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Abstract 10 

 The perturbation source method (PSM), which is a Monte Carlo perturbation calculation 11 

method, is applied to geometry changes in fixed-source neutron transport problems. In PSM, 12 

perturbation particles that represent the flux difference due to the changes in geometry are 13 

explicitly tracked within the perturbed system. A perturbation calculation for geometry change can 14 

be performed by replacing the material in a perturbed region with the material that occupies the 15 

adjoining region beyond the geometry change. The efficiency of the PSM can be enhanced by 16 

adding a pseudo-scattering cross section to the perturbed region. For geometry changes where the 17 

perturbed region is small, PSM exhibits excellent performance compared to the two independent 18 

runs before and after the perturbation if optimized pseudo-scattering cross sections are used. This 19 

method can also be applied to perturbation due to an external boundary change. Although the 20 

correlated sampling method (CS) is another available Monte Carlo method for geometry change, 21 

PSM largely outperforms CS in terms of computational efficiency for the numerical examples 22 

tested in this study. 23 

 24 

Keywords: Monte Carlo; perturbation; fixed source; neutron 25 

 26 

1. Introduction 27 

 Accurate estimation of flux difference due to a small perturbation (cross section, geometry) 28 

is one of the weaknesses of the Monte Carlo radiation transport calculations. Thus far, several 29 

Monte Carlo perturbation techniques have been developed to overcome this weakness, such as the 30 
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correlated sampling method (CS) (Spanier and Gelbard, 1969; Bernnat, 1974; Nakagawa and 1 

Asaoka, 1978; He and Su, 2010, 2011; Kiedrowski, 2017) and the differential operator sampling 2 

method (DOS) (Rief, 1984; McKinney and Iverson, 1996; Densmore et al., 1997; Nagaya and 3 

Mori, 2005; Favorite, 2009; Raskach, 2009; Nagaya, 2012; Jinaphanh et al., 2016; Kiedrowski, 4 

2017; Yamamoto and Sakamoto, 2019a, 2019b, 2020). The characteristics of these widely used 5 

perturbation methods have long been investigated, and the advantages and weaknesses of the 6 

methods have been evaluated. The weakness of CS is that it involves an unbounded statistical 7 

uncertainty for a large perturbation (Rief, 1984). Meanwhile, DOS is a method that yields the 8 

derivative of the flux with respect to a cross section instead of yielding the flux difference. Thus, 9 

DOS provides an approximate flux difference by the Taylor series expansion with respect to a 10 

cross section. The higher-order derivatives are considered, and more accurate results can be 11 

obtained. Thus, while the flux difference can be estimated by lower order derivatives for a small 12 

cross section perturbation, accurate estimation for a large perturbation requires a large number of 13 

higher-order derivatives. 14 

This paper focuses on fixed-source Monte Carlo perturbation calculations for change in 15 

geometry. Perturbation calculations for geometry change are powerful methods for identifying the 16 

effect of uncertainties in material size or location. Perturbation due to geometry change can be 17 

represented by replacing a material in a perturbed region with the material that occupies the 18 

adjoining region beyond the geometry change. The change in geometry of an external boundary 19 

where a vacuum boundary condition is imposed is equivalent to the exchange between the vacuum 20 

and the outermost material. The cross-section perturbation due to geometry change in most cases 21 

may presumably exceed the range of “small perturbation” for which DOS and CS can provide 22 

accurate results even if the geometry change itself is small. Therefore, the well-known Monte 23 

Carlo perturbation methods, DOS and CS, may not be suitable for calculating the geometry change. 24 

 Another robust and exact method for Monte Carlo fixed source perturbation calculations, 25 

which is dubbed as “the perturbation source method” (PSM), was formerly proposed by Matthes, 26 
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 3 

(1972), Preeg and Tsang (1982), and Lux and Koblinger (1991). Although PSM had drawn little 1 

interest for decades as a Monte Carlo perturbation method, it was revisited by Sakamoto and 2 

Yamamoto (2017) and improved to increase the computational efficiency. Recently, the 3 

fundamental theory of PSM was extended to sensitivity analyses in fixed source calculations 4 

(Yamamoto and Sakamoto, in press). PSM is expected to be a Monte Carlo perturbation 5 

calculation method that may be applied to geometry change owing to its robustness and efficiency. 6 

 In Section 2, the fundamentals of PSM are revisited, and its application to geometry change 7 

is presented. In Section 3, some numerical examples of PSM are presented, and its superiority over 8 

other perturbation methods such as CS is exemplified. A summary and conclusions are provided 9 

in Section 4. 10 

 11 

2. Theory of perturbation source method 12 

2.1 Transport equation for flux difference due to perturbation 13 

The theory of the perturbation source method (PSM) is briefly reviewed, although it has 14 

already been presented in previous publications (e.g., Sakamoto and Yamamoto, 2017). The fixed-15 

source radiation transport equation in a non-multiplying system is given by:  16 

𝑯𝜙(𝒓, 𝜴, 𝐸) = 𝑆(𝒓, 𝜴, 𝐸),                                                       (1) 17 

where 18 

𝑯𝜙(𝒓, 𝜴, 𝐸) ≡ 𝜴 ∙ 𝛁𝜙(𝒓, 𝜴, 𝐸) + 𝛴𝑡(𝒓, 𝐸)𝜙(𝒓, 𝜴, 𝐸) 19 

− ∫ 𝑑𝜴′ ∫ 𝑑𝐸′𝛴𝑠(𝒓, 𝜴′ → 𝜴, 𝐸′ → 𝐸)𝜙(𝒓, 𝜴′, 𝐸′)
4𝜋

,              (2) 20 

             21 

𝜙(𝒓, 𝜴, 𝐸) = the flux at position r with energy E and direction 𝜴, 𝑆(𝒓, 𝜴, 𝐸) = external source 22 

term, 𝛴𝑡 = total cross section, and 𝛴𝑠 = scattering cross section. When the cross sections, 𝛴𝑡 23 

and 𝛴𝑠, change to 𝛴𝑡 + ∆𝛴𝑡 and 𝛴𝑠 + ∆𝛴𝑠, respectively, Eq. (1) changes to 24 

(𝑯 + ∆𝑯)(𝜙(𝒓, 𝜴, 𝐸) + δ𝜙(𝒓, 𝜴, 𝐸)) = 𝑆(𝒓, 𝜴, 𝐸),                          (3) 25 

where 26 

∆𝑯(∙∙∙) ≡ ∆𝛴𝑡(𝒓, 𝐸)(∙∙∙) − ∫ 𝑑𝜴′ ∫ 𝑑𝐸′ΔΣ𝑠(𝒓, 𝜴′ → 𝜴, 𝐸′ → 𝐸)(∙∙∙)
4𝜋

 ,          (4) 27 

where δ𝜙 is the flux change due to the changes in cross section. It is assumed that the external 28 
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 4 

source term S is kept constant before and after the perturbation. Subtracting Eq. (1) from Eq. (3) 1 

yields the transport equation for δ𝜙 2 

(𝑯 + ∆𝑯)δ𝜙(𝒓, 𝜴, 𝐸) = −∆𝑯𝜙(𝒓, 𝜴, 𝐸).                                   (5) 3 

The right-hand side of Eq. (5) can be rewritten as 4 

−∆𝑯𝜙(𝒓, 𝜴, 𝐸) = −∆𝛴𝑡(𝒓, 𝐸)𝜙(𝒓, 𝜴, 𝐸) 5 

+ ∫ 𝑑𝜴′ ∫ 𝑑𝐸′ΔΣ𝑠(𝒓, 𝜴′ → 𝜴, 𝐸′ → 𝐸)𝜙(𝒓, 𝜴′, 𝐸′)
4𝜋

.                  (6) 6 

The right-hand side of Eq. (5) is the source term for the transport equation of δ𝜙. The flux, 𝜙, on 7 

the right-hand side is the flux in the unperturbed system. Eq. (5) does not involve any 8 

approximation, and the flux change, δ𝜙, can be obtained by solving Eq. (5). 9 

 10 

2.2 Monte Carlo algorithm of PSM 11 

 In a Monte Carlo algorithm proposed by Sakamoto and Yamamoto (2017), the random walk 12 

process for solving Eq. (5) is performed for solving Eq. (1) for the fixed-source problem in the 13 

unperturbed system. The entire process is composed of two modes: the fixed source mode and the 14 

perturbation mode. The Monte Carlo algorithm for solving Eq. (5) is as follows:  15 

(1) The calculation starts with the fixed-source mode for solving Eq. (1). At the beginning of the 16 

fixed source mode, a source particle is emitted from the external source according to the source 17 

term S, and the particle is tracked in the unperturbed system. 18 

(2) When the particle undergoes collision in a perturbed region, the random walk process in the 19 

fixed source mode is suspended. Then, the calculation mode is switched to the perturbation mode. 20 

(3) As shown in Eq. (6), the source term for the flux difference is composed of two terms. The first 21 

is caused by the change in the total cross section. A source particle representing the change in total 22 

cross-section (the first term on the right-hand side of Eq. (6)) is emitted from the collision point. 23 

