗F . So we have

Hn(d(P̂), d(u)!Fa) ∼= Hn(P ′, Rλ∗d(u)!Fa)
∼= Hn(P ′, u′!Rλ∗Fa)
∼= Hn(P ′, u′!i′∗Rj∗j∗F).

Together with (3.5.2), we obtain the following isomorphism

(3.5.3) (Rnd(f)!Fa)t ∼= Hn(P ′, u′!i′∗Rj∗j∗F).
The proper base change theorem for schemes implies that

Hn(P ′, u′!i′∗Rj∗j∗F) ∼= Hn
c (Xs, RΨf,η(F)).

This isomorphism completes the construction of the desired isomorphism. �
3.5.3. Specialization maps on the stalks of Rd(f)!. In this subsection, we work

over a complete non-archimedean field K with ring of integers O for simplicity. We fix a
topologically nilpotent unit $ in K.

For an adic space X over Spa(K,O), we will use the following notation. For a point
x ∈ X, let k(x) be the residue field of the local ring OX,x and k(x)+ the valuation ring
corresponding to the valuation vx. We note that k(x)+ is a microbial valuation ring and the
image of $, also denoted by $, is a topologically nilpotent unit in k(x). For a geometric
point ξ of X, let Supp(ξ) ∈ X denote the support of it.

We recall strict localizations of analytic adic spaces. Let ξ : s → X be a geometric
point. The strict localization

X(ξ)
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of X at ξ is defined in [52, Section 2.5.11]. It is an adic space over X with an X-morphism
s → X(ξ). We write x := Supp(ξ). By [52, Proposition 2.5.13], the strict localization
X(ξ) is isomorphic to

Spa(k(x), k(x)+)

over X, where k(x) is a separable closure of k(x) and k(x)+ is a valuation ring extending
k(x)+. A specialization morphism ξ1 → ξ2 of geometric points of X is by definition a
morphism X(ξ1)→ X(ξ2) over X, and such a morphism exists if and only if we have

Supp(ξ2) ∈ {Supp(ξ1)}.

Let F be an abelian étale sheaf on X. A specialization morphism ξ1 → ξ2 of geometric
points of X induces a mapping

Fξ2 → Fξ1
on the stalks in the usual way; see [52, (2.5.16)].

Definition 3.5.4. Let X be an adic space over Spa(K,O) (or more generally an an-
alytic adic space). Let F be an abelian étale sheaf on X. For a subset W ⊂ X, we say
that F is overconvergent on W if, for every specialization morphism ξ1 → ξ2 of geometric
points of X whose supports are contained in W , the induced map Fξ2 → Fξ1 is bijective.

Let X be a scheme of finite type over SpecO. We write XK := X ×SpecO SpecK. For
an étale sheaf F on X , let Fa denote the pull-back of F by the composition

d(X̂ )ét
a→ (XK)ét → Xét.

Let Λ be a torsion commutative ring.

Proposition 3.5.5. Let X and Y be separated schemes of finite type over O. Let
f : X → Y be a morphism over O. Let F be an étale sheaf of Λ-modules on X . We assume
that the sliced nearby cycles complexes for f and F are compatible with any base change;

see Definition 3.2.2 (1). Let s ∈ Ŷ be a point. We consider the inverse image λ−1(s) under
the map

λ : d(Ŷ)→ Ŷ .
Then, the sheaf Rnd(f)!Fa is overconvergent on λ−1(s) for every n.

Proof. Let ξ1 → ξ2 be a specialization morphism of geometric points of d(Ŷ) whose
supports are contained in λ−1(s). We write ym := Supp(ξm) (m = 1, 2). Let k(ym) be
a separable closure of k(ym) and let k(ym)

+ be a valuation ring extending k(ym)
+. We

identify d(Ŷ)(ξm) with Spa(k(ym), k(ym)
+). Let Rm be the completion of k(ym)

+ and

we put Um := SpecRm. The morphism Spa(k(ym), k(ym)
+) → d(Ŷ) induces a natural

morphism

qm : Um → Y

over SpecO and the specialization morphism d(Ŷ)(ξ1) → d(Ŷ)(ξ2) induces a natural Y-
morphism

r : U1 → U2.

By the assumption, we have qm(sm) = s for the closed point sm ∈ Um, where the image

of s ∈ Ŷ in Y is denoted by the same letter. Let s → Y be an algebraic geometric point
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lying above s and let U = SpecR be the strict localization of Y at s. There are local
Y-morphisms q̃m : Um → U (m = 1, 2) such that the following diagram commutes:

U1

q̃1   A
AA

AA
AA

r // U2

q̃2~~}}
}}
}}
}

U.

We remark that r is not a local morphism if y1 6= y2. Let ηm be the generic point of Um.
Then we have r(η1) = η2. We write η := q̃1(η1) = q̃2(η2). Let η → U denote the algebraic
geometric point which is the image of η2. We fix the notation by the following commutative
diagrams:

X ×Y ηm
jm //

q̃m
��

X ×Y Um
q̃m
��

X ×Y SpecRm/$Rm

i′moo

q̃m
��

X ×Y smoo

q̃m
��

X ×Y U(η)
j // X ×Y U X ×Y SpecR/$R

i′oo X ×Y s,oo

X ×Y η1
j1 //

r

��

X ×Y U1

r

��

X ×Y SpecR1/$R1

i′1oo

r

��
X ×Y η2

j2 // X ×Y U2 X ×Y SpecR2/$R2.
i′2oo

There is a factorization f = g◦u where u : X ↪→ P is an open immersion and g : P → Y
is a proper morphism by Nagata’s compactification theorem. Let

u′m : X ×Y SpecRm/$Rm ↪→ P ′m := P ×Y SpecRm/$Rm

and

u′ : X ×Y SpecR/$R ↪→ P ′ := P ×Y SpecR/$R
be the morphisms induced by u. Let Fm be the pull-back of F to X ×Y Um and FU the
pull-back of F to X ×Y U . For m = 1, 2, by the isomorphism (3.5.3) in the proof of
Theorem 3.5.3, we have

(Rnd(f)!Fa)ξm ∼= Hn(P ′m, (u′m)!i′∗mRjm∗j∗mFm).

Via these isomorphisms, the morphism (Rnd(f)!Fa)ξ2 → (Rnd(f)!Fa)ξ1 can be identified
with the composition

φ : Hn(P ′2, (u′2)!i′∗2 Rj2∗j∗2F2)→ Hn(P ′1, (u′1)!r∗i′∗2 Rj2∗j∗2F2)

→ Hn(P ′1, (u′1)!i′∗1 Rj1∗j∗1F1).

We have the following commutative diagram:

Hn(P ′2, (u′2)!i′∗2 Rj2∗j∗2F2)
ϕ // Hn(P ′1, (u′1)!i′∗1 Rj1∗j∗1F1)

Hn(P ′, u′!i′∗Rj∗j∗FU).
ϕ2

jjVVVVVVVVVVVVVVVVVV ϕ1

44hhhhhhhhhhhhhhhhhh

By the proper base change theorem, the map φm is identified with the map

Hn
c (X ×Y s,RΨfU ,η(FU))→ Hn

c (X ×Y sm, RΨfUm ,ηm
(Fm)).
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For both m = 1 and m = 2, this map is an isomorphism by our assumption that the sliced
nearby cycles complexes for f and F are compatible with any base change. Thus φ is also
an isomorphism. The proof of the proposition is complete. �

3.6. Local constancy of higher direct images with proper support

In this section, we study local constancy of higher direct images with proper support
for generically smooth morphisms of adic spaces whose target is one-dimensional. We will
formulate and prove the results not only for constant sheaves, but also for non-constant
sheaves satisfying certain conditions related to the sliced nearby cycles functors.

Throughout this section, we fix an algebraically closed complete non-archimedean field
K with ring of integers O.

3.6.1. Tame sheaves on annuli. In this subsection, we recall two theorems on finite
étale coverings on annuli and the punctured disc, which are essentially proved in [82, 105,
83]. We do not impose any conditions on the characteristic of K. Since we can not directly
apply some results there and some results are only stated in the case where the base field
is of characteristic 0, we will give proofs in Appendix 3.A.

To state the two theorems, we need some preparations. Recall that we defined B(1) =
Spa(K〈T 〉,O〈T 〉). Let

B(1)∗ := B(1)\{0}
be the punctured disc, where 0 ∈ B(1) is the K-rational point corresponding to 0 ∈ K. We
fix a valuation | · | : K → R≥0 of rank 1 such that the topology of K is induced by it. For
elements a, b ∈ |K×| with a ≤ b ≤ 1, we define

B(a, b) := {x ∈ B(1) | a ≤ |T (x)| ≤ b}
:= {x ∈ B(1) | |$a(x)| ≤ |T (x)| ≤ |$b(x)|},

which is called an open annulus. Here $a, $b ∈ K× are elements such that a = |$a| and
b = |$b|. It is a rational subset of B(1), and hence it is an affinoid open subspace of B(1).

Let m be a positive integer invertible in K. The finite étale morphism ϕm : B(1)∗ →
B(1)∗ defined by T 7→ Tm is called a Kummer covering of degree m. For elements a, b ∈
|K×| with a ≤ b ≤ 1, the restriction

ϕm : B(a1/m, b1/m)→ B(a, b)
of ϕm is also called a Kummer covering of degree m. (We often call a morphism of affi-
noid adic spaces of finite type over Spa(K,O) a Kummer covering if it is isomorphic to
ϕm : B(a1/m, b1/m)→ B(a, b) for a, b ∈ |K×| and some m with a ≤ b ≤ 1.)

In this chapter, we use the following notion of tameness for étale sheaves on one-
dimensional smooth adic spaces over Spa(K,O).

Definition 3.6.1. Let X be a one-dimensional smooth adic space over Spa(K,O). Let
x ∈ X be a point which has a proper generalization in X, i.e. there exists a point x′ ∈ X
with x ∈ {x′} and x 6= x′. Let

k(x)∧h+

be the Henselization of the completion of the valuation ring k(x)+ of x. Let L(x) be a
separable closure of the field of fractions k(x)∧h of k(x)∧h+. It induces a geometric point
x→ X with support x. For an étale sheaf F on X, we say that F is tame at x ∈ X if the
action of

Gal(L(x)/k(x)∧h)
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on the stalk Fx at the geometric point x factors through a finite group G such that ]G is
invertible in O, where ]G denotes the cardinality of G.

Now we can formulate the results.

Theorem 3.6.2 ([82, Theorem 2.2], [83, Theorem 4.11], [105, Theorem 2.4.3]). Let
f : X → B(1)∗ be a finite étale morphism of adic spaces. There exists an element ε ∈ |K×|
with ε ≤ 1 such that, for all a, b ∈ |K×| with a < b ≤ ε, we have

f−1(B(a, b)) ∼=
n∐
i=1

B(ci, di)

for some elements ci, di ∈ |K×| with ci < di ≤ 1 (1 ≤ i ≤ n). If K is of characteristic 0,
then we can take such an element ε ∈ |K×| so that the restriction

B(ci, di)→ B(a, b)
of f to every component B(ci, di) appearing in the above decomposition is a Kummer cov-
ering.

Theorem 3.6.3. Let a, b ∈ |K×| be elements with a < b ≤ 1. Let F be a locally
constant étale sheaf with finite stalks on B(a, b). We assume that the sheaf F is tame at
every x ∈ B(a, b) having a proper generalization in B(a, b), in the sense of Definition 3.6.1.
Let t ∈ |K×| be an element with a/b < t2 < 1. Then the restriction F|B(a/t,tb) of F to
B(a/t, tb) is trivialized by a Kummer covering ϕm of degree m, i.e. the pull-back

ϕ∗m(F|B(a/t,tb))
is a constant sheaf. Moreover, we can assume that the degree m is invertible in O.

We will give proofs of Theorem 3.6.2 and Theorem 3.6.3 in Appendix 3.A.

Remark 3.6.4. If K is of characteristic 0, then Theorem 3.6.2 is known as the p-adic
Riemann existence theorem of Lütkebohmert [82].

3.6.2. Local constancy of higher direct images with proper support. As in
Section 3.5, we use the following notation. Let X be a scheme of finite type over O. We
write XK := X ×SpecO SpecK. For an étale sheaf F on X , we denote by Fa the pull-back

of F by the composition d(X̂ )ét
a→ (XK)ét → Xét. (See Section 3.5.2 for the morphism

a : d(X̂ )ét → (XK)ét.)
Let us introduce the following slightly technical definition.

Definition 3.6.5. We consider the following diagram:

Z
π

��
X f // Y ,

where

• Y = SpecA is an integral affine scheme of finite type over O such that YK is
one-dimensional and smooth over K,
• f : X → Y is a separated morphism of finite type, and
• π : Z → Y is a proper surjective morphism such that Z is an integral scheme
whose generic fiber ZK is smooth over K, and the base change πK : ZK → YK is
a finite morphism.
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Let n be a positive integer invertible in O and F a sheaf of Z/nZ-modules on X . We say
that F is adapted to the pair (f, π) if the following conditions are satisfied:

(1) The étale sheaf Fa of Z/nZ-modules on d(X̂ ) is constructible in the sense of [52,
Definition 2.7.2].

(2) The sliced nearby cycles complexes for fZ and FZ are compatible with any base
change.

(3) The sliced nearby cycles complexes for fZ and FZ are unipotent.

See Definition 3.2.2 for the terminology used in the conditions (2) and (3). Here we
retain the notation of Section 3.2. For example fZ denotes the base change fZ : X×YZ → Z
of f and FZ denotes the pull-back of the sheaf F to X ×Y Z.

For the proofs of Theorem 3.4.8 and Theorem 3.4.9, we need the following proposition,
which is a consequence of Theorem 3.2.7.

Proposition 3.6.6. Let Y = SpecA be an integral affine scheme of finite type over
O such that YK is one-dimensional and smooth over K. Let f : X → Y be a separated
morphism of finite presentation. Then, there exists a proper surjective morphism π : Z → Y
as in Definition 3.6.5 such that, for every positive integer n invertible in O, the constant
sheaf Z/nZ on X is adapted to (f, π).

Proof. Let p ≥ 0 be the characteristic of the residue field of O. Let Z(p) be the
localization of Z at the prime ideal (p). We may find a finitely generated Z(p)-subalgebra
A0 of A and a separated morphism f0 : X0 → SpecA0 of finite type such that the base
change X0 ×SpecA0 Y is isomorphic to X over Y . By applying Corollary 3.3.17 to f0, we
find an alteration π0 : Z0 → SpecA0 satisfying the properties stated there. The base change

π′ : Z ′ := Z0 ×SpecA0 Y → Y
to Y is generically finite, proper, and surjective. By restricting π′ to an irreducible com-
ponent Z ′′ of Z ′ dominating Y , we obtain a morphism π′′ : Z ′′ → Y . The scheme Z ′′K
is one-dimensional since π′′ is generically finite. It follows that π′′K : Z ′′K → YK is finite.
Let h : Z → Z ′′K be the normalization of Z ′′K . There exists a proper surjective morphism
Z → Z ′′ such that Z is integral and the base change ZK → Z ′′K is isomorphic to h. Then
we define π as the composition

π : Z → Z ′′ → Y .
By the construction, the constant sheaf Z/nZ is adapted to (f, π) for every positive integer
n invertible in O. �

By using the results in Section 3.5, we prove the following proposition:

Proposition 3.6.7. Let f : X → Y and π : Z → Y be morphisms as in Definition
3.6.5. We have the following diagram:

d(Ẑ)

d(π)

��

d(X̂ )
d(f)

// d(Ŷ).

Then the following assertions hold:

(1) Let F be an étale sheaf of Z/nZ-modules on X adapted to (f, π) with n ∈ O×.
For every i, the sheaf

d(π)∗Rid(f)!Fa
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on d(Ẑ) is tame at every z ∈ d(Ẑ) having a proper generalization in d(Ẑ), in the
sense of Definition 3.6.1.

(2) Let y ∈ d(Ŷ) be a K-rational point. There exists an open subset V ⊂ d(Ŷ)
containing y such that, for every étale sheaf F of Z/nZ-modules on X adapted to
(f, π) with n ∈ O×, the sheaf d(π)∗Rid(f)!Fa is overconvergent on d(π)−1(V ) for
every i.

Proof. For an étale sheaf F of Z/nZ-modules on X with n ∈ O×, the pull-back of Fa
by d(X̂Z) → d(X̂ ) is isomorphic to (FZ)a, and hence, by using the base change theorem
[52, Theorem 5.4.6] for Rd(f)!, we have

d(π)∗Rid(f)!Fa ∼= Rid(fZ)!(FZ)a.

(1) This is an immediate consequence of Theorem 3.5.3. Indeed, let z ∈ d(Ẑ) be an

element having a proper generalization in d(Ẑ). Let

R := k(z)∧h+

be the Henselization of the completion of the valuation ring k(z)+ of z. By [55, Corollary
5.4], the residue field of R is algebraically closed. We write U := SpecR. Let L be the
field of fractions of R. The composite

Spa(L,R)→ Spa(k(z), k(z)+)→ d(Ẑ)

is induced by a natural morphism q : U → Z of schemes overO. Let L be a separable closure

of L, which induces a geometric point t → Spa(L,R) and a geometric point z → d(Ẑ) in
the usual way.

Let F be an étale sheaf of Z/nZ-modules on X adapted to (f, π) with n ∈ O×. By
applying Theorem 3.5.3 to fU : XU → U , we have GL-equivariant isomorphisms

(Rid(fZ)!(FZ)a)z ∼= (Rid(fU)!(FU)a)t ∼= H i
c((XU)s, RΨfU ,η(FU)),

where s ∈ U is the closed point and η = SpecL → U is the algebraic geometric point.
By [52, Corollary 5.4.8 and Proposition 6.2.1 i)], the left hand side is a finitely generated
Z/nZ-module. Moreover, the action of GL on it factors through a finite group. Since the
complex RΨfU ,η(FU) is GL-unipotent and the integer n is invertible in O, it follows that
the action of GL on the right hand side factors through a finite group G such that ]G is
invertible in O. This proves (1).

(2) Since π : Z → Y is proper, by [52, Proposition 1.9.6], we have d(Ẑ) ∼= d(Ŷ)×Y Z,
where d(Ŷ) ×Y Z is the adic space over d(Ŷ) associated with d(Ŷ) → YK → Y and
π : Z → Y ; see [51, Proposition 3.8]. Since πK : ZK → YK is a finite morphism, it follows
that

d(Ẑ) ∼= d(Ŷ)×Y Z ∼= d(Ŷ)×YK ZK
is finite over d(Ŷ). The inverse image

d(π)−1(y) = {z1, . . . , zm}

of y ∈ d(Ŷ) consists of finitely many K-rational points. Let

λ : d(Ẑ)→ Ẑ

be the specialization map associated with the formal scheme Ẑ. Since the inverse image

λ−1(λ(zj)) of λ(zj) is a closed constructible subset of d(Ẑ) and zj is a K-rational point,
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there exists an open neighborhood Vj ⊂ d(Ẑ) of zj with

Vj ⊂ λ−1(λ(zj))

for every j; see Lemma 3.4.3. Since d(π) is a finite morphism, there is an open neighborhood

V ⊂ d(Ŷ) of y with d(π)−1(V ) ⊂ ∪jVj. By using Proposition 3.5.5, we see that, for
every étale sheaf F of Z/nZ-modules on X adapted to (f, π) with n ∈ O×, the sheaf
Rid(fZ)!(FZ)a is overconvergent on d(π)−1(V ). �

We need the following finiteness result due to Huber.

Theorem 3.6.8 (Huber [52, Theorem 6.2.2]). Let Y be an adic space over Spa(K,O).
Let f : X → Y be a morphism of adic spaces which is smooth, separated, and quasi-compact.
Let F be a constructible sheaf of Z/nZ-modules on X with n ∈ O×. Then, the sheaf Rif!F
on Y is a constructible sheaf of Z/nZ-modules for every i.

Proof. See [52, Theorem 6.2.2]. �

Remark 3.6.9. The assertion of Theorem 3.6.8 can fail for non-smooth morphisms.
See the introduction of [53] for details. See also [56, Proposition 7.1] for a more general
result for smooth, separated, and quasi-compact morphisms of analytic pseudo-adic spaces.

As in the previous sections, we write B(1) = Spa(K〈T 〉,O〈T 〉). For an element ε ∈ |K×|
with ε ≤ 1, we define

B(ε) := {x ∈ B(1) | |T (x)| ≤ ε}
and B(ε)∗ := B(ε)\{0}. LetX be a one-dimensional adic space of finite type over Spa(K,O).
We define an open disc V ⊂ X as an open subset V of X equipped with an isomorphism

φ : B(1) ∼= V

over Spa(K,O). For an open disc V ⊂ X, we write

V (ε) := φ(B(ε)) and V (ε)∗ := φ(B(ε)∗).

Similarly, we write

V (a, b) := φ(B(a, b))
for an open annulus B(a, b) ⊂ B(1).

The main result of this section is the following theorem.

Theorem 3.6.10. Let f : X → Y and π : Z → Y be morphisms as in Definition 3.6.5.

We assume that there is an open disc V ⊂ d(Ŷ) such that

d(f) : d(X̂ )→ d(Ŷ)

is smooth over V (1)∗. Then there exists an element ε0 ∈ |K×| with ε0 ≤ 1 such that, for
every étale sheaf F of Z/nZ-modules on X adapted to (f, π) with n ∈ O×, the following
two assertions hold:

(1) The restriction

(Rid(f)!Fa)|V (ϵ0)∗

of Rid(f)!Fa to V (ε0)
∗ is a locally constant constructible sheaf of Z/nZ-modules

for every i.
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(2) For elements a, b ∈ |K×| with a < b ≤ ε0, there exists a composition

h : B(c1/m, d1/m) φm−→ B(c, d) g−→ V (a, b)

of a Kummer covering ϕm of degree m, where m is invertible in O, with a finite
Galois étale morphism g, such that the pull-back

h∗((Rid(f)!Fa)|V (a,b))

is a constant sheaf associated with a finitely generated Z/nZ-module for every i.
If K is of characteristic 0, then we can take g as a Kummer covering. (The
morphism h possibly depends on F .)

Proof. Clearly, the first assertion (1) follows from the second assertion (2). We shall
prove (2).

Step 1. We may assume that, for the dominant morphism π : Z → Y , the separable
closure k(Y)sep of the function field k(Y) of Y in the function field of Z is Galois over k(Y).

Indeed, there is a finite surjective morphism Z ′ → ZK from an integral scheme Z ′ which
is smooth over K such that the separable closure of the function field k(Y) of Y in the
function field of Z ′ is Galois over k(Y). There exists a proper surjective morphism Z ′ → Z
such that Z ′ is integral and the base change Z ′K → ZK is isomorphic to Z ′ → ZK . We
define π′ as the composition π′ : Z ′ → Z → Y . If a sheaf F is adapted to (f, π), then it is
also adapted to (f, π′). Thus it suffices to prove Theorem 3.6.10 for (f, π′).

Step 2. We will choose an appropriate ε0 ∈ |K×|.
Let W → YK be the normalization of YK in k(Y)sep. Then the induced morphism

ZK → W is finite, radicial, and surjective and there is a dense open subset U ⊂ YK over
which W → YK is a finite Galois étale morphism. Let

W ′ := d(Ŷ)×YK W

be the adic space over d(Ŷ) associated with d(Ŷ)→ YK and W → YK . Let g : W ′ → d(Ŷ)
denote the structure morphism. The morphism d(π) can be written as the composition of
finite morphisms

d(Ẑ) α→ W ′ g→ d(Ŷ).
Let ε1 ∈ |K×| be an element with ε1 ≤ 1 such that V (ε1)

∗ ⊂ d(Ŷ) is mapped into U

under the map d(Ŷ)→ YK . Then the restriction

g−1(V (ε1)
∗)→ V (ε1)

∗

is finite and étale. By Theorem 3.6.2, there exists an element ε2 ∈ |K×| with ε2 ≤ ε1 such
that, for all a, b ∈ |K×| with a < b ≤ ε2, we have

g−1(V (a, b)) ∼=
N∐
j=1

B(cj, dj)

for some elements cj, dj ∈ |K×| with cj < dj ≤ 1 (1 ≤ j ≤ N). If K is of characteristic 0,
then we can take such ε2 ∈ |K×| so that the restriction

B(cj, dj)→ V (a, b)

of g to every component B(cj, dj) appearing in the above decomposition is a Kummer
covering. By Proposition 3.6.7 (2), there exists an element ε3 ∈ |K×| with ε3 ≤ ε2 such
that, for every étale sheaf F of Z/nZ-modules on X adapted to (f, π) with n ∈ O×, the
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sheaf d(π)∗Rid(f)!Fa is overconvergent on d(π)−1(V (ε3)) for every i. Let t ∈ |K×| be an
element with t < 1. Then we put ε0 := tε3.

Step 3. We shall show that ε0 satisfies the condition.
Indeed, let F be an étale sheaf of Z/nZ-modules on X adapted to (f, π) with n ∈ O×.

Let a, b ∈ |K×| be elements with a < b ≤ ε0. We have g−1(V (ta, b/t)) ∼=
∐N

i=1 B(cj, dj) for
some elements cj, dj ∈ |K×| with cj < dj ≤ 1 (1 ≤ j ≤ N). We take a component B(c1, d1)
of the decomposition. The restriction

g : B(c1, d1)→ V (ta, b/t)

of g is denoted by the same letter. By the construction, it is a finite Galois étale morphism.
We remark that, since the morphism ZK → W is finite, radicial, and surjective, it

follows that α : d(Ẑ) → W ′ is a homeomorphism and, for every z ∈ d(Ẑ), the extension
k(α(z))∧ → k(z)∧ of the completions of the residue fields is a finite purely inseparable
extension, and hence the extension k(α(z))∧h → k(z)∧h of the Henselizations of these fields
is also a finite purely inseparable extension.

Since d(f) : d(X̂ )→ d(Ŷ) is smooth over V (1)∗, the sheaf of Z/nZ-modules

G := g∗((Rid(f)!Fa)|V (ta,b/t))

on B(c1, d1) is constructible by Theorem 3.6.8. By the construction, it is overconvergent
on B(c1, d1). Therefore, by [52, Lemma 2.7.11], the sheaf G is locally constant. Moreover,
by Proposition 3.6.7 (1) and the remark above, the sheaf G is tame at every x ∈ B(c1, d1)
having a proper generalization in B(c1, d1). We have g−1(V (a, b)) = B(c, d) for some
elements c, d ∈ |K×| with c1 < c < d < d1. Hence, by Theorem 3.6.3, we conclude
that the restriction of G to g−1(V (a, b)) = B(c, d) is trivialized by a Kummer covering
ϕm : B(c1/m, d1/m)→ B(c, d) with m ∈ O×.

The proof of Theorem 3.6.10 is now complete. �

For an element ε ∈ |K×|, we define

D(ε) := {x ∈ B(1) | |T (x)| < ε}.

This is a closed constructible subset of B(1). For later use, we record the following results.

Lemma 3.6.11. Let n be a positive integer invertible in O.
(1) Let a, b ∈ |K×| be elements with a < b ≤ 1. Let F be a locally constant con-

structible sheaf of Z/nZ-modules on B(a, b). Assume that there exists a finite
étale morphism h : B(c, d) → B(a, b) such that h is a composition of finite Galois
étale morphisms and the pull-back h∗F is a constant sheaf. Then the following
assertions hold:
(a) We have

H i
c(B(b)\B(a),F|B(b)\B(a)) = 0 and H i

c(D(b) ∩ B(a, b),F|D(b)∩B(a,b)) = 0

for every i.
(b) The restriction map

H i(B(a, b),F)→ H i(D(b)◦ ∩ B(a, b),F)

is an isomorphism for every i, where D(b)◦ is the interior of D(b) in B(1).
(2) Let F be a locally constant constructible sheaf of Z/nZ-modules on B(1)∗. Assume

that for all a, b ∈ |K×| with a < b ≤ 1, there exists a finite étale morphism
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h : B(c, d)→ B(a, b) such that h is a composition of finite Galois étale morphisms
and the pull-back h∗(F|B(a,b)) is a constant sheaf. Then we have

H i
c(D(1)\{0},F|D(1)\{0}) = 0

for every i.

Proof. (1) After possibly changing the coordinate function of B(c, d), we may assume
that h−1(B(a, a)) = B(c, c) and h−1(B(b, b)) = B(d, d). Then, we have

h−1(B(b)\B(a)) = B(d)\B(c) and h−1(D(b) ∩ B(a, b)) = D(d) ∩ B(c, d).

