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ABSTRACT

Operation of a water storage tank in a specific environment motivates mathematical studies
on a discrete-time deterministic dynamic programming problem. The operator decides
whether or not to open the valve releasing the water in the tank to a drip irrigation system,
based on the information on the storage volume of the tank. Two cases of functional
regularity, which are Lipschitz continuous and of bounded variations, are considered for the
reward defining the performance index to be maximized. Firstly, it is shown that the value
function inherits the Lipschitz continuity of the reward in the infinite time horizon problem
with discounting. Then, time periodic value functions are discussed in terms of the fixed-
point theorem. Discrete approximation of value functions is discussed as well, to conduct
numerical experiments with a-posteriori error estimation applied to the real-world problem
where the discount rate approaches to unity. It is found that a Skiba point appears as a
threshold of valve opening for each day in an optimal policy for operation. Practically, setting
a constant threshold throughout the period is quite reasonable and acceptable for the operator

of the water storage tank to irrigate the farmland.

! Corresponding author. E-mail address: unami@adm.kais.kyoto-u.ac.jp (K. Unami)


http://ees.elsevier.com/amc/download.aspx?id=974979&guid=4ce7d07f-c127-4b53-8248-80ac500c3052&scheme=1
http://ees.elsevier.com/amc/viewRCResults.aspx?pdf=1&docID=86240&rev=0&fileID=974979&msid={05F826A5-AF5C-4886-A7CD-0A23E867630A}

Keywords:

Deterministic dynamic programming
Bellman equation

Water storage tank

Time periodic optimal policy

Skiba point

1. Introduction

Water storage tanks are installed for different purposes such as irrigation, domestic water
supply, and rainwater harvesting. One of the common functions of water storage tanks is to
ensure the adequate provision of water to the user when the flux of available water does not
meet the fluctuation of demand. Although operational practices for water resources
management in the real-world are dominantly based on empirical knowledge, theories of
inventory optimization are applicable to rationalizing such practices as well as seeking better
policies, see e.g. [7,8,14,22,23]. In dynamic contexts, formulation of an optimal control
problem is the universal and rigorous mathematical approach to deduce an optimal policy
based on the principle of DP, where the Bellman equation governs the value function which is

the supremum or the infimum of a performance index [3].

The notion of viscosity solution is ubiquitous in mathematically dealing with DP for
continuous-time decision processes on Borel spaces. Existence, uniqueness, and stability of a
viscosity solution representing the value function have been intensively discussed in standard
textbooks including Crandall et al. [11], Fleming and Soner [15], and Bardi and Capuzzo-
Dolcetta [1]. Those results support successful application of DP to practical problems in a

variety of study areas. Kesri [19] proposed an algorithm to compute the value functions in



optimal control problems, which are possibly applicable to resource management in general.
In water resources management, Unami and Mohawesh [25] proved unique existence of a
viscosity solution to the Hamilton—Jacobi—Bellman (HJB) equation appearing in a stochastic
DP problem for reservoir operation. leda [18] dealt with the HIB quasi-variational inequality
(QVI) associated with the combined impulse and stochastic optimal control problem over a
finite time horizon, applying it to an optimal forest harvesting problem. Some types of control
problems for discrete-time decision processes including the one discussed here have

continuous-time counterparts which can be regarded as impulse control problems [4].

Most real-world problems in water resources management are stochastic in nature, and
references to deterministic cases have been relatively few, as mentioned in Yakowitz [28].
Nevertheless, researches on operation of deterministic nonlinear systems are acquiring
importance for comprehending complexity and singularity of phenomena. Crandall and Lions
[10] established a general approach to the Hamilton-Jacobi (HJ) equations of first order
appearing in deterministic DP problems. Grlne et al. [16] studied deterministic decision
making problems for ecological management in a polluted shallow lake. For the same
dynamical system to be controlled, Wagener [27] focused on indifference or Skiba points, for
which there are two distinct optimal controls with equal value function achieved. Skiba points
in water resources management are typically thresholds of opening valves or switching
pumps [24]. Kossioris and Zohios [20] further investigated the shallow lake problem in the
context of viscosity solution as well. Griine and Semmler [17] developed computational
methods for HJ equations involving Skiba points. Under some assumptions imposed on the
system dynamics and the performance index, a unique bounded uniformly continuous
viscosity solution exists for the HJ QVI [2]. ElI Farouq [12] worked on discrete
approximations of such HJ QVIs. El Farouq [13] innovated HJ QVIs for degenerate

problems. However, it seems that discontinuous solutions to HJ QVIs are least explored in the



literature, although HJ equations have been well linked to first order quasilinear equations
involving generalized solutions in the space of functions of bounded variations [9,21].
Bokanowski et al. [5] dealt with piecewise constant viscosity solutions to HJ equations with
discontinuous initial data. Bokanowski et al. [6] presented high-order approximation schemes

for solutions to stationary HJ equations in the space of bounded functions.

This paper discusses a discrete-time deterministic DP problem with a state variable defined
on a closed interval in R, being applied to time periodic optimal policy for operation of a
water storage tank. The state variable represents the storage volume of the tank, while the
control variable represents the operator’s daily decision whether or not to open the valve
releasing the water in the tank to a drip irrigation system. A discount rate is included in the
performance index to obtain a time periodic value function solving the Bellman equation as
well as the optimal policy. Weak assumptions imposed on the performance index implies

generalized solution to the relevant Bellman equation.