The weight of the source particle is given by:  24 

𝑊t = −(𝛴𝑡
𝑝 − 𝛴𝑡

𝑢𝑝)
𝑊

𝛴𝑡
𝑢𝑛 ,                                                            (7) 25 
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 5 

where 𝑊 is the weight of the colliding particle in the fixed source mode, and 𝛴𝑡
𝑝

 and 𝛴𝑡
𝑢𝑛 are 1 

the perturbed and unperturbed total cross sections, respectively. The energy and direction of the 2 

source particle are the same as those of the colliding particle. The particle, which is called 3 

“perturbation particle” hereafter, is tracked in the perturbed system until its death. 4 

(4) The second source term is caused by the change in the scattering cross section, which is 5 

represented by the second term on the right-hand side of Eq. (6). The change in the scattering cross 6 

section is divided into two components: the change in the total scattering cross section and the 7 

change in the collision law. The direction 𝜴′ and energy 𝐸′ of the source particle were sampled 8 

from the collision law in the unperturbed system. The weight of the source particle for the change 9 

in the total scattering cross section is given by 10 

𝑊s = (𝛴𝑠
𝑝 − 𝛴𝑠

𝑢𝑛)
𝑊

𝛴𝑡
𝑢𝑛 ,                                                                 (8) 11 

where 𝛴𝑠
𝑝

 and 𝛴𝑠
𝑢𝑛  are the perturbed and unperturbed total scattering cross-sections, 12 

respectively. The weight of the source particle corresponding to the change in the collision law is 13 

given by 14 

𝑊a =
𝑓𝑝(𝜴 ∙ 𝜴′, 𝐸 → 𝐸′) − 𝑓𝑢𝑛(𝜴 ∙ 𝜴′, 𝐸 → 𝐸′)

𝑓𝑢𝑛(𝜴 ∙ 𝜴′, 𝐸 → 𝐸′)
𝛴𝑠

𝑝 𝑊

𝛴𝑡
𝑢𝑛 ,                          (9) 15 

where 𝑓(𝜴 ∙ 𝜴′, 𝐸 → 𝐸′) is the probability that the direction and energy after scattering becomes 16 

𝜴′ and 𝐸′ from 𝜴 and E, respectively. The superscript p or un on f denotes that the scattering 17 

law belongs to the perturbed or unperturbed system, respectively. In addition to the source particle 18 

defined in Eq. (7), another source particle with a weight of 𝑊s + 𝑊𝑎 is emitted from the collision 19 

point. This perturbation particle is also tracked in the perturbed system until its death. Eq. (9) is 20 

available on the condition that the ranges of 𝜴 ∙ 𝜴′ and 𝐸′ in the unperturbed system include 21 

their entire range in the perturbed system. Thus, voids cannot represent a material in an 22 

unperturbed system because 𝜴 ∙ 𝜴′ is always unity in a void. In addition, a material containing 23 

light hydrogen, such as light water, is not available for an unperturbed system because the term 24 

𝜴 ∙ 𝜴′ for light hydrogen is not below zero, whereas 𝜴 ∙ 𝜴′ of a material that does not contain 25 
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 6 

light hydrogen ranges between −1 and 1. 1 

(5) After steps (3) and (4) are completed, the calculation mode is returned to the fixed source mode. 2 

Then, the fixed source calculation that is suspended in step (2) is resumed. 3 

(6) After the particle that is emitted in step (1) is killed, return to step (1) and another new source 4 

particle is emitted. 5 

(7) Steps (1) through (6) are repeated until the desired statistics are obtained. 6 

 A flowchart of the PSM is shown in Fig. 1 in (Sakamoto and Yamamoto, 2017). The flux 7 

calculated in steps (3) and (4) represents the change in flux δ𝜙 due to the perturbation. 8 

 9 

2.3 Improvement of PSM efficiency 10 

 The efficiency of PSM can be improved by increasing the number of perturbation particles 11 

that are emitted in steps (3) and (4), especially when the perturbed region is small and fewer 12 

collisions occur in the region. Because the number of perturbation particles is proportional to the 13 

number of collisions in the perturbed region, the efficiency can be enhanced by increasing the 14 

number of collisions. For this purpose, a pseudo-scattering cross section was added to the 15 

perturbed region. The total cross section in the perturbed region is multiplied by a factor of C (>1): 16 

𝛴𝑡
∗ = 𝐶𝛴𝑡,                                                                        (10) 17 

where 𝛴𝑡
∗ is a pseudo-total cross section. The fixed source mode calculation uses 𝛴𝑡

∗ for the total 18 

cross section in the perturbed region. The number of perturbation particles that was increased 19 

forcibly is compensated for by decreasing the weight of the perturbation particles as follows: 20 

𝑊t
∗ =

1

𝐶
𝑊𝑡,                                                                             (11) 21 

𝑊s
∗ + 𝑊𝑎

∗ =
1

𝐶
(𝑊𝑠 + 𝑊𝑎) .                                                 (12) 22 

After steps (3) and (4) in Section 2.2, a pseudo random number 𝜉 between 0 and 1 is generated. 23 

If 𝜉 < 1/C, the collision is accepted as a real collision. Otherwise, the collision is rejected and 24 

the particle continues flying without any change in the weight, energy, and direction. 25 

 26 

2.4 PSM for geometry change 27 

(1) Displacement of the internal material 28 
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 7 

 In this section, we discuss how PSM treats the geometry change in a fixed source calculation. 1 

Fig. 1 shows an example where material 2 is displaced upward within material 1. This change in 2 

geometry can be attained by replacing material 1 with material 2 in region 1, and replacing material 3 

2 with material 1 in region 2. For example, when a particle undergoes a collision in region 1 in the 4 

fixed source mode calculation, 𝛴𝑡
𝑝
 and 𝛴𝑡

𝑢𝑛 in Eq. (7) are the total cross sections of material 2 5 

and material 1, respectively. Similarly, when a particle undergoes a collision in region 2, 𝛴𝑡
𝑝
 and 6 

𝛴𝑡
𝑢𝑛 are the total cross sections of material 1 and material 2, respectively. 7 

 8 

 9 

Fig. 1 Upward displacement of the material 2 within material 1. 10 

 [Fig. 1] 11 

(2) External boundary changes 12 

 The geometry change of an external boundary exposed to vacuum is illustrated in Fig 2, where 13 

the upper external boundary recedes downward. This change in geometry is represented by 14 

replacing the material in region 1 with a void. If a non-void material is replaced with a void due to 15 

the change in geometry, PSM can be performed by setting 16 

 𝛴𝑡
𝑝 = 𝛴𝑠

𝑝 = 𝑓𝑝(𝜴 ∙ 𝜴′, 𝐸 → 𝐸′) = 0,                                                (13) 17 

in Eqs. (7), (8), and (9). For the reason stated in Section 2.2, voids cannot be replaced with a non-18 

void material. Therefore, the change in geometry cannot be done in such a way that the void outside 19 

the external boundary is replaced with the material inside the boundary. In other words, the 20 

geometry change of an external boundary must be performed in the direction shown in Fig. 2 (from 21 
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 8 

(a) to (b)). 1 

 2 

Fig. 2 Replacement of the material in the region 1 with void. 3 

 [Fig. 2] 4 

(3) Displacement of internal voids or light water 5 

 PSM cannot directly treat the displacement of internal material illustrated in Fig. 1 when the 6 

internal material is void or light water, as already stated in Section 2.2. In such a case, the geometry 7 

change can be handled by performing two PSM calculations. First, an unperturbed system is set 8 

up by replacing material 2 in region 2 with material 1, as shown in the left part of Fig. 3. The first 9 

PSM calculation is performed for a perturbation where material 1 in region 1 is replaced with 10 

material 2, as shown in the upper right part of Fig. 3. The second PSM calculation is performed 11 

for a perturbation where material 1 in region 2 is replaced with material 2, as shown in the lower 12 

right part of Fig. 3. Let 𝛿𝜙1 and 𝛿𝜙2 be flux differences calculated in the first and second PSM 13 

calculations, respectively. Then, the flux difference 𝛿𝜙 due to the upward displacement of the 14 

void or light water is eventually given by 15 

𝛿𝜙 = 𝛿𝜙1 − 𝛿𝜙2.                                                                (14) 16 

Region 1 Region 1

(a)                            (b) 
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 1 

Fig. 3 Displacement of the material 2 made of void or light water. 2 

 [Fig. 3] 3 

 4 

3. Numerical tests for geometry changes 5 

3.1 Verification of PSM 6 

 Before presenting the results of PSM calculations for geometry change, the verification of 7 

PSM is presented for cross section change. All calculations in this study were performed for two-8 

dimensional rectangular geometry. A line neutron beam entered perpendicular to the center of side 9 

4 as shown in Fig. 4. Throughout this paper, the calculations were performed using the three-10 

energy group constants, as shown in Tables 1, 2, and 3. Anisotropic scattering was considered up 11 

to the P1 order. The upper and lower energy boundaries of the 2nd-energy group were 6.7 keV and 12 

0.993 eV, respectively. The energy spectrum of the incident beam was 𝜙1: 𝜙2: 𝜙3 =  0.343: 13 