We shall show the first equality of (a). By the spectral sequence in [53, 4.2 ii)] and the
fact that h is a composition of finite Galois étale morphisms, it is enough to show that, for
a constant sheaf M on B(d)\B(c) associated with a finitely generated Z/nZ-module, we
have for every i

(3.6.1) H i
c(B(d)\B(c),M) = 0.

This is proved in [53, (II) in the proof of Theorem 2.5].
We shall show the second equality of (a). Similarly as above, it suffices to show that, for

a constant sheafM on D(d)∩B(c, d) associated with a finitely generated Z/nZ-module, we
have H i

c(D(d)∩B(c, d),M) = 0 for every i. But this follows from (3.6.1) since D(d)∩B(c, d)
is isomorphic to B(d)\B(c) as a pseudo-adic space over Spa(K,O).

We shall prove (b). By the Čech-to-cohomology spectral sequences and by the fact that
h is a composition of finite Galois étale morphisms, it is enough to show that, for a constant
sheaf M on B(c, d) associated with a finitely generated Z/nZ-module, the restriction map

H i(B(c, d),M)→ H i(D(d)◦ ∩ B(c, d),M)

is an isomorphism for every i. Let t ∈ |K×| be an element with t < 1. Then we have

D(d)◦ ∩ B(c, d) =
⋃

m∈Z>0

B(c, t1/md).

(See also [53, Lemma 1.3].) Moreover H i(B(c, t1/md),M) is a finite group for every i; see
[52, Proposition 6.1.1]. Therefore, by [52, Lemma 3.9.2 i)], we obtain that

H i(D(d)◦ ∩ B(c, d),M) ∼= lim←−
m

H i(B(c, t1/md),M)

for every i. Thus it suffices to prove that, for every m ∈ Z>0, the restriction map

H i(B(c, d),M)→ H i(B(c, t1/md),M)

is an isomorphism for every i. By [52, Example 6.1.2], both sides vanish when i ≥ 2. For
i ≤ 1, the assertion can be proved by using the Kummer sequence. (See the last paragraph
of the proof of Theorem 3.6.3 in Appendix 3.A.)

(2) Since

D(1)\{0} =
⋃

ϵ∈|K×|, ϵ<1

D(1) ∩ B(ε, 1),

we have

lim−→
ϵ

H i
c(D(1) ∩ B(ε, 1),F|D(1)∩B(ϵ,1)) ∼= H i

c(D(1)\{0},F|D(1)\{0})

by [52, Proposition 5.4.5 ii)]. Therefore, the assertion follows from (1). �
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3.7. Proofs of Theorem 3.4.8 and Theorem 3.4.9

In this section, we shall prove Theorem 3.4.8 and Theorem 3.4.9. Let K be an alge-
braically closed complete non-archimedean field with ring of integers O.

The main part of the proofs of Theorem 3.4.8 and Theorem 3.4.9 is contained in the
following lemma.

Lemma 3.7.1. Let X be a separated scheme of finite type over O and Z ↪→ X a
closed immersion defined by one global section f ∈ OX (X ). Let f : X → SpecO[T ] be
the morphism defined by T 7→ f , which is also denoted by f . We assume that there is an
element ε1 ∈ |K×| with ε1 ≤ 1 such that

d(f) : d(X̂ )→ d((SpecO[T ])∧) = B(1).

is smooth over B(ε1)∗ = B(ε1)\{0}. Then, there exists an element ε0 ∈ |K×| with ε0 ≤ ε1,
such that the following assertions hold for every ε ∈ |K×| with ε ≤ ε0, every positive integer
n invertible in O, and every integer i.

(1) H i
c(S(Z, ε)\d(Ẑ),Z/nZ) = 0 and H i

c(T (Z, ε0)\T (Z, ε),Z/nZ) = 0.

(2) H i(T (Z, ε),Z/nZ)
∼=→ H i(S(Z, ε)◦,Z/nZ).

(3) H i(S(Z, ε),Z/nZ)
∼=→ H i(d(Ẑ),Z/nZ).

(4) H i(S(Z, ε),Z/nZ)
∼=→ H i(S(Z, ε)◦,Z/nZ).

We first deduce Theorem 3.4.8 and Theorem 3.4.9 from Lemma 3.7.1. We will prove
Lemma 3.7.1 in Section 3.7.3.

3.7.1. Cohomological descent for analytic adic spaces. We will recall some re-
sults on cohomological descent for analytic pseudo-adic spaces. Our basic references are
[SGA 4 II, Exposé Vbis] and [33, Section 5]. See also [89, Section 3].

Let f : Y → X be a morphism of finite type of analytic pseudo-adic spaces. Let

β : Y• := cosq0(Y/X)→ X

be the augmented simplicial object in the category of analytic pseudo-adic spaces of finite
type over X (this category has finite projective limits by [52, Proposition 1.10.6]) defined
as in [33, (5.1.4)]. So Ym is the (m+ 1)-times fiber product Y ×X · · · ×X Y for m ≥ 0. As
in [33, (5.1.6)–(5.1.8)], one can associate to the étale topoi (Ym)

∼
ét (m ≥ 0) a topos (Y•)

∼.
Moreover, as in [33, (5.1.11)], we have a morphism of topoi

(β∗, β
∗) : (Y•)

∼ → X∼ét

from (Y•)
∼ to the étale topos X∼ét of X. We say that f : Y → X is a morphism of

cohomological descent for torsion abelian étale sheaves if for every torsion abelian étale
sheaf F on X, the natural morphism

F → Rβ∗β
∗F

in the derived category D+(X∼ét) is an isomorphism. See [SGA 4 II, Exposé Vbis, Section
2] for details.

As a consequence of the proper base change theorem for analytic pseudo-adic spaces
[52, Theorem 4.4.1], we have the following proposition. We formulate it in the generality
we need.
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Proposition 3.7.2. Let f : Y → X be a morphism of analytic adic spaces which is
proper, of finite type, and surjective. Then for every morphism Z → X of analytic pseudo-
adic spaces, the base change f : Y ×XZ → Z is of cohomological descent for torsion abelian
étale sheaves.

Proof. First, we note that the fiber product Y ×X Z → Z exists by [52, Proposition
1.10.6]. By the proper base change theorem for analytic pseudo-adic spaces [52, Theorem
4.4.1 (b)], it suffices to prove that, for every geometric point S → X, the base change
Y ×X S → S is of cohomological descent for torsion abelian étale sheaves. It is enough to
show that there exists a section S → Y ×X S; see [SGA 4 II, Exposé Vbis, Proposition
3.3.1] for example. The existence of a section can be easily proved in our case: By the
properness of f and [52, Corollary 1.3.9], we may assume that S is of rank 1. Then it is
well known. �

For future reference, we deduce the following corollaries from Proposition 3.7.2.

Corollary 3.7.3. Let X be a separated scheme of finite type over O. Let β0 : Y → X
be a proper surjective morphism. We put β : Y• = cosq0(Y/X ) → X . Let Z ⊂ d(X̂ ) be a
taut locally closed subset. Then we have the following spectral sequence:

Ei,j
1 = Hj

c (Zi,Z/nZ)⇒ H i+j
c (Z,Z/nZ),

where Zi is the inverse image of Z under the morphism d(βi) : d(Ŷi)→ d(X̂ ).

Proof. By Nagata’s compactification theorem, there exists a proper scheme P over
SpecO with a dense open immersion u : X ↪→ P over SpecO. Moreover, there is the
following Cartesian diagram of schemes:

Y u′ //

β0
��

Q
β′0
��

X u // P
where u′ is an open immersion and β′0 is a proper surjective morphism. The morphism

d(β′0) : d(Q̂)→ d(P̂) is proper, of finite type, and surjective; see [89, Lemma 3.5] (although
the base field is assumed to be a discrete valuation field in [89], the same proof works). We

put β′ : Q• = cosq0(Q/P) → P . We have a taut locally closed embedding j : Z → d(P̂).
Let jm : Zm → d(Q̂m) be the pull-back of j by d(β′m). Then we have H i

c(Z,Z/nZ) =

H i(d(P̂), j!Z/nZ) and

H i
c(Zm,Z/nZ) = H i(d(Q̂m), (jm)!Z/nZ) = H i(d(Q̂m), d(β′m)∗j!Z/nZ).

Therefore the assertion follows from Proposition 3.7.2 and [SGA 4 II, Exposé Vbis, Propo-
sition 2.5.5]. �

Corollary 3.7.4. Let β0 : Y → X be a morphism of analytic adic spaces which is
proper, of finite type, and surjective. We put β : Y• = cosq0(Y/X)→ X. Let i : Z ↪→ W be
an inclusion of locally closed subsets of X. For m ≥ 0, let im : Zm ↪→ Wm be the pull-back
of i by βm : Ym → X. Let

RΓ(W,Z/nZ)→ RΓ(Z,Z/nZ)→ K →
and

RΓ(Wm,Z/nZ)→ RΓ(Zm,Z/nZ)→ Km →
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be distinguished triangles. Let ρ ≥ −1 be an integer. If τ≤(ρ−m)Km = 0 for every 0 ≤ m ≤
ρ+ 1, then we have τ≤ρK = 0.

Proof. The assertion can be proved by a similar method used in [100, Lemma 4.1].
We shall give a brief sketch here.

Let β′ : W• = cosq0(W0/W ) → W (resp. β′′ : Z• = cosq0(Z0/Z) → Z) be the base
change of β to W (resp. to Z). The morphism i induces a morphism i• : (Z•)

∼ → (W•)
∼

of topoi. For the sheaf Z/nZ on W , we have Z/nZ ∼= Rβ′∗β
′∗Z/nZ by Proposition 3.7.2,

and we obtain isomorphisms

Ri∗i
∗Rβ′∗β

′∗Z/nZ ∼= Ri∗Rβ
′′
∗ (i•)

∗β′∗Z/nZ ∼= Rβ′∗R(i•)∗(i•)
∗β′∗Z/nZ

by the proper base change theorem [52, Theorem 4.4.1 (b)] and by a spectral sequence
as in [33, (5.2.7.1)] (see also [120, Tag 0D7A]). Thus, by applying Rβ′∗ to the following
distinguished triangle

β′∗Z/nZ→ R(i•)∗(i•)
∗β′∗Z/nZ→ ∆→,

we have the following distinguished triangle

Z/nZ→ Ri∗i
∗Z/nZ→ Rβ′∗∆→ .

This implies that RΓ((W•)
∼,∆) ∼= RΓ(W,Rβ′∗∆) ∼= K. By [SGA 4 II, Exposé Vbis,

Corollaire 1.3.12], we have RΓ(Wm,∆|Wm)
∼= Km for every m ≥ 0, where ∆|Wm denotes

the restriction of ∆ to (Wm)
∼
ét. Now the assertion follows from the following spectral

sequence (cf. [33, (5.2.3.2)] and [120, Tag 09WJ]):

Ep,q
1 = Hq(Wp,∆|Wp)⇒ Hp+q((W•)

∼,∆).

�

3.7.2. Reduction to the key case. In this subsection, we deduce Theorem 3.4.8 and
Theorem 3.4.9 from Lemma 3.7.1. A theorem of de Jong [28, Theorem 4.1] will again play
a key role.

Lemma 3.7.5. To prove Theorem 3.4.8, it suffices to prove the following statement
Pc(i) for every integer i.

Pc(i): Let X be a separated scheme of finite type over O and Z ↪→ X a closed immersion
defined by one global section f ∈ OX (X ). Then there exists an element ε0 ∈ |K×|,
such that for every ε ∈ |K×| with ε ≤ ε0 and every positive integer n invertible in
O, we have

Hj
c (S(Z, ε)\d(Ẑ),Z/nZ) = 0 and Hj

c (T (Z, ε0)\T (Z, ε),Z/nZ) = 0

for every j ≤ i.

Proof. Step 1. To prove Theorem 3.4.8, it suffices to prove the following statement
P′c(i) for every i.

P′c(i): Let X be a separated scheme of finite type over O and Z ↪→ X a closed immersion
of finite presentation. Then there exists an element ε0 ∈ |K×|, such that for every
ε ∈ |K×| with ε ≤ ε0 and every positive integer n invertible in O, we have

Hj
c (S(Z, ε)\d(Ẑ),Z/nZ) = 0 and Hj

c (T (Z, ε0)\T (Z, ε),Z/nZ) = 0

for every j ≤ i.
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Indeed, let X be a separated scheme of finite type over O and Z ↪→ X a closed
immersion of finite presentation. By applying [52, Remark 5.5.11 iv)] to the following
diagram

S(Z, ε)\d(Ẑ) ↪→ S(Z, ε)←↩ d(Ẑ),

we have the following long exact sequence:

· · · → H i
c(S(Z, ε)\d(Ẑ),Z/nZ)→H i

c(S(Z, ε),Z/nZ)

→ H i
c(d(Ẑ),Z/nZ)→H i+1

c (S(Z, ε)\d(Ẑ),Z/nZ)→ · · · .

We note that S(Z, ε)\d(Ẑ) = (d(X̂ )\d(Ẑ))\Q(Z, ε). Hence we have a similar spectral
sequence for the diagram

Q(Z, ε) ↪→ d(X̂ )\d(Ẑ)←↩ S(Z, ε)\d(Ẑ).

Moreover, for elements ε, ε′ ∈ |K×| with ε ≤ ε′, we have a similar spectral sequence for the
diagram

T (Z, ε) ↪→ T (Z, ε′)←↩ T (Z, ε′)\T (Z, ε).

By [52, Proposition 5.5.8], there exists an integer N , which is independent of n and ε, ε′ ∈
|K×|, such that we have

H i
c(S(Z, ε)\d(Ẑ),Z/nZ) = 0 and H i

c(T (Z, ε′)\T (Z, ε),Z/nZ) = 0

for every i ≥ N . Our claim follows from these results.
Step 2. We suppose that Pc(i) holds for every i. We will prove P′c(i) by induction on i.

The assertion holds trivially for i = −1. We assume that P′c(i0− 1) holds. First, we claim
that, to prove P′c(i0), we may assume that X is integral.

We may assume that X is flat over O. Then every irreducible component of X dom-
inates SpecO, and hence X has finitely many irreducible components. Let X ′ be the
disjoint union of the irreducible components of X . Then X ′ → X is proper and surjective.
By P′c(i0 − 1) and Corollary 3.7.3, it suffices to prove P′c(i0) for X ′ and Z ×X X ′. By
considering each component of X ′ separately, our claim follows.

Step 3. We assume that X is integral. We may assume further that Z is not equal to
X . Let Y → X be the blow-up of X along Z, which is proper and surjective. By P′c(i0−1)
and Corollary 3.7.3, it suffices to prove P′c(i0) for Y and Z ×X Y . Consequently, to prove
P′c(i0), we may assume further that Z ↪→ X is locally defined by one function.

Finally, let X =
⋃
α∈I Uα be a finite affine covering such that Z ∩ Uα ↪→ Uα is defined

by one global section in OX (Uα) for every α ∈ I. We have the following spectral sequence
by [52, Remark 5.5.12 iii)]:

Ei,j
1 =

⊕
J⊂I, ♯J=−i+1

Hj
c (S(ZJ , ε)\d(ẐJ),Z/nZ)⇒ H i+j

c (S(Z, ε)\d(Ẑ),Z/nZ).

Here we write UJ := ∩α∈JUα and ZJ := Z ×X UJ ↪→ UJ . We have a similar spectral
sequence for T (Z, ε′)\T (Z, ε). Since Pc(i) holds for every i by hypothesis, it follows that
P′c(i0) holds for X and Z ↪→ X . �

Lemma 3.7.6. To prove Theorem 3.4.9, it suffices to prove the following statement
P(i) for every integer i.
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P(i): Let X be a separated scheme of finite type over O and Z ↪→ X a closed immersion
defined by one global section f ∈ OX (X ). We consider the following distinguished
triangles:

RΓ(T (Z, ε),Z/nZ)→ RΓ(S(Z, ε)◦,Z/nZ)→ K1(ε, n)→,

RΓ(S(Z, ε),Z/nZ)→ RΓ(d(Ẑ),Z/nZ)→ K2(ε, n)→,
RΓ(S(Z, ε),Z/nZ)→ RΓ(S(Z, ε)◦,Z/nZ)→ K3(ε, n)→ .

Then there exists an element ε0 ∈ |K×|, such that for every ε ∈ |K×| with ε ≤ ε0
and every positive integer n invertible in O, we have τ≤iKm(ε, n) = 0 for every
m ∈ {1, 2, 3}.

Proof. Let X be a separated scheme of finite type over O and Z ↪→ X a closed immer-
sion of finite presentation. By [52, Corollary 2.8.3], there exists an integer N , which is in-
dependent of ε and n, such that cohomology groups H i(T (Z, ε),Z/nZ), H i(S(Z, ε),Z/nZ),
and H i(d(Ẑ), ε),Z/nZ) vanish for every i ≥ N . Let t ∈ |K×| be an element with t < 1.
Then we have

S(Z, ε)◦ =
⋃

m∈Z>0

T (Z, t1/mε);

see [53, Lemma 1.3]. Therefore, by [52, Lemma 3.9.2 i)], the same holds for the cohomology
group H i(S(Z, ε)◦,Z/nZ).

We can prove the assertion by the same argument as in the proof of Lemma 3.7.5 by
using the results remarked above instead of [52, Proposition 5.5.8] and by using Corollary
3.7.4 instead of Corollary 3.7.3. �

We will now prove the desired statement:

Lemma 3.7.7. To prove Theorem 3.4.8 and Theorem 3.4.9, it suffices to prove Lemma
3.7.1.

Proof. We suppose that Lemma 3.7.1 holds. By Lemma 3.7.5 and Lemma 3.7.6,
it suffices to prove that Pc(i) and P(i) hold for every i. Let us show the assertions by
induction on i. The assertions Pc(−1) and P(−2) hold trivially. Assume that Pc(i − 1)
and P(i−1) hold. Let X be a separated scheme of finite type over O and Z ↪→ X a closed
immersion defined by one global section f ∈ OX (X ). We shall show that Pc(i) and P(i)
hold for X and Z. As in the proof of Lemma 3.7.5, we may assume that X is integral.

First, we prove the assertions in the case where K is of characteristic 0. By [28,
Theorem 4.1], there is an integral alteration Y → XK such that Y is smooth over K. By
Nagata’s compactification theorem, there is a proper surjective morphism Y → X such
that YK ∼= Y over XK and Y is integral. By the induction hypothesis, Corollary 3.7.3, and
Corollary 3.7.4, it suffices to prove Pc(i) and P(i) for Y and Z ×X Y . (As we have already
seen in the proof of Corollary 3.7.3, the morphism d(Ŷ)→ d(X̂ ) is proper and surjective.)
Therefore, we may assume that XK is smooth over K. Let

f : X → SpecO[T ]
be the morphism defined by T 7→ f . Since K is of characteristic 0, there is a dense open
subset W ⊂ SpecK[T ] such that fK is smooth over W . It follows from [52, Proposition
1.9.6] that there exists an open subset V ⊂ B(1) whose complement consists of finitely

many K-rational points of B(1) such that d(f) : d(X̂ ) → B(1) is smooth over V . Thus
Pc(i) and P(i) hold for X and Z since we suppose that Lemma 3.7.1 holds.
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Let us now suppose that K is of characteristic p > 0. As above, let f : X → SpecO[T ]
be the morphism defined by T 7→ f . If f is not dominant, then Pc(i) and P(i) hold trivially
for X and Z. Thus we may assume that f is dominant. By applying [28, Theorem 4.1] to
the underlying reduced subscheme of X ×SpecO[T ] SpecK(T 1/p∞), where K(T 1/p∞) is the
perfection of K(T ), we find an alteration

gK : Y → X ×SpecO[T ] SpecK(T 1/pN )

such that Y is integral and smooth over K(T 1/pN ) for some integer N ≥ 0. By Nagata’s
compactification theorem, there is a proper surjective morphism

g : Y → X ×SpecO[T ] SpecO[T 1/pN ]

whose base change to SpecK(T 1/pN ) is isomorphic to gK . As above, it suffices to prove
Pc(i) and P(i) for Y and Z ×X Y .

Let f ′ be the image of T 1/pN ∈ O[T 1/pN ] in OY(Y) and let Z ′ ↪→ Y be the closed

subscheme defined by f ′. Then we have (f ′)p
N
= f , where the image of f in OY(Y) is also

denoted by f . Hence the closed immersion d(Ẑ ′) ↪→ d((Z ×X Y)∧) is a homeomorphism
and we have

S(Z ′, ε) = S(Z ×X Y , εp
N

) and T (Z ′, ε) = T (Z ×X Y , εp
N

)

for every ε ∈ |K×|. Thus, it suffices to prove that Pc(i) and P(i) hold for Y and Z ′.
(See [52, Proposition 2.3.7].) By the construction, the generic fiber of the morphism
Y → SpecO[T ] defined by T 7→ f ′ is smooth over K(T ). Therefore, as in the case of
characteristic 0, Lemma 3.7.1 implies Pc(i) and P(i) for Y and Z ′. �

3.7.3. Proof of the key case. In this subsection, we prove Lemma 3.7.1 and finish
the proofs of Theorem 3.4.8 and Theorem 3.4.9.

Proof of Lemma 3.7.1. We may assume that X is flat over SpecO. Then X is of
finite presentation over SpecO by [108, Première partie, Corollaire 3.4.7]. By Proposition
3.6.6 and Theorem 3.6.10, there exists an element ε0 ∈ |K×| with ε0 ≤ ε1 such that, for all
a, b ∈ |K×| with a < b ≤ ε0 and every positive integer n invertible in O×, there exists a
finite étale morphism

h : B(c, d)→ B(a, b)
such that h is a composition of finite Galois étale morphisms and the pull-back

h∗((Rid(f)!Z/nZ)|B(a,b))
is a constant sheaf associated with a finitely generated Z/nZ-module for every i. We shall
show that ε0 satisfies the desired properties. We fix a positive integer n invertible in O and
an element ε ∈ |K×| with ε ≤ ε0.

(1) We have

S(Z, ε)\d(Ẑ) = d(f)−1(D(ε)\{0}) and T (Z, ε0)\T (Z, ε) = d(f)−1(B(ε0)\B(ε)).
Keeping the base change theorem [52, Theorem 5.4.6] for Rd(f)! in mind, we have the
following spectral sequences by [52, Remark 5.5.12 i)]:

Ei,j
2 = H i

c(D(ε)\{0}, (Rjd(f)!Z/nZ)|D(ϵ)\{0})⇒ H i+j
c (S(Z, ε)\d(Ẑ),Z/nZ),

Ei,j
2 = H i

c(B(ε0)\B(ε), (Rjd(f)!Z/nZ)|B(ϵ0)\B(ϵ))⇒ H i+j
c (T (Z, ε0)\T (Z, ε),Z/nZ).

Hence the assertion (1) follows from Lemma 3.6.11.
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(2) We have

T (Z, ε) = d(f)−1(B(ε)) and S(Z, ε)◦ = d(f)−1(D(ε)◦).

Be the Leray spectral spectral sequences, it suffices to prove that the restriction map

H i(B(ε), Rjd(f)∗Z/nZ)→ H i(D(ε)◦, Rjd(f)∗Z/nZ)

is an isomorphism for all i, j. Let ε′ ∈ |K×| be an element with ε′ < ε. Then {B(ε′, ε),D(ε)◦}
is an open covering of B(ε). By the Čech-to-cohomology spectral sequences, it is enough
to prove that the restriction map

H i(B(ε′, ε), Rjd(f)∗Z/nZ)→ H i(D(ε)◦ ∩ B(ε′, ε), Rjd(f)∗Z/nZ)

is an isomorphism for all i, j.
The inverse image d(f)−1(B(ε′, ε)) has finitely many connected components. It is enough

to show that, for every connected component W ⊂ d(f)−1(B(ε′, ε)) and the restriction
g : W → B(ε′, ε) of d(f), the restriction map

H i(B(ε′, ε), Rjg∗Z/nZ)→ H i(D(ε)◦ ∩ B(ε′, ε), Rjg∗Z/nZ)

is an isomorphism for all i, j. The morphism g is of pure dimension N for some integer
N ≥ 0. (See [52, Section 1.8] for the definition of the dimension of a morphism of adic
spaces.) Since g is smooth and Rig!Z/nZ is a locally constant constructible sheaf of Z/nZ-
modules, Poincaré duality [52, Corollary 7.5.5] implies that

Rjg∗(Z/nZ(N)) ∼= (R2N−jg!Z/nZ)∨

for every j, where (N) denotes the Tate twist and ()∨ denotes the Z/nZ-dual. (Here we
use the fact that Z/nZ is an injective Z/nZ-module.) The right hand side satisfies the
assumption of Lemma 3.6.11 (1), and hence the assertion follows from the lemma.

(3) We have S(Z, ε) = d(f)−1(D(ε)). Let

d(f)′ : S(Z, ε)→ D(ε)

be the base change of d(f) to D(ε). We write

Fi := Rid(f)′∗Z/nZ.

We claim that restriction map H i(D(ε),Fj) → H i({0},Fj|{0}) is an isomorphism for all
i, j. Since we have by [52, Example 2.6.2]

H i({0},Fj|{0}) =

{
Hj(d(Ẑ),Z/nZ) (i = 0)

0 (i 6= 0),

the claim and the Leray spectral spectral sequence for d(f)′ imply the assertion (3).
We prove the claim. Since D(ε) and {0} are proper over Spa(K,O), we have

H i(D(ε),Fj) = H i
c(D(ε),Fj) and H i({0},Fj|{0}) = H i

c({0},Fj|{0}),

and hence it suffices to prove that H i
c(D(ε)\{0},Fj|D(ϵ)\{0}) = 0 for all i, j. Moreover, by

[52, Proposition 5.4.5 ii)], it suffices to prove that, for any ε′ ∈ |K×| with ε′ < ε, we have
H i
c(D(ε) ∩ B(ε′, ε),Fj|D(ϵ)∩B(ϵ′,ϵ)) = 0 for all i, j.
Let ε′ ∈ |K×| be an element with ε′ < ε. Let W and g be as in the proof of (2). Let

g′ : g−1(D(ε) ∩ B(ε′, ε))→ D(ε) ∩ B(ε′, ε)
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be the base change of g. It suffices to prove that H i
c(D(ε) ∩ B(ε′, ε), Rjg′∗Z/nZ) = 0 for all

i, j. By the base change theorem [52, Theorem 5.4.6] for Rg!, we have

(Rjg!Z/nZ)|D(ϵ)∩B(ϵ′,ϵ) ∼= Rjg′!Z/nZ.

In particular the right hand side is a locally constant constructible sheaf of Z/nZ-modules.
As in the proof of (2), Poincaré duality [52, Corollary 7.5.5] for g′ then implies that

Rjg′∗(Z/nZ(N)) ∼= (R2N−jg′!Z/nZ)∨,

and the assertion follows from Lemma 3.6.11 (1).
(4) Similarly as above, it suffices to prove that the restriction map

H i(D(ε),Fj)→ H i(D(ε)◦,Fj)

is an isomorphism for all i, j. Let ε′ ∈ |K×| be an element with ε′ < ε. As in the proof of
(2), it suffices to prove that the restriction map

H i(D(ε) ∩ B(ε′, ε),Fj)→ H i(D(ε)◦ ∩ B(ε′, ε),Fj)

is an isomorphism for all i, j. By the proof of (3), the sheaf Fj|D(ϵ)∩B(ϵ′,ϵ) is a locally
constant constructible sheaf of Z/nZ-modules. Hence the assertion follows from the proof
of [54, Lemma 2.5]. (In [54], the characteristic of the base field is always assumed to be
0. However [54, Lemma 2.5] holds in positive characteristic without changing the proof.)

The proof of Lemma 3.7.1 is complete. �

The proofs of Theorem 3.4.8 and Theorem 3.4.9 are now complete.

3.A. Finite étale coverings of annuli

In this appendix, we give proofs of Theorem 3.6.2 and Theorem 3.6.3. We retain
the notation of Section 3.6.1. In particular, we fix an algebraically closed complete non-
archimedean field K with ring of integers O. We will follow the methods given in Ramero’s
paper [105].

Following [105], we will use the following notation in this appendix. Recall that for a
morphism of finite type

Spa(A,A+)→ Spa(K,O)

from an affinoid adic space associated with a complete affinoid ring (A,A+), the ring A+

coincides with the ring A◦ of power-bounded elements of A; see [51, Lemma 4.4] and [52,
Section 1.2]. We often omit A+ and abbreviate Spa(A,A+) to Spa(A). If A is reduced,
then A◦ is topologically of finite type over O, i.e. A◦ ∼= O〈T1, . . . , Tn〉/I for some ideal
I ⊂ O〈T1, . . . , Tn〉 by [11, 6.4.1, Corollary 4]. Let m ⊂ O be the maximal ideal and let
κ := O/m be the residue field. The quotient

A∼ := A◦/mA◦

is a finitely generated algebra over κ. We note that the ideal mA◦ coincides with the set
of topologically nilpotent elements in A. In particular, the ring A∼ is reduced.
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3.A.1. Open annuli in the unit disc. We recall some basic properties of open annuli
in the unit disc B(1) = Spa(K〈T 〉).