The rest of the paper is structured as follows. The mathematical problem is stated in Section
2. In Section 3, several theorems are proven to characterize the solutions to the Bellman
equation. Section 4 is devoted to the application and its results. Concluding remarks are

provided in Section 5.

2. Mathematical statement of the problem

A discrete-time deterministic decision process with the time increment of 1 day is considered
to mathematically model operation of the water storage tank. The storage volume X, at the

beginning of a given day t is the state variable ranging in a compact set K of non-negative

real numbers



K=[0V] (1)

where V is the maximum storage volume of the tank. The decision variable u indicating the

on/off state of the valve to release water from the tank to the water user is constrained in the

set U = {0,1} of admissible controls.

2.1 Mathematical preliminaries

The set of bounded functions defined on K is denoted by B(K), which is a Banach space
equipped with the uniform norm

V1., = suplv(x) @
for v=v(x)eB(K). The set of continuous functions defined on K is denoted by C(K),
which is a subspace of B(K). The L' norm of a function v =v(x) e B(K) is defined by

o= [ p()|ax. @)

v

The total variation TV(v) of ve B(K) is defined by

V(%) =V(%)| (4)
where P is the set of partitions

73={P={x0,---,xnp}|xi eK,x <x.,, for0<i< np}. (5)
A function ve B(K) is said to be of bounded variation on K if and only if TV/(v) is finite.

The set of functions of bounded variations defined on K is denoted by BV(K), which is a

Banach space equipped with the norm

Mgy =Vl +TV(v) ©)

for v=v(x)eBV/(K). For a Lipschitz continuous v e B(K),



TV(v)<|K|Lip(v)=V Lip(v) (7

where |K| is the measure of K, and Lip(v) represents the Lipschitz constant of v.

2.2 Dynamics of water balance in the tank

The water balance in the tank is governed by

X, :min(Xt+S(t),V)

X,y =max(X, —uR(X,.),0) ®)

where V is the maximum storage volume of the tank, S(t) is the volume of water supplied
to the tank on the day t and is time periodic, X . is the storage volume of the tank

immediately before making decision on opening the valve on the day t, and R(x) is the

volume of water released for the water user as a result of opening the valve when the storage

volume of the tank is x. The transition between two states is deterministic and summarized as
£(t,x,k)=X,,,, provided that X, = x and u =u, . 9)

We impose the following assumptions on the functional properties of this £(t, X, k).

Assumption 1. &(t, x,K) is non-decreasing with respect to x, that is,

E(tx,k)<&(ty k), ifx<y. (10)
Assumption 2. £(t, x,k) as a function of x is Lipschitz continuous, that is, there exists a

Lipschitz constant L, =Lip(&(t,x,k)) >0 for each t and k such that

E(txk)=&(ty. k)<L x=y], vxyeK. (11)
Assumption 3. Furthermore, the Lipschitz constants Lfk are bounded by 1, that is,

L = max L, <1. (12)



2.3 Formulation of DP problem

Decision making is dominated by the reward f (t,x k) received when the decision u, is

chosen for the state x. A policy ~ is a map k =7Z'(t,X) of those choices. The total reward

received during the period from the current time t =s <0 until the terminal time t=0 with a
positive discount rate o <1 for X, =X is the performance index denoted by

t<0

O7(s,X) =D 57 (8, X, 7 (1, X,)). (13)

A policy 7~ is said to be optimal if

" (s,X)= max &” (s,x) (14)
for any time s and any state x. From the principle of DP, the Bellman equation

@ (3,X)= mflx{f (s, x,k)+8D (s+1,&(s,x, k))} (15)
is obtained and solved with terminal condition

@" (0,X)=0, VxeQ, (16)
to determine the value function @~ (s, x), which henceforth shall be denoted by ®° = @ (x)

as a function defined on K for each s. The optimal policy #z~ may not be unique. It is assumed

that the reward is bounded as f (t, x,k) < f™ for any t, x, and k, and then the value function

is obviously evaluated as

<0 1-5° 1
0<D° <> o fm = fmax o T g max (17)
Z 1-5 1-5

Regarding the functional regularity of f (t, X, k) , however, two cases are considered.
Case l. f (t,x,k) as a function of x is Lipschitz continuous on K with a Lipschitz constant

" =Lip(f(t,x,k))>0 foreach t and k. The maximum of L' is denoted by L'.
Lo Lo



Case 2. f(t,x k) asafunction of x is of bounded variations on K for each t and k.

3. Solutions of the Bellman equation

For each day t, the Bellman equation (15) prescribes a mapping v' = ¢' (v“l) from B(K) to
B(K) as

v‘(x):mslx{f(t,x,k)+5v”1(§(t,x,k))} (18)
where V' (x) represent the value of v' at x € K. For each k, subsets K, (vt) of the set K are

defined as

K, (vt):{x‘vt (x)=f (t,x,k)+§v‘+1(§(t,x,k))} . (19)
3.1 Properties of the mapping ¢'
Several properties of the mapping ¢' are stated as follows.
Theorem 1. In Case 1, if v° is Lipschitz continuous, then v' are also Lipschitz continuous for

all t<0.