0.252: 0.405, which is a neutron spectrum in a light water reactor. The verification calculations 14 

were performed for rectangular graphite with a cross section of 2 × 2 cm, as shown in Fig. 4. This 15 
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 10 

unrealistically tiny geometry was chosen to ensure negligibly small statistical uncertainties in the 1 

reference solution, which is to be compared with the proposed method. The unperturbed system 2 

was composed of pure graphite. The perturbation was made by replacing a 0.6 × 0.7 cm rectangular 3 

region with light water. The dimensions shown in Fig. 4 were 4 

a = 2 cm, b = 0.9 cm, c = 1.1 cm, d = 0.7 cm, and e = 0.6 cm. 5 

 6 

Fig. 4 Geometry for verification of PSM (not to scale). 7 

 [Fig. 4] 8 

The surface fluxes in the 3rd-energy group were calculated for the four external boundaries. 9 

Each time a particle escaped one of the four sides, the estimate of the surface flux on each side, 10 

𝑊/(𝒏 ∙ 𝛀), was calculated, where 𝑊 =  weight of the particle, 𝜴 = direction vector of the 11 

particle, and n = the unit outward vector normal to the external boundary. The surface flux on side 12 

j (=1, 2, 3, and 4) is estimated as follows:  13 

𝑆𝑗 =
1

𝑀
∑

𝑊𝑖

𝒏𝑗 ∙ 𝜴𝑖𝑖
 ,                                                         (15) 14 

where 𝑊𝑖 = the ith particle’s weight escaping side j, i is summed over all particles escaping side 15 

j, and M is the total number of source neutrons. In the calculation of the PSM, 𝑊𝑖 is the weight 16 

of the perturbation particle and 𝑆𝑗 stands for the flux difference due to perturbation. The reference 17 

solution was obtained by the difference of the surface fluxes between two independent calculations 18 
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before and after perturbation, which is dubbed as the “direct” method hereafter. 1 

For the comparison of PSM with another conventional Monte Carlo perturbation method, the 2 

correlated sampling method (CS) was applied to the problems in this study. In CS, particles of the 3 

perturbed history are forced to follow the same trajectories as the unperturbed history in phase 4 

space. The weight of the perturbed history in the CS was estimated at each collision in the 5 

perturbed region as 6 

𝑊𝑝
′ = 𝑊𝑝 ∙ 𝑒𝑥𝑝(−(𝛴𝑡

𝑝 − 𝛴𝑡
𝑢𝑝)𝑠)

𝛴𝑠
𝑢𝑛

𝛴𝑡
𝑢𝑛 ∙

𝑓𝑝(𝜴 ∙ 𝜴′, 𝐸 → 𝐸′)

𝑓𝑢𝑛(𝜴 ∙ 𝜴′, 𝐸 → 𝐸′)
,                        (16) 7 

where 𝑊𝑝 = the weight of the perturbed history before collision and s is the track length in the 8 

perturbed region. The surface flux difference by CS was estimated in the same manner as in Eq. 9 

(15): 10 

𝛿𝑆𝑗 =
1

𝑀
∑

(𝑊𝑝,𝑖 − 𝑊𝑢𝑛,𝑖)

𝒏𝑗 ∙ 𝜴𝑖𝑖
 ,                                            (17) 11 

where 𝑊𝑝,𝑖  and 𝑊𝑢𝑛,𝑖  are the ith particle weight of the perturbed and unperturbed histories, 12 

respectively. The flux differences on sides 1, 2, and 3 calculated with PSM and CS are compared 13 

with the reference solution in Table 4. The CPU times required for the calculations on a single 14 

3.40 GHz CPU are also shown in Table 4. Throughout this paper, all statistical uncertainties are 15 

one standard deviation, which are shown in parentheses in each table. The results of the PSM in 16 

Table 4 were obtained using the factor defined by Eq. (10), 𝐶 =1. Table 4 shows that the flux 17 

differences calculated with the PSM agree precisely with the references. The results of the CS 18 

agree with the references within the statistical uncertainties. However, the agreement of CS with 19 

the references is not satisfactory, which is caused by the large statistical uncertainties in CS. Table 20 

5 compares the relative figure-of-merit (FOM) defined by 21 

𝐹𝑂𝑀 =
1

𝜎2𝑇
,                                                                (18) 22 

where 𝜎 = one standard deviation of absolute uncertainty and T is the computation time. In terms 23 

of FOM, PSM is less effective than the direct method (two independent runs) even if the factor C 24 
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 12 

is increased up to 100. The perturbed region of this problem occupies approximately 10% of the 1 

entire domain, which is considered relatively large for a perturbed region. Thus, many perturbation 2 

particles were emitted from the perturbed region. CS is much less effective than PSM. It can thus 3 

be concluded that PSM can yield accurate results for flux differences, though it is not always an 4 

efficient method depending on the occupancy rate of a perturbed region. 5 

 [Tables 1, 2, 3, 4, 5] 6 

3.2 Displacement of internal water in graphite 7 

 PSM was applied to a 20 × 20 cm rectangular graphite that includes a 1 × 2 cm internal light 8 

water region, as shown in Fig. 5. A change in geometry was induced by displacing the internal 9 

light water upward by 0.05 cm. The dimensions in Fig 5 were 10 

a = 20 cm, b = 9 cm, c = 1 cm, d = 2 cm, and e = 0.05 cm. 11 

Because this problem includes light water, PSM calculations were performed in two steps, as 12 

shown in Fig. 3. In CS, light water or voids cannot be replaced with another material in the same 13 

manner as in PSM, while material replacement in the inverse direction is possible. Thus, CS 14 

calculations were also performed using the same procedure as for PSM. The flux differences on 15 

the two surfaces, sides 1 and 3, and the relative FOMs are shown in Tables 6 and 7, respectively. 16 

The results for side 2 are omitted because the flux difference on side 2 was negligibly small. Table 17 

6 shows that the direct method and CS can no longer yield statistically significant results for this 18 

small displacement. The computational efficiency of PSM without pseudo scattering (i.e., C = 1) 19 

is equivalent to the direct method. On the other hand, the fractional standard deviation of PSM 20 

with C = 500 is less than 3%, suggesting that PSM with the pseudo scattering method is an 21 

exclusively available calculation method for this small perturbation. As shown in Table 7, the 22 

computational efficiency of the PSM is improved with an increase in the factor C within the range 23 

of this numerical test. 24 
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 1 

Fig. 5 Geometry of slight displacement of internal material (light water or iron) (not to scale). 2 

 [Fig. 5] [Tables 6 and 7] 3 

3.3 Displacement of internal iron in graphite 4 

 This section deals with the same geometry change as in Section 3.2, but the internal material 5 

is iron. Unlike in the previous section, two-step calculations are not necessary. The PSM and CS 6 

calculations can be performed only once according to the procedure shown in Fig. 1. The flux 7 

differences calculated with the direct method, PSM, and CS are shown in Table 8. The relative 8 

FOMs are listed in Table 9. The statistical uncertainties of the direct method and CS are much 9 

smaller in this problem compared with the previous problem. The FOMs of the PSM are larger 10 

than those of the direct method by a factor of thousands. The superiority of PSM to the direct 11 

method is more evident in this problem. Although the FOM of CS is smaller than that of PSM by 12 

a factor of tens, CS is also an available perturbation method for this problem. 13 

[Tables 8, 9] 14 

3.4 Verification of PSM for external boundary change 15 

 A verification calculation of the PSM for an external boundary change was performed again 16 

for a 2 × 2 cm graphite. In the perturbed system, a relatively large rectangular region near the beam 17 

source was removed from side 4, as shown in Fig. 6. The dimensions of the calculation shown in 18 

Fig. 6 were:  19 
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a = 2 cm, b = 0.7 cm, c = 0.5 cm, and d = 0.2 cm. 1 

2 

Fig. 6 Large change in external boundary (not to scale). 3 

 [Fig. 6] 4 

The flux differences on sides 1, 2, and 3 calculated with PSM (C = 1) and CS are compared with 5 

the reference solution in Table 10. The flux differences calculated with the three methods agree 6 

precisely with each other. The two Monte Carlo perturbation methods, PSM and CS, can yield 7 

accurate results for the change in external boundary. 8 

[Table 10] 9 

3.5 Small external boundary change 10 

 PSM and CS were applied to an external boundary change in a 20 × 20 cm graphite from 11 

which a 0.5 × 0.5 cm rectangular region was removed from side 4, as shown in Fig. 7. The 12 

dimensions of the calculation are shown in Fig. 7. The flux differences on sides 1, 2, and 3 13 

calculated with the direct method, PSM, and CS are shown in Table 11. The results calculated with 14 

the three methods agree with each other within the statistical uncertainties. The relative FOMs of 15 

the three methods are compared in Table 12. The FOMs of the PSM and CS are both much higher 16 

than that of the direct method. While CS is a Monte Carlo perturbation method that is applicable 17 

to an external boundary change, PSM outperforms CS by a factor of tens or hundreds for this 18 

problem. 19 
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 1 

Fig. 7 Small change of external boundary (not to scale). 2 

 [Fig. 7] [Tables 11 and 12] 3 

4. Conclusions 4 

 From the numerical tests, it can be concluded that the perturbation source method (PSM) and 5 

the correlated sampling method (CS) are Monte Carlo perturbation methods that are available for 6 

handling geometry changes in fixed source calculations. PSM is not always suitable for a large 7 

geometry change because too many perturbation sources must be emitted from the perturbed 8 

region. When the geometry change is large, PSM is less effective than the two independent runs 9 

before and after perturbation. On the other hand, PSM is the most effective Monte Carlo method 10 

for small geometry changes. The efficiency of the PSM is optimized by adjusting a pseudo-11 

scattering cross section in the perturbed region. PSM, in particular, is an exclusively available 12 

method for a small displacement of internal light water within the surrounding material. PSM and 13 