Let a, b ∈ |K×| be elements with a ≤ b ≤ 1. Recall that we defined

B(a, b) := {x ∈ B(1) | a ≤ |T (x)| ≤ b}
:= {x ∈ B(1) | |$a(x)| ≤ |T (x)| ≤ |$b(x)|},

where $a, $b ∈ K× are elements such that a = |$a| and b = |$b|. We have

B(a, b) ∼= Spa(K〈T, Ta, Tb〉/(TaT −$a, T −$bTb))

as an adic space over B(1). The adic space B(a, b) is isomorphic to B(a/b, 1) as an adic
space over Spa(K). We write A(a, b) := OB(1)(B(a, b)).

We will focus on the following points of the unit disc B(1). Let r ∈ |K×| be an element
with r ≤ 1.

• Let
η(r)♭ : K〈T 〉 → |K×|,

∑
i≥0

aiT
i 7→ max

i≥0
{|ai|ri}

be the Gauss norm of radius r centered at 0. The corresponding point η(r)♭ ∈ B(1)
is denoted by the same letter.
• Let 〈δ〉 be an infinite cyclic group with generator δ. We equip |K×| × 〈δ〉 with a
total order such that

(s, δm) < (t, δn)⇐⇒ s < t, or s = t and m > n.

So we have (1, δ) < (1, 1) and (s, 1) < (1, δ) for every s ∈ |K×| with s < 1. We
identify δ with (1, δ) and r with (r, 1). The valuation

η(r) : K〈T 〉 → |K×| × 〈δ〉,
∑
i≥0

aiT
i 7→ max

i≥0
{|ai|riδi}

gives a point η(r) ∈ B(1). The point η(r) is a specialization of η(r)♭, i.e. we have

η(r) ∈ {η(r)♭}.
• Similarly, if r < 1, the valuation

η(r)′ : K〈T 〉 → |K×| × 〈δ〉,
∑
i≥0

aiT
i 7→ max

i≥0
{|ai|riδ−i}

gives a point η(r)′ ∈ B(1). The point η(r)′ is a specialization of η(r)♭.

We can use the points η(r) and η(r)′ to describe the closure of an annulus B(a, b).

Example 3.A.1. Let a, b ∈ |K×| be elements with a ≤ b ≤ 1.

(1) For an element r ∈ |K×| with a ≤ r ≤ b, we have η(r)♭ ∈ B(a, b). If a < r ≤ b, we
have η(r) ∈ B(a, b). Similarly, if a ≤ r < b, we have η(r)′ ∈ B(a, b).

(2) We assume that a ≤ b < 1. Let B(a, b)c be the closure of B(a, b) in B(1).
Then we have B(a, b)c\B(a, b) = {η(a), η(b)′}. In particular, the complement
B(a, b)c\B(a, b) consists of two points.

(3) We have some kind of converse to (2). We define D(1) := {x ∈ B(1) | |T (x)| < 1},
which is a closed subset of B(1). Let X ⊂ B(1) be a connected affinoid open subset
contained in D(1). Let Xc be the closure of X in B(1). If the complement Xc\X
consists of two points, then there exists an isomorphism

X ∼= B(a, 1)



3.A. FINITE ÉTALE COVERINGS OF ANNULI 89

of adic spaces over Spa(K) for some element a ∈ |K×| with a ≤ 1. This can be
proved by using [11, 9.7.2, Theorem 2].

We recall the following example from [105], which is useful to study finite étale coverings
of B(a, b).

Example 3.A.2 ([105, Example 2.1.12]). We assume that a < b. Let

Ψ: B(a, b) = Spa(A(a, b))→ B(1) = Spa(K〈S〉)

be the morphism over Spa(K) defined by the following homomorphism

ψ : O〈S〉 → O〈Ta, Tb〉/(TaTb −$a/$b) ∼= A(a, b)◦, S 7→ Ta + Tb.

The homomorphism ψ makes A(a, b)◦ into a free O〈S〉-module of rank 2.

Remark 3.A.3. In the rest of this section, we shall study finite étale coverings of
B(a, b). We recall the following fact from [52, Example 1.6.6 ii)], which we will use freely:
Let X be an affinoid adic space of finite type over Spa(K,O). Let Y → X be a finite étale
morphism of adic spaces. Then Y is affinoid and the induced morphism SpecOY (Y ) →
SpecOX(X) of schemes is finite and étale. This construction gives an equivalence of
categories between the category of adic spaces which are finite and étale over X and the
category of schemes which are finite and étale over SpecOX(X).

In the rest of this subsection, we will give two lemmas about the connected components
of a finite étale covering of B(a, b).

Lemma 3.A.4. We assume that a < b. Let f : X → B(a, b) be a finite étale morphism
of adic spaces. For every t ∈ |K×| with a/b < t2 < 1, there exists an element s0 ∈ |K×| with
t < s0 ≤ 1 such that every connected component of f−1(B(a/s0, s0b)) remains connected
after restricting to B(a/s, sb) for every s ∈ |K×| with t < s ≤ s0.

Proof. The number of the connected components of f−1(B(a/s, sb)) increases with
decreasing s and it is bounded above by the degree of f (i.e. the rank of OX(X) as an
A(a, b)-module) for every s ∈ |K×| with a/b < s2 < 1. The assertion follows from these
properties. �

Lemma 3.A.5. We assume that a < b. Let f : X → B(a, b) be a finite étale morphism
of adic spaces. We write B := OX(X) and consider the composition

O〈S〉 ψ→ A(a, b)◦ → B◦,

where ψ is the homomorphism defined in Example 3.A.2 and the second homomorphism
is the one induced by f . Let {q1, . . . , qn} ⊂ SpecB◦ be the set of the prime ideals of B◦

lying above the maximal ideal mO〈S〉 + SO〈S〉 ⊂ O〈S〉. Then, for every t ∈ |K×| with
a/b < t2 < 1, the adic space f−1(B(a/t, tb)) has at least n connected components.

Proof. This lemma is proved in the proof of [105, Theorem 2.4.3]. We recall the
arguments for the reader’s convenience.

We define g as the composition

g : X
f→ B(a, b) Ψ→ B(1) = Spa(K〈S〉).

Let t ∈ |K×| be an element with a/b < t2 < 1. We define B(t) := {x ∈ B(1) | |S(x)| ≤ t}.
Since Ψ−1(B(t)) = B(a/t, tb), it is enough to show that g−1(B(t)) has at least n connected
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components. The ring O[[S]] is a Henselian local ring. Since B◦ is a free O〈S〉-module of
finite rank by [105, Proposition 2.3.5], we have a decomposition

B◦ ⊗O⟨S⟩ O[[S]] ∼= R1 × · · · ×Rn,

where R1, . . . , Rn are local rings, which are free O[[S]]-modules of finite rank. Since the
natural homomorphism O〈S〉 = OB(1)(B(1))◦ → OB(t)(B(t))◦ factors through O〈S〉 →
O[[S]], we have

g−1(B(t)) ∼= Spa(B1)
∐
· · ·

∐
Spa(Bn),

where Bi := Ri ⊗O[[S]] OB(t)(B(t)). This proves our claim since Spa(Bi) is non-empty for
every i. �

3.A.2. Discriminant functions and finite étale coverings of open annuli. Let
a, b ∈ |K×| be elements with a < b ≤ 1. Let f : X → B(a, b) be a finite étale morphism of
adic spaces. Let us briefly recall the definition of the discriminant function

δf : [− log b,− log a]→ R≥0

associated with f following [105].
Let O+

X be the subsheaf of OX defined by

O+
X(U) = {g ∈ OX(U) | |g(x)| ≤ 1 for every x ∈ U}

for every open subset U ⊂ X. For an element r ∈ |K×| with a ≤ r ≤ b, let

A (r)♭ := (f∗O+
X)η(r)♭

be the stalk of f∗O+
X at the point η(r)♭. The maximal ideal of the stalk OB(a,b),η(r)♭ at

η(r)♭ is zero, in other words, we have OB(a,b),η(r)♭ = k(η(r)♭). Hence there is a natural

morphism k(η(r)♭)+ → A (r)♭. By applying [105, Proposition 2.3.5] to the restriction
f−1(B(r, r)) → B(r, r) of f , we see that A (r)♭ is a free k(η(r)♭)+-module of finite rank.
Then we can define the valuation

vη(r)♭(d
♭
f (r)) ∈ R>0

of the discriminant d♭f (r) ∈ k(η(r)♭)+ of A (r)♭ over k(η(r)♭)+ (in the sense of [105, Section
2.1]) and we define

δf : [− log b,− log a] ∩ − log |K×| → R≥0, − log r 7→ − log(vη(r)♭(d
♭
f (r))) ∈ R≥0.

See [105, 2.3.12] for details.

Theorem 3.A.6 (Ramero [105, Theorem 2.3.25]). The function δf extends uniquely
to a continuous, piecewise linear, and convex function

δf : [− log b,− log a]→ R≥0.

Moreover, the slopes of δf are integers.

Proof. See [105, Theorem 2.3.25]. �

Many basic properties of the discriminant function δf were studied in detail in [105].
Here, we are interested in the case where δf is linear.
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Proposition 3.A.7 (Ramero [105]). Let f : X = Spa(B,B◦) → B(a, b) be a finite
étale morphism of adic spaces with a complete affinoid ring (B,B◦). Define g as the
composition

g : X
f→ B(a, b) Ψ→ B(1) = Spa(K〈S〉),

where Ψ is the morphism defined in Example 3.A.2. The map g induces a homomorphism
O〈S〉 → B◦. Let us suppose that the following two conditions hold:

• There is only one prime ideal q ⊂ B◦ lying above the maximal ideal mO〈S〉 +
SO〈S〉 ⊂ O〈S〉.
• The discriminant function δf is linear.

Then the inverse image g−1(η(1)) consists of two points, or equivalently, the inverse images
f−1(η(a)′) and f−1(η(b)) both consist of one point. Moreover, the closed point

x ∈ SpecB∼ = SpecB◦/mB◦

corresponding to the prime ideal q is an ordinary double point.

Proof. The first assertion is a consequence of [105, (2.4.4) in the proof of Theorem
2.4.3]. (The assumption that the characteristic of the base field is zero in loc. cit. is
not needed here. Moreover, the morphism f need not be Galois.) The second assertion
is claimed in [105, Remark 2.4.8] (at least when K is of characteristic 0) without proof.
Indeed, the hard parts of the proof were already done in [105]. We shall explain how to
use the results in loc. cit. to deduce the second assertion.

Before giving the proof of the second assertion, let us prepare some notation. We write
A := K〈S〉. For the points η(1), η(1)♭ ∈ B(1), we write

(k(1), k(1)+) := (k(η(1)), k(η(1))+) and (k(1♭), k(1♭)+) := (k(η(1)♭), k(η(1)♭)+).

Note that OB(1),η(1) = k(1) and OB(1),η(1)♭ = k(1♭). We have a natural inclusion

k(1)+ → k(1♭)+.

The residue field k(1♭)+/mk(1♭)+ of k(1♭)+ is naturally isomorphic to the field of fractions
κ(S) of κ[S]. The image of k(1)+ in κ(S) is the localization κ[S](S) of κ[S] at the maximal
ideal (S) ⊂ κ[S]. More precisely, we have the following commutative diagram:

A∼ = A◦/mA◦ //

∼=
��

k(1)+/mk(1)+ //

∼=
��

k(1♭)+/mk(1♭)+

∼=
��

κ[S] // κ[S](S) // κ(S).

Let
B(1)+ := (g∗O+

X)η(1)

be the stalk of g∗O+
X at the point η(1) ∈ B(1). We have a map

i : B◦ ⊗A◦ k(1)+ → B(1)+.

The target and the source of i are both free k(1)+-modules of finite rank by [105, Proposi-
tion 2.3.5 and Lemma 2.2.17], and clearly i becomes an isomorphism after tensoring with
k(1). In particular, the map i is injective. By [105, Proposition 2.3.5] again, it follows that
i becomes an isomorphism after tensoring with k(1♭)+. Consequently, we have inclusions

B◦ ⊗A◦ k(1)+ ↪→ B(1)+ ↪→ B◦ ⊗A◦ k(1♭)+,
B◦ ⊗A◦ (k(1)+/mk(1)+) ↪→ B(1)+/mB(1)+ ↪→ B◦ ⊗A◦ (k(1♭)+/mk(1♭)+).
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We shall prove the second assertion. First, we prove that the ring B(1)+/mB(1)+ is
integrally closed in B◦ ⊗A◦ (k(1♭)+/mk(1♭)+). Let

(k(1)∧, k(1)∧+) and (k(1♭)∧, k(1♭)∧+)

be the completions with respect to the valuation topologies. By [52, Lemma 1.1.10 iii)],

we have k(1)∧
∼=→ k(1♭)∧. We have the following commutative diagram:

B(1)+ ⊗k(1)+ k(1)∧+ //

��

B◦ ⊗A◦ k(1♭)∧+

��

B(1)+ ⊗k(1)+ k(1)∧
∼= // B(1)+ ⊗k(1)+ k(1♭)∧,

where the vertical maps and the top horizontal map are injective. By using [105, Proposi-
tion 1.3.2 (iii)], we see that B(1)+⊗k(1)+ k(1)∧+ is integrally closed in B(1)+⊗k(1)+ k(1)∧,
and hence integrally closed in B◦ ⊗A◦ k(1♭)∧+. This implies that B(1)+/mB(1)+ is inte-
grally closed in B◦ ⊗A◦ (k(1♭)+/mk(1♭)+).

By the assumptions, the ring

R := B◦ ⊗A◦ (k(1)+/mk(1)+) ∼= B∼ ⊗κ[S] κ[S](S)
is the local ring of SpecB∼ at the closed point x ∈ SpecB∼. Moreover, the ring

B◦ ⊗A◦ (k(1♭)+/mk(1♭)+) ∼= B∼ ⊗κ[S] κ(S)

is the total ring of fractions of R. Hence the ring B(1)+/mB(1)+ is the normalization
of R. By using [105, (2.4.4) in the proof of Theorem 2.4.3], one can show that there are
exactly two maximal ideals of B(1)+/mB(1)+ and the length of B(1)+/mB(1)+ as an
R-module is one. In other words, the closed point x is an ordinary double point.

The proof of Proposition 3.A.7 is complete. �

We deduce the following result from Proposition 3.A.7, which is used in the proof of
Theorem 3.6.2 (in the case where K is of positive characteristic).

Proposition 3.A.8. Let f : X → B(a, b) be a finite étale morphism of adic spaces.
We assume that the discriminant function δf is linear. Let t ∈ |K×| be an element with
a/b < t2 < 1. Then we have

f−1(B(a/t, tb)) ∼=
n∐
i=1

B(ci, 1)

for some elements ci ∈ |K×| with ci < 1 (1 ≤ i ≤ n).

Proof. By Lemma 3.A.4, without loss of generality, we may assume that every con-
nected component of X remains connected after restricting to B(a/s, sb) for every s ∈ |K×|
with t < s ≤ 1. LetX1, . . . , Xm be the connected components ofX and let fi : Xi → B(a, b)
be the restriction of f . By Theorem 3.A.6, each discriminant function δfi associated with
fi is a continuous, piecewise linear, and convex function. Since δf =

∑m
i=1 δfi , it follows

that δfi is linear for every i. Thus we may further assume that X is connected.
Let (B,B◦) be a complete affinoid ring such that X = Spa(B,B◦). Define g as the

composition

g : X
f→ B(a, b) Ψ→ B(1) = Spa(K〈S〉).
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By Lemma 3.A.5, there is only one prime ideal q ⊂ B◦ lying above the maximal ideal
mO〈S〉+SO〈S〉 ⊂ O〈S〉. Let x ∈ SpecB∼ be the closed point corresponding to the prime
ideal q, which is an ordinary double point by Proposition 3.A.7. Let

λ : X = d(Spf(B◦))→ Spf(B◦)

be the specialization map associated with the formal scheme Spf(B◦); see Section 3.5.2.
By the proof of [12, Proposition 2.3], the interior λ−1(x)◦ of the inverse image λ−1(x) in
X is isomorphic to the interior D(d, 1)◦ of D(d, 1) in B(1) for some element d ∈ |K×| with
d < 1 as an adic space over Spa(K), where we define

D(d, 1) := {x ∈ B(1) = Spa(K〈T 〉) | d < |T (x)| < 1} ⊂ B(1).
We fix such an isomorphism. For every s ∈ |K×| with t ≤ s < 1, we have

f−1(B(a/s, sb)) = g−1(B(s)) ⊂ g−1(D(1)◦) = λ−1(x)◦ ∼= D(d, 1)◦ ⊂ B(1).
Thus we may consider f−1(B(a/s, sb)) as a connected affinoid open subset of B(1).

We write Xt := f−1(B(a/t, tb)). Let Xc
t be the closure of Xt in B(1), which is contained

in g−1(D(1)◦). In view of Example 3.A.1 (3), to prove the assertion, it suffices to prove
that the complement Xc

t \Xt consists of exactly two points. The map f induces a map

f ′ : Xc
t \Xt → B(a/t, tb)c\B(a/t, tb) = {η(a/t), η(tb)′}.

We prove that f ′ is bijective. Since f is surjective and specializing by [52, Lemma 1.4.5
ii)], it follows that the map f ′ is surjective. To show that the map f ′ is injective, it suffices
to prove the following claim:

Claim 3.A.9. The inverse images f−1(η(a/t)) and f−1(η(tb)′) both consist of one point.

Proof. Recall that we assume that X remains connected after restricting to B(a/s, sb)
for every s ∈ |K×| with t < s ≤ 1. Thus, by Lemma 3.A.5 and Proposition 3.A.7, the
inverse images f−1(η(a/s)′) and f−1(η(sb)) both consist of one point for every s ∈ |K×|
with t < s ≤ 1. This fact implies that

f−1(B(s1b, s2b))
is connected for all s1, s2 ∈ |K×| with t ≤ s1 < s2 ≤ 1. (Indeed, if it is not connected,
then there exist at least two points mapped to η(s2b).) By applying Lemma 3.A.5 and
Proposition 3.A.7 to

f−1(B(tb, b))→ B(tb, b),
we see that f−1(η(tb)′) consists of one point. The same arguments show that f−1(η(a/t))
consists of one point. �

The proof of Proposition 3.A.8 is complete. �
Remark 3.A.10. Here we prove Proposition 3.A.7 and Proposition 3.A.8 in the context

of adic spaces as in [105]. It is probably possible to prove these results by using the methods
of [82, 83].

We now give a proof of Theorem 3.6.2.

Proof of Theorem 3.6.2. Let f : X → B(1)∗ be a finite étale morphism. Clearly, the
discriminant functions on open annuli constructed in Theorem 3.A.6 can be glued to a
continuous, piecewise linear, and convex function

δf : [0,∞)→ R≥0.
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Moreover, the slopes of δf are integers. By [105, Lemma 2.1.10], the function δf is bounded
above by some positive real number (depending only on the degree of f). It follows that
there exists an element ε0 ∈ |K×| with ε0 ≤ 1 such that the restriction of δf to [− log ε0,∞)
is constant. Let t ∈ |K×| be an element with t < 1. We put ε := tε0. Then, for elements
a, b ∈ |K×| with a < b ≤ ε, we have

f−1(B(a, b)) ∼=
n∐
i=1

B(ci, di)

for some elements ci, di ∈ |K×| with ci < di ≤ 1 (1 ≤ i ≤ n) by Proposition 3.A.8. If
K is of characteristic 0, after replacing ε by a smaller one, we can easily show that the
restriction B(ci, di)→ B(a, b) of f is a Kummer covering by using [105, Claim 2.4.5]. (See
also the proofs of [82, Theorem 2.2] and [105, Theorem 2.4.3].) �

3.A.3. Galois coverings and discriminant functions. Let a, b ∈ |K×| be elements
with a < b ≤ 1. Let

f : X = Spa(B,B◦)→ B(a, b)
be a finite étale morphism of adic spaces with a complete affinoid ring (B,B◦). Let

G := Aut(X/B(a, b))◦ ∼= Aut(B/A(a, b))

be the opposite of the group of B(a, b)-automorphisms on X, or equivalently, the group of
A(a, b)-automorphisms of B. We assume that f is Galois, i.e. A(a, b) coincides with the
ring BG. (This is equivalent to saying that the finite étale morphism SpecB → SpecA(a, b)
of schemes is Galois; see Remark 3.A.3.) In this case, we call G the Galois group of f .

We assume that X is connected. Let r ∈ |K×| be an element with a < r ≤ b and let
x ∈ f−1(η(r)) be an element. Let

Stabx := {g ∈ G | g(x) = x}

be the stabilizer of x. Let k(x)∧h+ (resp. k(r)∧h+) be the Henselization of the completion of
the valuation ring k(x)+ (resp. k(η(r))+). Let k(x)∧h and k(r)∧h be the fields of fractions
of k(x)∧h+ and k(r)∧h+, respectively. Then by [55, 5.5] the extension of fields

k(r)∧h → k(x)∧h

is finite and Galois, and we have a natural isomorphism

Stabx
∼=→ Gal(k(x)∧h/k(r)∧h).

In [55], Huber defined higher ramification subgroups and the Swan character of the Galois
group Gal(k(x)∧h/k(r)∧h). In [105], Ramero investigated the relation between the discrim-
inant functions and the Swan characters. We are interested in the case where all higher
ramification subgroups and the Swan character of Gal(k(x)∧h/k(r)∧h) are trivial. All we
need is the following lemma:

Lemma 3.A.11 ([105, Lemma 3.3.10]). Let f : X → B(a, b) be a finite Galois étale
morphism such that X is connected. We assume that ] Stabx is invertible in O for every
r ∈ |K×| with a < r ≤ b and every x ∈ f−1(η(r)). Then the discriminant function

δf : [− log b,− log a]→ R≥0
associated with f is constant.
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Proof. This follows from the second equality of [105, Lemma 3.3.10]. Indeed, under
the assumption, we have Sw♮

x = 0 for the Swan character Sw♮
x attached to x ∈ f−1(η(r))

defined in [105, Section 3.3]. �
Finally, we prove Theorem 3.6.3.

Proof of Theorem 3.6.3. In fact, we will show that if a locally constant étale sheaf
F with finite stalks on B(a, b) is tame at η(r) ∈ B(a, b) for every r ∈ |K×| with a < r ≤ b,
then, for every t ∈ |K×| with a/b < t2 < 1, there exists an integer m invertible in O such
that the restriction F|B(a/t,tb) is trivialized by a Kummer covering ϕm.

There is a finite Galois étale morphism f : X → B(a, b) such that X is connected and
f ∗F is a constant sheaf. Let G be the Galois group of f . By replacing X by a quotient
of it by a subgroup of G (this makes sense by Remark 3.A.3), we may assume that the
induced homomorphism

ρ : G→ Aut(Γ(X, f ∗F))
is injective. Let t ∈ |K×| be an element with a/b < t2 < 1. By Lemma 3.A.4, we may
assume that X remains connected after restricting to B(a/s, sb) for every s ∈ |K×| with
t < s ≤ 1.

We claim that ] Stabx is invertible in O for every r ∈ |K×| with a < r ≤ b and every
x ∈ f−1(η(r)). Let L(r) be a separable closure of k(x)∧h. It induces a geometric point
x → X with support x. Let r → B(a, b) denote the composition x → X → B(a, b). Since
f ∗F is a constant sheaf, we have the following identifications

Γ(X, f ∗F) ∼= (f ∗F)x ∼= Fr.
Recall that we have Stabx ∼= Gal(k(x)∧h/k(r)∧h). Via these identifications, the action of
Stabx ⊂ G on Γ(X, f ∗F) is compatible with the action of Gal(L(r)/k(r)∧h) on Fr. Since
F is tame at η(r) and ρ is injective, it follows that ]Gal(k(x)∧h/k(r)∧h) is invertible in O.
This proves our claim.

By Lemma 3.A.11, it follows that the discriminant function δf is constant. By Lemma
3.A.5 and Proposition 3.A.7, there is exactly one point x in f−1(η(b)). Therefore the Galois
group G is isomorphic to Stabx ∼= Gal(k(x)∧h/k(b)∧h).

Theorem 3.6.3 now follows from [82, Theorem 2.11]. Alternatively, we can argue as
follows. By [55, Proposition 2.5, Corollary 2.7, and Corollary 5.4], we see that G is a cyclic
group. Let us write G ∼= Z/mZ. We consider f : X → B(a, b) as a Z/mZ-torsor. As in
the proof of [105, Theorem 2.4.3], since the Picard group of B(a, b) is trivial, the Kummer
sequence gives an isomorphism

A(a, b)×/(A(a, b)×)m ∼= H1(B(a, b),Z/mZ).
Since m is invertible in O, the left hand side is a cyclic group of order m generated by the
coordinate function T ∈ A(a, b)×. It follows that every Z/mZ-torsor over B(a, b) is the
disjoint union of Kummer coverings. This completes the proof of Theorem 3.6.3. �





CHAPTER 4

A torsion analogue of the weight-monodromy conjecture

4.1. Introduction

In this chapter, we formulate and study a torsion analogue of the weight-monodromy
conjecture for a proper smooth scheme over a non-archimedean local field. We prove it
for proper smooth schemes over equal characteristic non-archimedean local fields, abelian
varieties, surfaces, varieties uniformized by Drinfeld upper half spaces, and set-theoretic
complete intersections in toric varieties. In the equal characteristic case, our methods rely
on an ultraproduct variant of Weil II established by Cadoret. As applications, we discuss
some finiteness properties of the Brauer group and the codimension two Chow group of a
proper smooth scheme over a non-archimedean local field. This chapter is based on the
preprint [64].

4.1.1. Main results. Let K be a non-archimedean local field with finite residue field
k. Let p > 0 be the characteristic of k, and q the number of elements in k. Let X be a
proper smooth scheme over K and w an integer. Let ` 6= p be a prime number. Let K be
an algebraic closure of K and Ksep the separable closure of K in K. The absolute Galois
group GK := Gal(Ksep/K) naturally acts on the `-adic cohomology Hw

ét(XK ,Qℓ), where
we put XK := X ⊗K K.

By Grothendieck’s quasi-unipotence theorem, the action of an open subgroup of the
inertia group IK of K on Hw

ét(XK ,Qℓ) defines the monodromy filtration

{Mi,Qℓ
}i

on Hw
ét(XK ,Qℓ). It is an increasing filtration stable by the action of GK . (See Section 4.3.1

for details.) The weight-monodromy conjecture due to Deligne states that the i-th graded
piece

GrMi,Qℓ
:=Mi,Qℓ

/Mi−1,Qℓ

of the monodromy filtration on Hw
ét(XK ,Qℓ) is of weight w + i, i.e. every eigenvalue of a

lift of the geometric Frobenius element Frobk ∈ Gal(k/k) is an algebraic integer such that
the complex absolute values of its conjugates are q(w+i)/2. When X has good reduction
over the ring of integers OK of K, it is nothing more than the Weil conjecture [32, 34]. In
general, the weight-monodromy conjecture is still open. In this chapter, we shall propose
a torsion analogue of the weight-monodromy conjecture and prove it in some cases.

By the work of Rapoport-Zink [106] and de Jong’s alteration [28], we can take an open
subgroup J ⊂ IK so that the action of J on the étale cohomology group with Fℓ-coefficients
Hw

ét(XK ,Fℓ) is unipotent for every ` 6= p. By the same construction as in the `-adic case,
we can define the monodromy filtration

{Mi,Fℓ
}i

on Hw
ét(XK ,Fℓ) for all but finitely many ` 6= p, which is stable by the action of GK ; see

Section 4.3.2 for details. We propose the following conjecture.

97
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Conjecture 4.1.1 (A torsion analogue of the weight-monodromy conjecture,
Conjecture 4.3.4). Let X be a proper smooth scheme over K and w an integer. For
every i, there exists a non-zero monic polynomial Pi(T ) ∈ Z[T ] satisfying the following
conditions:

• The roots of Pi(T ) have complex absolute values q(w+i)/2.
• We have Pi(Frob) = 0 on the i-th graded piece

GrMi,Fℓ
:=Mi,Fℓ

/Mi−1,Fℓ

for all but finitely many ` 6= p and for every lift Frob ∈ GK of the geometric
Frobenius element.

Remark 4.1.2. It is a theorem of Gabber that the étale cohomology group with Zℓ-
coefficients Hw

ét(XK ,Zℓ) is torsion-free for all but finitely many ` 6= p [44]. (See also [121,
Theorem 1.4], [101, Théorème 6.2.2].) When X has good reduction over OK , Conjecture
4.1.1 follows from the Weil conjecture and Gabber’s theorem.