Proof. Assume that there exists L = Lip(v*) >0 forall s>t such that

vs(x)—vs(y)‘sLS|x—y|, vx,yeK. (20)
Without loss of generality, v'(x)>v'(y) is assumed. Let Vv'(x) =f(tx j)

+6V(&(t X, j)). Then,



IV (x) v ()] v () v (y) <V (x) = F (& y1)+5v (f(tyj)))

=f(t,xj)-f(ty ) +5( FHEtx ) -V (E(t Y. ) )

s‘f(tx i)ty ‘+5 VI (E( X)) -V (E(L L ) ‘ (1)
<L x=yl+oLl?E(Lx, 1) -E(ty, j)‘

<L |x=y|+ LML x|

(L‘ +5LMLS )|x y|

Therefore, V' is Lipschitz continuous with a Lipschitz constant L' = Lip(vt) >0 evaluated as

<L Sf(&f ) (o) < L +(oL) < L' o (22)
T &= T 1-61f ) L
O

In Case 2, however, M* :TV(vt) for all t <0 are not uniformly bounded in general. We
consider a special case, which appears in the application described later, such that

(0,0 ]k, (), [0V]eK,(v) (23)
where ¢' is a Skiba point at each t. Let {X, %"} ={x,x,} such that

V() <vi(x)=f(tx, j)+5v‘+1(§(t,xi+, j)) (24)
for each i of each P. Then,

V' (%i0) =V (%)

() -v (%)

SVt(x,*) (f(tx J)+5v”1<§(t,xi’,j))) (25)
= F{e )= (X ) o (v (e (e 1) v (66X 1))

S‘f(t X', j) (tx j)‘+5 ”1(5) Vm(ff)‘

where & =&(t,x", ), from which it is possible to constitute two other partitions

=V

{5(?,-.-,5:3} and {gnlg,---,fnlp} with a natural number n} such that {&/,&),}={&"&7},



)<< 5:3 and & <. < §§P , because Assumption 1 guarantees conservation of the orders
P P

of x, and &' as far as j is unchanged. Then, TV(V‘) is evaluated as

F(tx )= f(tx, i)+

() (5 )

p[Z F(1,0)- F (1, 0)+ 3

P—
i=np

o (a)v(e )|

<STV(f (1,%,0))+TV(f(t,x1))+5C*M

f(tx1)-f (t,xi,l)U. (26)

PeP i=0 i:np

+5sup['<§"f ER N 153

where C’® for s>t is a non-negative constant not greater than 2. Provided that all C' are

bounded by a constant C™ <1, all M" are bounded as

ME<W sfi(acrmax )t +(sC™ )’t M°
s=t
Wf max \~
T o +(scm) " m° 27)

f
< w +M?°
1-sCm™

A

where W' = m:’:\x(TV( f(t,x,0))+TV(f(t, x,l))) .

Contraction is a common property of ¢' both for Case 1 and Case 2.

Theorem 2. ¢' is a contraction mapping with respect to the uniform norm.

Proof. Define two sequences {vy} and {vi} for t<0in B(K) using v} = ' (v{") with any

v; e B(K) for je{0,1}. Foreachx, je{0,1} and ki €U are chosen so that



Vi (x)= f (k) + v (£(tx k)= v, (x) (28)
where z=mod( j+1,2) and let

W (X) = f(t,x,k;)+5v§jl(§(t,x, k! )) (29)
This leads to the evaluation

Vo (x)=v; ()| =V} ()=, ()

<V} (%), ()

=5 (Vi (£(t k) v (£(txky)) (30)
<5l t+1(g(t x, k¢ )) t+1(§(t X, kt ))
<5\t v
and then
Ve =i, =t (v57) -t ()] < 8-t (31)
implying that ¢' is a contraction mapping with respect to the uniform norm. L]

Remark 1. When S(t) and consequently ¢' are P-periodic, the fixed-point theorem is

t<s+P

applicable to the stationary contraction mappings y°" = tH @' because
=s

t<s+P t<s+P

H ¢( s+P)_ 1:[ (pt(vls+P)

l//S'P (VngP ) _ l//s,P (V15+P)

5+P

[’e]

. (32)

s+P

<SPV -V

00

as a result of Theorem 2. This guarantees unique existence of a P-periodic function

W* =W*(x) as the fix point
WS — \PS—P _ WS,P (\Ps) (33)

forall s<0 in B(K).



In analogy to the discussion on functional regularity of v', ¢' becomes a contraction
mapping with respect to the L' norm when f (t,x,k) and &(t,x,k) are well behaved. Indeed,
the same assumption as in (23) with another non-negative constant C;, which may not be
finite, leads to the evaluation
+ + v

H(ve) e ()], = (v - I \V = (0)fax=J; (v} (x) =, (x)) ox

< .[ dx

=8| (vi*(E(tx. k) )=Vt (&(t % K] )))dx

J( << >> (£(tn) o

(£(t.x,0))- t+1(f(t,x,o))‘dx
vt (£t x.1))- t+1(§(t,X,1))‘dX

+5_[
<:C$(:t+l

t+l t+1
\ﬁ

Ll

where the same notations as in the proof of Theorem 2 are used.

3.2 Discrete approximation

An approximation method is presented in order to construct the P-periodic value function.