CS can both perform perturbation calculations for the displacement of internal water or a void 14 

using a two-step procedure. Perturbation calculations for external boundary changes can be 15 

performed by replacing the material facing the external boundary with a void. PSM and CS are 16 

both applicable to external boundary changes. Regardless of the type of geometry change, PSM 17 

always outperforms CS in terms of computational efficiency within the range of the numerical 18 

tests performed in this study. 19 
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List of figures 24 

Fig. 1 Upward displacement of material 2 within material 1. 25 

Fig. 2 Replacement of the material in region 1 with void.  26 
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 18 

Fig. 3 Displacement of material 2 made of void or light water. 1 

Fig. 4 Geometry for verification of PSM (not to scale). 2 

Fig. 5 Geometry of slight displacement of internal material (light water or iron) (not to scale). 3 

Fig. 6 Large change of external boundary (not to scale). 4 

Fig. 7 Small change of external boundary (not to scale). 5 
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 9 

Abstract 10 

 The perturbation source method (PSM), which is a Monte Carlo perturbation calculation 11 

method, is applied to geometry changes in fixed-source neutron transport problems. In PSM, 12 

perturbation particles that represent the flux difference due to the changes in geometry are 13 

explicitly tracked within the perturbed system. A perturbation calculation for geometry change can 14 

be performed by replacing the material in a perturbed region with the material that occupies the 15 

adjoining region beyond the geometry change. The efficiency of the PSM can be enhanced by 16 

adding a pseudo-scattering cross section to the perturbed region. For geometry changes where the 17 

perturbed region is small, PSM exhibits excellent performance compared to the two independent 18 

runs before and after the perturbation if optimized pseudo-scattering cross sections are used. This 19 

method can also be applied to perturbation due to an external boundary change. Although the 20 

correlated sampling method (CS) is another available Monte Carlo method for geometry change, 21 

PSM largely outperforms CS in terms of computational efficiency for the numerical examples 22 

tested in this study. 23 

 24 

Keywords: Monte Carlo; perturbation; fixed source; neutron 25 

 26 

1. Introduction 27 

 Accurate estimation of flux difference due to a small perturbation (cross section, geometry) 28 

is one of the weaknesses of the Monte Carlo radiation transport calculations. Thus far, several 29 

Monte Carlo perturbation techniques have been developed to overcome this weakness, such as the 30 
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 2 

correlated sampling method (CS) (Spanier and Gelbard, 1969; Bernnat, 1974; Nakagawa and 1 

Asaoka, 1978; He and Su, 2010, 2011; Kiedrowski, 2017) and the differential operator sampling 2 

method (DOS) (Rief, 1984; McKinney and Iverson, 1996; Densmore et al., 1997; Nagaya and 3 

Mori, 2005; Favorite, 2017; Raskach, 2009; Nagaya, 2012; Jinaphanh et al., 2016; Kiedrowski, 4 

2017; Yamamoto and Sakamoto, 2019a, 2019b, 2020). The characteristics of these widely used 5 

perturbation methods have long been investigated, and the advantages and weaknesses of the 6 

methods have been evaluated. The weakness of CS is that it involves an unbounded statistical 7 

uncertainty for a large perturbation (Rief, 1984). Meanwhile, DOS is a method that yields the 8 

derivative of the flux with respect to a cross section instead of yielding the flux difference. Thus, 9 

DOS provides an approximate flux difference by the Taylor series expansion with respect to a 10 

cross section. The higher-order derivatives are considered, and more accurate results can be 11 

obtained. Thus, while the flux difference can be estimated by lower order derivatives for a small 12 

cross section perturbation, accurate estimation for a large perturbation requires a large number of 13 

higher-order derivatives. 14 

This paper focuses on fixed-source Monte Carlo perturbation calculations for change in 15 

geometry. Perturbation calculations for geometry change are powerful methods for identifying the 16 

effect of uncertainties in material size or location. Perturbation due to geometry change can be 17 

represented by replacing a material in a perturbed region with the material that occupies the 18 

adjoining region beyond the geometry change. The change in geometry of an external boundary 19 

where a vacuum boundary condition is imposed is equivalent to the exchange between the vacuum 20 

and the outermost material. The cross-section perturbation due to geometry change in most cases 21 

may presumably exceed the range of “small perturbation” for which DOS and CS can provide 22 

accurate results even if the geometry change itself is small. Therefore, the well-known Monte 23 

Carlo perturbation methods, DOS and CS, may not be suitable for calculating the geometry change.  24 

 Another robust and exact method for Monte Carlo fixed source perturbation calculations, 25 

which is dubbed as “the perturbation source method” (PSM), was formerly proposed by Matthes, 26 
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 3 

(1972), Preeg and Tsang (1982), and Lux and Koblinger (1991). Although PSM had drawn little 1 

interest for decades as a Monte Carlo perturbation method, it was revisited by Sakamoto and 2 

Yamamoto (2017) and improved to increase the computational efficiency. The fundamental theory 3 

of PSM can be extended to sensitivity analyses in fixed source calculations. PSM is expected to 4 

be a Monte Carlo perturbation calculation method that may be applied to geometry change owing 5 

to its robustness and efficiency. 6 

Deterministic codes routinely handle sensitivities of estimates with respect to the location of 7 

each material interface and the outer boundary (e.g., Favorite and Gonzalez, 2017; Favorite, 2018). 8 

As for the Monte Carlo method, some previous researches on geometry change are, for example, 9 

(Takahashi, 1970; Kiedrowski and Favorite, 2011; Burke and Kiedrowski, 2018). These Monte 10 

Carlo methods aim at the calculation of the first-order derivatives of keff with respect to system 11 

dimensions rather than the change of estimates due to geometry changes. The methods in 12 

(Takahashi, 1970; Kiedrowski and Favorite, 2011) need to simulate additional random walks in 13 

order to estimate the contributions of system dimension perturbations, which is similar to PSM in 14 

terms of requiring additional random walks of “perturbation particles”. The method developed in 15 

(Burke and Kiedrowski, 2018) circumvents simulating additional random walks by introducing 16 

kernel density estimators. The feature of PSM is the capability to provide exact flux change by 17 

tracking “perturbation particles” that represent the flux difference within the perturbed system 18 

(Sakamoto and Yamamoto, 2017). 19 

 In Section 2, the fundamentals of PSM are revisited, and its application to geometry change 20 

is presented. In Section 3, some numerical examples of PSM are presented, and its superiority over 21 

other perturbation methods such as CS is exemplified. In Section 4, the applicability of PSM to 22 

the perturbation of a fixed source is discussed. A summary and conclusions are provided in Section 23 

5. 24 
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 4 

2. Theory of perturbation source method 1 

2.1 Transport equation for flux difference due to perturbation 2 

The theory of the perturbation source method (PSM) is briefly reviewed, although it has 3 

already been presented in previous publications (e.g., Sakamoto and Yamamoto, 2017). The fixed-4 

source radiation transport equation in a non-multiplying system is given by:  5 

𝑯𝜙(𝒓, 𝜴, 𝐸) = 𝑆(𝒓, 𝜴, 𝐸),                                                       (1) 6 

where 7 

𝑯𝜙(𝒓, 𝜴, 𝐸) ≡ 𝜴 ∙ 𝛁𝜙(𝒓, 𝜴, 𝐸) + 𝛴𝑡(𝒓, 𝐸)𝜙(𝒓, 𝜴, 𝐸) 8 

− ∫ 𝑑𝜴′ ∫ 𝑑𝐸′𝛴𝑠(𝒓, 𝜴′ → 𝜴, 𝐸′ → 𝐸)𝜙(𝒓, 𝜴′, 𝐸′)
4𝜋

,              (2) 9 

             10 

𝜙(𝒓, 𝜴, 𝐸) = the flux at position r with energy E and direction 𝜴, 𝑆(𝒓, 𝜴, 𝐸) = external source 11 

term, 𝛴𝑡 = total cross section, and 𝛴𝑠 = scattering cross section. When the cross sections, 𝛴𝑡 12 

and 𝛴𝑠, change to 𝛴𝑡 + ∆𝛴𝑡 and 𝛴𝑠 + ∆𝛴𝑠, respectively, Eq. (1) changes to 13 

(𝑯 + ∆𝑯)(𝜙(𝒓, 𝜴, 𝐸) + δ𝜙(𝒓, 𝜴, 𝐸)) = 𝑆(𝒓, 𝜴, 𝐸),                          (3) 14 

where 15 

∆𝑯(∙∙∙) ≡ ∆𝛴𝑡(𝒓, 𝐸)(∙∙∙) − ∫ 𝑑𝜴′ ∫ 𝑑𝐸′ΔΣ𝑠(𝒓, 𝜴′ → 𝜴, 𝐸′ → 𝐸)(∙∙∙)
4𝜋

 ,          (4) 16 

where δ𝜙 is the flux change due to the changes in cross section. It is assumed that the external 17 

source term S is kept constant before and after the perturbation. Subtracting Eq. (1) from Eq. (3) 18 