The main theorem of this chapter is as follows:

Theorem 4.1.3 (Theorem 4.3.6). Let X be a proper smooth scheme over K and w
an integer. Assume that one of the following conditions holds:

(A) K is of equal characteristic, i.e. the characteristic of K is p.
(B) X is an abelian variety.
(C) w ≤ 2 or w ≥ 2 dimX − 2.
(D) X is uniformized by a Drinfeld upper half space.
(E) X is geometrically connected and is a set-theoretic complete intersection in a pro-

jective smooth toric variety.

Then the assertion of Conjecture 4.1.1 for (X,w) is true.

The weight-monodromy conjecture for Qℓ-coefficients is known to be true for (X,w) if
one of the above conditions (A)–(E) holds. However, it seems that the weight-monodromy
conjecture for Qℓ-coefficients does not automatically imply Conjecture 4.1.1. The problem
is that, in general, we do not know the torsion-freeness of the cokernel of the monodromy
operator acting on Hw

ét(XK ,Zℓ). (See Section 4.3.3 for details.)

Remark 4.1.4. There are other cases in which the weight-monodromy conjecture is
known to be true; see Remark 4.3.3. In this chapter, we will restrict ourselves to the cases
(A)–(E) for the sake of simplicity.

We shall give two applications of our results. The first one is an application to the
finiteness of the Brauer group of a proper smooth scheme over K for which the `-adic
Chern class map for divisors is surjective; see Corollary 4.10.2. As the second application,
we will show the finiteness of the GK-fixed part of the prime-to-p torsion part of the
Chow group CH2(XK) of codimension two cycles on XK if (X,w = 3) satisfies one of the
conditions (A)–(E); see Corollary 4.10.7.

4.1.2. Outline of this chapter. The outline of this chapter is as follows. In Section
4.2, we define a notion of weight for a family ofGK-representations over Fℓ and prepare some
elementary lemmas used in this chapter. In Section 4.3, we define the monodromy filtration
with coefficients in Fℓ for all but finitely many ` 6= p and propose a torsion analogue of the
weight-monodromy conjecture. We also discuss a relation between the weight-monodromy
conjecture and Conjecture 4.1.1. In Section 4.4, we discuss some torsion-freeness properties
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of the weight spectral sequence and their relation to Conjecture 4.1.1. In Section 4.5–4.9,
we prove Theorem 4.1.3. In Section 4.10, as applications of Theorem 4.1.3, we discuss some
finiteness properties of the Brauer group and the codimension two Chow group of a proper
smooth scheme over a non-archimedean local field.

4.2. Preliminaries

4.2.1. Weights. Let p be a prime number. In this subsection, we fix a finitely gener-
ated field k over Fp. Let ` 6= p be a prime number. We call a finitely generated Zℓ-module
endowed with a continuous action of Gk a Gk-module over Zℓ for simplicity. Let q be a
power of p. For a non-zero monic polynomial P (T ) ∈ Z[T ], we say that P (T ) is a Weil
q-polynomial if the complex absolute value of every root of P (T ) is q1/2.

For a finite dimensional representation of Gk over Qℓ, there is a notion of weight; see
[69, Section 2.2] for example. In this chapter, we will use the following notion of weight
for a family of Gk-modules over Zℓ. Let L be an infinite set of prime numbers ` 6= p. Let
w be an integer.

• Let U be an integral scheme of finite type over Fp with function field k. We say
that a family {Fℓ}ℓ∈L of locally constant constructible Zℓ-sheaves on U is of weight
w if, for every closed point x ∈ U , there is a Weil (qx)

w-polynomial Px(T ) ∈ Z[T ]
such that, for all but finitely many ` ∈ L, we have Px(Frobx) = 0 on Fℓ,x. Here qx
is the cardinality of the residue field κ(x) of x, x is a geometric point of U above

x, and Frobx ∈ Gκ(x) = Gal(κ(x)/κ(x)), a 7→ a1/qx is the geometric Frobenius
element at x.
• We say that a family {Hℓ}ℓ∈L of Gk-modules over Zℓ is of weight w if there is an
integral scheme U of finite type over Fp with function field k such that the family
{Hℓ}ℓ∈L comes from a family {Fℓ}ℓ∈L of locally constant constructible Zℓ-sheaves
on U of weight w.

When there is no possibility of confusion, we will omit L from the notation and write {Hℓ}ℓ
in place of {Hℓ}ℓ∈L.

Lemma 4.2.1. Let {H1,ℓ}ℓ∈L and {H2,ℓ}ℓ∈L be families of Gk-modules over Zℓ of weight
w1 and w2, respectively. We assume w1 6= w2. Then, for all but finitely many ` ∈ L, every
map H1,ℓ → H2,ℓ of Gk-modules over Zℓ is zero.

Proof. We may assume that {H1,ℓ}ℓ∈L and {H2,ℓ}ℓ∈L come from families {F1,ℓ}ℓ∈L
and {F2,ℓ}ℓ∈L of locally constant constructible Zℓ-sheaves on U of weight w1 and w2, re-
spectively. Here U is an integral scheme of finite type over Fp with function field k. Take
a closed point x ∈ U . Let P1,x(T ) ∈ Z[T ] be a Weil (qx)

w1-polynomial such that, for all
but finitely many ` ∈ L, we have P1,x(Frobx) = 0 on (F1,ℓ)x. Let P2,x(T ) ∈ Z[T ] be a
Weil (qx)

w2-polynomial which satisfies the same condition for {F2,ℓ}ℓ∈L. The polynomials
P1,x(T ) and P2,x(T ) are relatively prime. For ` ∈ L such that P1,x(Frobx) = 0 on (F1,ℓ)x
and P2,x(Frobx) = 0 on (F2,ℓ)x, we have P1,x(Frobx) = P2,x(Frobx) = 0 on the stalk of the
image of any map F1,ℓ → F2,ℓ at x. Therefore, the assertion follows from Lemma 4.2.2
below. �

Lemma 4.2.2. Let P1(T ), P2(T ) ∈ Q[T ] be two relatively prime polynomials. For all
but finitely many prime numbers `, every Zℓ[T ]-module Hℓ such that P1(T ) = P2(T ) = 0
on Hℓ is zero.
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Proof. There exist polynomials Q1(T ), Q2(T ) ∈ Q[T ] satisfying

P1(T )Q1(T ) + P2(T )Q2(T ) = 1

in Q[T ] since P1(T ) and P2(T ) are relatively prime. Thus, for all but finitely many prime
numbers `, we have P1(T ), P2(T ) ∈ Zℓ[T ], and they generate the unit ideal of Zℓ[T ]. The
assertion follows from this fact. �

We need the following theorem to define monodromy filtrations with coefficients in Fℓ
for all but finitely many ` and to prove main results in this chapter.

Theorem 4.2.3 (Gabber [44], Suh [121, Theorem 1.4]). Let X be a proper smooth
scheme over a separably closed field of characteristic p ≥ 0. For all but finitely many ` 6= p,
the Zℓ-module Hw

ét(X,Zℓ) is torsion-free for every w. In particular, for all but finitely many
` 6= p, the natural map Hw

ét(X,Zℓ)→ Hw
ét(X,Fℓ) gives an isomorphism

Hw
ét(X,Zℓ)⊗Zℓ

Fℓ ' Hw
ét(X,Fℓ)

for every w.

Proof. If X is projective, this is a theorem of Gabber [44, Theorem]. (An alternative
proof using ultraproduct Weil cohomology theory was obtained by Orgogozo; see [101,
Théorème 6.2.2].) By using de Jong’s alteration [28, Theorem 4.1], the general case can
be deduced from the projective case; see the proof of [121, Theorem 1.4] for details. �

Corollary 4.2.4. Let X be a proper smooth scheme over k. Then {Hw
ét(Xk,Λℓ)}ℓ̸=p is

a family of Gk-modules of weight w, where Λℓ is either Zℓ or Fℓ.

Proof. This follows from the Weil conjecture [34, Corollaire (3.3.9)] and Theorem
4.2.3. �

Let K be a non-archimedean local field with finite residue field Fq. Assume that
the characteristic of Fq is p. Similarly, we will use the following notion of weight for
representations of GK . Let IK ⊂ GK be the inertia group of K. Let {Hℓ}ℓ∈L be a family
of GK-modules over Zℓ. We assume that there is an open subgroup J ⊂ IK such that the
action of J on Hℓ is trivial for all but finitely many ` ∈ L.

Definition 4.2.5. We say that the family {Hℓ}ℓ∈L is of weight w if there is a Weil qw-
polynomial P (T ) ∈ Z[T ] such that, for all but finitely many ` ∈ L, we have P (Frob) = 0
on Hℓ for every lift Frob ∈ GK of the geometric Frobenius element Frobq ∈ GFq , a 7→ a1/q.

Remark 4.2.6. Since the action of the open subgroup J ⊂ IK on Hℓ is trivial for all
but finitely many ` ∈ L, it follows that the family {Hℓ}ℓ∈L is of weight w if and only if,
for one lift Frob ∈ GK of the geometric Frobenius element, there is a Weil qw-polynomial
P (T ) ∈ Z[T ] such that, for all but finitely many ` ∈ L, we have P (Frob) = 0 on Hℓ.

Lemma 4.2.7. Let L be a finite extension of K. Then {Hℓ}ℓ∈L is of weight w as a
family of GK-modules over Zℓ if and only if {Hℓ}ℓ∈L is of weight w as a family of GL-
modules over Zℓ.

Proof. Let f be the residue degree of the extension L/K. Let Frob ∈ GK and
Frob′ ∈ GL be lifts of the geometric Frobenius elements. There is a positive integer n such
that, for all but finitely many ` ∈ L, the action of Frobfn on Hℓ coincides with that of
(Frob′)n on Hℓ.

We assume that {Hℓ}ℓ∈L is of weight w as a family of GL-modules. Let P (T ) ∈ Z[T ]
be a Weil qfw-polynomial satisfying the condition in Definition 4.2.5. We write P (T ) in
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the form P (T ) =
∏

i(T − αi) with αi ∈ Q. We put Q(T ) :=
∏

i(T
fn − αni ) ∈ Z[T ], which

is a Weil qw-polynomial. Then we have Q(Frob) = 0 on Hℓ for all but finitely many ` ∈ L.
Therefore {Hℓ}ℓ∈L is of weight w as a family of GK-modules.

The converse can be proved in a similar way. �
4.2.2. Some elementary lemmas on nilpotent operators. We collect some ele-

mentary lemmas on nilpotent operators, which will be used in the sequel.

Lemma 4.2.8. Let ` be a prime number. Let M1
f−→M2

g−→M3 be a complex of free
Zℓ-modules of finite rank. The reduction modulo ` of f and g will be denoted by f and g,
respectively. Hence we have the following complex of Fℓ-vector spaces:

M1 ⊗Zℓ
Fℓ

f−→M2 ⊗Zℓ
Fℓ

g−→M3 ⊗Zℓ
Fℓ.

Then we have
rankZℓ

(Ker g/ Im f) ≤ dimFℓ
(Ker g/ Im f).

The equality holds if and only if the Zℓ-modules Coker f and Coker g are torsion-free. If
this is the case, then we have (Ker g/ Im f)⊗Zℓ

Fℓ ∼= Ker g/ Im f .

Proof. By the theory of elementary divisors, we have

rankZℓ
(Ker g/ Im f) ≤ dimFℓ

(Ker g/ Im f)⊗Zℓ
Fℓ,

and the equality holds if and only if Ker g/ Im f is torsion-free. Since M3 is torsion-free,
we see that Ker g/ Im f is torsion-free if and only if Coker f is torsion-free. Moreover, we
have inclusions Im f ⊂ (Ker g)⊗Zℓ

Fℓ ⊂ Ker g. Hence we have

dimFℓ
(Ker g/ Im f)⊗Zℓ

Fℓ ≤ dimFℓ
(Ker g/ Im f),

and the equality holds if and only if (Ker g)⊗Zℓ
Fℓ = Ker g. It is easy to see that (Ker g)⊗Zℓ

Fℓ = Ker g if and only if Coker g is torsion-free. This fact completes the proof of the
lemma. �

Lemma 4.2.9. Let V be a vector space of dimension n over a field F of positive char-
acteristic `. We assume that ` ≥ n. For a unipotent operator U on V , we define

log(U) :=
∑

1≤i≤n−1

(−1)i+1

i
(U − 1)i.

For a nilpotent operator N on V , we define

exp(N) :=
∑

0≤i≤n−1

1

i!
N i.

Then the following assertions hold.

(1) log(−) defines a bijection from the set of unipotent operators on V to the set of
nilpotent operators on V with inverse map exp(−).

(2) For two unipotent operators U,U ′ (resp. two nilpotent operators N,N ′) such that
they commute, we have log(UU ′) = log(U) + log(U ′) (resp. exp(N + N ′) =
exp(N) exp(N ′)).

Proof. Although this lemma is well known, we recall the proof for the reader’s con-
venience.

(1) Let Z(ℓ) be the localization of Z at the prime ideal (`). It suffices to prove that
the homomorphism Z(ℓ)[S]/(S − 1)n → Z(ℓ)[T ]/(T )

n, S 7→ exp(T ) and the homomorphism
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Z(ℓ)[T ]/(T )
n → Z(ℓ)[S]/(S − 1)n, T 7→ log(S) are inverse to each other, where exp(−) and

log(−) are defined by the same formulas as above. Since both rings are torsion-free over
Z(ℓ), it suffices to prove the claim after tensoring with Q. Then it follows from the fact
that the map Q[[S − 1]]→ Q[[T ]], S − 1 7→ exp(T )− 1 and the map Q[[T ]]→ Q[[S − 1]],
T 7→ log(S) are inverse to each other, where exp(−) and log(−) are defined in the usual
way.

(2) By (1), we only need to prove that, for two nilpotent operators N,N ′ such that
they commute, we have exp(N + N ′) = exp(N) exp(N ′). We have N i(N ′)j = 0 on V
for i, j ≥ 0 with i + j ≥ n. Thus, it suffices to prove exp(T + T ′) = exp(T ) exp(T ′) in
Z(ℓ)[T, T

′]/(T, T ′)n, where exp(−) is defined by the same formula as above. As in (1), this
can be deduced from an analogous statement for Q[[T, T ′]]. �

Let R be a principal ideal domain, and F its field of fractions. Let H be a free R-
module of finite rank. Let N : H → H be a nilpotent homomorphism. By [34, Proposition
(1.6.1)], the nilpotent homomorphism NF := N⊗RF onHF := H⊗RF determines a unique
increasing, separated, exhaustive filtration {Mi,F}i on HF characterized by the following
properties:

• NF (Mi,F ) ⊂Mi−2,F for every i.
• For every integer i ≥ 0, the i-th iterate N i

F induces an isomorphism GrMi,F
∼=

GrM−i,F . Here we put GrMi,F :=Mi,F/Mi−1,F .

We call {Mi,F}i the filtration on HF associated with NF . Let {Mi}i be a filtration on the
R-module H defined by

Mi := H ∩Mi,F

for every i. The R-module GrMi :=Mi/Mi−1 is torsion-free for every i.

Lemma 4.2.10. Let the notation be as above. The cokernel of the i-th iterate N i : H →
H of N is torsion-free for every i ≥ 0 if and only if N i induces an isomorphism GrMi

∼= GrM−i
for every i ≥ 0.

Proof. Assume that the cokernel of N i : H → H is torsion-free for every i ≥ 0. Let
d ≥ 0 be the smallest integer such that Nd+1 = 0. The cokernel of the i-th iterate of the
homomorphism

KerNd/ ImNd → KerNd/ ImNd

induced by N is torsion-free for every i ≥ 0. Thus, by the same argument as in the proof of
[34, Proposition (1.6.1)], we can construct inductively an increasing, separated, exhaustive
filtration {M ′

i}i on H satisfying the following properties:

• GrM
′

i :=M ′
i/M

′
i−1 is torsion-free for every i.

• N(M ′
i) ⊂M ′

i−2 for every i.

• For every integer i ≥ 0, the i-th iterate N i induces an isomorphism GrM
′

i
∼= GrM

′

−i .

By uniqueness, the filtration {Mi,F}i coincides with {M ′
i ⊗R F}i. Since both GrMi and

GrM
′

i are torsion-free for every i, the filtration {Mi}i coincides with {M ′
i}i and we have an

isomorphism N i : GrMi
∼= GrM−i for every i ≥ 0.

Conversely, we assume that N i induces an isomorphism GrMi
∼= GrM−i for every i ≥ 0.

We fix an integer i ≥ 0. For every j ≤ i, the i-th iterate N i : GrMj → GrMj−2i is surjective.

It follows that N i : Mj → Mj−2i is surjective for every j ≤ i since it is surjective for
sufficiently small j. For every j ≥ i, the i-th iterate N i : GrMj → GrMj−2i is a split injection.
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It follows that the cokernel of N i : Mj →Mj−2i is torsion-free for every j ≥ i since we have
shown that it is zero for j = i. Hence the cokernel of N i : H → H is torsion-free. �

4.3. A torsion analogue of the weight-monodromy conjecture

In this section, let K be a non-archimedean local field with ring of integers OK . Let
Fq be the residue field of OK . Let p > 0 be the characteristic of Fq. Let IK ⊂ GK be the
inertia group of K. For a prime number ` 6= p, the group of `n-th roots of unity in K is
denoted by µℓn . Let

tℓ : IK → Zℓ(1) := lim←−
n

µℓn

be the map defined by g 7→ {g($1/ℓn)/$1/ℓn}n for a uniformizer $ ∈ OK . This map is
independent of the choice of $ and gives the maximal pro-` quotient of IK . Let X be a
proper smooth scheme over K and w an integer.

4.3.1. The weight-monodromy conjecture. We shall recall the definition of the
monodromy filtration on Hw

ét(XK ,Qℓ) for every ` 6= p. The absolute Galois group GK

naturally acts on Hw
ét(XK ,Qℓ) via the natural isomorphism Aut(K/K) ∼= GK .

By Grothendieck’s quasi-unipotence theorem, there is an open subgroup J of IK such
that the action of J on Hw

ét(XK ,Qℓ) is unipotent and factors through tℓ. Take an element
σ ∈ J such that tℓ(σ) ∈ Zℓ(1) is a non-zero element. We define

Nσ := log(σ) :=
∑
1≤i

(−1)i+1

i
(σ − 1)i : Hw

ét(XK ,Qℓ)→ Hw
ét(XK ,Qℓ).

Let {Mi,Qℓ
}i be the filtration on Hw

ét(XK ,Qℓ) associated with Nσ; see [34, Proposition
(1.6.1)]. The filtration {Mi,Qℓ

}i is independent of J and σ ∈ J . It is called the monodromy
filtration. We have χcyc(g)Nσg = gNσ for every g ∈ GK , where χcyc : GK → Z×ℓ is the
`-adic cyclotomic character. It follows from the uniqueness of the monodromy filtration
that {Mi,Qℓ

}i is stable by the action of GK . We note that the filtration associated with
σ − 1 coincides with {Mi,Qℓ

}i. We put

GrMi,Qℓ
:=Mi,Qℓ

/Mi−1,Qℓ
.

We recall the weight-monodromy conjecture due to Deligne.

Conjecture 4.3.1 (Deligne [30]). Let X be a proper smooth scheme over K and w an
integer. Let ` 6= p be a prime number. Then the i-th graded piece GrMi,Qℓ

of the monodromy
filtration on Hw

ét(XK ,Qℓ) is of weight w + i, i.e. every eigenvalue of every lift Frob ∈ GK

of the geometric Frobenius element is an algebraic integer such that the complex absolute
values of its conjugates are q(w+i)/2.

When X has good reduction over OK , it is nothing more than the Weil conjecture.
Conjecture 4.3.1 is known to be true in the following cases.

Theorem 4.3.2. Conjecture 4.3.1 for (X,w) is true in the following cases:

(A) K is of equal characteristic ([34, 129, 69]).
(B) X is an abelian variety ([SGA 7 I, Exposé IX]).
(C) w ≤ 2 or w ≥ 2 dimX − 2 ([106, 28, 113]).
(D) X is uniformized by a Drinfeld upper half space ([68, 27]).
(E) X is geometrically connected and is a set-theoretic complete intersection in a pro-

jective smooth toric variety ([114]).
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Proof. See the references given above. �

We will prove a torsion analogue of Conjecture 4.3.1 in each of the above cases.

Remark 4.3.3. There are other cases in which Conjecture 4.3.1 is known to be true.
For example, in [67], it is proved for a certain projective threefold with strictly semistable
reduction, and in [90], it is proved for a variety which is uniformized by a product of
Drinfeld upper half spaces. We will not discuss a torsion analogue of Conjecture 4.3.1 for
these varieties in this chapter for the sake of simplicity.

4.3.2. A torsion analogue of the weight-monodromy conjecture. Let {Hℓ}ℓ̸=p
be a family of finite dimensional GK-representations over Fℓ. We define the monodromy
filtrations when the family {Hℓ}ℓ̸=p satisfies the following two conditions:

• There is an open subgroup J of IK such that, for every ` 6= p, the action of J on
Hℓ is unipotent (i.e. σ is a unipotent operator on Hℓ for every σ ∈ J).
• n := supℓ̸=p dimFℓ

Hℓ <∞.

The action of J factors through tℓ for every ` 6= p. Take an element σ ∈ J such that, for
all but finitely many ` 6= p, the image tℓ(σ) ∈ Zℓ(1) is a generator. For a prime number
` 6= p with ` ≥ n, we define

Nσ := log(σ) :=
∑

1≤i≤n−1

(−1)i+1

i
(σ − 1)i : Hℓ → Hℓ.

See also Lemma 4.2.9. Let {Mi,Fℓ
}i be the filtration on Hℓ associated with Nσ. The

filtration {Mi,Fℓ
}i is independent of J and σ ∈ J up to excluding finitely many ` 6= p.

Moreover, for all but finite many ` 6= p, we have χcyc(g)Nσg = gNσ for every g ∈ GK ,

where χcyc(g) is the reduction modulo ` of χcyc(g), and {Mi,Fℓ
}i is stable by the action of

GK . We note that the filtration induced by σ − 1 coincides with {Mi,Fℓ
}i up to excluding

finitely many ` 6= p. We call {Mi,Fℓ
}i the monodromy filtration with coefficients in Fℓ on

Hℓ. For all but finitely many ` 6= p, the action of J is trivial on Mi,Fℓ
/Mi−1,Fℓ

for every
i, and we can ask whether the family {Mi,Fℓ

/Mi−1,Fℓ
}ℓ of GK-representations over Fℓ is of

weight w for some integer w in the sense of Definition 4.2.5.
Now let us come back to our original setting. By the work of Rapoport-Zink [106] and

de Jong’s alteration [28, Theorem 6.5], there is an open subgroup J of IK such that, for
every ` 6= p, the action of J on Hw

ét(XK ,Λℓ) is unipotent and factors through tℓ, where Λℓ
is Qℓ, Zℓ, or Fℓ. (See also [6, Proposition 6.3.2].) By Theorem 4.2.3, we have

sup
ℓ ̸=p

dimFℓ
Hw

ét(XK ,Fℓ) <∞.

(Alternatively, this fact can be proved by using the argument in [101, Section 6.2.4].)
Therefore, the family {Hw

ét(XK ,Fℓ)}ℓ̸=p satisfies the above two conditions, and we have the
monodromy filtration

{Mi,Fℓ
}i

with coefficients in Fℓ on Hw
ét(XK ,Fℓ) for all but finitely many ` 6= p. We put

GrMi,Fℓ
:=Mi,Fℓ

/Mi−1,Fℓ
.

Here we omit X and w from the notation. This will not cause any confusion in the context.
A torsion analogue of Conjecture 4.3.1 can be formulated as follows:
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Conjecture 4.3.4. Let X be a proper smooth scheme over K and w an integer. The
family {GrMi,Fℓ

}ℓ of finite dimensional GK-representations over Fℓ defined above is of weight
w + i for every i in the sense of Definition 4.2.5.

Remark 4.3.5.

(1) For a finite extension L of K, Conjecture 4.3.4 for (X,w) is equivalent to Conjec-
ture 4.3.4 for (XL, w) by Lemma 4.2.7.

(2) When X has good reduction over OK , Conjecture 4.3.4 is a consequence of the
Weil conjecture and Theorem 4.2.3; see Corollary 4.2.4.

The main theorem of this chapter is as follows.

Theorem 4.3.6. Let X be a proper smooth scheme over K and w an integer. We
assume that (X,w) satisfies one of the conditions (A)–(E) in Theorem 4.3.2. Then the
assertion of Conjecture 4.3.4 for (X,w) is true.

We will prove Theorem 4.3.6 in Section 4.5–4.9.

4.3.3. Torsion-freeness of monodromy operators. In this subsection, we discuss
a relation between Conjecture 4.3.1 and Conjecture 4.3.4.

Let J be an open subgroup of IK such that the action of J on Hw
ét(XK ,Λℓ) is unipotent

for every ` 6= p, where Λℓ is Qℓ, Zℓ, or Fℓ. Take an element σ ∈ J such that, for all but
finitely many ` 6= p, the image tℓ(σ) ∈ Zℓ(1) is a generator.

Lemma 4.3.7. By pulling back the monodromy filtration {Mi,Qℓ
}i on Hw

ét(XK ,Qℓ), we
define a filtration {Mi,Zℓ

}i on Hw
ét(XK ,Zℓ). Then the following two statements for (X,w)

are equivalent:

(1) For all but finitely many ` 6= p, the reduction modulo ` of {Mi,Zℓ
}i coincides

with the monodromy filtration {Mi,Fℓ
}i with coefficients in Fℓ via the isomorphism

Hw
ét(XK ,Zℓ)⊗Zℓ

Fℓ ∼= Hw
ét(XK ,Fℓ) in Theorem 4.2.3.

(2) The cokernel of

(σ − 1)i : Hw
ét(XK ,Zℓ)→ Hw

ét(XK ,Zℓ)
is torsion-free for all but finitely many ` 6= p and every i ≥ 0.

Proof. Use Theorem 4.2.3, Lemma 4.2.10 and Nakayama’s lemma. �
Definition 4.3.8. If the two equivalent statements in Lemma 4.3.7 hold for (X,w),

then we say that (X,w) satisfies the property (t-f).

Proposition 4.3.9.

(1) If (X,w) satisfies the property (t-f), then for all but finitely many ` 6= p, we have

Hw
ét(XK ,Zℓ)

IK ⊗Zℓ
Fℓ ∼= Hw

ét(XK ,Fℓ)
IK

and the Zℓ-module Hw
ét(XK ,Zℓ)IK is torsion-free.

(2) If Conjecture 4.3.4 for (X,w) is true, then (X,w) satisfies the property (t-f).
(3) Assume that Conjecture 4.3.1 for (X,w) is true and (X,w) satisfies the property

(t-f). Then Conjecture 4.3.4 for (X,w) is true.

Proof. In the proof, we will use the weight filtration {Wi,Qℓ
}i on Hw

ét(XK ,Qℓ), which
we will recall in Remark 4.4.10.

(1) We may assume that J = IK . Then the assertion follows from the torsion-freeness
of the cokernel of σ − 1: Hw

ét(XK ,Zℓ)→ Hw
ét(XK ,Zℓ) and Lemma 4.2.8.
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(2) Let {Wi,Qℓ
}i be the weight filtration on Hw

ét(XK ,Qℓ). By pulling buck {Wi,Qℓ
}i to

Hw
ét(XK ,Zℓ), we have a filtration {Wi,Zℓ

}i onHw
ét(XK ,Zℓ). We have (σ−1)(Wi,Zℓ

) ⊂ Wi−2,Zℓ

and the i-th graded piece GrWi,Zℓ
:= Wi,Zℓ

/Wi−1,Zℓ
is torsion-free for every i. By Theorem

4.2.3, for all but finitely many ` 6= p, we can define a filtration {Wi,Fℓ
}i on Hw

ét(XK ,Fℓ) by
taking the reduction modulo ` of the filtration {Wi,Zℓ

}i. We define GrWi,Fℓ
:= Wi,Fℓ

/Wi−1,Fℓ
.

Then the family {GrWi,Fℓ
}ℓ is of weight w + i; see Proposition 4.4.9 (2) in Section 4.4.