We opt for the piecewise linear approximation v, e C(K) of any v' € B(K) as

Vi (x) = mli#v‘ (iAX) + X_AiXAX V((i+1)Ax), iAx<x<(i+1)Ax (35)

where the set K is discretized with a constant step Ax=V/n. Firstly, we assume Case 1 that
f (t,x,k) is Lipschitz continuous. Let ¢, denote the mapping v; =1, (v') from B(K) to
C(K) for each n, and abbreviation @, =¢' o1 is introduced. It is easy to show that

i, (V)—1, (W)”OC <|v—w], for any v,weB(K), and therefore ¢, is a contraction mapping

because of Theorem 2. There is error estimation

Jv-1,(v)], <5 Lip(v) (36)



for Lipschitz continuous v e B(K), as well as

v=,(v)

[

7Tv( ) (37)

t<s+P

for ve BV(K) . The stationary mapping Wt = tH @, is contractive as well. Now, an
=s

t<0
approximation of a value function v* =IT¢'(v*) for any s<0 is recursively calculated as
t=s

t<0
v :tl‘[(p; (vo). With an analogous discussion in the proof of Theorem 1, V. turns out to be
=s

L’ o

Lipschitz continuous with the same Lipschitz constant L° < 51 +L

, which does not

depend on n. According to the Ascoli-Arzela theorem, there exists a subsequence of {\Tj}

that converges uniformly to a Lipschitz continuous function with the same Lipschitz constant.

Indeed, the discretization error is recursively estimated as

t<0 ¢ 0
-V v —T1 g, (v )
t=s

A

00

<5 vs+l_,(§1¢; (VO)j o e e A

< 5( A TR A —OO (V) w) (38)
<5 vt-vt +:Z<0: S =e(W)|.

<o (W)« St (),

in the uniform norm. Using (36), the rightest hand of (38) is further evaluated as

Pl . ( ) tz (—) AZX i5t 41 i1

0
t=5+ t=s

_ S-S f
AX10 sl L Lo (39)
2 1-90 1-6L°

f
< AX L +1°
2(1-5)\1-61°




resulting in uniform convergence of V' to v* as n—» oo, and the order of convergence is AX.

t<0 t<0
_ _ t 0 TS _ M _ t 0 . .
Let CDS—CDS(X)—Hgo(CD) and CDz_CDi(x)_t:HSgon(cD) with the common terminal

t=s
condition ®° =®? (x)=®" (0,x)=0 as in (16). The value function ®° is approximated by
®° in the uniform norm as n — oo, because of (38) with (39). Remark 1 asserts that ®° and
®° get close to the P-periodic value function W* and the fixed point of w>", respectively, as
s — —oo. Therefore, from

H‘P ~ O

o

s -,

: (40)

00

®: approaches to W* in the uniform norm as s — —oo and n — .

Next, we attempt to weaken the functional regularity constraint of the reward f (t,x,k) as in

t<0 _ t<0
Case 2. Let CDS:tH(pt(CDO) and CDi:tHgo;(CDO) for the reward f(t,x,k) of bounded
=S =S

variations. As mentioned in Remark 1, there exists unique P-periodic value function

¥* e B(K) for the reward f (t,x,k). The evaluation

H‘P N

¢ < HIPS -0

S S
by +H(D -0,

LSV -0

OO+HCDS ~®°

(41)

Ll
is valid if C™ and C™ are so small that TV (®°) is finite and ¢' is contractive. Indeed,

the first term of the rightest hand side of (41) goes to zero as s — —oo because of Remark 1,

while the second term is further evaluated as



t<0

L <(scm)” Hcp° — (q>°)HL1 +3(sCm)”

t=s+1

qu ~ O

5;—1(5;)

1L
AX t<0

S -
25

Ax 1-(50;““)’5 - _
<5 1somocT sup(TV(®,)

AX _
: 2(1—503“)52?2“\/(@”))

(5Ccm) " TV(D)
(42)

where sup(TV(CT);)) as s — —oo shall be estimated from computational results.

s<t<0

Finally, we consider the performance index without discounting in Case 1. For positive 6 <1

and fixed n, there exists an integer s, <0 such that a pseudo periodic value function ¥? (6)
satisfies

<g, se{s,—P,s,—P+1--s -1 (43)

0

[#5(8)-va" (¥:(5))

forasmall £>0. The reward f (t,x,k) is scaled down to the order of 1-& so that the upper

bound of the Lipschitz constant L° in (22) is fixed. Then, according to the Ascoli-Arzela

theorem, with N €N there is a subsequence of {‘?i (l—lO‘N)} uniformly converging to a

Lipschitz continuous function ¥? (1) which further converges to a Lipschitz continuous

function ¥* (1) as € >0, s—>—0,and N — .

In the following section, we shall attempt to obtain pseudo periodic value functions with and

without discounting via numerical experiments.