yields the transport equation for δ𝜙 19 

(𝑯 + ∆𝑯)δ𝜙(𝒓, 𝜴, 𝐸) = −∆𝑯𝜙(𝒓, 𝜴, 𝐸).                                   (5) 20 

The right-hand side of Eq. (5) can be rewritten as 21 

−∆𝑯𝜙(𝒓, 𝜴, 𝐸) = −∆𝛴𝑡(𝒓, 𝐸)𝜙(𝒓, 𝜴, 𝐸) 22 

+ ∫ 𝑑𝜴′ ∫ 𝑑𝐸′ΔΣ𝑠(𝒓, 𝜴′ → 𝜴, 𝐸′ → 𝐸)𝜙(𝒓, 𝜴′, 𝐸′)
4𝜋

.                  (6) 23 

The right-hand side of Eq. (5) is the source term for the transport equation of δ𝜙. The flux, 𝜙, on 24 

the right-hand side is the flux in the unperturbed system. Eq. (5) does not involve any 25 

approximation, and the flux change, δ𝜙, can be obtained by solving Eq. (5). 26 

 27 
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 5 

2.2 Monte Carlo algorithm of PSM 1 

 In a Monte Carlo algorithm proposed by Sakamoto and Yamamoto (2017), the random walk 2 

process for solving Eq. (5) is performed for solving Eq. (1) for the fixed-source problem in the 3 

unperturbed system. The entire process is composed of two modes: the fixed source mode and the 4 

perturbation mode. The Monte Carlo algorithm for solving Eq. (5) is as follows:  5 

(1) The calculation starts with the fixed-source mode for solving Eq. (1). At the beginning of the 6 

fixed source mode, a source particle is emitted from the external source according to the source 7 

term S, and the particle is tracked in the unperturbed system. 8 

(2) When the particle undergoes collision in a perturbed region, the random walk process in the 9 

fixed source mode is suspended. Then, the calculation mode is switched to the perturbation mode. 10 

(3) As shown in Eq. (6), the source term for the flux difference is composed of two terms. The first 11 

is caused by the change in the total cross section. A source particle representing the change in total 12 

cross-section (the first term on the right-hand side of Eq. (6)) is emitted from the collision point. 13 

The weight of the source particle is given by:  14 

𝑊t = −(𝛴𝑡
𝑝 − 𝛴𝑡

𝑢𝑝)
𝑊

𝛴𝑡
𝑢𝑛 ,                                                            (7) 15 

where 𝑊 is the weight of the colliding particle in the fixed source mode, and 𝛴𝑡
𝑝

 and 𝛴𝑡
𝑢𝑛 are 16 

the perturbed and unperturbed total cross sections, respectively. The energy and direction of the 17 

source particle are the same as those of the colliding particle. The particle, which is called 18 

“perturbation particle” hereafter, is tracked in the perturbed system until its death. 19 

(4) The second source term is caused by the change in the scattering cross section, which is 20 

represented by the second term on the right-hand side of Eq. (6). The change in the scattering cross 21 

section is divided into two components: the change in the total scattering cross section and the 22 

change in the collision law. The direction 𝜴′ and energy 𝐸′ of the source particle were sampled 23 

from the collision law in the unperturbed system. The weight of the source particle for the change 24 

in the total scattering cross section is given by 25 

𝑊s = (𝛴𝑠
𝑝 − 𝛴𝑠

𝑢𝑛)
𝑊

𝛴𝑡
𝑢𝑛 ,                                                                 (8) 26 
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 6 

where 𝛴𝑠
𝑝

 and 𝛴𝑠
𝑢𝑛  are the perturbed and unperturbed total scattering cross-sections, 1 

respectively. The weight of the source particle corresponding to the change in the collision law is 2 

given by 3 

𝑊a =
𝑓𝑝(𝜴 ∙ 𝜴′, 𝐸 → 𝐸′) − 𝑓𝑢𝑛(𝜴 ∙ 𝜴′, 𝐸 → 𝐸′)

𝑓𝑢𝑛(𝜴 ∙ 𝜴′, 𝐸 → 𝐸′)
𝛴𝑠

𝑝 𝑊

𝛴𝑡
𝑢𝑛 ,                          (9) 4 

where 𝑓(𝜴 ∙ 𝜴′, 𝐸 → 𝐸′) is the probability that the direction and energy after scattering becomes 5 

𝜴′ and 𝐸′ from 𝜴 and E, respectively. The superscript p or un on f denotes that the scattering 6 

law belongs to the perturbed or unperturbed system, respectively. In addition to the source particle 7 

defined in Eq. (7), another source particle with a weight of 𝑊s + 𝑊𝑎 is emitted from the collision 8 

point. This perturbation particle is also tracked in the perturbed system until its death. Eq. (9) is 9 

available on the condition that the ranges of 𝜴 ∙ 𝜴′ and 𝐸′ in the unperturbed system include 10 

their entire range in the perturbed system. Thus, voids cannot represent a material in an 11 

unperturbed system because 𝜴 ∙ 𝜴′ is always unity in a void. The unavailability of voids for a 12 

material in an unperturbed system can be circumvented by using a very low density material as an 13 

alternative to voids. Meanwhile, a material containing light hydrogen, such as light water, is not 14 

available for an unperturbed system because the term 𝜴 ∙ 𝜴′ for light hydrogen is not below zero, 15 

whereas 𝜴 ∙ 𝜴′ of a material that does not contain light hydrogen ranges between −1 and 1. In 16 

addition, if PSM is applied in continuous energy Monte Carlo, a nuclide that has a scattering law 17 

with a Dirac delta function cannot be contained in an unperturbed system. 18 

(5) After steps (3) and (4) are completed, the calculation mode is returned to the fixed source mode. 19 

Then, the fixed source calculation that is suspended in step (2) is resumed. 20 

(6) After the particle that is emitted in step (1) is killed, return to step (1) and another new source 21 

particle is emitted. 22 

(7) Steps (1) through (6) are repeated until the desired statistics are obtained. 23 

 A flowchart of the PSM is shown in Fig. 1 in (Sakamoto and Yamamoto, 2017). The flux 24 

calculated in steps (3) and (4) represents the change in flux δ𝜙 due to the perturbation. 25 
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 7 

 1 

2.3 Improvement of PSM efficiency 2 

 The efficiency of PSM can be improved by increasing the number of perturbation particles 3 

that are emitted in steps (3) and (4), especially when the perturbed region is small and fewer 4 

collisions occur in the region. Because the number of perturbation particles is proportional to the 5 

number of collisions in the perturbed region, the efficiency can be enhanced by increasing the 6 

number of collisions. For this purpose, a pseudo-scattering cross section was added to the 7 

perturbed region. The total cross section in the perturbed region is multiplied by a factor of C (>1): 8 

𝛴𝑡
∗ = 𝐶𝛴𝑡,                                                                        (10) 9 

where 𝛴𝑡
∗ is a pseudo-total cross section. The fixed source mode calculation uses 𝛴𝑡

∗ for the total 10 

cross section in the perturbed region. The number of perturbation particles that was increased 11 

forcibly is compensated for by decreasing the weight of the perturbation particles as follows: 12 

𝑊t
∗ =

1

𝐶
𝑊𝑡,                                                                             (11) 13 

𝑊s
∗ + 𝑊𝑎

∗ =
1

𝐶
(𝑊𝑠 + 𝑊𝑎) .                                                 (12) 14 

After steps (3) and (4) in Section 2.2, a pseudo random number 𝜉 between 0 and 1 is generated. 15 

If 𝜉 < 1/C, the collision is accepted as a real collision. Otherwise, the collision is rejected and 16 

the particle continues flying without any change in the weight, energy, and direction. 17 

 18 

2.4 PSM for geometry change 19 

(1) Displacement of the internal material 20 

 In this section, we discuss how PSM treats the geometry change in a fixed source calculation. 21 

Fig. 1 shows an example where material 2 is displaced upward within material 1. This change in 22 

geometry can be attained by replacing material 1 with material 2 in region 1, and replacing material 23 

2 with material 1 in region 2. For example, when a particle undergoes a collision in region 1 in the 24 

fixed source mode calculation, 𝛴𝑡
𝑝
 and 𝛴𝑡

𝑢𝑛 in Eq. (7) are the total cross sections of material 2 25 

and material 1, respectively. Similarly, when a particle undergoes a collision in region 2, 𝛴𝑡
𝑝
 and 26 

𝛴𝑡
𝑢𝑛 are the total cross sections of material 1 and material 2, respectively. 27 

 28 
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 1 

Fig. 1 Upward displacement of the material 2 within material 1. 2 

 [Fig. 1] 3 

(2) External boundary changes 4 

 The geometry change of an external boundary exposed to vacuum is illustrated in Fig 2, where 5 

the upper external boundary recedes downward. This change in geometry is represented by 6 

replacing the material in region 1 with a void. If a non-void material is replaced with a void due to 7 

the change in geometry, PSM can be performed by setting 8 

 𝛴𝑡
𝑝 = 𝛴𝑠

𝑝 = 𝑓𝑝(𝜴 ∙ 𝜴′, 𝐸 → 𝐸′) = 0,                                                (13) 9 

in Eqs. (7), (8), and (9). For the reason stated in Section 2.2, voids cannot be replaced with a non-10 

void material without using an alternative very low density material. Therefore, the change in 11 

geometry should be done in such a way that the void outside the external boundary is replaced 12 

with the material inside the boundary. In other words, the geometry change of an external boundary 13 

should be performed in the direction shown in Fig. 2 (from (a) to (b)). 14 

 15 

Fig. 2 Replacement of the material in the region 1 with void. 16 

Material 1 Material 1

Material 2 Material 2

Unperturbed Perturbed

Region 1

Region 2

Region 1

Region 2

Material 2

Region 1 Region 1

(a)                            (b) 