Now we assume that Conjecture 4.3.4 for (X,w) is true. Then {Wi,Fℓ
}i coincides with

the monodromy filtration {Mi,Fℓ
}i with coefficients in Fℓ for all but finitely many ` 6= p by

Lemma 4.2.2. Thus, the i-th iterate (σ − 1)i of σ − 1 induces an isomorphism

(σ − 1)i : GrWi,Fℓ

∼= GrW−i,Fℓ

for every i ≥ 0 and all but finitely many ` 6= p. By Nakayama’s lemma, we have

(σ − 1)i : GrWi,Zℓ

∼= GrW−i,Zℓ

for every i ≥ 0 and all but finitely many ` 6= p. It follows that the weight filtration {Wi,Qℓ
}i

coincides with the monodromy filtration {Mi,Qℓ
}i for all but finitely many ` 6= p, and the

condition (1) in Lemma 4.3.7 is satisfied.
(3) Assume that Conjecture 4.3.1 for (X,w) is true. Then the weight filtration {Wi,Qℓ

}i
coincides with the monodromy filtration {Mi,Qℓ

}i for every ` 6= p. Assume further that
(X,w) satisfies the property (t-f). Then it follows that the monodromy filtration {Mi,Fℓ

}i
coincides with {Wi,Fℓ

}i for all but finitely many ` 6= p. Thus, Conjecture 4.3.4 for (X,w)
is true. �

For later use, we state the following result as a corollary.

Corollary 4.3.10. Assume that (X,w) satisfies one of conditions (A)–(E) in Theorem
4.3.2. Then, for all but finitely many ` 6= p, we have Hw

ét(XK ,Zℓ)IK⊗Zℓ
Fℓ ∼= Hw

ét(XK ,Fℓ)IK
and the Zℓ-module Hw

ét(XK ,Zℓ)IK is torsion-free.

Proof. Use Theorem 4.3.2, Theorem 4.3.6, and Proposition 4.3.9. �

Remark 4.3.11. Corollary 4.3.10 is a local analogue of a theorem of Cadoret-Hui-
Tamagawa [20, Theorem 4.5]. (See also Remark 2.9.3.)

4.4. Torsion-freeness of the weight spectral sequence

Let K be a Henselian discrete valuation field with ring of integers OK . The residue
field of OK is denoted by k. Let p ≥ 0 be the characteristic of k. For a prime number
` 6= p, let tℓ : IK → Zℓ(1) be a map defined in the same way as in Section 4.3. Let $ ∈ OK
be a uniformizer.

Let X be a proper scheme over OK . We assume that X is strictly semi-stable over OK
purely of relative dimension d, i.e. it is, Zariski locally on X , étale over

SpecOK [T0, . . . , Td]/(T0 · · ·Tr −$)

for an integer r with 0 ≤ r ≤ d.
LetX and Y be the generic fiber and the special fiber of X , respectively. LetD1, . . . , Dm

be the irreducible components of Y . We equip eachDi with the reduced induced subscheme
structure. Following [113], we introduce some notation. Let v be a non-negative integer.
For a non-empty subset I ⊂ {1, . . . ,m} of cardinality v + 1, we define DI := ∩i∈IDi
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(scheme-theoretic intersection). If DI is non-empty, then it is purely of codimension v in
Y . Moreover, we put

Y (v) :=
∐

I⊂{1,...,m}, ♯I=v+1

DI ,

where ]I denotes the cardinality of I.

Theorem 4.4.1 (Rapoport-Zink [106, Satz 2.10], Saito [113, Corollary 2.8]). Let
the notation be as above. Let ` 6= p be a prime number. Let Λℓ be Z/`nZ, Zℓ, or Qℓ.

(1) We have a spectral sequence

Ev,w
1,Λℓ

=
⊕

i≥max(0,−v)

Hw−2i
ét (Y

(v+2i)

k
,Λℓ(−i))⇒ Hv+w

ét (XK ,Λℓ),

which is compatible with the action of GK. Here (−i) denotes the Tate twist.
(2) Let σ ∈ IK be an element such that tℓ(σ) ∈ Zℓ(1) is a generator. There exists the

following homomorphism of spectral sequences:

Ev,w
1,Λℓ

=
⊕

i≥max(0,−v)H
w−2i
ét (Y

(v+2i)

k
,Λℓ(−i))

1⊗tℓ(σ)
��

+3 Hv+w
ét (XK ,Λℓ)

σ−1
��

Ev+2,w−2
1,Λℓ

=
⊕

i−1≥max(0,−v−2)H
w−2i
ét (Y

(v+2i)

k
,Λℓ(−i+ 1)) +3 Hv+w

ét (XK ,Λℓ).

Proof. For (1), see [106, Satz 2.10] and [113, Corollary 2.8 (1)]. We remark that the
spectral sequence constructed in [106] coincides with that constructed in [113] up to signs;
see [113, p.613]. In this chapter, we use the spectral sequence constructed in [113]. The
assertion (2) follows from [113, Corollary 2.8 (2)]. �

The spectral sequence in Theorem 4.4.1 is called the weight spectral sequence with Λℓ-
coefficients.

We will discuss the degeneracy of the weight spectral sequence. For the weight spectral
sequence with Qℓ-coefficients, we have the following theorem:

Theorem 4.4.2. The weight spectral sequence with Qℓ-coefficients degenerates at E2

for every ` 6= p.

Proof. See [95, Theorem 0.1] or [69, Theorem 1.1 (1)]. �
For the weight spectral sequence with Λℓ-coefficients, where Λℓ is either Fℓ or Zℓ, we

can prove the following theorem, which relies on the Weil conjecture and Theorem 4.2.3.

Theorem 4.4.3.

(1) Let Λℓ be either Fℓ or Zℓ. For all but finitely many ` 6= p, the weight spectral
sequence with Λℓ-coefficients degenerates at E2.

(2) For all but finitely many ` 6= p, the Zℓ-modules Ev,w
1,Zℓ

and Ev,w
2,Zℓ

are torsion-free
and we have Ev,w

2,Zℓ
⊗Zℓ

Fℓ ∼= Ev,w
2,Fℓ

for all v, w.

Proof. The torsion-freeness of Ev,w
1,Zℓ

for all but finitely many ` 6= p follows from
Theorem 4.2.3.

If p = 0, by the comparison of étale and singular cohomology for varieties over C, it
follows that the cokernel of the map dv,w1 : Ev,w

1,Zℓ
→ Ev+1,w

1,Zℓ
is torsion-free for all but finitely

many ` 6= p and all v, w. Thus Theorem 4.4.3 is a consequence of Theorem 4.4.2.
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We assume that p > 0. First, we assume that k is finitely generated over Fp. The
family {Ev,w

1,Λℓ
}ℓ̸=p of Gk-modules over Λℓ is of weight w by Corollary 4.2.4. Since Ev,w

2,Λℓ
is a

subquotient of Ev,w
1,Λℓ

, the family {Ev,w
2,Λℓ
}ℓ̸=p is also of weight w. Since the map dv,w2 : Ev,w

2,Λℓ
→

Ev+2,w−1
2,Λℓ

is Gk-equivariant, it is a zero map for all but finitely many ` 6= p by Lemma 4.2.1.
This proves the first assertion.

We shall prove the second assertion. By the degeneracy of the weight spectral sequence
with Fℓ-coefficients, we have∑

v,w

dimFℓ
Ev,w

2,Fℓ
=

∑
i

dimFℓ
H i

ét(XK ,Fℓ)

for all but finitely many ` 6= p. By Theorem 4.4.2, we have∑
v,w

rankZℓ
Ev,w

2,Zℓ
=

∑
i

rankZℓ
H i

ét(XK ,Zℓ).

By Theorem 4.2.3 and Lemma 4.2.8, for all but finitely many ` 6= p, we have∑
i

rankZℓ
H i

ét(XK ,Zℓ) =
∑
i

dimFℓ
H i

ét(XK ,Fℓ)

and
rankZℓ

Ev,w
2,Zℓ
≤ dimFℓ

Ev,w
2,Fℓ

for all v, w. It follows that, for all but finitely many ` 6= p, we have

rankZℓ
Ev,w

2,Zℓ
= dimFℓ

Ev,w
2,Fℓ

for all v, w. Now the second assertion follows from Lemma 4.2.8.
The general case can be deduced from the case where k is finitely generated over Fp by

using Néron’s blowing up as in [69, Section 4] and by using an argument in the proof of
[69, Lemma 3.2]. �

In the rest of this section, we discuss a relation between Conjecture 4.3.4 and the weight
spectral sequence.

Let σ ∈ IK be an element such that, for every ` 6= p, the image tℓ(σ) ∈ Zℓ(1) is a
generator. Let i ≥ 0 be an integer. The i-th iterate of (1⊗tℓ(σ))i induces a homomorphism

(1⊗ tℓ(σ))i : E−i,w+i2,Λℓ
→ Ei,w−i

2,Λℓ
,

see Theorem 4.4.1 (2). Then we have the following conjecture.

Conjecture 4.4.4. Let X be a proper strictly semi-stable scheme over SpecOK purely
of relative dimension d. Let the notation be as above. We put Λℓ = Qℓ (resp. Λℓ = Fℓ,Zℓ).
Let w be an integer. Then for every ` 6= p (resp. all but finitely many ` 6= p), the above
morphism (1⊗ tℓ(σ))i : E−i,w+i2,Λℓ

→ Ei,w−i
2,Λℓ

is an isomorphism for every i ≥ 0.

Remark 4.4.5. Assume that p = 0. Then Conjecture 4.4.4 for (X ,Λℓ = Qℓ) is true;
see [69, Theorem 1.1 (2)]. Therefore, by a similar argument as in the proof of Theorem
4.4.3, we see that Conjecture 4.4.4 for (X ,Λℓ = Fℓ) and (X ,Λℓ = Zℓ) also holds.

Lemma 4.4.6. Conjecture 4.4.4 for (X , w,Λℓ = Fℓ) is equivalent to Conjecture 4.4.4
for (X , w,Λℓ = Zℓ).

Proof. By Theorem 4.4.3, it follows that, for all but finitely many ` 6= p, the Zℓ-
module Ev,w

2,Zℓ
is torsion-free and we have Ev,w

2,Zℓ
⊗Zℓ

Fℓ ∼= Ev,w
2,Fℓ

for all v, w. Therefore the
assertion follows from Nakayama’s lemma. �
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In the rest of this section, we assume that K is a non-archimedean local field with
residue field Fq.

Remark 4.4.7. It is well known that Conjecture 4.3.1 for (X,w) is equivalent to
Conjecture 4.4.4 for (X , w,Λℓ = Qℓ); see [69, Proposition 2.5] for example.

Similarly to Remark 4.4.7, we have the following lemma.

Lemma 4.4.8. Let X be a proper strictly semi-stable scheme over SpecOK purely of
relative dimension d with generic fiber X and let w be an integer. Then Conjecture 4.3.4
for (X,w) is equivalent to Conjecture 4.4.4 for (X , w,Λℓ = Fℓ).

Proof. By Theorem 4.4.3, the weight spectral sequence with Fℓ-coefficients degener-
ates at E2 for all but finitely many ` 6= p. Hence the claim follows from Lemma 4.2.2,
Corollary 4.2.4, Theorem 4.4.1 (2), and the definition of the monodromy filtration. �

Finally, we record the following well known proposition.

Proposition 4.4.9. Let Z be a proper smooth scheme over SpecK and w an integer.
Let Frob ∈ GK be a lift of the geometric Frobenius element.

(1) There is a non-zero monic polynomial P (T ) ∈ Z[T ] such that, for all but finitely
many ` 6= p, we have P (Frob) = 0 on Hw

ét(ZK ,Zℓ).
(2) For every ` 6= p, there exists a unique increasing, separated, exhaustive filtration

{Wi,Qℓ
}i

on Hw
ét(ZK ,Qℓ) which is stable by the action of GK and satisfies the following

property. For every i, there exists a Weil qw+i-polynomial Pi(T ) ∈ Z[T ] such that
Pi(Frob) = 0 on the i-th graded piece GrWi,Qℓ

:= Wi,Qℓ
/Wi−1,Qℓ

. Moreover, we can
take the polynomial Pi(T ) ∈ Z[T ] independent of ` 6= p.

(3) Assume that Conjecture 4.3.1 for (Z,w) is true. Then, for every i, there exists a
Weil qw+i-polynomial Pi(T ) ∈ Z[T ] such that, for every ` 6= p, we have Pi(Frob) =
0 on the i-th graded piece GrMi,Qℓ

of the monodromy filtration on Hw
ét(ZK ,Qℓ).

Proof. We may assume that Z is geometrically connected. By de Jong’s alteration
[28, Theorem 6.5], there exist a finite extension L of K and a proper strictly semi-stable
scheme X over SpecOL such that the generic fiber X of X is an alteration of Z. We may
assume further that K = L and X is geometrically connected. By a trace argument, we
see that Hw

ét(ZK ,Qℓ) is a direct summand of Hw
ét(XK ,Qℓ) as a GK-representation for every

` 6= p.
Let {F i

Qℓ
}i be the decreasing filtration on Hw

ét(XK ,Qℓ) arising from the weight spectral

sequence. The filtration {F i
Qℓ
}i defines a decreasing filtration on Hw

ét(ZK ,Qℓ), which is also

denoted by {F i
Qℓ
}i. Let {Wi,Qℓ

}i be the increasing filtration on Hw
ét(ZK ,Qℓ) defined by

Wi,Qℓ
:= F−iQℓ

.

Since the i-th graded piece GrWi,Qℓ
:= Wi,Qℓ

/Wi−1,Qℓ
is a subquotient of E−i,w+i1,Qℓ

, by the Weil

conjecture, there exists a Weil qw+i-polynomial Pi(T ) ∈ Z[T ] such that, for every ` 6= p,
we have Pi(Frob) = 0 on GrWi,Qℓ

. Thus the assertion (2) follows.
The assertion (1) follows from (2) and Theorem 4.2.3. If Conjecture 4.3.1 for (Z,w) is

true, the filtration {Wi,Qℓ
}i coincides with the monodromy filtration {Mi,Qℓ

}i. Therefore
the assertion (3) follows from (2). �
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Remark 4.4.10. We call the filtration {Wi,Qℓ
}i in Proposition 4.4.9 the weight filtration

on Hw
ét(ZK ,Qℓ). (The numbering used here differs from it of [34, Proposition-définition

(1.7.5)].)

Remark 4.4.11. Let Frob ∈ GK be a lift of the geometric Frobenius element. Let Z
be a proper smooth scheme over K. It is conjectured that the characteristic polynomial
PFrob,ℓ(T ) of Frob acting on Hw

ét(ZK ,Qℓ) is in Z[T ] and independent of ` 6= p. If Z is a
surface or K is of equal characteristic, this conjecture is true; see [98, Corollary 2.5] and
[81, Theorem 1.4]. (See also [129, Theorem 3.3].) If this conjecture and Conjecture 4.3.1
for (Z,w) are true, then we can take Pi(T ) in Proposition 4.4.9 (3) as the characteristic
polynomial of Frob acting on GrMi,Qℓ

.

4.5. Equal characteristic cases

In this section, we will prove Theorem 4.3.6 in the case (A). We will use the language
of ultraproducts following [19]. We first recall some properties of ultraproducts which we
need. For details, see [21, Appendix] for example. The notation used here is similar to
that of [19].

4.5.1. Ultraproducts. Let L be an infinite set of prime numbers. We define

F :=
∏
ℓ∈L

Fℓ,

where Fℓ is an algebraic closure of Fℓ. For a subset S ⊂ L, let eS be the characteristic
function of L\S, which we consider as an element of F . Attaching to an ultrafilter u on L
a prime ideal

mu := 〈eS | S ∈ u〉 ⊂ F

defines a bijection from the set of ultrafilters on L to SpecF . Note that every prime ideal of
F is a maximal ideal. An ultrafilter u corresponding to a principal ideal is called principal.
For a non-principal ultrafilter u, we define

Qu := F/mu.

It is a field of characteristic 0 and is isomorphic to the field of complex numbers C. The
field Qu is called the ultraproduct of {Fℓ}ℓ∈L (with respect to the non-principal ultrafilter
u). The ring homomorphism F → Qu is flat; see [21, Lemma in Section 4.1.4].

Remark 4.5.1. Let L′ ⊂ L be a subset such that L\L′ is finite. The projection
F →

∏
ℓ∈L′ Fℓ defines a bijection from the set of non-principal ultrafilters on L′ to the set

of non-principal ultrafilters on L.

Let {Mℓ}ℓ∈L be a family of Fℓ-vector spaces. We define

M :=
∏
ℓ∈L

Mℓ.

For the F -module M , the following assertions are equivalent.

• M is a finitely generated F -module.
• M is a finitely presented F -module.
• supℓ∈L dimFℓ

Mℓ <∞.

We put Mu := M ⊗F Qu for a non-principal ultrafilter u. We will use a similar notation

for a family {fℓ}ℓ∈L of maps of Fℓ-vector spaces.
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Lemma 4.5.2. Let {Mℓ}ℓ∈L and {Nℓ}ℓ∈L be families of Fℓ-vector spaces. Assume that
M and N are finitely generated F -modules. Let {fℓ}ℓ∈L be a family of maps fℓ : Mℓ → Nℓ

of Fℓ-vector spaces. Then the following assertions are equivalent.

(1) fu : Mu → Nu is an isomorphism for every non-principal ultrafilter u.
(2) fℓ : Mℓ → Nℓ is an isomorphism for all but finitely many ` ∈ L.

Proof. For a subset S ⊂ L which is contained in every non-principal ultrafilter, the
complement L\S is finite. Hence the lemma follows from [21, Lemma 4.3.3]. �

Let p be a prime number and let L be the set of prime numbers ` 6= p. Let K be a
Henselian discrete valuation field. Assume that the characteristic of the residue field k of
K is p. Let X be a proper strictly semi-stable scheme over OK purely of relative dimension
d. We retain the notation of Section 4.4.

Let u be a non-principal ultrafilter on L. Since the map F → Qu is flat, we have the
following weight spectral sequence with Qu-coefficients:

Ev,w

1,Qu
=

⊕
i≥max(0,−v)

Hw−2i
ét (Y

(v+2i)

k
,Qu(−i))⇒ Hv+w

ét (XK ,Qu).

Here we define

Hw
ét(XK ,Qu) := (

∏
ℓ̸=p

Hw
ét(XK ,Fℓ))⊗F Qu,

and similarly for Hw−2i
ét (Y

(v+2i)

k
,Qu(−i)). For an element σ ∈ IK such that, for every ` 6= p,

the image tℓ(σ) ∈ Zℓ(1) is a generator, we have a monodromy operator

(1⊗ tℓ(σ))i : E−i,w+i2,Qu
→ Ei,w−i

2,Qu

for all w, i ≥ 0.

Lemma 4.5.3. Conjecture 4.4.4 for (X , w,Λℓ = Fℓ) is equivalent to the assertion that
the morphism

(1⊗ tℓ(σ))i : E−i,w+i2,Qu
→ Ei,w−i

2,Qu

is an isomorphism for every non-principal ultrafilter u on L and every i ≥ 0.

Proof. The F -module
∏

ℓ̸=p(E
v,w
2,Fℓ
⊗Fℓ

Fℓ) is finitely generated for all v, w by Theorem
4.2.3. Hence the assertion follows from Lemma 4.5.2. �

Finally, we define an ultraproduct variant of the notion of weight. Let k be a finitely
generated field over Fp and let u be a non-principal ultrafilter on L. Let {Hℓ}ℓ∈L be

a family of finite dimensional Gk-representations over Fℓ such that the F -module H is
finitely generated. Then Hu is a finite dimensional representation of Gk over Qu. (We do
not impose any continuity conditions here.) Let w be an integer. Let ι : Qu

∼= C be an
isomorphism. We say that Hu is ι-pure of weight w if the following conditions are satisfied:

• There is an integral scheme U of finite type over Fp with function field k such that
the family {Hℓ}ℓ∈L comes from a family {Fℓ}ℓ∈L of locally constant constructible
Fℓ-sheaves on U .
• Moreover, for every closed point x ∈ U and for every eigenvalue α of Frobx acting
on Hu, we have |ι(α)| = (qx)

w/2.

(See also Section 4.2.1.) We say that Hu is pure of weight w if it is ι-pure of weight w for
every ι : Qu

∼= C.
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4.5.2. Proof of Theorem 4.3.6 in the case (A). We shall prove Theorem 4.3.6 in
the case (A). By de Jong’s alteration [28, Theorem 6.5], a trace argument, and Lemma
4.4.8, it suffices to prove the following theorem.

Theorem 4.5.4. Let K be a Henselian discrete valuation field of equal characteristic
p > 0. Then Conjecture 4.4.4 for Λℓ = Fℓ is true.

Proof. We use the same strategy as in [69]. The only problem is that we cannot use
Weil II [34] directly since it works with étale cohomology with Qℓ-coefficients. However,
Cadoret recently established an ultraproduct variant of Weil II in [19]. By using her results,
the same method as in [69] can be carried out. We shall explain it.

Let L be the set of prime numbers ` 6= p. Let X be a proper strictly semi-stable
scheme over OK purely of relative dimension d. We retain the notation of Section 4.5.1.
By Lemma 4.5.3, it suffices to prove that the morphism (1 ⊗ tℓ(σ))i : E−i,w+i2,Qu

→ Ei,w−i
2,Qu

is

an isomorphism for every non-principal ultrafilter u on L and for all w, i ≥ 0.
By using Néron’s blowing up as in [69, Section 4] and by using an argument in the

proof of [69, Lemma 3.2], we may assume that there exist a connected smooth scheme
SpecA over Fp and an element $ ∈ A satisfying the following properties:

• D := SpecA/($) is an irreducible divisor on A which is smooth over Fp and OK
is the Henselization of the local ring of SpecA at the prime ideal ($) ⊂ A.

• There is a proper scheme X̃ over SpecA which is smooth over SpecA[1/$] such

that X̃ ⊗A OK ∼= X .
Let f : X̃ → SpecA be the structure morphism. The function field of D is the residue field
k of K, which is finitely generated over Fp.

Let w ≥ 0 be an integer. By the same construction as in Section 4.3.2, after removing
finitely many ` 6= p from L, we can construct the monodromy filtration {Mi,Fℓ

}i with
coefficients in Fℓ on Hw

ét(XK ,Fℓ) for every ` ∈ L. We have supℓ∈L dimFℓ
GrMi,Fℓ

<∞, where

GrMi,Fℓ
:= Mi,Fℓ

/Mi−1,Fℓ
is the i-th graded piece. Let u be a non-principal ultrafilter on L.

By an analogue of Lemma 4.4.8, it suffices to prove that the Gk-representation over Qu

(
∏
ℓ∈L

GrMi,Fℓ
⊗Fℓ

Fℓ)⊗F Qu

is pure of weight w + i for every i.
By applying a construction given in [34, Variante (1.7.8)] to the higher direct image

sheaf Rwf∗Fℓ and by using a similar construction as in Section 4.3.2, after removing finitely
many ` 6= p from L, we get a locally constant constructible Fℓ-sheaf Fℓ[D] on D with a
filtration {Mi,ℓ}i. For every i, the stalk of the quotient

GrMi,ℓ :=Mi,ℓ/Mi−1,ℓ

at the geometric generic point of U is isomorphic to GrMi,Fℓ
⊗Fℓ

Fℓ as a Gk-representation for
every ` ∈ L.

Let x ∈ D be a closed point. We can find a connected smooth one-dimensional scheme
C ⊂ SpecA over Fp such that C∩D = {x} and the image of $ ∈ A in OC,x is a uniformizer.

Let L be the field of fractions of the completion ÔC,x of OC,x. We write Z := X̃ ⊗A L. By
the construction, for all but finitely many ` ∈ L, the stalk (GrMi,ℓ )x is isomorphic to the
base change of the i-th graded piece of the monodromy filtration with coefficients in Fℓ on
Hw

ét(ZL,Fℓ) as a Gκ(x)-representation. Thus we see that (
∏

ℓ∈L(GrMi,ℓ )x) ⊗F Qu is pure of
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weight w + i by [19, Corollary 5.3.2.4] together with Corollary 4.2.4 and [19, Lemma in
11.3]. This fact completes the proof of Theorem 4.5.4. �

4.6. The case of set-theoretic complete intersections in toric varieties

4.6.1. Proof of Theorem 4.3.6 in the case (E). We shall prove Theorem 4.3.6 in
the case (E). The proof is the same as that of [114, Theorem 9.6], except that we use
Corollary 3.4.11 instead of Huber’s theorem (Theorem 3.4.5). We shall give a sketch here.
In this section, we will freely use the theory of adic spaces developed by Huber and the
terminology in [114].

Let K be a non-archimedean local field with ring of integers OK . Let Fq be the residue
field of OK . Let p > 0 be the characteristic of Fq. Since we have already shown that
Theorem 4.3.6 holds in the equal characteristic case (A), we may assume that K is of
characteristic 0. Let Cp be the completion of an algebraic closure K of K.

Let X be a geometrically connected projective smooth scheme over K which is a set-
theoretic complete intersection in a projective smooth toric variety YΣ,K over K associated
with a fan Σ. After replacing K by its finite extension, we may assume that the action of
IK on Hw

ét(XK ,Fℓ) is unipotent and factors through tℓ for every w and for every ` 6= p.
Let $ be a uniformizer of K. We fix a system {$1/pn}n≥0 ⊂ K of pn-th roots of $. Let

L be the completion of
⋃
n≥0K($1/pn), which is a perfectoid field. Let GL = Aut(L/L)

be the absolute Galois group of L, where L is the algebraic closure of L in Cp. Then we
have a surjection GL → GFq . Thus there exists a lift Frob ∈ GL of the geometric Frobenius
element Frobq. Let IL be the kernel of the map GL → GFq . We have IL ⊂ IK . Since⋃
n≥0K($1/pn) is a pro-p extension of K, there exists an element σ ∈ IL such that, for

every ` 6= p, the image tℓ(σ) ∈ Zℓ(1) is a generator. In other words, there exists an element
σ ∈ IL such that it defines the monodromy filtration with coefficients in Fℓ on Hw

ét(XK ,Fℓ)
for all but finitely many ` 6= p. Therefore, it suffices to prove a natural analogue of Theorem
4.3.6 for the family {Hw

ét(XK ,Fℓ)}ℓ ̸=p of GL-representations. Moreover, in order to prove
this, we can replace L by its finite extension if necessary.

Let L♭ be the tilt of L. We have an identification GL = GL♭ . The choice of the system
{$1/pn}n≥0 ⊂ K gives an identification between L♭ and the completion of the perfection of
the field of formal Laurent series Fq((t)) over Fq.

Let YΣ,L be the toric variety over L associated with the fan Σ and let Y ad
Σ,L be the adic

space associated with YΣ,L. We define Y ad
Σ,L♭ similarly. By [114, Theorem 8.5 (iii)], we have

a projection

π : Y ad
Σ,L♭ → Y ad

Σ,L

of topological spaces. By Corollary 3.4.11, there exists an open subset V of Y ad
Σ,L containing

Xad
L such that, for every prime number ` 6= p, the pull-back map

Hw
ét(VCp ,Fℓ)→ Hw

ét(X
ad
Cp
,Fℓ)

is an isomorphism for every w. By [114, Corollary 8.8], there exists a closed subscheme Z
of YΣ,L♭ , which is defined over a global field (i.e. the function field of a smooth connected

curve over a finite field), such that Zad is contained in π−1(V ) and dimZ = dimX. We
may assume that Z is irreducible. By [28, Theorem 4.1], there exists an alteration Z ′ → Z,
which is defined over a global field, such that Z ′ is projective and smooth over L♭. (We
note that L♭ is a perfect field.) We may assume further that Z ′ and Z are geometrically
irreducible after replacing L♭ by its finite extension.
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We have the following composition for every ` 6= p and every w:

Hw
ét(X

ad
Cp
,Fℓ)

∼=→ Hw
ét(VCp ,Fℓ)→ Hw

ét(π
−1(V )C♭

p
,Fℓ)→ Hw

ét(Z
ad
C♭
p
,Fℓ)→ Hw

ét((Z
′
C♭
p
)ad,Fℓ),

where the first map is the inverse map of the pull-back map, the second map is induced
by [114, Theorem 8.5 (v)], and the last two maps are the pull-back maps. By using a
comparison theorem of Huber [52, Theorem 3.8.1], we obtain a map

Hw
ét(XCp ,Fℓ)→ Hw

ét(Z
′
C♭
p
,Fℓ)

for every ` 6= p and every w. This map is compatible with the actions of G := GL = GL♭

on both sides and compatible with the cup products.
For w = 2dimX, by the same argument as in the proof of [114, Lemma 9.9], we

conclude that the above map is an isomorphism for all but finitely many ` 6= p from the
fact that the image of the (dimX)-th power of the Chern class of an ample line bundle on
YΣ,C♭

p
under the map

H2 dimX
ét (YΣ,C♭

p
,Fℓ)→ H2 dimX

ét (Z ′C♭
p
,Fℓ)

is not zero for all but finitely many ` 6= p. By Poincaré duality, it follows that Hw
ét(XCp ,Fℓ)

is a direct summand of Hw
ét(Z

′
C♭
p
,Fℓ) as a G-representation for every w and for all but

finitely many ` 6= p. Since Z ′ is defined over a global field, a natural analogue of Theorem
4.3.6 holds for the family {Hw

ét(Z
′
C♭
p
,Fℓ)}ℓ̸=p of G-representations by the case (A). This fact

completes the proof of Theorem 4.3.6 in the case (E).