4. Application to the water storage tank in the real-world



We focus on a water storage tank which is a part of a micro irrigation scheme constructed in a
harsh environment of the Jordan Rift Valley [26]. The micro irrigation scheme is equipped
with a flash flood harvesting facility and a solar energy driven desalination plant. Freshwater
produced by the desalination plant is stored in the tank connected to a drip irrigation system,
which is the water user, with an on/off type valve. The rate of freshwater production is
assumed to be deterministic and time-periodic. When the operator opens the valve, the stored
water is released to the drip irrigation system by gravity. However, the release discharge
exclusively depends on the storage volume in the tank because of hydrodynamics, while that
discharge should be kept within a certain range to attain ideal infiltration in soil of the

irrigated farmland.
4.1 Model parameters

The model parameters for the water storage tank are set as follows. The maximum storage
volume V is 4.000 (m®). From numerical simulation using a thermo-dynamical model
verified with observed data, the volume of water supplied to the tank (m®) on Julian day t is

assumed to be deterministic as

2.50131

t—6.92924
6.29808+48.9116/sin ﬂ( 365 ) (common year)

S(t)= : (44)

7 (t-6.94823) "
6.29808+48.9116(sin 366 (leap year)

which is 1461 days periodic, as shown in Fig. 1. From a hydraulic experiment, the release
discharge Q(x) (m*/s) as a function of the storage volume x (m°) is identified as
Q(X) =2.690x10"°x**2. (45)

The dynamics of storage volume y (m?) in the tank while the valve is open is described as the

initial value problem of the ordinary differential equation



y__ -
=) y(0)=X, (46)

where = (s) is the local time starting from the moment of valve opening on the day t. From

(44) and (46) with (45), the transition to the state on the next day is determined as

ifk=0

X, k)= 47
§(tXuk)= y(T) ifk=1 S

where T is the duration that the valve is kept open on the day t, which is set as 3600 (s). Fig. 2
shows £(1285,x,0) (green line) and £(1285,x,1) (blue line) with y(T) (red line) when
X. =X, as $(1285) is the maximum of S(t), suggesting that L, =1. It is easy to prove

Ls =1. The two cases of the reward f (t, X, k) are considered here as

0 ifk=0
f(tx“mz{aayxﬁ(xﬁ» ifk =1 ()

with the function F (x) prescribed for each case as

A% )= gomg s 11 (QUY(7)))ar (o)

where y is the indicator function, and I, is the interval of preferable release discharge,

which is assumed to be [107°/6,10°/2 | (m%s), and

|0 ifFR(x)<3
B(”_{s if F,(x)>3° 0)

Fig. 3 depicts F,(x) (red line) and F,(x) (thick black line). The Lipschitz constant L' for

Case 1 is not greater than 6(1—5),and W ' for Case 2 is equal to 6(1-5).

Fig. 1.  The volume of water supplied to the tank changing with a period of 1461 days.
Fig. 2. The functions prescribing transition of states.

Fig. 3.  The functions prescribing the reward.



4.2 Computational Results

Based on the discrete approximation described in Subsection 3.2, a series of numerical

experiments was implemented for each case with 6 =1-10" for N =1, 2, 3, 4, 5, and 6 on

meshes of n = 400, 4000, and 40000. Red lines in Fig. 4 and Fig. 5 show the computed value

is less than the machine

o]

functions @™ with negative integers m such that HCT);“P — " P

epsilon for Case 1 and Case 2, respectively. These can be regarded as the periodic value

functions at t = 0. Green lines and blue lines show their candidates f(mP,x,k)
+5§>’H“P+1(§(mP,x,k)) with k = 0 and 1, respectively. The optimal policy 7z (t,x) is
delineated in Fig. 6 and Fig. 7, where Ko(i)tn) is blacked out in the t-x-plane of each panel,

for Case 1 and Case 2, respectively.

Fig. 4.  The periodic value functions at t = 0 for Case 1 with their candidates.
Fig. 5.  The periodic value functions at t = 0 for Case 2 with their candidates.
Fig. 6.  The time periodic optimal policy for Case 1.

Fig. 7. The time periodic optimal policy for Case 2.

From these figures, the following can be observed.

Case 1.

The discretization error for the time periodic value functions is evaluated as



\r}” N

e

0 o0

t<s
z 5t—S+P

<o |we - @;

+

0

CT)tn—l(CT)tn)

0

t=s—-P+1

_ P
ﬁ5& max |_t
© 1-6 2 s—P<t<s

(51)
<o |we - @;

max L'

s—P<t<s

< 9 X
1-6 2
from (38). According to the evaluation (22), the supremum of the Lipschitz constant L' is

f
lLTWL L°, which is upper bounded by 6 assuming that L° =0. This implies that the
discretization error by (51) is significantly large under the prescribed values of § =1-10"°
with n=40000 even. However, the computed value functions indicate far smaller L' at the

order of 1-5 for each &, most probably because L, =0 and L:, is close to 1 for smaller x
where 7" (t,x)=0 and because L/, is large and L;, is small for larger x where 7 (t,x) =1,

from the distribution of 7 (t,x) which can be seen as K . in Fig. 6. Therefore, the

(tx)
computational results for the three cases of §<1-10" with n=40000 are convincing in
terms of this a-posteriori error estimation. The two candidates of a value function are very
close to each other in some parts of K. Nevertheless, a single Skiba point is found at each t for

each ¢, and its year periodic fluctuation exhibits different behavior with randomness for
6=1-10" in particular. Although the computed value functions may contain substantial

discretization error, the optimal policy 72'*(t, x) seems converging to the one where the Skiba

points define @' as the thresholds of valve opening with slight year periodic fluctuation. The

thresholds for § =1-10"° range between 2.563 (m®) in July and 2.696 (m?) in January.