 1 
 2 
 3 
 4 
 5 
 6 
 7 
 8 
 9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 



 9 

 [Fig. 2] 1 

(3) Displacement of internal light water 2 

 PSM cannot directly treat the displacement of internal material illustrated in Fig. 1 when the 3 

internal material is light water, as already stated in Section 2.2. In such a case, the geometry change 4 

can be handled by performing two PSM calculations. First, an unperturbed system is set up by 5 

replacing material 2 in region 2 with material 1, as shown in the left part of Fig. 3. The first PSM 6 

calculation is performed for a perturbation where material 1 in region 1 is replaced with material 7 

2, as shown in the upper right part of Fig. 3. The second PSM calculation is performed for a 8 

perturbation where material 1 in region 2 is replaced with material 2, as shown in the lower right 9 

part of Fig. 3. Let 𝛿𝜙1 and 𝛿𝜙2  be flux differences calculated in the first and second PSM 10 

calculations, respectively. Then, the flux difference 𝛿𝜙 due to the upward displacement of the 11 

light water is eventually given by 12 

𝛿𝜙 = 𝛿𝜙1 − 𝛿𝜙2.                                                                (14) 13 

 14 

Fig. 3 Displacement of the material 2 made of light water. 15 

 [Fig. 3] 16 
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3. Numerical tests for geometry changes 1 

3.1 Verification of PSM 2 

 Before presenting the results of PSM calculations for geometry change, the verification of 3 

PSM is presented for cross section change. All calculations in this study were performed for two-4 

dimensional rectangular geometry. A line neutron beam entered perpendicular to the center of side 5 

4 as shown in Fig. 4. Throughout this paper, the calculations were performed using the three-6 

energy group constants of graphite, 700 ppm borated water, and iron, as shown in Tables 1, 2, and 7 

3, respectively. Anisotropic scattering was considered up to the P1 order. Scattering cross sections 8 

that are not listed in the tables are all zero. The upper and lower energy boundaries of the 2nd-9 

energy group were 6.7 keV and 0.993 eV, respectively. The energy spectrum of the incident beam 10 

was 𝜙1: 𝜙2: 𝜙3 = 0.343: 0.252: 0.405, which is a neutron spectrum in a light water reactor. The 11 

verification calculations were performed for rectangular graphite with a cross section of 2 × 2 cm, 12 

as shown in Fig. 4. This unrealistically tiny geometry was chosen to ensure negligibly small 13 

statistical uncertainties in the reference solution, which is to be compared with the proposed 14 

method. The unperturbed system was composed of pure graphite. The perturbation was made by 15 

replacing a 0.6 × 0.7 cm rectangular region with 700 ppm borated light water. The dimensions 16 

shown in Fig. 4 were 17 

a = 2 cm, b = 0.9 cm, c = 1.1 cm, d = 0.7 cm, and e = 0.6 cm. 18 

 19 
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Fig. 4 Geometry for verification of PSM (not to scale). 1 

 [Fig. 4] 2 

The surface fluxes in the 3rd-energy group were calculated for the four external boundaries. 3 

Each time a particle escaped one of the four sides, the estimate of the surface flux on each side, 4 

𝑊/(𝒏 ∙ 𝛀), was calculated, where 𝑊 =  weight of the particle, 𝜴 = direction vector of the 5 

particle, and n = the unit outward vector normal to the external boundary. The surface flux on side 6 

j (=1, 2, 3, and 4) is estimated as follows:  7 

𝑆𝑗 =
1

𝑀
∑

𝑊𝑖

𝒏𝑗 ∙ 𝜴𝑖𝑖
 ,                                                         (15) 8 

where 𝑊𝑖 = the ith particle’s weight escaping side j, i is summed over all particles escaping side 9 

j, and M is the total number of source neutrons. In the calculation of the PSM, 𝑊𝑖 is the weight 10 

of the perturbation particle and 𝑆𝑗 stands for the flux difference due to perturbation. The reference 11 

solution was obtained by the difference of the surface fluxes between two independent calculations 12 

before and after perturbation, which is dubbed as the “direct” method hereafter. 13 

For the comparison of PSM with another conventional Monte Carlo perturbation method, the 14 

correlated sampling method (CS) was applied to the problems in this study. In CS, particles of the 15 

perturbed history are forced to follow the same trajectories as the unperturbed history in phase 16 

space. The weight of the perturbed history in the CS was estimated at each collision in the 17 

perturbed region as 18 

𝑊𝑝
′ = 𝑊𝑝 ∙ 𝑒𝑥𝑝(−(𝛴𝑡

𝑝 − 𝛴𝑡
𝑢𝑝)𝑠)

𝛴𝑠
𝑝

𝛴𝑡
𝑢𝑛 ∙

𝑓𝑝(𝜴 ∙ 𝜴′, 𝐸 → 𝐸′)

𝑓𝑢𝑛(𝜴 ∙ 𝜴′, 𝐸 → 𝐸′)
,                        (16) 19 

where 𝑊𝑝 = the weight of the perturbed history before collision and s is the track length in the 20 

perturbed region. The surface flux difference by CS was estimated in the same manner as in Eq. 21 

(15): 22 

𝛿𝑆𝑗 =
1

𝑀
∑

(𝑊𝑝,𝑖 − 𝑊𝑢𝑛,𝑖)

𝒏𝑗 ∙ 𝜴𝑖𝑖
 ,                                            (17) 23 

where 𝑊𝑝,𝑖  and 𝑊𝑢𝑛,𝑖  are the ith particle weight of the perturbed and unperturbed histories, 24 
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 12 

respectively. The flux differences on sides 1, 2, and 3 calculated with PSM and CS are compared 1 

with the reference solution in Table 4. The CPU times required for the calculations on a single 2 

3.40 GHz CPU are also shown in Table 4. Throughout this paper, all statistical uncertainties are 3 

one standard deviation, which are shown in parentheses in each table. The results of the PSM in 4 

Table 4 were obtained using the factor defined by Eq. (10), 𝐶 =1. Table 4 shows that the flux 5 

differences calculated with the PSM agree precisely with the references. The results of the CS 6 

agree with the references within the statistical uncertainties. However, the agreement of CS with 7 

the references is not satisfactory, which is caused by the large statistical uncertainties in CS. Table 8 

5 compares the relative figure-of-merit (FOM) defined by 9 

𝐹𝑂𝑀 =
1

𝜎2𝑇
,                                                                (18) 10 

where 𝜎 = one standard deviation of absolute uncertainty and T is the computation time. In terms 11 

of FOM, PSM is less effective than the direct method (two independent runs) even if the factor C 12 

is increased up to 100. The perturbed region of this problem occupies approximately 10% of the 13 

entire domain, which is considered relatively large for a perturbed region. Thus, many perturbation 14 

particles were emitted from the perturbed region. CS is much less effective than PSM. It can thus 15 

be concluded that PSM can yield accurate results for flux differences, though it is not always an 16 

efficient method depending on the occupancy rate of a perturbed region. 17 

 [Tables 1, 2, 3, 4, 5] 18 

The next example dealt with a perturbation where a void region within graphite was filled 19 

with graphite. The perturbation was performed in the reverse direction to that in Fig. 4. As stated 20 

in Section 2.2, a complete void region cannot be used as the perturbed region. Then, a very low 21 

density material was used instead of void. The total cross sections of the low density material were 22 

5×10−4 cm−1 and the capture cross sections were zero for all energy groups. The scattering was 23 

isotropic. The flux differences on sides 1, 2, and 3 calculated with PSM and CS are compared with 24 

the reference solution in Table 6. Table 7 compares the relative FOMs. The results of PSM agree 25 

well with the references. However, the efficiency of PSM with 𝐶 =1 is far inferior to the direct 26 

method because the collisions rarely occur in the low density material and the perturbation 27 
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particles are not sufficiently emitted from the perturbed region. The inferior efficiency can be 1 

improved by increasing C, which increases pseudo scatterings and perturbation particles. The 2 

results of CS in Table 6 suggests that CS is not necessarily unavailable but unsuitable for this 3 

problem. 4 

[Tables 6, 7] 5 

3.2 Displacement of internal borated water in graphite 6 

 PSM was applied to a 20 × 20 cm rectangular graphite that includes a 1 × 2 cm internal borated 7 

light water region, as shown in Fig. 5. A change in geometry was induced by displacing the internal 8 

borated light water upward by 0.05 cm. The dimensions in Fig 5 were 9 

a = 20 cm, b = 9 cm, c = 1 cm, d = 2 cm, and e = 0.05 cm. 10 

Because this problem includes light water, PSM calculations were performed in two steps, as 11 

shown in Fig. 3. In CS, light water cannot be replaced with another material in the same manner 12 

as in PSM, while material replacement in the inverse direction is possible. Thus, CS calculations 13 

were also performed using the same procedure as for PSM. The flux differences on the two 14 

surfaces, sides 1 and 3, and the relative FOMs are shown in Tables 8 and 9, respectively. The 15 

results for side 2 are omitted because the flux difference on side 2 was negligibly small. Table 8 16 

shows that the direct method and CS can no longer yield statistically significant results for this 17 

small displacement. The computational efficiency of PSM without pseudo scattering (i.e., C = 1) 18 

is equivalent to the direct method. On the other hand, the fractional standard deviation of PSM 19 

with C = 500 is less than 3%, suggesting that PSM with the pseudo scattering method is an 20 

exclusively available calculation method for this small perturbation. As shown in Table 9, the 21 

computational efficiency of the PSM is improved with an increase in the factor C within the range 22 

of this numerical test. 23 
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 1 