4.7. The case of abelian varieties

4.7.1. Proof of Theorem 4.3.6 in the case (B). We use the same notation as in
Section 4.3. Let A be an abelian variety over K. Let A be the Néron model of A. After
replacing K by its finite extension, we may assume that A has semi-abelian reduction, i.e.
the identity component A0

s of the special fiber As of A is a semi-abelian variety over Fq. In
this case, the action of IK on the `-adic Tate module TℓAK of A is unipotent and factors
through tℓ : IK → Zℓ(1) for every ` 6= p. Let σ ∈ IK be an element such that, for every
` 6= p, the image tℓ(σ) ∈ Zℓ(1) is a generator.

Since the quotient As/A0
s is a finite étale group scheme over Fq, for all but finitely

many ` 6= p, we have

A[`n](K)IK = A0
s[`

n](Fq)
for every n ≥ 1 by the Néron mapping property and [13, Section 7.3, Proposition 3]. It
follows that

(TℓAK)
IK ⊗Zℓ

Fℓ = (TℓAK ⊗Zℓ
Fℓ)IK

for all but finitely many ` 6= p. For such ` 6= p, the cokernel of σ − 1 acting on TℓAK is
torsion-free by Lemma 4.2.8. Note that we have (σ − 1)2 = 0 on TℓAK . Therefore we see
that Conjecture 4.3.4 for H1

ét(AK ,Fℓ) is true by Theorem 4.3.2 and Proposition 4.3.9.
Let w be an integer. We can define the monodromy filtration on ⊗wH1

ét(AK ,Fℓ) for all
but finitely many ` 6= p; see Section 4.3.2. The assertion of Conjecture 4.3.4 also holds for
⊗wH1

ét(AK ,Fℓ) by the formula in [34, Proposition (1.6.9)(i)]. (Although the base field is of
characteristic 0 in loc. cit., the same formula holds with Fℓ-coefficients for all but finitely
many ` 6= p.) Since Hw

ét(AK ,Fℓ) ∼= ∧wH1
ét(AK ,Fℓ) is a direct summand of ⊗wH1

ét(AK ,Fℓ)
for all but finitely many ` 6= p, it follows that Conjecture 4.3.4 holds for Hw

ét(AK ,Fℓ).
The proof of Theorem 4.3.6 in the case (B) is complete.
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4.8. The cases of surfaces

4.8.1. Proof of Theorem 4.3.6 in the case (C). We shall prove Theorem 4.3.6 in
the case (C). We retain the notation of Section 4.3.

By Poincaré duality, it is enough to prove the case w ≤ 2. By the theory of Picard
varieties, the case w = 1 follows from the case (B). We may assume w = 2. Since we have
already proved Theorem 4.3.6 in the case (A), we may assume that the characteristic of K
is 0. By de Jong’s alteration, we may assume that X is connected and projective over K;
see [28, Theorem 4.1].

Since the hard Lefschetz theorem with Q-coefficients holds for singular cohomology of
projective smooth varieties over C, the hard Lefschetz theorem with Zℓ-coefficients holds
for étale cohomology of projective smooth varieties over K for all but finitely many `. (See
also Remark 4.8.1.) Therefore we may assume dimX = 2.

We may assume further that there exists a proper strictly semi-stable scheme X over
OK purely of relative dimension 2 with generic fiber X by de Jong’s alteration; see [28,
Theorem 6.5]. By Lemma 4.4.6 and Lemma 4.4.8, it suffices to prove Conjecture 4.4.4 for
(X , w = 2,Λℓ = Zℓ). We use the same notation as in Section 4.4.

We fix an element σ ∈ IK such that, for every ` 6= p, the image tℓ(σ) ∈ Zℓ(1) is a
generator. Using the generator tℓ(σ), we identify Zℓ(i) with Zℓ. We shall prove that the
map (1 ⊗ tℓ(σ))2 : E−2,42,Zℓ

→ E2,0
2,Zℓ

is an isomorphism for all but finitely many ` 6= p. This
map is identified with the map

Ker(d−2,41 : H0(Y (2),Zℓ)→ H2(Y (1),Zℓ))→ Coker(d1,01 : H0(Y (1),Zℓ)→ H0(Y (2),Zℓ))

induced by the identity map on H0(Y (2),Zℓ). Here we put H i(Y (j),Zℓ) := H i
ét(Y

(j)

Fq
,Zℓ) for

simplicity. The map d−2,41 is a linear combination of Gysin maps and the map d1,01 is a linear
combination of restriction maps. Since dimY (1) = 1 and dimY (2) = 0, each cohomology
group is the base change of a finitely generated Z-module and the above morphism is
defined over Z. These Z-structures are independent of ` 6= p. Hence E−2,42,Zℓ

, E2,0
2,Zℓ

, and the

cokernel of the map E−2,42,Zℓ
→ E2,0

2,Zℓ
are torsion-free for all but finitely many ` 6= p. Therefore

the assertion follows from the fact that the map E−2,42,Qℓ
→ E2,0

2,Qℓ
is an isomorphism for every

` 6= p; see Theorem 4.3.2 and Remark 4.4.7.
To prove that the map 1 ⊗ tℓ(σ) : E−1,32,Zℓ

→ E1,1
2,Zℓ

is an isomorphism for all but finitely

many ` 6= p, it suffices to prove that the restriction of the canonical pairing on H1(Y (1),Zℓ)
to the image of the boundary map

d0,11 : E0,1
1,Zℓ

= H1(Y (0),Zℓ)→ E1,1
1,Zℓ

= H1(Y (1),Zℓ)

is perfect for all but finitely many ` 6= p. For every i, let Pic0Di
be the Picard variety of

Di, i.e. the underlying reduced subscheme of the identity component of the Picard scheme
associated with Di. Similarly, let Pic0Di∩Dj

be the Picard variety of Di∩Dj for every i < j.

Since Di and Di∩Dj are proper smooth schemes, the group schemes Pic0Di
and Pic0Di∩Dj

are

abelian varieties. The Kummer sequence gives isomorphisms H1(Di,Zℓ) ∼= Tℓ(Pic
0
Di
)Fq

and

H1(Di∩Dj,Zℓ) ∼= Tℓ(Pic
0
Di∩Dj

)Fq
. (Recall that we have fixed the isomorphism Zℓ(1) ∼= Zℓ.)

Under these isomorphisms, the map d0,11 can be identified with the homomorphism of Tate
modules induced by a linear combination of pull-back maps

ρ : ×i Pic0Di
→ ×i<j Pic0Di∩Dj

.
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We write A := ×i<j Pic0Di∩Dj
. Let B ⊂ A be the image of ρ. By the Poincaré complete

reducibility theorem, the image of d0,11 coincides with TℓBFq
for all but finitely many ` 6= p.

The canonical pairing onH1(Y (1),Zℓ) is equal to the pairing on TℓAFq
induced by a principal

polarization on AFq
. The restriction of the pairing on TℓAFq

to TℓBFq
is induced by a

polarization on BFq
, which is perfect for all but finitely many ` 6= p. This proves our

assertion.
The proof of Theorem 4.3.6 in the case (C) is complete.

Remark 4.8.1. In [44, Complément 6], Gabber announced the hard Lefschetz theorem
with Zℓ-coefficients (for all but finitely many `) for étale cohomology of projective smooth
varieties in positive characteristic.

4.9. The cases of varieties uniformized by Drinfeld upper half spaces

4.9.1. The `-independence of the weight-monodromy conjecture in certain
cases. In this subsection, we make some preparations for the proof of Theorem 4.3.6 in
the case (D). Let Fq be a finite field of characteristic p. Let Y be a projective smooth
scheme over Fq. Let ` 6= p be a prime number. The cycle map for codimension w cycles is
denoted by

clwℓ : Z
w(Y )→ H2w

ét (YFq
,Zℓ(w)),

where Zw(Y ) is the group of algebraic cycles of codimension w on Y . We denote by
Nw(Y ) := Zw(Y )/ ∼num the group of algebraic cycles of codimension w on Y modulo
numerical equivalence. It is known that Nw(Y ) is a finitely generated Z-module [SGA 6,
Exposé XIII, Proposition 5.2].

Assumption 4.9.1 (Assumption (∗)). We say that Y satisfies the assumption (∗)
if, for every ` 6= p, we have Hw

ét(YFq
,Qℓ) = 0 for every odd integer w and the Qℓ-vector

space H2w
ét (YFq

,Qℓ(w)) is spanned by the image of clwℓ for every w ≥ 0.

Lemma 4.9.2. Let Y be a projective smooth scheme over Fq. Assume that Y satisfies
the assumption (∗).

(1) The cycle map clwℓ induces an isomorphism

Nw(Y )⊗Z Qℓ
∼= H2w

ét (YFq
,Qℓ(w))

for every ` 6= p and w ≥ 0.
(2) For all but finitely many ` 6= p, we have Hw

ét(YFq
,Zℓ) = 0 for every odd integer w

and the cycle map clwℓ induces an isomorphism

Nw(Y )⊗Z Zℓ ∼= H2w
ét (YFq

,Zℓ(w))

for every w ≥ 0.

Proof. The assertions can be proved by using the same argument as in [68, Lemma
2.1] together with Theorem 4.2.3. �

Let K be a non-archimedean local field with residue field Fq. Let X be a projective
strictly semi-stable scheme over OK purely of relative dimension d. We use the same
notation as in Section 4.4. So D1, . . . , Dm are the irreducible components of the special
fiber Y of X and for every non-empty subset I ⊂ {1, . . . ,m}, we define DI := ∩i∈IDi. We
will consider the weight spectral sequences arising from X . We fix an element σ ∈ IK such
that, for every ` 6= p, the image tℓ(σ) ∈ Zℓ(1) is a generator.
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Proposition 4.9.3. Let the notation be as above. Assume that for every non-empty
subset I ⊂ {1, . . . ,m}, the intersection DI satisfies the assumption (∗). We assume further
that, for some prime number `′ 6= p, the map

(1⊗ tℓ′(σ))i : E−i,w+i2,Qℓ′
→ Ei,w−i

2,Qℓ′

is an isomorphism for all w, i ≥ 0. Then Conjecture 4.4.4 for X is true.

Proof. Using the generator tℓ(σ), we identify Zℓ(i) with Zℓ. Let Λℓ be Qℓ (resp. Zℓ).
The map dv,w1 : Ev,w

1,Λℓ
→ Ev+1,w

1,Λℓ
is a linear combination of Gysin maps and restriction maps,

whose coefficients are in Z and independent of ` 6= p; see [113, Proposition 2.10]. By
Lemma 4.9.2, for every ` 6= p (resp. all but finitely many ` 6= p), this map is the base
change of a homomorphism of finitely generated Z-modules which is independent of ` 6= p.
Moreover, the same holds for the map (1⊗ tℓ(σ))i : E−i,w+i2,Λℓ

→ Ei,w−i
2,Λℓ

. Conjecture 4.4.4 for
X follows from this fact. �

4.9.2. Proof of Theorem 4.3.6 in the case ((D)). We shall explain the precise
statement. Let K be a non-archimedean local field of characteristic 0 with residue field
Fq. Let Ωd

K be the Drinfeld upper half space over K of dimension d. It is a rigid analytic
variety over K. Let Γ ⊂ PGLd+1(K) be a discrete cocompact torsion-free subgroup. It
is known that the quotient Γ\Ωd

K is the rigid analytic variety associated with a projective
smooth scheme X over K. In this case, we say that X is uniformized by a Drinfeld upper
half space. We shall prove Conjecture 4.3.4 for X.

Let Ω̂d
K be the formal model of Ωd

K considered in [94], which is a flat formal scheme

locally of finite type over SpfOK . We can take the quotient Γ\Ω̂d
K . There is a flat projective

scheme X over SpecOK whose $-adic formal completion is isomorphic to Γ\Ω̂d
K . Here $

is a uniformizer of K. The generic fiber of X is isomorphic to X. Let D1, D2, . . . , Dm be
the irreducible components of the special fiber of X . As in [68, Proof of Theorem 1.1],
after replacing Γ by its finite index subgroup, we may assume that X is a projective strictly
semi-stable scheme over OK purely of relative dimension d and, for every non-empty subset
I ⊂ {1, 2, . . . ,m}, the intersection DI := ∩i∈IDi satisfies the assumption (∗). Since the
weight-monodromy conjecture for X is true, we see that Conjecture 4.3.4 for X is true by
Lemma 4.4.8 and Proposition 4.9.3.

4.10. Applications to Brauer groups and Chow groups of codimension two

In this section, let K be a non-archimedean local field with residue field Fq. Let p > 0
be the characteristic of Fq. Let char(F ) denote the characteristic of a field F .

4.10.1. Brauer groups. In this subsection, we retain the notation of Section 2.9. Let
X be a proper smooth scheme over the non-archimedean local field K. Let ` 6= char(K)
be a prime number. Let

chQℓ
: Pic(X)Qℓ

:= Pic(X)⊗Z Qℓ → H2
ét(XK ,Qℓ(1))

be the `-adic Chern class map and let

chFℓ
: Pic(X)→ H2

ét(XK ,Fℓ(1))

be the `-torsion Chern class map. They induce homomorphisms

c̃hQℓ
: Pic(X)Qℓ

→ H2
ét(XK ,Qℓ(1))

GK and c̃hFℓ
: Pic(X)→ H2

ét(XK ,Fℓ(1))
GK .
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We will also call c̃hQℓ
(resp. c̃hFℓ

) the `-adic (resp. `-torsion) Chern class map. We shall
study the relation between the Chern class maps and theGK-fixed part of the cohomological
Brauer group Br(XK) of XK . (Here GK acts on Br(XK) via Aut(K/K) ∼= GK .)

Theorem 4.10.1. Let X be a proper smooth scheme over K. Assume that the `-adic

Chern class map c̃hQℓ
is surjective for all but finitely many ` 6= p. Then the following

assertions hold:

(1) The `-torsion Chern class map c̃hFℓ
is surjective for all but finitely many ` 6= p.

(2) The GK-fixed part Br(XK)[`]
GK is zero for all but finitely many ` 6= p.

Proof. (1) By Lemma 2.9.2 in Chapter 2, there is a decomposition

H2
ét(XK ,Zℓ(1)) ∼= NS(XK)Zℓ

⊕Mℓ

as a GK-module for all but finitely many ` 6= p. By the assumption, we haveMℓ[1/`]
GK = 0

for all but finitely many ` 6= p. It follows that, for all but finitely many ` 6= p, every
eigenvalue of a lift Frob ∈ GK of the geometric Frobenius element acting on Mℓ[1/`]

IK is
different from 1.

By Proposition 4.4.9 (1), there exists a non-zero monic polynomial P (T ) ∈ Z[1/p][T ]
such that, for all but finitely many ` 6= p, we have P (Frob) = 0 onH2

ét(XK ,Zℓ(1)). We write
P (T ) in the form (T − 1)mQ(T ) for some non-negative integer m and Q(T ) ∈ Z[1/p][T ]
with Q(1) 6= 0. Then Q(Frob) = 0 on Mℓ[1/`]

IK , and hence Q(Frob) = 0 on M IK
ℓ for all

but finitely many ` 6= p. By Corollary 4.3.10, we have Q(Frob) = 0 on (Mℓ ⊗Zℓ
Fℓ)IK = 0

for all but finitely many ` 6= p. Since Q(T ) and T −1 are relatively prime in Q[T ], we have
(Mℓ ⊗Zℓ

Fℓ)GK = 0 for all but finitely many ` 6= p by Lemma 4.2.2. Now, the assertion
follows from the fact that the natural map Pic(X) → (NS(XK) ⊗Z Fℓ)GK is surjective for
all but finitely many ` 6= p.

(2) As in the proof of Proposition 2.9.4, the assertion follows from (1). �
Corollary 4.10.2. Assume that char(K) = 0 (resp. char(K) = p). Let X be a proper

smooth scheme over K. Assume that the `-adic Chern class map c̃hQℓ
is surjective for

every ` 6= char(K). Then Br(XK)
GK (resp. Br(XK)[p

′]GK) is finite.

Proof. This follows from Theorem 4.10.1 and the fact that the union ∪n Br(XK)[`
n]GK

is finite for every ` 6= char(K), which can be proved by the same argument as in the proof
of Proposition 2.9.4. �

Here we give an example of a projective smooth scheme over K for which c̃hQℓ
is

surjective for every ` 6= char(K).

Corollary 4.10.3. Let X be a projective smooth scheme over K which is uniformized
by the Drinfeld upper half space Ωd

K of dimension d ≥ 1, i.e. the rigid analytic variety
associated with X is isomorphic to Γ\Ωd

K for some discrete cocompact torsion-free subgroup
Γ ⊂ PGLd+1(K); see also Section 4.9.2.

(1) The `-adic Chern class map c̃hQℓ
is surjective for every ` 6= char(K).

(2) The GK-fixed part Br(XK)
GK (resp. Br(XK)[p

′]GK) is finite if char(K) = 0 (resp.
char(K) = p).

Proof. (1) If d 6= 2, then H2
ét(XK ,Qℓ(1)) is one-dimensional for every ` 6= char(K). If

d = 2, then the GK-fixed part H2
ét(XK ,Qℓ(1))

GK is one-dimensional for every ` 6= char(K)

by [68, Lemma 7.1]. Therefore, for any d ≥ 1, the `-adic Chern class map c̃hQℓ
is surjective

for every ` 6= char(K).
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(2) The assertion follows from (1) and Corollary 4.10.2. �

Remark 4.10.4. Let X be a proper smooth scheme over K. Assume that char(K) = p

or dimX = 2. If the `′-adic Chern class map c̃hQℓ′
is surjective for some `′ 6= p, then the

same holds for every prime number ` 6= char(K). For ` 6= p, this fact can be proved by
using Lemma 2.9.2 and the `-independence conjecture stated in Remark 4.4.11 (it is a
theorem under the assumptions). If char(K) = 0, dimX = 2, and ` = p, we use a p-adic
analogue of the `-independence conjecture for the Weil-Deligne representation associated
with H2

ét(XK ,Qp); see [98, Theorem 3.1].

4.10.2. Chow groups of codimension two cycles. In this subsection, following
the strategy of Colliot-Thélène and Raskind [25], we show some finiteness properties of
the Chow group of codimension two cycles on a proper smooth scheme over K.

First we briefly recall a p-adic analogue of the weight-monodromy conjecture. Assume
that char(K) = 0. Let WK be the Weil group of K. Let X be a proper smooth scheme
over K. Let

WD(Hw
ét(XK ,Qp))

be the Weil-Deligne representation of WK over Qp associated with Hw
ét(XK ,Qp); see [128,

p.469]. We say that the p-adic analogue of the weight-monodromy conjecture holds for
(X,w) if WD(Hw

ét(XK ,Qp)) is pure of weight w in the sense of [128, p.471].
Assume that there exists a proper strictly semi-stable scheme X over OK purely of rel-

ative dimension d whose generic fiber is isomorphic to X. Let Y be the special fiber of X .
Then, by the semi-stable comparison isomorphism [133, Theorem 0.2], the p-adic analogue
of the weight-monodromy conjecture holds for (X,w) if and only if the assertion of [91, Con-
jecture 3.27] holds for the logarithmic crystalline cohomology groupHw

log cris(Y/W (Fq))[1/p],
where we endow Y with the canonical log structure arising from the strictly semi-stable
scheme X .

The following results are analogues of [25, Theorem 1.5 and Theorem 1.5.1].

Proposition 4.10.5. Let X be a proper smooth scheme over K and w an integer. Let
i be an integer with w < 2i.

(1) Assume that Conjecture 4.3.1 holds for (X,w). Then Hw
ét(XK ,Qℓ/Zℓ(i))GK is

finite for every ` 6= p. Assume further that Conjecture 4.3.4 for (X,w) is true.
Then we have Hw

ét(XK ,Qℓ/Zℓ(i))GK = 0 for all but finitely many ` 6= p.
(2) If char (K) = 0 and the p-adic analogue of the weight-monodromy conjecture is

true for (X,w), then Hw
ét(XK ,Qp/Zp(i))GK is finite.

Proof. For every ` 6= char(K), we have the following exact sequence of GK-modules:

Hw
ét(XK ,Zℓ(i))→ Hw

ét(XK ,Qℓ(i))
fℓ→ Hw

ét(XK ,Qℓ/Zℓ(i))→ Hw+1
ét (XK ,Zℓ(i))tor → 0.

Here Hw+1
ét (XK ,Zℓ(i))tor is the torsion part of Hw+1

ét (XK ,Zℓ(i)). Let Hℓ denote the free
part of Hw

ét(XK ,Zℓ(i)). We will use the continuous cohomology group Hj(GK , Hℓ) defined
in [126, Section 2]. It is a finitely generated Zℓ-module for every ` 6= char(K).

(1) We assume that Conjecture 4.3.1 holds for (X,w). Since w < 2i, it follows that
Hw

ét(XK ,Qℓ(i))
GK = 0 for every ` 6= p. To show that Hw

ét(XK ,Qℓ/Zℓ(i))GK is finite for
every ` 6= p, it suffices to show that (Im fℓ)

GK is finite for every ` 6= p. For every ` 6= p,
since Hw

ét(XK ,Qℓ(i))
GK = 0, we see that (Im fℓ)

GK is isomorphic to the torsion part of
H1(GK , Hℓ) by [126, Proposition (2.3)]. Hence (Im fℓ)

GK is finite.
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Assume further that Conjecture 4.3.4 for (X,w) is true. Since Hw+1
ét (XK ,Zℓ(i))tor = 0

for all but finitely many ` 6= p by Theorem 4.2.3, we have Im fℓ = Hw
ét(XK ,Qℓ/Zℓ(i)) for all

but finitely many ` 6= p. Thus, to show that Hw
ét(XK ,Qℓ/Zℓ(i))GK = 0 for all but finitely

many ` 6= p, it suffices to prove that the Zℓ-module H1(GK , Hℓ) is torsion-free for all but
finitely many ` 6= p. We have the following exact sequence:

0→ H1(Gk, H
IK
ℓ )→ H1(GK , Hℓ)→ H1(IK , Hℓ).

Let Frob ∈ GK be a lift of the geometric Frobenius element. We have

H1(Gk, H
IK
ℓ ) = Coker(Frob−1: HIK

ℓ → HIK
ℓ )

and
H1(IK , Hℓ) = (Hℓ)IK ⊗Zℓ

Zℓ(−1).
We have HIK

ℓ ⊗Zℓ
Qℓ ⊂M0,Qℓ

⊗Qℓ
Qℓ(i), whereM0,Qℓ

is the 0-th part of the monodromy
filtration on Hw

ét(XK ,Qℓ). By Proposition 4.4.9 (3), there exists a non-zero monic polyno-
mial P (T ) ∈ Z[1/p][T ] such that every root of P (T ) has complex absolute values q(w+j)/2

with j ≤ −2i and, for every ` 6= p, we have P (Frob) = 0 on HIK
ℓ ⊗Zℓ

Qℓ. Thus we also have

P (Frob) = 0 on HIK
ℓ for every ` 6= p. Since w < 2i, the polynomials P (T ) and T − 1 are

relatively prime in Q[T ]. Thus, we have H1(Gk, H
IK
ℓ ) = 0 for all but finitely many ` 6= p

by Lemma 4.2.2. Now, it remains to prove that the Zℓ-module H1(IK , Hℓ) is torsion-free
for all but finitely many ` 6= p. This follows from Proposition 4.3.9.

(2) If char (K) = 0 and the p-adic analogue of the weight-monodromy conjecture holds
for (X,w), then we have Hw

ét(XK ,Qp(i))
GK = 0 if w < 2i. Then the same argument as

above shows that Hw
ét(XK ,Qp/Zp(i))GK is finite.

The proof of Proposition 4.10.5 is complete. �
Let X be a proper smooth scheme over K. The Chow group of codimension two cycles

on XK is denoted by CH2(XK). By combining Proposition 4.10.5 and [25, Proposition 3.1],
we have the following results on the torsion part of CH2(XK), which are local analogues of
[25, Theorem 3.3 and Theorem 3.4].

Corollary 4.10.6. Let X be a proper smooth scheme over K.

(1) Assume that Conjecture 4.3.1 and Conjecture 4.3.4 hold for (X,w = 3). The
prime-to-p torsion part of CH2(XK)

GK is finite.
(2) Assume that char (K) = 0 and the p-adic analogue of the weight-monodromy con-

jecture holds for (X,w = 3). Then ∪nCH2(XK)[p
n]GK is finite.

Proof. By [25, Proposition 3.1], there is a GK-equivariant injection

∪nCH2(XK)[`
n] ↪→ H3

ét(XK ,Qℓ/Zℓ(2))
for every ` 6= char(K). Thus the assertions follow from Proposition 4.10.5. �

Corollary 4.10.7.

(1) If (X,w = 3) satisfies one of the conditions (A)–(E) in Theorem 4.3.2, then the
prime-to-p torsion part of CH2(XK)

GK is finite.
(2) Assume that char (K) = 0 and (X,w = 3) satisfies one of the conditions (B)–(D)

in Theorem 4.3.2. Then the torsion part of CH2(XK)
GK is finite.

Proof. (1) Use Theorem 4.3.2, Theorem 4.3.6, and Corollary 4.10.6 (1).
(2) Under the assumptions, the p-adic analogue of the weight-monodromy conjecture

holds for (X,w = 3). Indeed, if X is an abelian variety over K, then this is well known;
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since we have Hw
ét(XK ,Qp) ∼= ∧wH1

ét(XK ,Qp), it suffices to prove the p-adic analogue of
the weight-monodromy conjecture for (Z,w = 1) for every proper smooth scheme Z over
K, and this follows from the hard Lefschetz theorem and [91, Théorème 5.3]. If X is a
proper smooth surface over K, by Poincaré duality, this follows from what we have just
seen. If X is uniformized by a Drinfeld upper half space, this follows from [68, Theorem
6.3]. (See also [91, 3.33].)

Therefore, the assertion follows from (1) and Corollary 4.10.6 (2). �
Remark 4.10.8.

(1) If X has good reduction over OK , the finiteness of the prime-to-p torsion part of
CH2(XK)

GK was known; see the proof of [25, Theorem 3.4].
(2) Assume that char(K) = 0. Moreover, we assume that dimX = 2 orH3

ét(XK ,Qℓ) =
0 for some (and hence every) `. The finiteness of the torsion part of CH2(XK)

GK

was known; see [26, Section 4] and the proof of [112, Theorem 4.1]. When dimX =
2, it is a consequence of Roitman’s theorem; see [25, Remark 3.5] for details.





CHAPTER 5

Deformations of rational curves

5.1. Introduction

In this chapter, we study deformations of rational curves and their singularities in
positive characteristic. We use this to prove that if a proper smooth surface in positive
characteristic p is dominated by a family of rational curves such that one member has all
δ-invariants (resp. Jacobian numbers) strictly less than (p−1)/2 (resp. p), then the surface
has negative Kodaira dimension. This chapter is based on the joint work with Tetsushi Ito
and Christian Liedtke [66].

5.1.1. Main results. A rational curve is a proper integral curve over an algebraically
closed field whose normalization is isomorphic to the projective line P1. Rational curves
are central to higher dimensional algebraic geometry, as already indicated by the title of
Kollár’s fundamental book [75]. Let us shortly recall the situation in dimension two.

(1) In characteristic 0, it is well known that rational curves on surfaces of non-
negative Kodaira dimension are topologically rigid, i.e., do not deform in positive-
dimensional families.

(2) In characteristic p > 0, then the situation is different: Zariski gave examples of
unirational surfaces of non-negative Kodaira dimension [139]. Therefore, rational
curves on surfaces of non-negative Kodaira dimension may not be topologically
rigid. However, in this case, the general member of such a positive-dimensional
family of rational curves is not smooth.

This poses the interesting question what can be said about topological (non-)rigidity of
rational curves on varieties of non-negative Kodaira dimension in positive characteristics.