Case 2.
As no a-priori estimation for (41) is available, a-posteriori estimation as in Case 1 is

replicated for the discretization error for the time periodic value functions in Case 2. As can



be seen in Fig. 7, multiple Skiba points appear for some t, but almost same clear thresholds of

valve opening are identified for all § and n. Regarding those thresholds as #', C™ and
C.™ inferred from Fig. 2 and Fig. 5 are small enough to conclude that the computational

results for the three cases of 6 <1-10" with n=40000 are still convincing. There may be
effects of truncation errors in the cases of § >1-10"*. The time periodic value function ¥*

seems to be of step type for the convincing case of § =1-10"°, and it is inferred that ¥* for

0 =1 has less points of discontinuity. The behaviors of the thresholds for all & and n are

similar to those of the inferred thresholds for 5 =1 in Case 1. The thresholds for 6 =1-10°

range between 2.665 (m®) in July and 2.714 (m®) in January.

5. Conclusions

Motivated by determining time periodic optimal policy for operation of the water storage
tank, the discrete-time deterministic DP problem has been intensively examined. Firstly,
regularity of value functions was identified for the infinite time horizon problem with
discounted reward. Then, time periodic value functions were discussed in terms of the fixed-
point theorem. The numerical experiments were conducted for the real-world application,
based on the discrete approximation of value functions. Although the computational results
for the value functions without discounting are not convincing enough because of
discretization and truncation errors, an operation policy setting a constant threshold of valve
opening at 2.6 (m°) or 2.7 (m®) throughout the year will be close to the optimal in the long
run. With the policy using the constant threshold 2.6 (m®) of valve opening, for example, the
intervals of drip irrigation events are 16 days during the hot summer seasons and 106 days
during the wet winter seasons. This is quite reasonable and acceptable for the operator of the

water storage tank to irrigate the farmland.



Acknowledgements

This research is funded by Grants-in-Aid for Scientific Research Nos. 26257415, 16KT0018,

and 16K15007 from the Japan Society for the Promotion of Science (JSPS).

References

[1]

[2]

[3]

[4]

[5]

[6]

[7]

[8]

[9]

M. Bardi, I. Capuzzo-Dolcetta, Optimal Control and Viscosity Solutions of Hamilton-
Jacobi-Bellman Equations, Birkh&user, 2008.

G. Barles, Deterministic impulse control problems, SIAM J. Control Optim. 23 (1985)
419-432.

R. Bellman, Introduction to the Mathematical Theory of Control Processes: Nonlinear
Processes, Academic Press, 1967.

A. Bensoussan, Impulse control in discrete time, Georgian Math. J. 15 (2008) 439-454.
O. Bokanowski, N. Megdich, H. Zidani, Convergence of a non-monotone scheme for
Hamilton—Jacobi—Bellman equations with discontinuous initial data, Numer. Math. 115
(2010) 1-44.

O. Bokanowski, M. Falcone, R. Ferretti, L. Grine, D. Kalise, H. Zidani H, Value
iteration convergence of g-monotone schemes for stationary Hamilton—Jacobi
equations, Discrete Contin. Dyn. Syst. 35 (2015) 4041-4070.

A. Castelletti, F. Pianosi, R. Soncini-Sessa, Receding horizon control for water
resources management, Appl. Math. Comput. 204 (2008) 621-631.

A. Castelletti, F. Pianosi, R. Soncini-Sessa, Integration, participation and optimal
control in water resources planning and management, Appl. Math. Comput. 206 (2008)
21-33.

L. Corrias, M. Falcone, R. Natalini, Numerical schemes for conservation laws via

Hamilton-Jacobi equations, Math. Comput. 64 (1995) 555-580.



[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

M.G. Crandall, P.L. Lions, Viscosity solutions of Hamilton-Jacobi equations. T. Amer.
Math. Soc. 277 (1983) 1-42.

M.G. Crandall, H. Ishii, P.L. Lions, User’s guide to viscosity solutions of second order
partial differential equations, Bull. Am. Math. Soc. 27 (1992) 1-67.

N. El Farouq, Deterministic impulse control problems: two discrete approximations of
the quasi-variational inequality, J. Comput. Appl. Math. 309 (2017) 200-218.

N. El Farouq, Degenerate first-order quasi-variational inequalities: an approach to
approximate the value function, SIAM J. Control Optim. 55 (2017) 2714-2733.

R.M. Fadhil, Daily operation of Bukit Merah Reservoir with stochastic dynamic
programming under the impact of climate change, Doctoral Thesis, Universiti Putra
Malaysia, 2018.

W.H. Fleming, H.M. Soner, Controlled markov processes and viscosity solutions,
Springer, 2006.

L. Grine, M. Kato, W. Semmler Solving ecological management problems using
dynamic programming, J. Econ. Behav. Organ. 57 (2005) 448-473.

L. Grune, W. Semmler, Using dynamic programming with adaptive grid scheme for
optimal control problems in economics, J. Econom. Dynam. Control 28 (2004) 2427 —
2456.

M. leda, An implicit method for the finite time horizon Hamilton—Jacobi—Bellman
quasi-variational inequalities, Appl. Math. Comput. 265 (2015) 163-175.