Fig. 5 Geometry of slight displacement of internal material (light water or iron) (not to scale). 2 

 [Fig. 5] [Tables 8, 9] 3 

3.3 Displacement of internal iron in graphite 4 

 This section deals with the same geometry change as in Section 3.2, but the internal material 5 

is iron. Unlike in the previous section, two-step calculations are not necessary. The PSM and CS 6 

calculations can be performed only once according to the procedure shown in Fig. 1. The flux 7 

differences calculated with the direct method, PSM, and CS are shown in Table 10. The relative 8 

FOMs are listed in Table 11. The statistical uncertainties of the direct method and CS are much 9 

smaller in this problem compared with the previous problem. The FOMs of the PSM are larger 10 

than those of the direct method by a factor of thousands. The superiority of PSM to the direct 11 

method is more evident in this problem. Although the FOM of CS is smaller than that of PSM by 12 

a factor of tens, CS is also an available perturbation method for this problem. 13 

[Tables 10, 11] 14 

3.4 Verification of PSM for external boundary change 15 

 A verification calculation of the PSM for an external boundary change was performed again 16 

for a 2 × 2 cm graphite. In the perturbed system, a relatively large rectangular region near the beam 17 

source was removed from side 4, as shown in Fig. 6. The dimensions of the calculation shown in 18 

Fig. 6 were:  19 
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 15 

a = 2 cm, b = 0.7 cm, c = 0.5 cm, and d = 0.2 cm. 1 

2 

Fig. 6 Large change in external boundary (not to scale). 3 

 [Fig. 6] 4 

The flux differences on sides 1, 2, and 3 calculated with PSM (C = 1) and CS are compared with 5 

the reference solution in Table 12. The flux differences calculated with the three methods agree 6 

precisely with each other. The two Monte Carlo perturbation methods, PSM and CS, can yield 7 

accurate results for the change in external boundary. 8 

[Table 12] 9 

3.5 Small external boundary change 10 

 PSM and CS were applied to an external boundary change in a 20 × 20 cm graphite from 11 

which a 0.5 × 0.5 cm rectangular region was removed from side 4, as shown in Fig. 7. The 12 

dimensions of the calculation are shown in Fig. 7. The flux differences on sides 1, 2, and 3 13 

calculated with the direct method, PSM, and CS are shown in Table 13. The results calculated with 14 

the three methods agree with each other within the statistical uncertainties. The relative FOMs of 15 

the three methods are compared in Table 14. The FOMs of the PSM and CS are both much higher 16 

than that of the direct method. While CS is a Monte Carlo perturbation method that is applicable 17 

to an external boundary change, PSM outperforms CS by a factor of tens or hundreds for this 18 

problem. 19 
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 1 

Fig. 7 Small change of external boundary (not to scale). 2 

 [Fig. 7] [Tables 13, 14] 3 

4. Perturbation of external source 4 

Eq. (5), the transport equation for δ𝜙, is derived under the assumption that the external source 5 

is constant before and after perturbation. This section discusses how to deal with the perturbation 6 

of the external source. If the cross sections are unchanged before and after the perturbation, the 7 

flux change due to the changes in the external source is given by 8 

𝑯δ𝜙(𝒓, 𝜴, 𝐸) = ∆𝑆(𝒓, 𝜴, 𝐸),                                                  (19) 9 

where ∆𝑆  is the difference of the external source due to the perturbation. The perturbation 10 

calculation cannot be performed for the displacement of a point source because ∆𝑆(𝒓, 𝜴, 𝐸) is 11 

simply written as 12 

∆𝑆(𝒓, 𝜴, 𝐸) = 𝑆(𝜴, 𝐸)𝛿(𝒓 − 𝒓𝑝) − 𝑆(𝜴, 𝐸)𝛿(𝒓 − 𝒓𝑢𝑛),                   (20) 13 

where 𝒓𝑢𝑛  and 𝒓𝑝  are the positions of the point source before and after the perturbation, 14 

respectively. Eq. (20) means that two independent fixed source calculations are required for the 15 

displacement of the point source. On the other hand, if the external source is a volume source and 16 

the volume source region overlaps before and after the displacement, ∆𝑆(𝒓, 𝜴, 𝐸) is given by 17 

∆𝑆(𝒓, 𝜴, 𝐸) = 𝑆(𝜴, 𝐸)𝑃(𝒓) − 𝑆(𝜴, 𝐸)𝑈(𝒓),                               (21) 18 

where 𝑈(𝒓) and 𝑃(𝒓) are the volume source regions where the overlapping region is excluded 19 

from the volume source region before and after the displacement, respectively, as shown in Fig. 8. 20 
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 1 

Fig. 8 Displacement of volume source region. 2 

Using Eqs. (19) and (21), the calculation for the source particles emitted from the overlapping 3 

region can be omitted. The efficiency with this perturbation method increases with the fraction of 4 

the overlapping region. 5 

For perturbation in the angular distribution and energy spectrum of a fixed source, the source 6 

term for the transport equation, ∆𝑆(𝒓, 𝜴, 𝐸), is given by 7 

∆𝑆(𝒓, 𝜴, 𝐸) = 𝑆(𝒓, 𝜴, 𝐸)
𝑓𝑝(𝜴, 𝐸) − 𝑓𝑢𝑛(𝜴, 𝐸)

𝑓𝑢𝑛(𝜴, 𝐸)
,                                            (22) 8 

where 𝑓𝑢𝑛(𝜴, 𝐸) and 𝑓𝑝(𝜴, 𝐸) are the probability densities of the angular and energy of the 9 

fixed source before and after the perturbation, respectively. However, this method is equivalent to 10 

the correlated sampling method. The source particle in the perturbed history of the correlated 11 

sampling method is given by 12 

𝑆𝑝(𝒓, 𝜴, 𝐸) = 𝑆(𝒓, 𝜴, 𝐸)
𝑓𝑝(𝜴, 𝐸)

𝑓𝑢𝑛(𝜴, 𝐸)
.                                                (23) 13 

The correlated sampling method calculates the flux difference by subtracting the perturbed flux 14 

that is calculated with the perturbed source 𝑆𝑝(𝒓, 𝜴, 𝐸) in Eq. (23) from that of the unperturbed 15 

history. This is eventually identical to the flux difference obtained by using Eqs. (19) and (22). 16 

 17 

5. Conclusions 18 

 From the numerical tests, it can be concluded that the perturbation source method (PSM) and 19 

the correlated sampling method (CS) are Monte Carlo perturbation methods that are available for 20 

handling geometry changes in fixed source calculations. PSM is not always suitable for a large 21 

geometry change because too many perturbation sources must be emitted from the perturbed 22 
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 18 

region. When the geometry change is large, PSM is less effective than the two independent runs 1 

before and after perturbation. On the other hand, PSM is the most effective Monte Carlo method 2 

for small geometry changes. The efficiency of the PSM is optimized by adjusting a pseudo-3 

scattering cross section in the perturbed region. PSM, in particular, is an exclusively available 4 

method for a small displacement of internal light water within the surrounding material. PSM and 5 

CS can both perform perturbation calculations for the displacement of internal light water using a 6 

two-step procedure. Perturbation calculations for external boundary changes can be performed by 7 

replacing the material facing the external boundary with a void. PSM and CS are both applicable 8 

to external boundary changes. Regardless of the type of geometry change, PSM always 9 

outperforms CS in terms of computational efficiency within the range of the numerical tests 10 

performed in this study. 11 
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Fig. 1 Upward displacement of material 2 within material 1. 4 
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Fig. 3 Displacement of material 2 made of light water. 6 
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Fig. 5 Geometry of slight displacement of internal material (light water or iron) (not to scale). 8 

Fig. 6 Large change of external boundary (not to scale). 9 

Fig. 7 Small change of external boundary (not to scale). 10 

Fig. 8 Displacement of volume source region. 11 
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Fig. 1 Upward displacement of material 2 within material 1. 
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Fig. 2 Replacement of the material in region 1 with void.  
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Fig. 3 Displacement of material 2 made of light water. 
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Fig. 4 Geometry for verification of PSM (not to scale). 
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Fig. 5 Geometry of slight displacement of internal material (light water or iron) (not to scale). 
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Fig. 6 Large change of external boundary (not to scale). 
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Fig. 7 Small change of external boundary (not to scale). 
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Fig. 8 Displacement of volume source region. 

 

 



Table 1 Three group constants of graphite. 
 