We recall some classical invariants of singularities. Let C be an integral curve over
an algebraically closed field k of characteristic p > 0. For each closed point x ∈ C, the
δ-invariant and the Jacobian number of C at x are defined as follows:

• The δ-invariant is defined by

δ(C, x) := dimk(π∗OC̃/OC)x,

where π : C̃ → C is the normalization morphism.
• The Jacobian number is defined by

jac(C, x) := dimk

(
OC/Fitt1OC

(Ω1
C/k)

)
x
,

where Ω1
C/k is the sheaf of Kähler differentials on C and Fitt1OC

(Ω1
C/k) ⊂ OC is the

first Fitting ideal of Ω1
C/k. There are several definitions of Jacobian numbers in

the literature. (See Section 5.3 for details.)

Next, we recall the notion of families of rational curves and uniruledness of varieties
following [75]. Let X be a proper smooth variety over k.

123
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• A family of rational curves on X means a closed subvariety C ⊂ U × X with
projections π : C → U and ϕ : C → X such that U is an integral variety over k,
π is proper flat, and every geometric fiber of π is an integral rational curve. We
say that a rational curve C ⊂ X is topologically non-rigid if there exists a family
of rational curves (π, ϕ) on X with dimϕ(C ) ≥ 2 such that ϕ(Cu) = C for some
closed point u ∈ U . Otherwise, we say that C is topologically rigid.
• We say that X is uniruled if there exist an integral variety Y with dimY =
dimX − 1 and a dominant rational map ψ : P1 × Y 99K X. If there exists a such
a rational map ψ inducing a separable extension of function fields, we say that X
is separably uniruled.

Here is the statement of our main theorem in this chapter.

Theorem 5.1.1. Let X be a proper smooth surface over an algebraically closed field k
of characteristic p > 0. Assume that X contains a topologically non-rigid rational curve
C ⊂ X satisfying one of the following conditions:

(1) The δ-invariants of C are strictly less than (p− 1)/2 at every closed point.
(2) The Jacobian numbers of C are strictly less than p at every closed point.

Then, X is separably uniruled and thus, has negative Kodaira dimension.

Remark 5.1.2. Let X be a proper smooth surface over an algebraically closed field k.
Then the following assertions are equivalent:

• X is birationally equivalent to a ruled surface.
• X is separably uniruled.
• X has negative Kodaira dimension.

This follows from the classification of surfaces; see [3, Theorem 13.2] for example.

Theorem 5.1.1 implies the following corollary.

Corollary 5.1.3. Let X be a proper smooth surface of non-negative Kodaira dimension
over k. Let C ⊂ X be a rational curve.

(1) If every singularity of C is a node, then C is topologically rigid.
(2) If p ≥ 5 and every singularity of C is either a node or an ordinary cusp, then C

is topologically rigid.
(3) If C2 +KX · C < p− 3, then C is topologically rigid (see Corollary 5.7.1).

Remark 5.1.4. We believe that both invariants are useful: δ-invariants are more often
used in the literature and they can be bounded using intersection theory; see Corollary
5.7.1. On the other hand, a node x ∈ C satisfies δ(C, x) = jac(C, x) = 1, i.e., to conclude
the topological rigidity in Corollary 5.1.3 (1) in small characteristics, we have to use the
criterion in terms of Jacobian numbers, since the criterion in terms δ-invariants would only
give topological rigidity for p ≥ 5.

Remark 5.1.5. Our results are optimal in some sense; see Proposition 5.7.7.

Remark 5.1.6. In the course of the proofs of main results, we give a sufficient criterion
in terms of Jacobian numbers (resp. δ-invariants) for the smoothness of the normalization of
a curve over an imperfect field of characteristic p > 0. Such results might be of independent
interest. See Theorem 5.3.10 and Theorem 5.4.7 for details.
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5.1.2. Outline of this chapter. This chapter is organized as follows. In Section 5.2,
we discuss rational curves and topological rigidity. In Section 5.3, we collect some basic
properties of Jacobian numbers of curves over arbitrary fields. In Section 5.4, we recall the
definition and basic properties of δ-invariants of curves over arbitrary fields. In Section
5.5, we prove a lemma that is used in the proof of Theorem 5.1.1. In Section 5.6, we prove
Theorem 5.1.1. Finally, in Section 5.7, we give some examples of topologically rigid and
topologically non-rigid rational curves on surfaces.

5.2. Families of rational curves

In this section, we fix some definitions and recall some basic properties of topologically
non-rigid rational curves. The standard reference for rational curves on varieties is Kollár’s
book [75].

Definition 5.2.1. Let X be a proper variety over an algebraically closed field k. Let
U be an integral variety over k.

(1) A rational curve on X is an integral closed subvariety C ⊂ X of dimension 1,
whose normalization is isomorphic to P1 over k.

(2) A flat family of rational curves parameterized by U is a proper flat morphism
π : C → U such that, for every geometric point s → U , the geometric fiber
Cs := s×U C is an integral rational curve over the residue field κ(s).

(3) A family of rational curves on X parametrized by U is a closed subscheme C ⊂
U ×X such that the projection π : C → U is a flat family of rational curves. Let
ϕ : C → X be the projection to X.

A rational curve C ⊂ X is said to be topologically non-rigid if there exists a
family of rational curves (π, ϕ) on X with dimϕ(C ) ≥ 2 and ϕ(Cu) = C for some
closed point u ∈ U . Otherwise, we say that C is topologically rigid. (In particular,
a topologically rigid curve in our sense is allowed to deform infinitesimally on X,
but not in a positive dimensional family.)

(4) A map from a family of rational curves to X parametrized by U is a pair of
morphisms π : C → U and ϕ : C → X over k such that
(a) π is a flat family of rational curves, and
(b) dimϕ(Cs) = 1 for every geometric point s→ U .

Lemma 5.2.2. Let X be a proper integral variety over an algebraically closed field k,
and let U be an integral variety over k. Let π : C → U and ϕ : C → X be morphisms over
k. Assume that C is reduced and that π is proper and flat with one-dimensional fibers. Let
W := (π × ϕ)(C ) be the image of π × ϕ : C → U × X endowed with the reduced induced
subscheme structure. Let pr1 : W → U be the projection onto the first factor.

(1) Assume that the fiber Cu is reduced for some closed point u ∈ U . Then, there
exists a dense open subset U ′ ⊂ U such that the fiber pr−11 (s) := s×UW is reduced
for every geometric point s→ U ′.

(2) Assume moreover that X is a proper smooth surface, U is a smooth curve, C is
irreducible, and the fiber Cu0 is generically reduced and ϕu0 : Cu0 → X is a generic
immersion for some closed point u0 ∈ U . Then, there exists an open neighborhood
u0 ∈ U ′ ⊂ U such that the fiber pr−11 (s) is reduced for every geometric point
s→ U ′.

Proof. (1) Let η → U be the geometric generic point. The fiber pr−11 (η) is the
schematic image of the morphism Cη → X ⊗k κ(η). Since Cη is reduced by [EGA IV 3,
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Théorème 12.2.4 (v)], it follows that pr−11 (η) is reduced. After possibly shrinking U , the
fiber pr−11 (s) is reduced for every geometric point s→ U by [EGA IV 3, Théorème 12.2.4
(v)].

(2) It is enough to show that the fiber pr−11 (u0) is reduced; see [EGA IV 3, Théorème
12.2.4 (v)]. Since U × X is smooth over k, its reduced closed subscheme W ⊂ U × X
is a Cartier divisor. Moreover W is flat over U since U is a smooth curve over k. Since
pr−11 (u0) has no embedded points by [80, Chapter 8, Proposition 2.15], we only need
to prove that it is generically reduced; see [80, Chapter 7, Exercise 1.2]. We consider
Cu0 = π−1(u0) ⊂ C and pr−11 (u0) ⊂ W as Cartier divisors on C and W , respectively. Since
Cu0 = (π × ϕ)∗pr−11 (u0), we have the following equality of 1-cycles on W :

(π × ϕ)∗[Cu0 ] = (π × ϕ)∗
(
(π × ϕ)∗[pr−11 (u0)]

)
= d · [pr−11 (u0)],

where d := [k(C ) : k(W )] is the extension degree of function fields; see [80, Theorem
7.2.18]. By our assumptions on ϕu0 , we have d = 1 and thus, the Cartier divisor pr−11 (u0) ⊂
W has multiplicity one. Consequently, the fiber pr−11 (u0) is generically reduced. �

The following result is well known, at least in characteristic 0. We give a brief sketch
of the proof for the reader’s convenience. (See also [75, Proposition IV.1.3].)

Proposition 5.2.3. For a proper integral variety X with dimX ≥ 2 over an alge-
braically closed field k, the following conditions are equivalent:

(1) X is uniruled.
(2) X is dominated by a family of rational curves on X, i.e., there exist an integral

variety U with dimU = dimX − 1 and a closed subvariety C ⊂ U × X as in
Definition 5.2.1 (3) such that ϕ : C → X is dominant.

(3) X is dominated by a map from a family of rational curves, i.e., there exist an
integral variety U with dimU = dimX−1 and a pair (π, ϕ) as in Definition 5.2.1
(4) such that ϕ : C → X is dominant.

Proof. (1) ⇒ (3): Assume that X is uniruled. Then there exists a dominant rational
map ψ : P1× Y 99K X with dimY = dimX − 1. Shrinking Y if necessary, we may assume
Y is smooth. Then, ψ is defined in codimension 1 and thus, there exists a closed subvariety
Z ⊂ P1 × Y with dimZ ≤ dimY − 1 such that ψ is defined outside Z. Removing pr2(Z)
from Y , we may assume that ψ is defined everywhere. Then, ψ : P1 × Y → X gives rise to
a map from a family of rational curves parametrized by Y and dominating X.

(3) ⇒ (2): Take a pair (π, ϕ) as in Definition 5.2.1 (4). After shrinking U , we may
assume that the fiber pr−11 (s) of the image W := (π × ϕ)(C ) is an integral rational curve
for every geometric point s→ U by Lemma 5.2.2 (1).

(2) ⇒ (1): Choose a closed subvariety C ⊂ U × X as in Definition 5.2.1 (3). Let
K := k(U) be the function field of U . After replacing U by a finite covering U ′ → U
and replacing C by the normalization of the base change C ×U U ′, we find a dominant
morphism C → X such that the generic fiber CK is a geometrically irreducible and smooth
curve over K; see [EGA IV 4, Proposition 17.15.14]. Moreover, shrinking U further and
replacing U by an étale covering, we may assume that C → U is a P1-bundle. Hence, X is
uniruled. �

5.3. Jacobian numbers of curves over arbitrary fields

In this section, we fix an arbitrary field k of characteristic p ≥ 0 and we recall the
definition and basic properties of Jacobian numbers of curves over k. Most of the results
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in this section are well known if k = C. We also give brief proofs of the results recalled
in this section because we need to apply them to curves over function fields of curves, for
which we could not find appropriate references.

5.3.1. Definition of Jacobian numbers. Let k be an algebraic closure of k and let
ksep be the separable closure of k in k. Let C be a curve over k. Let Ω1

C/k be the sheaf

of Kähler differentials on C and let Fitt1OC
(Ω1

C/k) ⊂ OC be the first Fitting ideal of Ω1
C/k.

(For the definition and basic properties of Fitting ideals, we refer to [45, Section 16.29].)

Definition 5.3.1. For a closed point x ∈ C, the Jacobian number of C at x is defined

by jac(C, x) := dimk

(
OC/Fitt1OC

(Ω1
C/k)

)
x
.

Remark 5.3.2. There are several definitions of Jacobian numbers in the literature. In
this chapter, we adopt Schröer’s definition in terms of Fitting ideals; see [115, Section 3,
p. 64]. The advantage of this definition is that it makes sense for all curves and that it
behaves well scheme-theoretically. For plane curves, it coincides with the more traditional
definition of Jacobian numbers (as in [17], [46], or [130]) in terms of the dimension of
Ext1 of sheaves, or in terms of the ideal generated by partial derivatives of the defining
equation; see Proposition 5.3.7 and Corollary 5.3.13 for details.

Proposition 5.3.3. Let C be a curve over k. Then, for a closed point x ∈ C, we have
jac(C, x) = 0 if and only if C is smooth at x.

Proof. We have jac(C, x) = 0 if and only if Ω1
C/k is locally free of rank 1 in an open

neighborhood of x; see [45, Remark 16.30]. Hence, by [80, Chapter 6, Proposition 2.2], we
have jac(C, x) = 0 if and only if C is smooth at x. �

The closed subscheme of C defined by Fitt1OC
(Ω1

C/k) is called the Jacobian subscheme
and by the previous proposition, its support coincides with the non-smooth locus of C over
k. If C is geometrically reduced, then the smooth locus of C over k is open and dense. It
follows that we have jac(C, x) = 0 for all but finitely many closed points x ∈ C and that
we have jac(C, x) <∞ for every closed point x ∈ C.

5.3.2. Regular curves over imperfect fields with small Jacobian numbers.

Proposition 5.3.4. Let k be a field of characteristic p > 0 that is not necessarily
perfect. Let C be a curve over k. Assume that the Jacobian numbers of C are strictly less
than p at every closed point of C, and C is a regular scheme. Then, C is smooth over k.

Proof. Seeking a contradiction, assume that there exists a closed point x ∈ C such
that C → Spec k is not smooth around x. Since C was assumed to be regular, it follows that
the residue field extension κ(x)/k is not separable; see [115, Proposition 3.2]. In particular,
[κ(x) : k] is divisible by p. Hence the dimension of the stalk (OC/Fitt1OC

(Ω1
C/k))x as a k-

vector space is divisible by p. (See also [115, Lemma 3.3 and Proposition 3.6].) On the
other hand, since jac(C, x) < p, we have jac(C, x) = 0. Since C is not smooth around x,
this contradicts Proposition 5.3.3. �

5.3.3. Closed subschemes and finite base change.

Proposition 5.3.5. Let C and C ′ be curves over a field k together with a closed im-
mersion i : C ′ ↪→ C. For every closed point x ∈ C ′, we have jac(C ′, x) ≤ jac(C, x).
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Proof. Since i is a closed immersion, we have a natural surjection i∗Ω1
C/k → Ω1

C′/k;

see [80, Chapter 6, Proposition 1.24(d)]. Hence, we have

i∗ Fitt1OC
(Ω1

C/k) = Fitt1OC′
(i∗Ω1

C/k) ⊂ Fitt1OC′
(Ω1

C′/k),

from which the assertion follows. �
Proposition 5.3.6. Let C be a curve over a field k and let k′/k be a field extension.

Let p : Ck′ → C be the projection. For every closed point x ∈ C, we have

jac(C, x) =
∑

y∈p−1(x)

jac(Ck′ , y).

Proof. Since p∗Ω1
C/k = Ω1

Ck′/k
′ , we have

p∗ Fitt1OC
(Ω1

C/k) = Fitt1OCk′
(Ω1

Ck′/k
′);

see [45, Proposition 16.29 (3)]. The assertion easily follows from this equality. �

5.3.4. Local complete intersection curves. In this subsection, we study Jacobian
numbers of curves that are local complete intersections ; for the definition of this notion, see
[80, Chapter 6, Definition 3.17]. For a local complete intersection curve C, we can calculate
Jacobian numbers using dualizing sheaves: we have a canonical map cC/k : Ω

1
C/k → ωC/k,

called the class map, from the sheaf of Kähler differentials Ω1
C/k to the dualizing sheaf ωC/k;

see [80, Chapter 6, Corollary 4.13].

Proposition 5.3.7. Let C be a local complete intersection curve over k. For a closed
point x ∈ C, we have jac(C, x) = dimk Coker(cC/k)x. Moreover, if C is geometrically
reduced, then we have

jac(C, x) = dimk Coker(cC/k)x = dimk Ext
1
OC,x

(Ω1
C/k,x,OC,x).

Proof. The first equality follows from an explicit description of the class map cC/k
as in [80, Chapter 6, Section 6.4.2]. Let us briefly recall it. Since C is a local complete
intersection over k, there exists an affine open neighborhood U of x ∈ C such that U ∼=
SpecA , where A = k[T1, . . . , Tn+1]/I for an ideal I = (F1, . . . , Fn) of k[T1, . . . , Tn+1]. The
dualizing module ωA/k := Γ(U, ωU/k) is given by

det(I/I2)∨ ⊗A
(
det(Ω1

k[T1,...,Tn+1]/k
)⊗k[T1,...,Tn+1] A

)
.

It is a free A-module of rank one with basis

e := (F 1 ∧ · · · ∧ F n)
∨ ⊗ ((dT1 ∧ · · · ∧ dTn+1)⊗ 1A) ,

where F i is the image of Fi in I/I
2 and where 1A ∈ A is the identity; see [80, Chapter 6,

Lemma 4.12]. With respect to this basis, the class map cU/k is given by

cU/k : Ω
1
A/k → ωA/k, dti 7→ ∆i · e.

Here, dti ∈ Ω1
A/k is the image of Ti in Ω1

A/k under the universal derivation and ∆i ∈ A

denotes the determinant of the Jacobian matrix (∂Fi/∂Tj)i,j with i.th column removed.
Therefore, under the isomorphism A ∼= ωA/k that sends 1A to e, the ideal of A corresponding

to the image of the class map cU/k is equal to the first Fitting ideal Fitt1A(Ω
1
A/k); see [45,

Section 16.9]. This establishes the first equality.
The second equality was essentially proved by Rim in [109]. However, there it is some-

what implicit in the proofs of the main theorems of [109], as well as under the additional
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assumption that k is perfect. Let us briefly explain how to deduce the second equality from
the results in [109]: since the statement is local, we may use the same setup and notation
as before. Shrinking U if necessary, we may assume U\{x} is smooth over k. Let (Ω1

A/k)tors
be the torsion submodule of Ω1

A/k, i.e.,

(Ω1
A/k)tors :=

{
m ∈ Ω1

A/k | there is a regular element a ∈ A such that am = 0
}
.

Rim proved the equality

lengthA(Ω
1
A/k)tors = lengthA(Coker cU/k)

using the generalized Koszul complexes of Buchsbaum and Rim; see [109, Theorem 1.2 (ii)]
and [109, Corollary 1.3 (ii)]. (In fact, [109, Theorem 1.2 (ii)] is a general result in com-
mutative algebra, which is valid for Cohen-Macaulay algebras. The perfectness of the base
field was not used there.) Let mx ⊂ A be the maximal ideal corresponding to x ∈ C and let
Ax be the localization of A. Since U\{x} is smooth over k, we have (Ω1

A/k)tors = (Ω1
Ax/k

)tors,
which is an Ax-module of finite length. Since Ax is a one-dimensional Gorenstein local ring,
Grothendieck’s local duality gives an isomorphism

Ext1Ax

(
Ω1
Ax/k, ωAx/k

) ∼= HomAx

(
H0

mx
(Ω1

Ax/k), E(Ax/mx)
)
,

where E(Ax/mx) is an injective hull of the residue field Ax/mx; see [16, Theorem 3.5.8].
Since Ax is a Cohen-Macaulay ring and (Ω1

Ax/k
)tors is a module of finite length, we have

H0
mx
(Ω1

Ax/k) = (Ω1
Ax/k)tors.

The right hand side is identified with the Matlis dual of (Ω1
Ax/k

)tors. Since Matlis duality

preserves the length of Artinian modules (see [16, Proposition 3.2.12]), we have

lengthAx
Ext1Ax

(Ω1
Ax/k, ωAx/k) = lengthAx

(Ω1
Ax/k)tors.

Since ωAx/k is a free Ax-module of rank one, the second equality of this proposition follows
from above results. �

Remark 5.3.8. Proposition 5.3.7 is well known if C is a plane curve over the complex
numbers; see, for example [17, Lemma 1.1.2, Corollary 6.1.6] or [46, Chapter II, p. 317, the
proof of Lemma 2.32]. The second equality in Proposition 5.3.7 was attributed to Rim in
[39, Proposition 2.2]. We refer to the proof of [39, Proposition 2.2] for a historical account.

Proposition 5.3.9. Let C and C ′ be two reduced local complete intersection curves
over k. Let f : C ′ → C be a finite morphism over k and assume that there exists a dense
open subset U ⊂ C such that the restriction f−1(U)→ U is an isomorphism. Let g be the
composition Ω1

C/k → f∗Ω
1
C′/k → f∗

(
Ω1
C′/k/Ker(cC′/k)

)
. If x ∈ C is a closed point, then

jac(C, x) = dimk Coker(g)x + dimk ((f∗OC′)/OC)x +
∑

y∈f−1(x)

jac(C ′, y).

In particular, for every closed point y ∈ C ′ lying above x, we have jac(C ′, y) ≤ jac(C, x).

Proof. We have the following the sequence of homomorphisms of OC-modules

Ω1
C/k

g // f∗
(
Ω1
C′/k/Ker(cC′/k)

)f∗cC′/k// f∗ωC′/k h // ωC/k,

whose composition is equal to the class map cC/k. By assumption, h is generically an
isomorphism. Since C ′ is reduced and a local complete intersection, ωC′/k is torsion free.
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Hence, h is injective. Moreover, f∗cC′/k is injective. We obtain the two short exact se-
quences

0 // Coker(g) // Coker(cC/k) // Coker(h ◦ f∗cC′/k) // 0

and

0 // f∗Coker(cC′/k) // Coker(h ◦ f∗cC′/k) // Coker(h) // 0.

Taking dimensions of the stalks, we obtain the following equality

jac(C, x) = dimk Coker(g)x + dimk Coker(h)x + dimk

(
f∗Coker(cC′/k)

)
x
.

By Proposition 5.3.7, the last term is equal to the sum
∑

y∈f−1(x) jac(C
′, y).

It remains show

dimk Coker(h)x = dimk ((f∗OC′)/OC)x .
We put A := OC,x. Then, B := Γ(C ′ ⊗C SpecA,OC′⊗CSpecA) is a finite semi-local A-
algebra. We have a short exact sequence of A-modules 0 → A → B → B/A → 0. By
assumption, the A-module B/A is of finite length. Since A is a local complete inter-
section, it is Gorenstein, and thus, the dualizing module ωA is a free A-module of rank
1. Hence HomA(B/A, ωA) = 0 and H0

mA
(B/A) = B/A, where mA denotes the maximal

ideal of A. By Grothendieck’s local duality [16, Theorem 3.5.8], we have Ext1A(B,ωA) =
HomA

(
H0

mA
(B), E(A/mA)

)
= 0. We also have HomA(A,ωA) = ωA. Hence, we obtain the

following short exact sequence:

0 // HomA(B,ωA)
h // ωA // Ext1A(B/A, ωA) // 0.

Grothendieck’s local duality gives an isomorphism

Ext1A(B/A, ωA)
∼= HomA

(
H0

mA
(B/A), E(A/mA)

)
.

The right hand side is the Matlis dual of B/A because H0
mA

(B/A) = B/A. Since Matlis
duality preserves lengths (see [16, Proposition 3.2.12]), we have

lengthA(Coker(h)) = lengthA Ext
1
A(B/A, ωA) = lengthA(B/A).

Therefore we have dimk Coker(h)x = dimk ((f∗OC′)/OC)x. �

5.3.5. A criterion for the normalization of a curve being smooth. In this
subsection, we give a sufficient condition in terms of Jacobian numbers for the smoothness
of the normalization of local complete intersection curves.

Theorem 5.3.10. Let C be an integral curve over a (possibly imperfect) field k of
characteristic p > 0. Assume that C is local complete intersection over k, and the Jacobian

numbers of C are strictly less than p at every closed point of C. Let π : C̃ → C be the

normalization morphism. Then C̃ is smooth over k.

Proof. Since C̃ and Spec k are both regular schemes, the morphism C̃ → Spec k is a
local complete intersection; see [80, Chapter 6, Example 3.18]. By Proposition 5.3.9, we

have jac(C̃, y) ≤ jac(C, x) < p for all closed points x ∈ C and y ∈ C̃ with π(y) = x. Hence,

C̃ is smooth over k by Proposition 5.3.4. �
Remark 5.3.11. Theorem 5.3.10 is in some sense optimal; see Lemma 5.7.6 for the

construction of a non-smooth regular curve over an imperfect field which has a singular
point of Jacobian number p.
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5.3.6. Jacobian numbers and completions.

Proposition 5.3.12. Let C and C ′ be curves over k. Let x ∈ C and x′ ∈ C ′ be closed
points, such that the completed local rings are isomorphic, i.e., there exists an isomorphism

of k-algebras ÔC,x ∼= ÔC′,x′. Then, we have jac(C, x) = jac(C ′, x′).

Proof. It is enough to show that the Jacobian number jac(C, x) can be calculated in

terms of the completed local ring ÔC,x. We set A := OC,x and Â := ÔC,x and let Ω1
C/k,x be

the stalk of Ω1
C/k at x. By definition, we have

jac(C, x) = dimk

(
A/Fitt1A(Ω

1
C/k,x)

)
.

If A/Fitt1A(Ω
1
C/k,x) is a finite dimensional k-vector space, then there exists some N ≥ 1

such that
mN
A ⊂ Fitt1A(Ω

1
C/k,x),

where mA ⊂ A is the maximal ideal. Hence, we find

A/Fitt1A(Ω
1
C/k,x)

∼=
(
A/Fitt1A(Ω

1
C/k,x)

)
⊗A Â ∼= Â/

(
Fitt1A(Ω

1
C/k,x)⊗A Â

)
Moreover, we have

Fitt1A(Ω
1
C/k,x)⊗A Â = Fitt1

Â
(Ω1

C/k,x ⊗A Â)
since the formation of Fittings ideals commutes with base change. Combining these results,
we find

jac(C, x) = dimk

(
Â/Fitt1

Â
(Ω1

C/k,x ⊗A Â)
)
.

Note that the right hand side of this equation depends only on the completion Â = ÔC,x
since

Ω1
C/k,x ⊗A Â ∼= lim←−

n

(
Ω1
Â/k

/mn
Â
Ω1
Â/k

)
,

where mÂ ⊂ Â is the maximal ideal; see [76, Corollary 12.10]. If jac(C, x) = ∞, then we
also have

jac(C, x) = dimk

(
Â/Fitt1

Â
(Ω1

C/k,x ⊗A Â)
)
,

because the homomorphism

A/Fitt1A(Ω
1
C/k,x)→

(
A/Fitt1A(Ω

1
C/k,x)

)
⊗A Â ∼= Â/Fitt1

Â
(Ω1

C/k,x ⊗A Â)
is faithfully flat and hence, injective. �

Corollary 5.3.13. Let C be a curve over k and let x ∈ C(k) be a k-rational point. If

the complete local ring ÔC,x is isomorphic to k[[S, T ]]/(f) for some non-zero formal power
series f ∈ k[[S, T ]] with f(0, 0) = 0, then we have jac(C, x) = dimk (k[[S, T ]]/(fS, fT , f)).
Here, fS and fT are the derivatives of f with respect to S and T , respectively.

Proof. We set Â := ÔC,x ∼= k[[S, T ]]/(f). By the proof of Proposition 5.3.12, it
suffices to calculate the first Fitting ideal of

lim←−
n

(
Ω1
Â/k

/mn
Â
Ω1
Â/k

)
,

where mÂ ⊂ Â is the maximal ideal. This Â-module can be calculated as follows: we have

Ω1
Â/k

/mN
Â
Ω1
Â/k
∼=

(
(Â/mN

Â
)dS ⊕ (Â/mN

Â
)dT

)
/JN ,
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where JN is the (Â/mN
Â
)-module generated by the image of df := fS dS + fT dT. Taking

the projective limit with respect to N , we have

lim←−
N

(Ω1
Â/k

/mN
Â
Ω1
Â/k

) ∼= (Â dS ⊕ Â dT )/Ĵ,

where Ĵ is the Â-module generated by the image of df in Â dS ⊕ Â dT . From this, we see

that the first Fitting ideal of the above Â-module is generated by fS and fT . �
5.3.7. Upper semicontinuity of Jacobian numbers.

Proposition 5.3.14. Let U be a Noetherian integral scheme. Let π : C → U be a flat
family of proper and geometrically reduced curves parameterized by U . Let u0 ∈ U be a
closed point, let N be a non-negative integer, and assume that the Jacobian numbers of
Cu0 are smaller than or equal to N at every closed point. Then, there exists a non-empty
open subset U ′ ⊂ U such that for every point x ∈ U ′ (not necessarily closed) the Jacobian
numbers of the curve Cx ⊗κ(x) κ(x)sep over κ(x)sep are smaller than or equal to N at every
closed point. (We do not require the open subset U ′ contains the closed point u0.)

Proof. Since the smooth locus of π : C → U is dense in every fiber, the support of
OC /Fitt

1
OC

(Ω1
C /U) has only finitely many closed points in each fiber of π. Let iZ : Z ↪→ C

be the closed subscheme of C defined by Fitt1OC
(Ω1

C /U). The morphism Z → U is finite
because it is both proper and quasi-finite. Let η ∈ U be the generic point, let Cη := C ×U η
be the generic fiber, and let t1, . . . , tn be closed points of Cη such that Zη = {t1, . . . , tn}.