M. Kesri, An explicit method for optimal control problems, Appl. Math. Comput. 219
(2013) 8213-8221.

G. Kossioris, C. Zohios, The value function of the shallow lake problem as a viscosity
solution of a HIB equation, Quart. Appl. Math. 70 (2012) 625-657.

S.N. Kruzkov, First order quasilinear equations in several independent variables, Math.

USSR Shornik, 10 (1970) 217-243



[22]

[23]

[24]

[25]

[26]

[27]

[28]

G. Mabaya, K. Unami, M. Fujihara, Stochastic optimal control of agrochemical
pollutant loads in reservoirs for irrigation, J. Clean. Prod. 146 (2017) 37-46.

E. Sharifi, K. Unami, M. Yangyuoru, M. Fujihara, Verifying optimality of rainfed
agriculture using a stochastic model for drought occurrence, Stoch. Environ. Res. Risk
Assess. 30 (2016) 1503-1514.

K. Unami, M. Yangyuoru, A.H.M.B. Alam, G. Kranjac-Berisavljevic, Stochastic
control of a micro-dam irrigation scheme for dry season farming, Stoch. Environ. Res.
Risk Assess. 27 (2013) 77-89.

K. Unami, O. Mohawesh, A unique value function for an optimal control problem of
irrigation water intake from a reservoir harvesting flash floods, Stoch. Environ. Res.
Risk Assess. (2018), doi: 10.1007/s00477-018-1527-z

K. Unami, O. Mohawesh, E. Sharifi, J. Takeuchi, M. Fujihara, Stochastic modelling and
control of rainwater harvesting systems for irrigation during dry spells, J. Clean. Prod.
88 (2015) 185-195.

F.0.0. Wagener, Skiba points and heteroclinic bifurcations, with applications to the
shallow lake system, J. Econom. Dynam. Control 27 (2003) 1533-1561.

S. Yakowitz, Dynamic programming applications in water resources, Water Resour.

Res. 18 (1982) 673-696.



Click here to download Figure(s): Figl.eps

S(L)

60

/\

/\

/\

/\

AFANTAVATA
\ARVARVARVAR

t (day)

1461


http://ees.elsevier.com/amc/download.aspx?id=974661&guid=e539f3d5-5314-406e-b983-884bbd1e01ac&scheme=1

Fig.2

Click here to download Figure(s): Fig2.eps

G,y (md)

!g (1285, x, d)
£ (1285,x,1)

y (T)

N,



http://ees.elsevier.com/amc/download.aspx?id=974662&guid=0c8932f1-3476-421a-94f2-be47ab4d9205&scheme=1

Fig.3
Click here to download Figure(s): Fig3.eps

X (md)



http://ees.elsevier.com/amc/download.aspx?id=974663&guid=3962541b-9da0-4e02-acac-066b69b8c28b&scheme=1

Fig.4
Click here to download Figure(s): Fig4.eps

2 0.092632 0.092632 0.092632
% 0.092628 0.092628 —— | 10.092628 —
S o 10092624 ] - 0.092624 -~ 0.092624
° // 0092620 |_— | 0.092620 0.092620
— 0.092616 0.092616 0.092616
0 1 2 3 4 0 1 2 3 4 0 1 2 3 4
o 0.092660 0.092660 0.092660
g 0.092620 [ 1 10092620 | |0.092620 el
T s 0.092580 _— 0.092580 _— 0.092580
] 0.092540 — 0.092540 — 0.092540
0.092500 0.092500 0.092500
0 1 2 3 4 0 1 2 3 4 0 1 2 3 4
3 0.093200 0.093200 0.093200
% 0.092800 | 0092800 0.092800 \
S 5 / 0.092400 / 0.092400 / 0.092400
“ ] 0.092000 ] 0.092000 7 0.092000
0.091600 0.091600 0.091600
0 1 2 3 4 0 1 2 3 4 0 1 2 3 4
3 0.096000 0.096000 0.096000
§ 0.092000 | ]0.092000 _— 1 ]0.092000 el
S & _— 0.088000 _— 0.088000 _— 0.088000
“ 0.084000 0.084000 0.084000
0.080000 0.080000 0.080000
0 1 2 3 4 0 1 2 3 4 0 1 2 3 4
3 0.100000 0.100000 0.100000
§ 0.080000 1 0.080000 1 |0.080000 I
S & / 0.060000 / 0.060000 / 0.060000
“ // 0.040000 // 0.040000 // 0.040000
0.020000 0.020000 0.020000
0 1 2 3 4 0 1 2 3 4 0 1 2 3 4
3 0.400000 0.400000 0.400000
§ 0.300000 0.300000 0.300000
S & / 0.200000 / 0.200000 / 0.200000
“ / 0.100000 / 0.100000 / 0.100000
/ 0.000000 / 0.000000 Y 0.000000
0 1 2 3 4 0 1 2 3 4 0 1 2 3 4
x (m?) x (m?) x (m¥)
n = 400 n = 4000 n = 40000

Candidate withk =1

Computed value function Candidate withk =0



http://ees.elsevier.com/amc/download.aspx?id=974664&guid=573f2413-a6c4-4f14-a537-c697baddac24&scheme=1

Fig.5

Click here to download Figure(s): Figb.eps

0.999999

P

3

0.999990

o=
>

0.999900

o=
o)