 
1st group 

(10 MeV∼67 keV) 

2nd group 

(67 keV∼0.993 eV) 

3rd group 

(0.993 eV∼) 

t  (𝑐𝑚−1) 2.3264E-1* 4.1793E-1 4.2354E-1 

c  (𝑐𝑚−1) 4.1681E-5 7.6738E-6 2.1311E-4 

ggs 0  (𝑐𝑚−1)** 2.2122E-1 4.1327E-1 2.5313E+0 

ggs 1  (𝑐𝑚−1) *** 7.1347E-2 2.5455E-2 4.7530E-3 

10 ggs  (𝑐𝑚−1) ** 1.1379E-2 4.6514E-3 ― 

11 ggs  (𝑐𝑚−1) *** -1.2324E-2 -1.3671E-3 ― 

 

 *Read as 2.3264×10-1, **P0 component, ***P1 component 

 

Table 2 Three group constants of 700 ppm borated water. 
 

 
1st group 

(10 MeV∼67 keV) 

2nd group 

(67 keV∼0.993 eV) 

3rd group 

(0.993 eV∼) 

t  (𝑐𝑚−1) 4.0767E-1* 1.3898E+0 2.6785E+0 

c  (𝑐𝑚−1) 2.2521E-4 1.4719E-3 4.1358E-2 

ggs 0  (𝑐𝑚−1)** 3.1343E-1 1.2638E+0 2.6372E+0 

ggs 1  (𝑐𝑚−1) *** 2.4187E-1 8.4735E-1 1.1204E+0 

10 ggs  (𝑐𝑚−1) ** 9.4022E-2 1.2447E-1 ― 

11 ggs  (𝑐𝑚−1) *** 2.5721E-2 4.3228E-2 ― 

 

 *Read as 4.0767×10-1, **P0 component, ***P1 component 

 

Table 3 Three group constants of iron. 
 

 
1st group 

(10 MeV∼67 keV) 

2nd group 

(67 keV∼0.993 eV) 

3rd group 

(0.993 eV∼) 

t  (𝑐𝑚−1) 2.3126E-1* 5.1427E-1 1.0817E+0 

c  (𝑐𝑚−1) 4.0473E-4 4.0303E-3 9.6042E-2 

ggs 0  (𝑐𝑚−1)** 2.2908E-1 5.0902E-1 9.8568E-1 

ggs 1  (𝑐𝑚−1) *** 3.5682E-2 1.0585E-1 -7.7815E-3 

10 ggs  (𝑐𝑚−1) ** 1.7711E-3 1.2159E-3 ― 

11 ggs  (𝑐𝑚−1) *** -1.9989E-4 -4.6385E-4 ― 

 

 *Read as 2.3126×10-1, **P0 component, ***P1 component 

 

 

 

Table



Table 4 Difference of the surface fluxes due to replacement of graphite with light water 

  
Side 1 Side 2 Side 3 

CPU time 

(min) 

Direct 6.92E−2a (7E−6) −6.39E−2 (1E−5) 4.19E−2 (7E−6) 124 

PSM (C=1) 6.92E−2 (6E−5) −6.39E−2 (8E−5) 4.18E−2 (6E−5) 16 

CS 6.78E−2 (4E−4) −6.10E−2 (4E−3) 4.22E−2 (2E−3) 55 

a Read as 6.92×10−2 

 

Table 5 Relative figure-of-merit for the results of Table 4. 

  Side 1 Side 2 Side 3 

Direct 1 1 1 

PSM (C=1) 0.124 0.127 0.118 

PSM (C=10) 0.197 0.194 0.182 

PSM (C=100) 0.244 0.181 0.199 

CS 7.79E−4a 1.65E−5 4.01E−5 

a Read as 7.79×10−4 

 

Table 6 Difference of the surface fluxes due to replacement of void with graphite 

  
Side 1 Side 2 Side 3 

CPU time 

(min) 

Direct 2.60E−2a (5E−6) −3.90E−2 (1E−5) 2.35E−2 (5E−6) 96 

PSM (C=1) 2.59E−2 (1E−4) −3.90E−2 (2E−4) 2.34E−2 (1E−4) 32 

PSM (C=100) 2.59E−2 (9E−6) −3.89E−2 (1E−5) 2.34E−2 (9E−6) 54 

PSM (C=1000) 2.59E−2 (4E−6) −3.89E−2 (7E−6) 2.34E−2 (5E−6) 41 

CS 2.41E−2 (6E−4) −4.13E−2 (7E−4) 2.12E−2 (7E−4) 29 

a Read as 2.60×10−2 

 

Table 7 Relative figure-of-merit for the results of Table 6. 

  Side 1 Side 2 Side 3 

Direct 1 1 1 

PSM (C=1) 8.93E−3a 1.04E−2 6.63E−3 

PSM (C=100) 0.697 0.891 0.609 

PSM (C=1000) 3.69 4.61 3.22 

CS 3.14E−4 7.25E−4 1.82E−4 

a Read as 8.93×10−3 



 

Table 8 Difference of the surface fluxes due to displacement of light water in graphite 

  Side 1 Side 3 CPU time (min) 

Direct 1.60E−5a (1.05E−5) −2.12E−6 (1.05E−5) 461 

PSM (C = 500) 2.54E−5 (7E−7) −2.57E−5 (7E−7) 452 

CS 5.98E−5 (1.36E−5) −2.29E−5 (1.29E−5) 340 

a Read as 1.60×10−5 

 

Table 9 Relative figure-of-merit for the results of Table 8. 

  Side 1 Side 3 

Direct 1 1 

PSM (C=1) 2.88 2.82 

PSM (C=100) 130 126 

PSM (C=300) 178 187 

PSM (C=500) 208 211 

PSM (C=1000) 223 218 

CS 0.804 0.900 

 

Table 10 Difference of the surface fluxes due to displacement of iron in graphite. 

  Side 1 Side 3 CPU time (min) 

Direct 5.20E−5a (6.4E−6) −4.80E−5 (6.4E−6) 1122 

PSM (C = 100) 4.59E−5 (2E−7) −4.53E−5 (2E−7) 336 

CS 4.54E−5 (7E−7) −4.66E−5 (7E−7) 270 

a Read as 5.20×10−5 

 

Table 11 Relative figure-of-merit for the results of Table 10. 

  Side 1 Side 3 

Direct 1 1 

PSM (C=1) 240 195 

PSM (C=100) 5.52E+3a 4.51E+3 

PSM (C=500) 6.95E+3 5.66E+3 

PSM (C=1000) 7.05E+3 5.78E+3 

CS 419 379 

a Read as 5.52×103 

 



Table 12 Difference of the surface fluxes due to large external boundary change. 

  Side 1 Side 2 Side 3 CPU time (min) 

Direct 2.42E−3a (6E−6) −1.81E−3 (1E−5) −2.40E−3 (6E−6) 95 

PSM (C = 1) 2.43E−3 (4E−6) −1.81E−3 (2E−6) −2.40E−3 (2E−6) 11 

CS 2.42E−5 (7E−6) −1.81E−3 (1E−6) −2.39E−3 (1E−6) 31 

a Read as 2.42×10−3 

 

Table 13 Difference of the surface fluxes due to small external boundary change. 

  
Side 1 Side 2 Side 3 

CPU time 

(min) 

Direct −2.26E−4a (1.2E−5) −1.75E−5 (8.9E−6) −7.49E−6 (1.2E−5) 308 

PSM (C=500) −2.28E−4 (1E−7) −1.81E−5 (1E−8) −1.92E−5 (1E−8) 58 

CS −2.29E−4 (9E−7) −1.80E−5 (2E−7) −1.94E−5 (3E−7) 56 

a Read as −2.26×10−4 

 

Table 14 Relative figure-of-merit for the results of Table 13. 

  Side 1 Side 2 Side 3 

Direct 1 1 1 

PSM (C=1) 836 5.84E+3 1.73E+4 

PSM (C=100) 3.35E+4 a 7.21E+5 1.21E+6 

PSM (C=300) 4.11E+4 1.77E+6 2.85E+6 

PSM (C=500) 3.92E+4 2.44E+6 3.84E+6 

PSM (C=1000) 3.13E+4 3.23E+6 5.10E+6 

CS 942 1.01E+4 1.07E+4 

a Read as 3.35×104 
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The perturbation source method (PSM), which is a Monte Carlo perturbation calculation 

method, is applied to geometry changes in fixed-source neutron transport problems. In 

PSM, perturbation particles that represent the flux difference due to the changes in 

geometry are explicitly tracked within the perturbed system. A perturbation calculation 

for geometry change can be performed by replacing the material in a perturbed region 

with the material that occupies the adjoining region beyond the geometry change. The 

efficiency of the PSM can be enhanced by adding a pseudo-scattering cross section to the 

perturbed region. For geometry changes where the perturbed region is small, PSM 

exhibits excellent performance compared to the two independent runs before and after the 

perturbation if optimized pseudo-scattering cross sections are used. This method can also 

be applied to perturbation due to an external boundary change. Although the correlated 

sampling method (CS) is another available Monte Carlo method for geometry change, 

PSM largely outperforms CS in terms of computational efficiency for the numerical 

examples tested in this study. 
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Monte Carlo perturbation calculation for geometry change in fixed source 

problems with the perturbation source method 
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