We put u0 := Specκ(u0)
sep → U , which is a geometric point above u0. Let Ũu0 be the

strict Henselization of U relative to u0. Then, every connected component of Z ×U Ũu0
has a unique element above the closed point of Ũu0 . Since the strict Henselization is a
direct limit of étale neighborhoods of u0, we may assume, after possibly replacing U by
an étale neighborhood of u0, that every connected component of Z ×U SpecOU,u0 has a
unique element above u0. (Here we use Proposition 5.3.6: for a field extension k′/κ(u0),
the Jacobian numbers of Cu0 ⊗κ(u0) k′ are also smaller than or equal to N . Hence, it is
enough to prove the assertion after shrinking U and replacing U by an étale neighborhood
of u0.)

Let W be a connected component of Z ×U SpecOU,u0 that intersects non-trivially with
the generic fiber Zη. We put A := OU,u0 and B := OW . Then, B is a finite A-algebra. Let
s ∈ W be the unique element above u0. We have jac(Cu0 , s) = dimA/mA

(B ⊗A (A/mA)),
where mA ⊂ A is the maximal ideal corresponding to u0. Similarly, for every point ti ∈ W
in the generic fiber, we have

jac(Cη, ti) = dimFrac(A) (B ⊗A Frac(A))pi ,

where pi is the prime ideal of B ⊗A Frac(A) corresponding to ti. Then, we have∑
ti∈W

jac(Cη, ti) = dimFrac(A) (B ⊗A Frac(A))

≤ dimA/mA
(B ⊗A (A/mA)) = jac(Cu0 , s)

by Nakayama’s lemma. Since we assumed jac(Cu0 , s) ≤ N , we have jac(Cη, ti) ≤ N for
every ti ∈ W . This shows the assertion of this proposition for the generic fiber.

Replacing U by an étale neighborhood of η if necessary, we may assume that the
following three conditions are satisfied:

(1) the residue fields at ti for i = 1, . . . , n are purely inseparable extensions of κ(η),
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(2) the Zariski closures {ti} ⊂ Z for i = 1, . . . , n, do not intersect with each other
over U , and

(3) the morphism Z → U is flat.

Let u ∈ U be a point, which is not necessarily closed. Since the {ti} (1 ≤ i ≤ n) do not
intersect over u ∈ U and since the morphism Z → U is flat, for each element s ∈ Z above
u, there is a unique integer i with s ∈ {ti}. We note that the Zariski closure {ti} of ti in
Z×U SpecOU,u is a connected component of Z×U SpecOU,u and s is the unique element of

{ti} above u. Since Γ({ti},OZ×USpecOU,u
) is a free OU,u-module of finite rank, by the same

argument as before, we have jac(Cη, ti) = jac(Cu, s). Hence, we have jac(Cu, s) ≤ N . �

5.4. δ-invariants of curves over arbitrary fields

In this section, we briefly recall the definition and the basic properties of δ-invariants
which we need. For a curve over an algebraically closed field, we define δ-invariants in the
usual way. For a curve over an imperfect field, we basically only consider the δ-invariants
of the base change of the curve to an algebraically closed field because we want to study
non-smooth points rather than non-regular points. Therefore, it is useful to introduce a
variant of the δ-invariant, which we call the geometric δ-invariant, of a closed point of a
curve over an arbitrary field.

Let C be a geometrically reduced curve over a field k. We put C := C ⊗k k. Let

π : C̃ → C be the normalization morphism. Let p : C → C be the projection.

Definition 5.4.1. For a closed point x ∈ C, the δ-invariant of C at x is defined to be

δ(C, x) := dimk (π∗OC̃/OC)x.

For a closed point x ∈ C, the geometric δ-invariant of C at x is defined to be

δ(C, x) :=
∑

y∈p−1(x)

δ(C, y).

We collect some basic properties, which can be verified immediately.

Proposition 5.4.2. Let C be a geometrically integral curve over a field k. Let π : C̃ →
C be the normalization morphism. We assume that C̃ is smooth over k. Then we have
δ(C, x) = dimk(π∗OC̃/OC)x.

Proposition 5.4.3. Let C be a geometrically reduced curve over a field k. For a closed
point x ∈ C, we have δ(C, x) = 0 if and only if C is smooth at x.

Proposition 5.4.4. Let C and C ′ be geometrically reduced curves over a field k together
with a closed immersion i : C ′ ↪→ C. For every closed point x ∈ C ′, we have the inequality
δ(C ′, x) ≤ δ(C, x).

Proposition 5.4.5. Let C be a geometrically reduced curve over a field k and let k′/k
be a field extension. Let p : Ck′ → C be the projection. For every closed point x ∈ C, we
have δ(C, x) =

∑
y∈p−1(x) δ(Ck′ , y).

Proposition 5.4.6. Let C and C ′ be two geometrically reduced curves over a field k.
Let f : C ′ → C be a finite morphism over k and assume that there exists a dense open
subset U ⊂ C such that the restriction f−1(U) → U is an isomorphism. If x ∈ C is a
closed point, then δ(C, x) = dimk(f∗OC′/OC)x +

∑
y∈f−1(x) δ(C

′, y).
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We give a sufficient criterion in terms of δ-invariants for the smoothness of the normal-
ization of a curve over a possibly imperfect field.

Theorem 5.4.7. Let C be a regular and geometrically integral curve over a (possibly
imperfect) field k of characteristic p > 0. Assume that δ(C, x) < (p− 1)/2 for every closed
point x ∈ C. Then C is smooth over k.

Proof. By Proposition 5.4.5, after replacing k by its finite separable extension, we
may assume that δ(C, x) < (p − 1)/2 for every closed point x ∈ C. We choose a finite

extension k′ of k, such that the normalization C̃k′ of Ck′ is smooth over k′. We have to
show that OCk′ ,x

is regular for every closed point x ∈ Ck′ . We fix a closed point x ∈ Ck′ and
set A := OCk′ ,x

. Let B be the normalization of A, which is a finite semi-local A-module.
We will use the same notation as in the proof of Proposition 5.3.9. The conductor ideal
I ⊂ A is defined by the image of the map h : HomA(B,A) → A, φ 7→ φ(1). It turns out
that I is an ideal of B. As in the proof of Proposition 5.3.9, we have

lengthA(Coker(h)) = lengthA(B/A).

Since A/I is isomorphic to Coker(h) as an A-module, we have

lengthA(A/I) = lengthA(B/A).

By the following short exact sequence of A-modules

0→ A/I → B/I → B/A→ 0,

we have
lengthA(B/I) = 2 · lengthA(B/A).

If A is not regular, we have lengthA(B/I) ≥ p− 1 by [102, Theorem 1.2]. This implies

dimk′(B/A) = [κ(x) : k′] · lengthA(B/A) ≥ (p− 1)/2.

Since C̃k′ is smooth, we have

δ(Ck′ , x) = dimk′(B/A)

by Proposition 5.4.2. Thus, we find δ(Ck′ , x) ≥ (p−1)/2. This contradicts the assumption
by Proposition 5.4.5. Hence A is regular. �

Remark 5.4.8. Theorem 5.4.7 is in some sense optimal; see Lemma 5.7.6 for the
construction of a non-smooth regular curve over an imperfect field which has a singular
point of geometric δ-invariant (p− 1)/2.

Remark 5.4.9. Theorem 5.4.7 is a classical result of Tate [124] if the sum over all
δ-invariants of C is strictly less than (p − 1)/2; see also [115]. Thus, our result is a
slight improvement over Tate’s result. In [116], Schröer gave a simple proof of Tate’s
theorem. Our proof, which is in terms of the local δ-invariants δ(C, x), relies on the work
of Patakfalvi-Waldron [102].

The upper semicontinuity of geometric δ-invariants is presumably well known to the
experts. The following is all we need.

Proposition 5.4.10. Let U be a Noetherian integral scheme, and let η ∈ U be the
generic point. Let π : C → U be a flat family of proper and geometrically reduced curves
parameterized by U such that the generic fiber Cη is geometrically irreducible over κ(η). Let
u0 ∈ U be a closed point, let N be a non-negative integer, and assume that the geometric
δ-invariants of Cu0 are smaller than or equal to N at every closed point. Then, there exists
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a non-empty open subset U ′ ⊂ U such that for every point x ∈ U ′ (not necessarily closed)
the geometric δ-invariants of the curve Cx ⊗κ(x) κ(x)sep over κ(x)sep are smaller than or
equal to N at every closed point.

Proof. First, we show that the geometric δ-invariants of the curve Cη⊗κ(η)κ(η)sep over
κ(η)sep are smaller than or equal to N at every closed point. By Proposition 5.4.5, we may
assume that U is the spectrum of a complete discrete valuation ring A, whose residue field
corresponds to the closed point u0 of U . Moreover, after replacing A by a finite extension,
we may assume that the normalization of Cη (resp. Cu0) is smooth over κ(η) (resp. κ(u0));

see [EGA IV 4, Proposition 17.15.14]. Let π : C̃ → C be the normalization morphism.
By [80, Theorem 7.2.18], we have the following equality of 1-cycles on C :

π∗[(C̃ )u0 ] = [Cu0 ].

From this equality, we see that (C̃ )u0 is generically reduced. Since (C̃ )u0 has no embedded

points by [80, Proposition 7.2.15 and Corollary 7.2.22], it follows that (C̃ )u0 is reduced.

Let now C̃u0 be the normalization of Cu0 . By the above equality again, the normalization
morphism factors as

C̃u0 → (C̃ )u0 → Cu0 .

Thus, we have
dimκ(u0)(F |Cu0

)x ≤ δ(Cu0 , x) ≤ N

for every closed point x ∈ Cu0 . By considering a closed subscheme iZ : Z ↪→ C such that
F comes from a coherent sheaf FZ on Z and Z = Supp(F ), the similar arguments as in
the proof of Proposition 5.3.14 show that the claim is true.

Next, we show that the just established result implies the existence of an open subset
U ′ ⊂ U as in the assertion. There is a flat morphism of finite type f : U ′′ → U , such that
the normalization of C ×U U ′′ is smooth over U ′′. Since f is an open map, we may assume

that the normalization C̃ of C is smooth over U . Let π : C̃ → C be the normalization
morphism. Now, by considering F := π∗OC̃ /OC and a closed subscheme iZ : Z ↪→ C as
above, similar arguments as in the proof of Proposition 5.3.14 show the existence of an
open subset U ′ ⊂ U as desired. �

5.5. The key lemma

In this section, we prove a lemma, which is used in the proof of Theorem 5.1.1.

Lemma 5.5.1. Let k be an algebraically closed field of characteristic p > 0. Let X
be a proper smooth variety X over k with dimX ≥ 2 that is dominated by a map from
a family of rational curves, i.e., there exists a pair (π, ϕ) as in Definition 5.2.1 (4) such
that dimU = dimX − 1 and ϕ : C → X is dominant. Assume moreover that C and U are
normal. Then, after possibly shrinking U , there exists a commutative diagram

C //

φ

&&

π

��

C ′

s

��

// X

U
t // U ′

satisfying the following conditions:

(1) C ′ and U ′ are normal varieties over k.
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(2) s : C ′ → U ′ is a proper flat morphism, and t : U → U ′ is a finite morphism.
(3) C → C ′ is a finite morphism.
(4) k(C ′) is the separable closure of k(X) in k(C ).
(5) k(U ′) is algebraically closed in k(C ′).
(6) For every closed point u′ ∈ U ′, s−1(u′)red is a (possibly singular) rational curve.

Lemma 5.5.2. Let X and Y be integral schemes of characteristic p > 0, and let
f : X → Y be a finite and dominant morphism. Assume that Y is normal and that f is
purely inseparable, i.e., the finite extension k(X)/k(Y ) of function fields induced by f is
purely inseparable. Then f is radicial.

Proof. We may assume that X and Y are affine, say, X := SpecA and Y := SpecB.
Since the extension k(X)/k(Y ) is finite and purely inseparable, there exists a positive
integer e ≥ 1, such that k(X)p

e ⊂ k(Y ). Since A is integral over B and B is normal, we
have Ap

e ⊂ B. Let q be a prime ideal of B. It follows that p :=
√
qA is the unique prime

ideal of A above q. Hence, SpecA→ SpecB is bijective. Let κ(p) and κ(q) be the residue
fields of p and q, respectively. Since Ap

e ⊂ B, we have κ(p)p
e ⊂ κ(q), and the extension

κ(p)/κ(q) is purely inseparable. This concludes that f is radicial. �
Now, we shall prove Lemma 5.5.1. With the assumptions and notations as in Lemma

5.5.1, we can compactify U and C compatibly by the following claim.

Claim 5.5.3. There exists a commutative diagram

C � � //

π

��

φ

%%
C

π
��

φ
// X

U � � // U

satisfying the following conditions:

(1) C is a proper normal variety over k and C ⊂ C is an open subset.
(2) U is a proper normal variety over k and U ⊂ U is an open subset.

Proof. Choose a compactification C ⊃ C . Replacing C by the Zariski closure of the
image of C → C ×X, we may assume that ϕ extends to a morphism ϕ : C → X. Take a
normal compactification U ⊃ U . Replacing C by the normalization of the Zariski closure
of the image of C → U × C , we may assume that C is normal and that π extends to a
morphism π : C → U . �

The next step is to shrink U and to replace C further in order to find a nice factorization

C → C
′ → X of ϕ. The rough idea is to take a proper and normal model of the separable

closure of the function field k(X) in k(C ). But the actual argument given below is more

involved because we also want to ensure that the intermediate variety C
′
admits an open

and dense subset C ′ ⊂ C
′
that is equipped with a fibration s : C ′ → U ′ over a normal

variety U ′ such that for every closed point u′ ∈ U ′, the reduced closed subscheme s−1(u′)red
of the fiber s−1(u′) is a (possibly singular) rational curve. The delicate point is that such
a fibration might not exist if we start from an arbitrary normal and proper model.

Let C
′
be the normalization of X in the separable closure of k(X) in k(C ). We denote

by ϕ′ : C → C
′
and ϕ′′ : C

′ → X the induced morphisms. Then, we have

ϕ = ϕ′′ ◦ ϕ′.
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The morphism ϕ′′ is finite and k(C
′
)/k(X) is separable. On the other hand, ϕ′ is a

generically finite and proper morphism and k(C )/k(C
′
) is purely inseparable.

The morphism ϕ′ might not be flat. We now modify C and C
′
to obtain a flat morphism

as follows: we apply the flattening theorem of Raynaud-Gruson [108, Théorème 5.2.2]. (See

also [28, Section 2.19].) Then, we obtain a proper and birational morphism g′ : C
′
2 → C

′

such that the strict transform C 2 ⊂ C ×
C
′ C
′
2 is flat over C

′
2. We denote by ϕ′2 : C 2 → C

′
2

and g : C 2 → C the induced morphisms. Then, the following diagram commutes:

C 2

φ′2 //

g

��

C
′
2

g′

��

C
φ′ // C

′ φ′′ // X.

Here, ϕ′2 : C 2 → C
′
2 is finite because it is proper, flat, and generically finite.

The varieties C 2 and C
′
2 might not be normal. Passing to normalizations, we find

proper normal varieties C 3 and C
′
3 and a morphism ψ : C 3 → C

′
3 over k and we obtain

the following commutative diagram:

C 3
ψ //

h
��

C
′
3

h
′

��

C 2

φ′2 //

g

��

C
′
2

g′

��

C
φ′ // C

′ φ′′ // X.

Here, h and h
′
are proper birational morphisms. Since ϕ′2 ◦ h is finite and h

′
is separated,

the morphism ψ is finite. Let us summarize the situation:

(1) C ,C
′
,C 3,C

′
3 are proper normal varieties over k.

(2) g, g′, h, h
′
are proper birational morphisms.

(3) ϕ′2 and ψ are finite morphisms.

Since g ◦ h is an isomorphism outside a closed subset of codimension ≥ 2 in C , after
removing its image in U from U , we may assume that the restriction C3 := (g◦h)−1(C )→ C
of g ◦ h is an isomorphism. By Lemma 5.5.2, the morphism ψ is radicial. Hence it is a

homeomorphism. The image V ′ := ψ(C3) ⊂ C
′
3 is open, and the induced morphism

ψ : C3 → V ′ is finite. We obtain the following diagram:

C ∼= C3
ψ //

π
��

V ′
φ′′◦g′◦h′ // X

U

Shrinking U further, we may assume that U is affine. We set U ′ := SpecH0(V ′,OV ′). By a
lemma of Tanaka [123, Lemma A.1], U ′ is a normal variety over k equipped with a proper
surjective morphism s : V ′ → U ′ and a finite surjective morphism t : U → U ′ such that the
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following diagram commutes:

C ∼= C3
ψ //

π

��

V ′
φ′′◦g′◦h′ //

s

��

X

U
t // U ′

By construction, we have s∗OV ′ ∼= OU ′ . It follows that k(U ′) is algebraically closed in k(V ′).
For every closed point u′ ∈ U ′, the scheme s−1(u′)red is a (possibly singular) rational curve
because it is dominated by a geometric fiber of π. After possibly shrinking U ′ further, we
may assume s is flat. Putting C ′ := V ′, all the assertions are proved, which establishes
Lemma 5.5.1.

5.6. Proof of the main theorems

In this section, we will prove Theorem 5.1.1.

Proof of Theorem 5.1.1. By the assumption of Theorem 5.1.1, there is a family of
rational curves C ⊂ U × X on X with a closed point u0 ∈ U such that the projection
C → X is dominant and such that the rational curve Cu0 ⊂ X satisfies one of the following
conditions:

• The δ-invariants of Cu0 are strictly less than (p− 1)/2 at every closed point.
• The Jacobian numbers of Cu0 are strictly less than p at every closed point.

By Proposition 5.3.14 and Proposition 5.4.10, after shrinking U , we may assume that one
of the following conditions is satisfied:

(1) For every closed point u ∈ U , the δ-invariants of Cu are strictly less than (p−1)/2
at every closed point.

(2) For every closed point u ∈ U , the Jacobian numbers of Cu are strictly less than p
at every closed point.

We may assume that U is a smooth curve. Let C̃ → C be the normalization of C . After

possibly shrinking U , we may assume that the pair π : C̃ → U and ϕ : C̃ → X is a map
from a family of rational curves to X in the sense of Definition 5.2.1 (4). After possibly
shrinking U even further, there exists a commutative diagram

C̃ //

φ

&&

π

��

C ′

s

��

// X

U
t // U ′

as in Lemma 5.5.1. Since U ′ is a curve, it follows that k(C ′) is a separable extension
of k(U ′); see [84, Theorem 2] (see also [3, Lemma 7.2]). After shrinking U ′ again, we
may assume that the varieties C ′ and U ′ are smooth over k. By [3, Theorem 7.1], after
shrinking U ′, the fibers s−1(u′) are geometrically reduced for every closed point u′ ∈ U ′;
see also [EGA IV 3, Théorème 12.2.4].

Now we assume that the condition (2) is satisfied. Since X is a smooth surface, Cu is
a local complete intersection for every closed point u ∈ U . By Proposition 5.3.9, for every
closed point u′ ∈ U , the Jacobian numbers of C ′u′ are also strictly less than p at every closed
point. (The fiber C ′u′ is a local complete intersection because it is the fiber of s : C ′ → U ′

and both, C ′ and U ′, are smooth varieties.) Let K ′ := k(U ′) be the function field of U ′
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and let K ′sep be a separable closure of K ′. Let C ′K′ be the generic fiber of s : C ′ → U ′.
By Proposition 5.3.14, the Jacobian numbers of C ′K′sep := (C ′K′) ⊗K′ K ′sep are strictly less
than p at every closed point. Since C ′ is a smooth variety, it is regular. Hence, the generic
fiber C ′K′ is regular. By [EGA IV 2, Proposition 6.7.4 (a)], C ′K′sep is also regular. By
Proposition 5.3.4, C ′K′sep is smooth over K ′sep and therefore, C ′K′ is smooth over K ′. After
replacing U ′ by an étale neighborhood, we may assume that C ′K′ has a K

′-rational point.
(In fact, by Tsen’s theorem, we need not replace U ′ by an étale neighborhood.) Then, C ′K′
is isomorphic to the projective line P1

K′ over K
′; see [3, Lemma 11.8]. This implies that C ′

is birationally equivalent to P1 × U ′ over k. Since k(C ′)/k(X) is separable, we conclude
that X is separably uniruled, as desired.

When the condition (1) is satisfied, we can argue similarly by using Theorem 5.4.7,
Proposition 5.4.6, and Proposition 5.4.10 instead of Proposition 5.3.4, Proposition 5.3.9,
and Proposition 5.3.14, respectively. �

5.7. Examples

In this section, we give some examples illustrating Theorem 5.1.1. In particular, we
show that the result is in some sense optimal. We work over an algebraically closed field k
of characteristic p ≥ 0.

5.7.1. An easy corollary.

Corollary 5.7.1. Assume p > 0. Let X be a proper smooth surface of non-negative
Kodaira dimension over k. Let C ⊂ X be a rational curve with

C2 +KX · C < p− 3.

Then, C is topologically rigid.

Proof. By the adjunction formula [80, Theorem 9.1.37], the arithmetic genus of C
satisfies pa(C) < (p− 1)/2. This implies that we have δ(C, x) < (p− 1)/2 for every closed
point x ∈ C. Thus, C is topologically rigid by Theorem 5.1.1. �

5.7.2. Nodal and cuspidal curves. Let C be a reduced curve over k. If x ∈ C is a

closed point, the δ-invariant depends only on the completion ÔC,x. Indeed, if (ÔC,x)′ is the
integral closure of ÔC,x in its total ring of fractions, we have δ(C, x) = dimk(ÔC,x)′/ÔC,x.
The Jacobian number also depends only on the completion; see Proposition 5.3.12 and
Corollary 5.3.13. We leave the easy computations of the following result to the reader.

Proposition 5.7.2. Let C be a reduced curve over k and let x ∈ C be a closed point.

(1) If x ∈ C is a node, we have δ(C, x) = 1 and jac(C, x) = 1.

(2) We say that x ∈ C is an ordinary cusp if we have ÔC,x ∼= k[[S, T ]]/(S2 + T 3).
The δ-invariant is δ(C, x) = 1. The Jacobian number depends on p = char(k) as
follows:

p = 0 p = 2 p = 3 p ≥ 5
jac(C, x) 2 4 3 2

(3) Let F1, F2, F3 ∈ k[S, T ] be distinct linear forms over k. We put F = F1 · F2 · F3.

If we have ÔC,x ∼= k[[S, T ]]/ (F ), then we have δ(C, x) = 3 and jac(C, x) = 4.

Theorem 5.1.1 implies the following corollary.

Corollary 5.7.3. Let X be a proper smooth surface over k.
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(1) If X contains a topologically non-rigid rational curve C ⊂ X such that every
singularity of C is a node, then X has negative Kodaira dimension.

(2) If p ≥ 5 and X contains a topologically non-rigid rational curve C ⊂ X such that
every singularity of C is a node or an ordinary cusp, then X has negative Kodaira
dimension.

5.7.3. Topologically non-rigid rational curves and supersingular surfaces. In
positive characteristic, there exist surfaces of non-negative Kodaira dimension containing
topologically non-rigid rational curves. However, such surfaces have special properties: if
ρ(X) denotes the Picard number and if b2(X) := dimQℓ

H2
ét(X,Qℓ) (which is independent

of ` as long as ` 6= char(k)) denotes the second Betti number, then Igusa’s inequality states
that ρ(X) ≤ b2(X); see [59]. If X contains a topologically non-rigid rational curve, then
equality holds.

Proposition 5.7.4. Let X be a proper smooth surface over an algebraically closed field
k of characteristic p ≥ 0. Assume that X contains a topologically non-rigid rational curve
C ⊂ X. Then, X is uniruled and the equality ρ(X) = b2(X) holds.

Proof. The assertion follows from Shioda’s results in [117] as follows. First, X is
uniruled by Proposition 5.2.3. Then there exists a dominant rational map P1 × C 99K X
for a smooth and proper curve C over k. Since ρ(P1 × C) = b2(P1 × C) = 2, a theorem of
Shioda [117, Section 2, Lemma] implies ρ(X) = b2(X). (See also [10, Proposition 14].) �

Remark 5.7.5. A surface X in positive characteristic satisfying ρ(X) = b2(X) is
called Shioda-supersingular. By Proposition 5.7.4, every rational curve on a proper smooth
surface that is not Shioda-supersingular is topologically rigid; see [78, Section 9] for an
overview of supersingular surfaces.

5.7.4. Topologically non-rigid rational curves with large δ-invariants and Ja-
cobian numbers. In this subsection, we will see that in characteristic p ≥ 3, there exist
surfaces of non-negative Kodaira dimension that contain topologically non-rigid rational
curves that have precisely one singular point, which is of δ-invariant (resp. Jacobian num-
ber) equal to (p− 1)/2 (resp. p). Thus, Theorem 5.1.1 is in some sense optimal.

We start with an auxiliary result, which shows that also Theorem 5.3.10 and Theorem
5.4.7 are in some sense optimal.

Lemma 5.7.6. Let k be a field of characteristic p ≥ 3. Let K := k(t) be the field of
rational functions over k of the variable t. Then, there exists a proper curve C over K
satisfying the following three conditions:

(1) C has a unique singular point, whose geometric δ-invariant (resp. Jacobian num-
ber) is (p− 1)/2 (resp. p),

(2) C is a regular scheme, and
(3) CK is a rational curve over an algebraic closure K of K.

In particular, the bound of Theorem 5.3.10 is optimal.

Proof. We consider the two affine curves

C1 : Y
2 = Xp + t and C2 : Y

′2 = X ′ + tX ′p+1

over K. From these, we obtain a curve C over K by gluing the two curves C1 and C2 via
the isomorphism

{X 6= 0} ∩ C1

∼=−→ {X ′ 6= 0} ∩ C2
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that is defined byX 7→ 1/X ′ and Y 7→ Y ′/X ′(p+1)/2; see [80, Proposition 7.4.24]. Moreover,
gluing the two morphisms

C1 → SpecK[X], (X,Y ) 7→ X

and
C2 → SpecK[X ′], (X ′, Y ′) 7→ X ′,

we obtain a finite morphism C → P1
K . In particular, the curve C is proper over K. The

curve C is regular, but it is not smooth over K; see also [48, Chapter II, Exercise 6.4].
The closed point x ∈ C1 corresponding to the maximal ideal (Xp + t, Y ) ⊂ K[X,Y ] is
the unique singular point of C. It is easy to see that C satisfies all the conditions of the
lemma. �

We now construct a surface Y of general type over k that contains a topologically non-
rigid rational curve, which has one singular point of δ-invariant (resp. Jacobian number)
equal to (p − 1)/2 (resp. p). In fact, these constructions are inspired by Raynaud’s coun-
terexamples to the Kodaira vanishing theorem in positive characteristic from [107, Section
3.1].

Proposition 5.7.7. Let k be an algebraically closed field of characteristic p ≥ 3. Then,
there exists a proper smooth surface Y over k satisfying the following conditions:

(1) The Kodaira dimension κ(Y ) of Y satisfies κ(Y ) ≥ 1. If p ≥ 5, then we may even
assume κ(Y ) = 2, i.e., Y is a surface of general type.

(2) Y contains a topologically non-rigid rational curve C ⊂ Y , and
(3) C has a unique singular point, whose δ-invariant (resp. Jacobian number) is equal

to (p− 1)/2 (resp. p).

Proof. Let C be the proper curve over K = k(t) from Lemma 5.7.6. There exists
a proper smooth surface X over k together with a proper flat morphism X → P1, whose
generic fiber satisfies X ×P1 SpecK ∼= C. We choose a smooth and projective curve S of
genus g(S) ≥ 2 and a generically étale morphism S → P1. Let Y → X×P1S be a resolution
of singularities of X ×P1 S. Then, the generic fiber of Y → S is isomorphic to Ck(S). By
[75, Proposition 2.2] and the proofs of Proposition 5.3.14 and Proposition 5.4.10, there
exists an open and dense subset U ⊂ S such that for every closed point u ∈ U , the fiber Yu
is a rational curve over k, and the fiber Yu has a unique singular point and its δ-invariant
(resp. Jacobian number) is (p− 1)/2 (resp. p). Since g(S) ≥ 2, the Kodaira dimension of
S is equal to κ(S) = 1. If p = 3, then the arithmetic genus of C is equal to pa(C) = 1 and
if p ≥ 5, then we even have pa(C) ≥ 2. Thus, we find κ(Y ) ≥ 1 (resp. κ(Y ) = 2) if p ≥ 3
(resp. if p ≥ 5) by a characteristic-p version of Iitaka’s C1,1-conjecture; see [24, Theorem
1.3] for example. �
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