0.999000

>

3

0.990000

o>

3

0.900000

>

3

0.090460 0.091080 0.091150
0.090455 ] 0.091075 0.091145 T~
0.090450 0.091070 — I L— T 0.091140
/
0.090445| | 0.091065 0.091135
0.090440 0.091060 0.091130
0 1 2 3 4 0 1 2 3 4 0 1 2 3 4
0.090500 0.091100 0.091200
0.090460 = 0.091060 j I 0.091160 J
0.090420 /" K/f/’/” 0.091020|  |0.091120 If:ij( L
_— 0.090380 0.090980 " 0.091080
s
0.090340 0.090940 0.091040
0 1 2 3 4 0 1 2 3 4 0 1 2 3 4
0.091500 0.091500 0.091500
0.091000 0.091000 0001000 e
0.090500 _— /% 0.090500 et 0.090500
S — -~
0.090000 0.090000 0.090000
0.089500 0.089500 0.089500
0 1 2 3 4 0 1 2 3 4 0 1 2 3 4
0.096000 0.096000 0.096000
0.092000 0.092000 0.092000
0.088000 — T om0 ] L — 0.088000, ] —
/
_— 0.084000, | — 0084000 | 0.084000
0.080000 0.080000 0.080000
0 1 2 3 4 0 1 2 3 4 0 1 2 3 4
0.100000 0.100000 0.100000
0.080000 0.080000 sl 0.080000 sl
0.060000 0.060000 0.060000
— —
s 0.040000 // 0.040000 ///’/J 0.040000
0.020000 0.020000 0.020000
0 1 2 3 4 0 1 2 3 4 0 1 2 3 4
0.400000 0.400000 0.400000
0.300000 0.300000 0.300000
0.200000 0.200000 0.200000
0.100000 0.100000 0.100000
0.000000 J 0.000000 J 0.000000 J
0 1 2 3 4 0 1 2 3 4 0 1 2 3 4
x (m?) x (mF) x (¥)
n =400 N = 4000 N = 40000

Computed value function

Candidate with k=0

Candidate withk =1


http://ees.elsevier.com/amc/download.aspx?id=974665&guid=539da629-886c-4c84-abcf-cd872c678596&scheme=1

Fig.6
Click here to download Figure(s): Fig6.eps

o)) 4_ _ 4_
()]
>
gggr\S_ _ 3
o
I éé 2
(o><
730 1095 1460 730 1095
o 4_ _ 4_
()]
>
o)} 3 _ 3
SE
o
I ~2
(Ox
730 1095 1460 730 1095
o 4_ _ 4_
S
>
o)) 3. - 3
SE
o
I ~2
w X
730 1095 1460 730 1095
o 4_ _ 4_
S
o
g§§?~3_ - 3
o
I E;ZZ
w X
730 1095 1460 730 1095
o 4 _ 4_
S
S
gog).p(%_ _ 3
o
I E;ZZ
w X
730 1095 1460 730 1095
o 4 _ 4_
S
S
E% 3 - 3
o
I 2 2.
(%=}

365 730
mod(t ,1461) (day)

1095 1460 365 730 1095

mod(t ,1461) (day)
n =400 n = 4000

I K, (Vave Open)

1460

1460

1460

1460

1460

1460

3. -

730 1095 1460

w
I
1

730 1095 1460

N
1
1

730 1095 1460

wo»
1 1

730 1095 1460

wo»
1 1

730 1095 1460

w o
1 1

365 730
mod(t ,1461) (day)

1095 1460

n = 40000

[ ] K, (vaveClosed)


http://ees.elsevier.com/amc/download.aspx?id=974666&guid=0203b797-5e90-4873-a5ef-e9231b357ab8&scheme=1

Fig.7
Click here to download Figure(s): Fig7.eps

o 4 _ 4_ _ 4_ _
()]
>
8 — 3 _ 3 _ 3 -
o
I é 2
(o ><

730 1095 1460 730 1095 1460 730 1095 1460
o 4_ _ 4 _ 4. _
()]
>
o)) 3 _ 3 _ 3 -
SE
o
I ~2
(O ><

730 1095 1460 730 1095 1460 730 1095 1460
o 4_ _ 4_ _ 4_ _
S
>
o)) 3. - 3 _ 3 _
SE
o
I ~2
w X

730 1095 1460 730 1095 1460 730 1095 1460
o 4_ _ 4_ _ 4_ _
S
o
8 — 3 _ 3 _ 3 -
o
I S 2
w X

730 1095 1460 730 1095 1460 730 1095 1460
) 4 _ 4_ _ 4 _
S
S
§_ 3 _ 3 3 3 3
o
I S 2
w X

730 1095 1460 730 1095 1460 730 1095 1460
o 4 _ 4_ _ 4 _
S
S
8_ — 3 _ 3 _ 3 -
o
I S 2
w X

365 730 1095 1460 365 730 1095 1460 365 730 1095 1460
mod(t ,1461) (day) mod(t ,1461) (day) mod(t ,1461) (day)
n =400 n = 4000 n = 40000

B K, (Vave Open) [ ] K, (Valve Closed)


http://ees.elsevier.com/amc/download.aspx?id=974667&guid=549f2389-f488-4887-b599-bdf507750d09&scheme=1

